College (Mletelelrern 
Trigonometry 


Motivating Features to Help You Succeed! 


Your success in college algebra and trigonometry is important to us. To guide you to that 
success, we have created a textbook with features that promote learning and support various 
learning styles. These features are highlighted below. We encourage you to examine these 
features and use them to successfully complete this course. 


SECTION 2.3 Linear Functions 


pcb cree PREPARE FOR THIS SECTION 


Slope-intercept Form t Prepare for this section by completing the following exercises. The answers can be found 
Finding the Equation of a Line on page A10. 


Parallel and Perpendicular Lines 
¢ ee PS1. Find the distance on a real number line between the points whose coordinates are 
Applications of Linear Functions 


< Prepare for This Section 
These exercises test your understanding of 


—2 and 5. [P.1] 
PS2. Find the product of a nonzero number and its negative reciprocal. [P.5] 


—*\ PA 
7 Pt 


Vy 
PS3. Given the points P,(—3, 4) and P(2, —4), evaluate 2 = 


prerequisite skills and concepts that were 
covered earlier in the text. Mastery of these 
concepts is required for success in the 
following section. 


PS4. Solve y — 3 = —2(x — 3) fory. [1.1] 
PSS. Solve 3x — Sy = 15 for y. [1.2] 
Ps6. Given y = 3x — 2(5 — x), find the value of x for which y = 0. [1.1] 
10x — 3 and the astronauts experience microgravity. The altitude 4(), in 
meters, of the plane ¢ seconds after power was reduced can be 
41. fix) = 2x? + 3x +1 42. fix) =3r2 +x-1 approximated by A() = -4,91° + 901 + 9000, The graph is 
shown below, 
43. fix) = Sx - 11 44. fix) = 3x° - 41 
° ° ° ° or" 
> Motivating Applications 45. fix) = ~5x° + 6 +17 
Large selections of contemporary ee 
. . . . . . I 5 . 
applications from many different disciplines 46. fix) = —4x Ex +7 
ar F ) 1 x 
demonstrate the utility of mathematics. TtsGassselg. 
47. Astronaut Training To prepare astronauts for the experience 
of zero gravity (technically, microgravity) in space, NASA uses ‘ 
a specially designed jet. A pilot aceelerates the plane upward to If the pilot increases power when the plane descends to 
an altitude of approximately 9000 meters and then reduces 9000 meters, ending microgravity, find the time the astronauts 
power. During the time of reduced power, the plane is in freefall experience microgravity during one of these maneuvers. 
Round to the nearest tenth of a second. 


EXAMPLES Calculate the Airtime for a Snowboarder’s Jump 


The height /i(f), in feet, of a snowboarder ¢ seconds after beginning a certain jump can 
be approximated by A(t) = —16r° + 22.9 + 9. If the snowboarder lands at a point 
that is 3 feet below the base of the jump, determine the airtime (the time the snow- 
boarder is in the air) for this jump. Round to the nearest tenth of a second. 


Solution 
Because /i(f) represents the height of the snowboarder / seconds after the beginning of 
the jump, the snowboarder lands when /i(f) = —3, 3 feet below the base of the jump. 


A(t) = —161? + 22.91 + 9 


<¢ Engaging Examples 
Examples are designed to 
capture your attention and help 
you master important concepts. 


—3= —1617 + 22.91+9 * Replace /i(t) with —3 
Gm —16)2 + 2.0 + 12 < Annotated Examples 
= 22.9 = V2.5" ~ A(-16X12) * Use the quadratic formula SSP Oy Sieh solitons ae 
2(—16) provided for each example. 
_ —22.9 + V129241 
z =32 < Try Exercises 
~—04 or 18 * Use a calculator A reference to an exercise follows each 


Because a negative time is not possible, the airtime for this jump is approximately 
1.8 seconds 


@ Try Exercise 48, page 210 


worked example. This exercise provides 
you the opportunity to test your 
understanding by working an exercise 
similar to the worked example. 


Exercise Set 2.4, page 209 
10. fix) =x? + 6v= 1 
=x? + 6x 49+ (-1 -9) 
=(x+3"Y-10 


Vertex: (-3, —10) 


Axis of symmetry: x = —3 
0.he em n3 
.h=-—=-—s 

2a 2(1) 


k= {3) = ¥ - 63) = -9 
Vertex: (3, =9) 
fix) =(x- 37 -9 


32. Determine the y-coordinate of the vertex of the graph of 
fix) = 2x? + 6x — 5. 
fix) = 2? + 6x — § cae 2b = b< 5 
b 6 3 
== = — = * Find the x-coordinate of 
2a 2(2) 2 
the vertex. 


50, 


68, 


0 or l= 


The soceer ball hits the ground in approximately 2.6 seconds. 
a, 1 + w= 240, s0 w = 240 - 1 
b. A = Iw = (240 -D = 2401 - F 
c. The / value of the vertex point of the graph of 
A = 240! — Fis 


Thus / = 120 meters and w = 240 — 120 = 120 meters are 
the dimensions that produce the greatest area. 


Let x be the number of parcels. 
a. Rix) = xp = x(22 — 0.01x) = —0.01x? + 22x 
b. Pix) = Rix) — Clix) 

= (~0.0Lx? + 22x) — (2025 + 7x) 

= —0.01x7 + 15x — 2025 


(continued) 


<4 Solutions to Try Exercises 
The complete solutions to the Try 
Exercises can be found in the Solutions 
to the Try Exercises appendix, starting 
page S1. 


> Visualize the Solution 
When appropriate, both algebraic 
and graphical solutions are 
provided to help visualize the 
mathematics of the example and 
to create a link between the two. 


EXAMPLE 6 Determine a Domain Value Given a Range Value 
Find the values of a in the domain of f(x) = x° — x — 4 for which f(a) = 2. 


Algebraic Solution 


* Solve for a 


i] 


aw-a-6 


(a + 2X¥a — 3) =0 


a+2=0 or a-3=0 


a=-2 or a=3 


The values of @ in the domain of ffor which f(a) = 2 
are —2 and 3 


@ Try Exercise 54, page 181 


* Replace f(a) with a —~a—4 


Visualize the Solution 


By graphing y = 2 and f(x) =x? — x — 4, 
we can see that f(x) = 2 whenx = —2 and 
x=3. 


1. Find the coordinates of the midpoint and the length of the line 
segment between ?)(~3,4) and P2(1,—2). 


2. Find the coordinates of the center and the radius of the circle 
whose equation is. x° + y* — 6x + 4y — 2 = 0. 
3. Evaluate f(x) = x? = 6x + 1 whenx = =3 


4. Write the domain of f(x) * V2 — x in interval notation. 


3. 


6. 


Nn 


MID-CHAPTER 2 QUIZ 


Find the zeros of f(x) =? — x — 12. 


Find the slope of the line between the points /\(8,—2) and 
P-2, 3). 


. Find the equation of the line parallel to the graph of 2x + 3y = $ 


and passing through (3, —1). 


m 
- Graph fix) = “ae + 1 by using the slope and y-intercept. 


> Chapter Test Prep 

This is a summary of the major concepts 
discussed in the chapter and will help you 
prepare for the chapter test. For each 
concept, there is a reference to a worked 
example illustrating how the concept is 
used and at least one exercise in the 
chapter review relating to that concept. 


< Mid-Chapter Quizzes 

These quizzes will help you assess your 
understanding of the concepts studied 
earlier in the chapter. They provide a 
mini-review of the chapter material. 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


2.1 Two-Dimensional Coordinate System and Graphs 


® Distance Formula The distance d between two points ?)(x;, ¥,) and 


Py(xy,¥2) isd = Vox — mF + 2 — WY. 


© Midpoint Formula The coordinates of the midpoint of the line segment 
X) +32 Vy + ¥2 


from P,(x),.¥)) to P{x2, Ys) are ( * my 
2 2 


® Graph of an Equation The graph of an equation in the two variables x 
and y is the graph of all ordered pairs that satisfy the equation, 


See Example |, page 156, and then try 
Exercise 2, page 253. 


See Example |, page 156, and then try 
Exercise 4, page 253. 


See Examples 2 and 3, pages 157 and 159, 
and then try Exercise 7, page 253. 


This page intentionally left blank 


COLLEGE ALGEBRA 
AND TRIGONOMETRY 


This page intentionally left blank 


eoition COLLEGE ALGEBRA 
AND TRIGONOMETRY 


Richard N. Aufmann 
Vernon C. Barker 
Richard D. Nation 


¢ @ BROOKS/COLE 
a& CENGAGE Learning” 


ia ¢ Brazil ¢ Japan * Korea * Mexico « Singapore * Spain * United Kingdom « United States 


‘# BROOKS/COLE 


@& CENGAGE Learning” 


College Algebra and Trigonometry, 
Seventh Edition 


Richard N. Aufmann, Vernon C. Barker, 
Richard D. Nation 


Acquisitions Editor: Gary Whalen 


Senior Developmental Editor: Carolyn Crockett 


Assistant Editor: Stefanie Beeck 
Editorial Assistant: Guanglei Zhang 
Associate Media Editor: Lynh Pham 
Marketing Manager: Myriah Fitzgibbon 
Marketing Assistant: Angela Kim 


Marketing Communications 
Manager: Katy Malatesta 


Content Project Manager: Jennifer Risden 
Creative Director: Rob Hugel 

Art Director: Vernon Boes 

Print Buyer: Karen Hunt 


Rights Acquisitions Account Manager, 
Text: Roberta Broyer 


Rights Acquisitions Account Manager, 
Image: Don Schlotman 


Production Service: Graphic World Inc. 
Text Designer: Diane Beasley 

Photo Researcher: PrepressPMG 

Copy Editor: Graphic World Inc. 


Illustrators: Network Graphics; Macmillan 
Publishing Solutions 


Cover Designer: Lisa Henry 
Cover Image: Chad Ehlers/Getty Images 


Compositor: MPS Limited, A Macmillan 
Company 


Printed in the United States of America 
1234567 13 12 11 10 09 


© 2011, 2008 Brooks/Cole, Cengage Learning 


ALL RIGHTS RESERVED. No part of this work covered by the copyright herein may 
be reproduced, transmitted, stored, or used in any form or by any means, graphic, 
electronic, or mechanical, including but not limited to photocopying, recording, 
scanning, digitizing, taping, Web distribution, information networks, or information 
storage and retrieval systems, except as permitted under Section 107 or 108 of the 
1976 United States Copyright Act, without the prior written permission of the 
publisher. 


For product information and technology assistance, contact us at 
Cengage Learning Customer & Sales Support, 1-800-354-9706. 


For permission to use material from this text or product, submit all 
requests online at www.cengage.com/permissions. 
Further permissions questions can be e-mailed to 
permissionrequest@cengage.com. 


Library of Congress Control Number: 2009938510 
ISBN-13: 978-1-4390-4860-3 
ISBN-10: 1-4390-4860-6 


Brooks/Cole 

20 Davis Drive 

Belmont, CA 94002-3098 
USA 


Cengage Learning is a leading provider of customized learning solutions with office 
locations around the globe, including Singapore, the United Kingdom, Australia, 
Mexico, Brazil, and Japan. Locate your local office at www.cengage.com/global. 


Cengage Learning products are represented in Canada by Nelson 
Education, Ltd. 


To learn more about Brooks/Cole, visit www.cengage.com/brookscole 


Purchase any of our products at your local college store or at our 
preferred online store www.ichapters.com 


CONTENTS 


CHAPTER P 


Preliminary Concepts 1 


P.1 The Real Number System 2 
P.2 Integer and Rational Number Exponents 17 
P.3 Polynomials 32 
Mid-Chapter P Quiz 39 
P.4 Factoring 40 
P.5 Rational Expressions 49 
P.6 Complex Numbers 59 


Exploring Concepts with Technology 66 


Chapter P Test Prep 67 
Chapter P Review Exercises 70 
Chapter P Test 73 


CHAPTER 1 


Equations and Inequalities 75 


1.1 Linear and Absolute Value Equations 76 
1.2 Formulas and Applications 83 
1.3 Quadratic Equations 96 
Mid-Chapter 1 Quiz 109 
1.4 Other Types of Equations 110 
1.5 Inequalities 123 
1.6 Variation and Applications 136 


Exploring Concepts with Technology 144 


Chapter | Test Prep 145 

Chapter 1 Review Exercises 148 
Chapter | Test 151 

Cumulative Review Exercises 152 


CHAPTER 2 


Functions and Graphs 153 


2.1 Two-Dimensional Coordinate System and Graphs 154 
2.2 Introduction to Functions 166 
2.3 Linear Functions 186 
Mid-Chapter 2 Quiz 200 
2.4 Quadratic Functions 200 
2.5 Properties of Graphs 213 
2.6 Algebra of Functions 227 
2.7 Modeling Data Using Regression 237 


Exploring Concepts with Technology 248 


Chapter 2 Test Prep 249 

Chapter 2 Review Exercises 253 
Chapter 2 Test 257 

Cumulative Review Exercises 258 


vi CONTENTS 


CHAPTER 3 Poymomn and Rational Functions 259 


Remainder Theorem and Factor Theorem 260 
-" Polynomial Functions of Higher Degree 271 
3.3. Zeros of Polynomial Functions 287 
Mid-Chapter 3 Quiz 299 
3.4 Fundamental Theorem of Algebra 299 
3.5 Graphs of Rational Functions and Their Applications 307 


Exploring Concepts with Technology 323 


Chapter 3 Test Prep 324 

Chapter 3 Review Exercises 328 
Chapter 3 Test 331 

Cumulative Review Exercises 332 


CHAPTER 4 Exponential and Logarithmic Functions 333 


4.1 Inverse Functions 334 

4.2 Exponential Functions and Their Applications 346 

4.3 Logarithmic Functions and Their Applications 358 

4.4 Properties of Logarithms and Logarithmic Scales 369 
Mid-Chapter 4 Quiz 380 

4.5 Exponential and Logarithmic Equations 380 

4.6 Exponential Growth and Decay 390 

4.7 Modeling Data with Exponential and Logarithmic Functions 404 


Exploring Concepts with Technology 416 


Chapter 4 Test Prep 418 

Chapter 4 Review Exercises 421 
Chapter 4 Test 424 

Cumulative Review Exercises 425 


CHAPTER 5 Trigonometric Functions 427 


5.1 Angles and Arcs 428 
5.2 Right Triangle Trigonometry 442 
5.3 Trigonometric Functions of Any Angle 454 
5.4 Trigonometric Functions of Real Numbers 461 
Mid-Chapter 5 Quiz 472 
5.5 Graphs of the Sine and Cosine Functions 473 
5.6 Graphs of the Other Trigonometric Functions 481 
5.7 Graphing Techniques 491 
5.8 Harmonic Motion—An Application of the Sine and Cosine Functions 500 


Exploring Concepts with Technology 505 


Chapter 5 Test Prep 506 

Chapter 5 Review Exercises 510 
Chapter 5 Test 512 

Cumulative Review Exercises 513 


CONTENTS 


CHAPTER 6 


an Identities and Equations 515 


Verification of Trigonometric Identities 516 
s Sum, Difference, and Cofunction Identities 522 
6.3 Double- and Half-Angle Identities 532 
Mid-Chapter 6 Quiz 540 
6.4 Identities Involving the Sum of Trigonometric Functions 541 
6.5 Inverse Trigonometric Functions 548 
6.6 Trigonometric Equations 560 


Exploring Concepts with Technology 572 


Chapter 6 Test Prep 573 

Chapter 6 Review Exercises 576 
Chapter 6 Test 578 

Cumulative Review Exercises 579 


CHAPTER 7 


Applications of Trigonometry 581 


7.1 Lawof Sines 582 
7.2 Law of Cosines and Area 592 
7.3 Vectors 601 
Mid-Chapter 7 Quiz 615 
7.4 Trigonometric Form of Complex Numbers 616 
7.5. De Moivre’s Theorem 622 


Exploring Concepts with Technology 626 


Chapter 7 Test Prep 627 

Chapter 7 Review Exercises 630 
Chapter 7 Test 631 

Cumulative Review Exercises 632 


CHAPTER 8 


Topics in Analytic Geometry 633 


8.1 Parabolas 634 
8.2 Ellipses 645 
8.3 Hyperbolas 658 
8.4 Rotation of Axes 670 
Mid-Chapter 8 Quiz 678 
8.5 Introduction to Polar Coordinates 678 
8.6 Polar Equations of the Conics 691 
8.7 Parametric Equations 696 


Exploring Concepts with Technology 705 


Chapter 8 Test Prep 706 

Chapter 8 Review Exercises 711 
Chapter 8 Test 713 

Cumulative Review Exercises 714 


viii. CONTENTS 


CHAPTER 9 sys of Equations and Inequalities 717 


Systems of Linear Equations in Two Variables 718 
a Systems of Linear Equations in Three Variables 728 
9.3 Nonlinear Systems of Equations 740 
Mid-Chapter 9 Quiz 747 
9.4 Partial Fractions 748 
9.5 Inequalities in Two Variables and Systems of Inequalities 755 
9.6 Linear Programming 762 


Exploring Concepts with Technology 772 


Chapter 9 Test Prep 773 

Chapter 9 Review Exercises 775 
Chapter 9 Test 777 

Cumulative Review Exercises 777 


CHAPTER 10 Matrices 779 


10.1 Gaussian Elimination Method 780 

10.2 Algebra of Matrices 791 

10.3 Inverse of a Matrix 813 
Mid-Chapter 10 Quiz 823 

10.4 Determinants 824 

10.5 Cramer’s Rule 833 


Exploring Concepts with Technology 837 


Chapter 10 Test Prep 839 

Chapter 10 Review Exercises 840 
Chapter 10 Test 844 

Cumulative Review Exercises 845 


CHAPTER 11 Sequences, Series, and Probability 847 


11.1 Infinite Sequences and Summation Notation 848 

11.2 Arithmetic Sequences and Series 854 

11.3 Geometric Sequences and Series 860 
Mid-Chapter 11 Quiz 871 

11.4 Mathematical Induction 871 

11.5 Binomial Theorem 878 

11.6 Permutations and Combinations 883 

11.7 Introduction to Probability 890 

Exploring Concepts with Technology 899 

Chapter 11 Test Prep 900 

Chapter 11 Review Exercises 902 

Chapter 11 Test 905 

Cumulative Review Exercises 906 


Solutions to the Try Exercises S1 
Answers to Selected Exercises Al 
Index I1 


> Chapter Openers 

Each Chapter Opener demonstrates 
a contemporary application of a 
mathematical concept developed in 
that chapter. 


> Related Exercise References 
Each Chapter Opener ends with a 
reference to a particular exercise 
within the chapter that requires you 
to solve a problem related to that 
chapter opener topic. 


Y Listing of Major Concepts 

A list of major concepts in each 
section is provided in the margin of 
the first page of each section. 


PREFACE 


We are proud to offer the seventh edition of College Algebra and Trigonometry. Your 
success in college algebra and trigonometry is important to us. To guide you to that 
success, we have created a textbook with features that promote learning and support 
various learning styles. These features are highlighted below. We encourage you to 
examine the features and use them to help you successfully complete this course. 


Features 


CHAPTER 2 FUNCTIONS AND GRAPHS 


2.1 Two-Dimensional 
Coordinate System and 
Graphs 


2.3 Linear Functions 

2.4 Quadratic Functions 
2.5 Properties of Graphs 
2.6 Algebra of Functions 


2.7 Modeling Data Using 
Regression 


Astronauts experiencing microgravity. A typical training session may 
consist of 40 to 60 microgravity maneuvers, each lasting about 18 
seconds. The zero gravity scenes in the movie Apollo 13 were produced 
using these microgravity maneuvers. 


Functions as Models 


To prepare astronauts for the experience of zero gravity (technically, 
microgravity) in space, the National Aeronautics and Space Administration 
(NASA) uses a specially designed jet. A pilot accelerates the jet upward to 
an altitude of approximately 9000 meters and then reduces power. At that 
time, the plane continues upward, noses over, and begins to descend until 
the pilot increases power. The maneuver is then repeated. The figure to the 
left shows one maneuver. 


During the climb and the point at which the pilot increases power, the 
force on the astronauts is approximately twice what they experience on 
Earth. During the time of reduced power (about 15 to 20 seconds), the 
plane is in free fall and the astronauts experience microgravity. The sudden 
changes in gravity effects have a tendency to make astronauts sick, 
Because of this, the plane has been dubbed the Vomit Comet. 


A parabola, one of the topics of this chapter, can approximate the height of 
the jet. Using an equation of the parabola, the time during which the 
astronauts experience microgravity in one maneuver can be determined, 
See Exercise 47, page 210. 


153 


Slopes of Lines 

Slope-intercept Form 
Finding the Equation of a Line on page A10. 
Parallel and Perpendicular Lines 
Applications of Linear Functions 


SECTION 2.3 Linear Functions 


PREPARE FOR THIS SECTION i x ‘ 
Prepare for this section by completing the following exercises. The answers can be found Each section (after the first section) 


PS1. Find the distance on a real number line between the points whose coordinates are 
—2 and 5. [P.1] 


<4 Prepare for This Section 


of a chapter opens with review 
exercises titled Prepare for This 


PS2. Find the product of a nonzero number and its negative reciprocal. [P.5] Section. These exercises give you a 
PS3. Given the points P;(—3,4) and P(2, ~4), evaluate “*—*, [P.1} chance to test your understanding 
PS4, Solvey -— 3 = -26¢ — 3) fory: [1:1] of prerequisite skills and concepts 
PSS. Solve 3x — Sy = 15 for y. [1.2] before proceeding to the new topics 
PS6. Given y = 3x — 2(5 — x), find the value of x for which » = 0. [1.1] presented in the section. 


x 


PREFACE 


” 


22 


2 


=04, 


a. Pind the length / of the shade as a function of the distance 
dof the child from the lamppost. (Mint: Use the fact that the 
mitios of corresponding sedes of stmilar tramghos are equal.) 


b, What is the domain of the function’ 


What te the beragth of the whediow when the child is ® fowt 
frons the base of the lamppost 

Depreciation A tes wus purchimed foe $80,000. Asemning 

that the bus depreciates at a rate of $6400 per year (straight-line 

Heprectation) for the first 10 years, write the value w af the hus 

as function of the time f (moasurod in yours} for 0 == f= 10. 


Depreciatingy A bowt was porctooal foe $44,000. Awamniny 
that the boat deprociaics at a rae of $4200 por year (straight-line 
Heproctation) for the Fin ® years, write the Valae of the bat as 
a furction of the time f (measured in years) foe O =! 4 25% 


Cost, Revernar, aed PYORE A inanmafactiurer pyretaces « prt 
ct at 2 cost of $22.80 per unit. The manufacturer has a flved 
cont of $400.00 per day, Fach unit retails for $87.00 Let x rep 
resent the number of unats peoduicod in a S-day pono 


a. Write the total cont Cas a fimetion of x 
b, White the revenue Kas 4 flanction of x. 


© White the profit Pas a function of x. (/#lu: The profit func 
tion is given by PU) = Rix) = Clap) 


Volume of a lox An ope box is to be made from # square 
piece of candhoun! with One dammeriasces 30 inches by 30 anchors 


Wf Ceatting oUt squares Of wrea.x? Grom each conmer, as shown in 
the frgure. 


a. Regprexs the volume ¥7of the box as a fanction fx 


b, State the domain of F 


2.2 WNTRODUCTION TO FUNCTIONS 183 


95. Meight of an lmcribed Cytiteder A come has an altitude of 


1S continnctors and a radius of 1 centimeters. A right circular 


eyleckr of emtoas ¢ amt hesghe W ix inscribed in the cove as shown 


tn the Figure. Use sinailar trangles to write fas a fenction of 


96. Voluee of Water Wider fs 
flowing into a comeal drinking os) 
ep with an altinake of 4 inches 


tod 2 rode of 2 chen 
shown in the figure eee 
a. Write the radius r of the sur- 


i ak Te 
thon of its depth fh | _ 

, 
Write the volume Fat the | | V 


water as # function of ite 
depths h 


97. Distance from « Balloor For the first minete of fagit, « het 


al a rate of 3 meters por second, IF 


air balloon rises vertically 


te the time in scons that the balloon has been airborne, weit 


the distance d between the halloon and a point on the ground 
40 mcters from the point of liftoff as # function af & 


298 Thme for an Athlete An athlete wwiens fron point A to pound 


Bata rate of 2 miles per hour and runs from point B wo point « 
Wa rate of 8 miles per hour. Use the dimenssons in the figure 
(00 tho DERE pape to write the time # requinad to roach poont Cas 
4 function of x 


< Thoughtfully Designed Exercise Sets 

We have thoroughly reviewed each exercise set to 
ensure a smooth progression from routine exercises to 
exercises that are more challenging. The exercises 
illustrate the many facets of topics discussed in the 
text. The exercise sets emphasize skill building, skill 
maintenance, conceptual understanding, and, as 
appropriate, applications. Each chapter includes a 
Chapter Review Exercise set and each chapter, except 
Chapter P, includes a Cumulative Review Exercise set. 


> Contemporary Applications 
Carefully developed mathematics is 
complemented by abundant, relevant, and 
contemporary applications, many of which 
feature real data, tables, graphs, and charts. 
Applications demonstrate the value of 
algebra and cover topics from a wide variety 
of disciplines. Besides providing motivation 
to study mathematics, the applications will 
help you develop good problem-solving 


skills. 


68. Computer Selence The following gragt shows the relation 
ship between the time, in seconds, it tikes to downlovel a file am 
the size of the file, in megabytes. Find the slope of the lime 
between the two points shown om the graph. Write a sentence that 
states the meaning «if the dope in the coment of Gus prodben 


69. | Mromotive Techewtogy The 


the US. Environmental Protect 


coonomy values fie selected two-seater 
model year. (Soure: bntpo!/wwrw flackecomoeny. gon) 


EPA Fuel Economy Values for Selected Two-Seater Cars 
ce Car 


| Gity mpegs (ope) 
2 ww 


‘Audi, TT Roadster 


BMW, M6 il 7 
Ferrari, $99, GTR " 1s 
Lamborghint, L-174 12 20 
Chevrolet, Corvette 4 20 
Mascrati, Gran Turismo 12 19 


8, Using the data for the Lamborghini and the Audi, find a lin- 
cat function that prechcts highway mules per gallon in terms 
of city miles per gallon 


b. Using your motel, preatict the Ini 
a Porsche Tanga, whose city fucl ¢ 
gallon 


cx per paillon for 


y & 18 miles per 


870. gy Consumer Credit The amount of revolving consumer 


creslit (vet ax crecht cants) fe is given im 


n 


3 


23 UNEARFUNCTIONS 197 


&, Using the tata for 2003 ancl 200%, find a linear modl that 
predicts the amount of revolving comsaner credit (ia bil 
hons of dollars) for year f 


b. Using this model, in what year would consumer credit first 
exceed $1.1 trillion? 


2 taber Market Accord 


Statistics (BLS), there w 


38,000 denktep publishing 
. The BLS projects that there 
will be 63,000 desktop publishing jobs im 2010. 


a. Using the BLS data, fled the mamber of deskwp publeshing 


jobs asa linear function af the year 


b. Using 
poblil 


p what your will the mumber of desktop 
exsood 60,000 


Pottery A jocce of pottery ts removed from a hain seat allowed 
tocool m olled enviroement. The temperature (in degrees 
Fabrenbeil} of the pottery afler it is removed from the kala is 


shown for various times (in mimutes) in the fotkewing table 


is 00 
oT) 21560 
x 2086 
@ 1750 

2. Find a binear moxtel for the temperanare of the prttery after 


Pminmatcs, 


by Harlan the meaning of the slope of this fine in the 
context of the peoblem, 


€ Axsurtityg that the temperature continues tw decrease at the 
same rate, what will he the temperunase of the pottery in 
3 hours? 


Lumber trudustry Ibo camber of board-fvct (bf) that cam be 
obtained fren @ log depends om the diameter, im inches, of the log 
ses! its length: The Sdhrwiny table stars the sumber of beans 
tect off tammber that cant be obtained from a fog that i» 32 fect long. 


Diameter (in) BF 


16 180 
is 240 
a) wo 
z x60 


2, Find a timcar moviel for the mamber of boant-foot at a func 
tun of ey dumcter 


PREFACE 


By incorporating many interactive learning techniques, including the key features outlined below, College Algebra and 
Trigonometry uses the proven Aufmann Interactive Method (AIM) to help you understand concepts and obtain greater 
mathematical fluency. The AIM consists of Annotated Examples followed by Try Exercises (and solutions) and a conceptual 


Question/Answer follow-up. See the samples below: 


Solution 


—16t 


+2291+9 
+9 
22.91 + 12 


V2.9 


4 


+ 22.91 + 


EXAMPLE S Calculate the Airtime for a Snowboarder's Jump 


The height A(f), in feet, of a snowboarder f seconds after beginning a certain jump can 
be approximated by /i(t) 


9, If the snowboarder lands at a point 


that is 3 feet below the base of the jump, determine the airtime (the time the snow- 
boarder is in the air) for this jump. Round to the nearest tenth of a second. 


Because /i(f) represents the height of the snowboarder ¢ seconds after the beginning of 
the jump, the snowboarder lands when /i(1) 


3, 3 feet below the base of the jump 


16)(12) 


1.8 seconds. 


A Try Exercises 


h(t) = —16r 
3 = -l6r + 
0 = -16r? + 
-22.9 + 
t 
22.9 
0.4 or 


@ Try Exercise 48, page 210 


16) 


V 129241 


* Replace A(t) with —3 


* Use the quadratic formula 


* Use a calculator 


Because a negative time is not possible, the airtime for this jump is approximately 


<¢ Engaging Examples 
Examples are designed to capture 
your attention and help you master 
important concepts. 


< Annotated Examples 
Step-by-step solutions are provided 
for most numbered examples. 


A reference to an exercise follows all worked examples. This exercise provides you with an opportunity 
to test your understanding of concepts by working an exercise related to the worked example. 


> Solutions to Try Exercises 
Complete solutions to the Try 
Exercises can be found in the 
Solutions to the Try Exercises 
appendix on page S1. 


Question * If P(x) = ax + bx + c has two variations in sign, must P have two positive real zeros? 


In applying Descartes’ Rule of Signs, we count each zero of multiplicity & as & zeros. 


For instance, 


Exercise Set 2.4, page 209 


10. fix) =x° 


20. 


32. 


x 


(x 


Vertex: ( 


+6r—1 


' 


+ 


3, 


6x +9+(-1—-9) 


3p 
1 


10 


0) 


Axis of symmetry: x 


kB) 


Vertex: (3, 


Jix) 


(x 


9) 
3p 


9 


9 


Determine the y-coorinate of the vertex of the graph of 


fix) = 


fix) = 2° + Ge — 5 


*a=2.b=6c¢=-4 


= + Find the x-coordinate of 


the vertex 


—12.8 
t=O or t= = 2.6 
—49 


The soccer ball hits the ground in approximately 2.6 seconds. 
50. a. | + w= 240,80 w = 240 = I. 
b. A = Iw = (240 — 1) = 2401 - P 


¢. The / value of the vertex point of the graph of 


4 = 2401 — Fis 
b 240 
— — 120 
2a A-}) 
Thus / = 120 meters and w = 240 — 120 = 120 meters are 


the dimensions that produce the greatest area 


68. Let x be the number of parcels 


a. R(x) = xp = x(22 — 0.01x) = —0.01x? + 22% 
b. Pix) = Rix) — Clix) 

= (—0.01x? + 22x) — (2025 + 7x) 

= —0.01x? + 1Sx — 2025 


(continued) 


P(x) = x° — 10x + 25 


has two variations in sign. Thus, by Descartes’ Rule of Signs, ? must have either two or no 
positive real zeros. Factoring P produces (x — 5)’, from which we can observe that 5 is a 


positive zero of multiplicity 2. 


Answer * No. According to Descartes’ Rule of Signs, P will have either two positive real zeros or 


no positive real zeros. 


<4 Question/Answer 

In each section, we have posed at least one 
question that encourages you to pause and think 
about the concepts presented in the current 
discussion. To ensure that you do not miss this 
important information, the answer is provided as 
a footnote on the same page. 


xi 


xii = PREFACE 


x=3 


Horizontal and Vertical Lines 


Figure 2.44 


The graph of x = a is a vertical line through (a, 0). The slope of the line is unde- 
fined. See Figure 2.45. 


The graph of y = » is a horizonal line through (0, b). The slope of the line is zero, 
See Figure 2.45, 


EXAMPLE 
The graph of x = —2 is a vertical line through (~2, 0). The slope is undefined. 


The graph of » = 3 is a horizontal line through (0, 3). The slope is zero. 


® Slope-Intercept Form 


< Immediate Examples of 
Definitions and Concepts 
Immediate examples of many 
definitions and concepts are 
provided to enhance your 
understanding of new topics. 


Figure 2.45 The graph of f(x) = 2x + | is shown in Figure 2.46. Note that the slope of the line between 
the two points is 2, the coefficient o' + : inate of the wintercer 
is |, the constant term 
Caution We can use the properties of exponents to establish the following additional logarithmic 
Pay close attention to these prop- properties. 
erties. Note that 
> Margin Notes alert you logs(MN) # logy M-log, N See SE 7 ~~ 
=. se 4; and 
to a point requiring special i‘ ca In the following properties, b, M, and N are positive real numbers (b # 1). 
: 3 M le 
attention or are used to provide loge Ny * Tog, N Product property log,(MN) = log, M + log, 
é M 
study tips. Also, Quotient property logs— = log, M — log, N 
loge(M + N) # log, M + logy N N 
In fact, the expression log,(M + N) Power property log.(M") = p log, M 
=F cannot be expanded. Logarithm-of-each-side property M=N implies log, M = log,N 
1. Determine One-to-one property log,M = log,N implies M=WN 
a,x" to det] 


2. Find the ya 


Cea 3. Find the x-intercept or x-intercepts and determine the behavior of the graph 


near the x-intercept or x-intercepts _\f possible, find the x-intercepts by 
factoring. If (x — c), where c is a real number, is a factor of P, then (c, 0) is an 
x-intercept of the graph. Use the Even and Odd Powers of (x — c) Theorem to 
determine where the graph crosses the x-axis and where the graph intersects 
but does not cross the x-axis. 


Factoring of Polynomials 
See Section P.4. 


4. Find additional points on the graph Find a few additional points (in addition 
to the intercepts), 


5. Check for symmetry 


a. The graph of an even function is symmetric with respect to the y-axis. 


<4 To Review Notes in the margin 
will help you recognize the prerequisite 
skills needed to understand new 
concepts. These notes direct you to the 
appropriate page or section for review. 


fepigutus ® Difference Quotient 
. The expres 
> Calculus Connection ante 2 
. . . . ix + A) - (x) 
Icons identify topics that will ie 
be revisited in a subsequent is called the difference quotient of /- It enables us to study the manner in which a func- 


calculus course. 


tion changes in value as the independent variable changes. 


EXAMPLE 3 Determine a Difference Quotient 


EXAMPLE 6 Determine a Domain Value Given a Range Value 
Find the values of a in the domain of f(x) = x7 — x — 4 for which f(a) = 2. 
Algebraic Solution Visualize the Solution 
fia) =2 By graphing y = 2 and f(x) = x7 —x — 4, 
@-a-4=2 * Replace f(a) with a? — a = 4 we can see that /(x) = 2 when x = —2 and 
@-a-6=0 * Solve for a sili 
(a+ 2ya - 3) =0 


a+2=0 or a-3=0 
a “2 
a=-2 or a=3 252 


The values of @ in the domain of f for which fia) = 2 
are —2 and 3 


4 


eee 


@ Try Exercise 54, page 181 


fix) =x? + 7. 


<4 Visualize the Solution 

When appropriate, both algebraic and 
graphical solutions are provided to help 
you visualize the mathematics of an 
example and to create a link between the 
algebraic and visual components of a 
solution. 


> Integrating Technology 


Integrating Technology boxes show 


how technology can be used to 


illustrate concepts and solve many 
mathematical problems. Examples 


and exercises that require a 
calculator or a computer to find a 
solution are identified by the 
graphing calculator icon. 


PREFACE 


LH integrating Technology | 


A graphing calculator can be used to draw the graphs of a family of functions, For 
© constitutes a family of functions with parameter ¢, The only 


instance, fix) = x? + 
feature of the graph that changes is the value of c 


A graphing calculator can be used to produce the graphs of a family of curves for 
specific values of the parameter. The LIST feature of the calculator can be used. For 
2, 0, and 1, we will create a list and use 
that list to produce the family of curves, The keystrokes for a TI-83/TI-83 Plus/TI-84 


instance, to graph fix) = x* + ¢ fore = 
Plus calculator are given below. 
end ( -2 , O , 1 e@nd 


Now use the key to enter 


Y= X x® + 2nd LI ZOOM 


Sample screens for the keystrokes and graphs are shown here. You can use similar 


keystrokes for Exercises 77 to 84 of this section. 


12,0, eb 
Leon 


STO 2nd 


6 


ul 


x 


< Exploring Concepts 


Use a Graphing Calculator to Solve Equations 

Most graphing calculators can be used to solve equations. The following example 
shows how to solve an equation using the solve feature that is available on a TI- 
83/TI-83 Plus/T1-84 Plus graphing calculator. 


The calculator display that follows indicates that the solution of 2x ~ 17 ™ 0 is 8.5. 


The calculator display above was produced by the following keystrokes 
Press [2nd] [catalog] S (scroll down to solvel ) [ENTER]. Now enter 2[x,7.0,0][-] 


7 {} X.T.0,0 {] 8 0} ENTER} In this example, the 8.5 represents the solution of 


2x — 17 = 0, which is close to our initial guess of 8. Because 2x — 17 =0 has only one 
solution, we are finished, Note that the solve{ feature can be used only to solve equa- 
tions of the form 


Expression « 0 


Also, you are required to indicate the variable you wish to solve for, and you must enter an 
initial guess. In the preceding display, we entered X as the variable and 8 as our initial guess. 

The solvel feature can be used only to find real solutions, Also, the solvel feature 
finds only one solution each time the solution procedure is applied. If you know that an 


with Technology 

The optional Exploring 
Concepts with Technology 
feature appears after the last 
section in each chapter and 
provides you the opportunity 
to use a calculator or a 
computer to solve 
computationally difficult 
problems. In addition, you 
are challenged to think about 
pitfalls that can be produced 
when using technology to 
solve mathematical 
problems. 


> Modeling 


Modeling sections and exercises 


rely on the use of a graphing 


calculator or a computer. These 
optional sections and exercises 


introduce the idea of a 
mathematical model and help 
you see the relevance of 
mathematical concepts. 


70. a og Box Office Grosses The total movie theater box 
office grosses in the United States and Canada, for the 
years 1994 to 2007, are given in the following table 


Box Office Grosses 


5.184 2001 8.125 


@. Find a cubic and a quartic model for the datw. Let x repre- 
sent the speed of the car in miles per hour, 


b. Use the cubic and the quartic models to predict the fuel effi- 
ciency, in miles per gallon, of the car traveling at a speed of 
80 miles per hour. Round to the nearest tenth, 


1994 
€. Which of the fuel efficiency values from b. is the more real- 
1995 5.269 2002 9.272 istic value? 
1996 S817 2003 9.165 , P 
72, FS Use a graph of Pix) = 4x4 —12e? + bay? — Ie + 90 
1997 6.216 2004 9215 determine between which two consecutive integers P has a 
eal foro, 
1998 6.760 2005 8.832 slr 
1999 7314 2006 9.138 73. The point (2, 0) is. on the graph of P. What point must be on the 
y of Pix ~ 3)? 
200) TAGE 2007 9.629 Sek oT 


Source National Assoctation of Theatre Owners 


a. Find a quartic regression function for the data, Usex = 110 


represent 104 and « = 14 to represent 2007 


b. Graph the quartic regression function and the scatter din 
gram of the data in the same window 


. Use the quartic regression function to predict the box 
ot 2010. Round to the nearest tenth of o bil- 


office gros 


lion dollars. 


74, 


75. 


76, 


The point (3. 5) is on the graph of P. What point must be on the 


graph of Pix + 1) = 2 


g Explain how to use the graph of y = 1° two produce the 
graph of Pix) = (x — 2) + 1 


goo" the following conjecture. Let P be a polynomial 
function. Ifa and b are real numbers such that a < &, 
Play > 0, aed PXb) 
between @ and fh, Is this conjecture true or false? Support your 


> 0, then Lx) does not have a real zero 


answer, 


Xiv PREFACE 


NEW Mid-Ch r Quizz = : = 
> pepe izes MID-CHAPTER 2 QUIZ 
New to this edition, these quizzes help 
: 1. Find the coordinates of the midpoint and the length of the line ad Cab ence OFA = =D 

you assess your understanding of the Se ine, Find the zeros of f(x) = 2 — x — 1 

3 Paso 6. Find the slope of the line between the points P,(8,-2) and 
concepts studied earlier mn the chapter. 2. Find the coordinates of the center and the radius of the cirele Rt 33) 4 ees Z 

j j hose equation is x° + y? — 6x + 4y — 2 = 0. z 

The answers for all GAGES m the Upon et ne 7. Find the equation of the line parallel to the graph of 2v + 3y = § 
Mid-Chapter Quizzes are provided in 3. Evaluate f(x) = x° — 6x + 1 whenx = -3 and passing through P\(3, ~1), 
the Answers to Selected Exercises 4. Write the domain of f(x) * V2 — x in interval notation. 8. Graph fix) = -2, + 1 by using the slope and y-intercept. 
appendix along with a reference to the 


section in which a particular concept 
was presented. 


<4 NEW Chapter Test Preps 
The Chapter Test Preps summarize 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand ‘ - Fi 
column list Examples and Exercises that can be used to test your understanding of a concept. the major concepts discussed in each 


chapter. These Test Preps help you 


Le aoe 


concept there is a reference to a 


= Midpoint Formula The coordinates of the midpoint of the line segment See Example 1, page 156, and then try worked examp le illustrating the ; 
Mi +2 a Exercise 4, page 253. concept and at least one exercise in 


® Distance Formula The distance d between two points P;(x), ¥)) and See Example |, page 156, and then try 
Py(xz, y2) is d = Vix — 1 + (2 — 1) Exercise 2, page 253. 


2 . . 
= } the Chapter Review Exercise set 
® Graph of an Equation The graph of an equation in the two variables x See Examples 2 and 3, pages 157 and 159, : 

and y is the graph of all ordered pairs that satisfy the equation. and then try Exercise 7, page 253. relating to that concept. 


from P(x), ¥;) to P(x», Vv) are ( 


v Chapter Review Exercise Sets and Chapter Tests 

The Chapter Review Exercise sets and the Chapter Tests at the end of each chapter are 
designed to provide you with another opportunity to assess your understanding of the 
concepts presented in a chapter. The answers for all exercises in the Chapter Review Exercise 
sets and the Chapter Tests are provided in the Answers to Selected Exercises appendix along 
with a reference to the section in which the concept was presented. 


In Exercises 1 and 2, find the distance between the points In Exercises 17 to 20, determine whether the equation 
whose coordinates are given. defines y as a function of x, 


J. (=3,2) (7,11) 2. 17. 


(S,-4) (-3, -8) 18. x+y? =4 


x-y=d4 


20. 


19. xj+yon4 


xb yed 


In Exercises 3 and 4, find the midpoint of the line 
segment with the given endpoints. 


3. (2,8) (~3,12) 4. (-4,.7) (8-11) 


21. If f(x) = 3x7 + dv — 5, find 
b. /(-3) 


a. fil) 


In Exercises 5 to 8, graph each equation by plotting points. « fi) d. fix +h) 


5S. 2xe-y= 2 6. 2wt+y—4 


e. dit) f._ fi30) 


vA y=ix-Aar+t 8. y= —-|2 


~ 


. Find the midpoint and the length of the line segment with end- In Exercises 14 to 18, sketch the graph of g given the 


In Exe 
hed points (—2, 3) and (4, —1). graph of f below. 


rcises 9 to 


ph o 


12, find the x- and y-intercepts of 
h on he in pts a 


2. Determine the x- and y-intercepts of the equation x = 2y* — 4 
Then graph the equation 
3. Graph the equation y = |x + 2) +1 
4. Find the center and radius of the circle that has the general -- 


form x? — 4x + y? + 2y — 4 = 0. =16us-8)-—6 


5. Determine the domain of the function 


fix) = -Vx" - 16 


an 


. Find the elements a in the domain of fix) = x7 + 6x — 17 for 14. a(x) = 2f(x) 
which f(a) = —1 


PREFACE XV 


In addition to the New! Mid-Chapter Quizzes and New! Chapter Test Preps, the fol- 
lowing changes appear in this seventh edition of College Algebra and Trigonometry: 


Chapter P 


Chapter 1 


Chapter 2 


Chapter 3 


Preliminary Concepts 

= P.1 This section has been reorganized. The Order of Operations Agreement has been 
given more prominence to ensure that students understand this important concept. 

= P.2 Additional examples have been added to illustrate more situations with radicals 
and rational exponents. 

= P.3 Another example has been added, new exercises have been added, and some of 
the existing exercises have been rearranged. 

= P.4 This section has been reorganized, and new examples have been added. The ex- 
ercise set has been reorganized, and new exercises have been added. 

= P.5 New examples have been added to show operations on rational expressions. 


Equations and Inequalities 

= 1.1 Two examples were added for solving first-degree equations. 

= 1.2 This section has been reorganized, and new applications have been added. The 
exercise set has been changed to include new applications. 

= 1.3 New examples showing how to solve quadratic equations were added. The exer- 
cise set has been extensively revised. 

= 1.4 Much of this section has been rewritten and reorganized, and new application 
problems have been added. The exercise set has been reorganized, and many new ex- 
ercises have been added. 

= 1.5 The critical-value method of solving polynomial inequalities has been expanded, 
and new exercises have been added. 


Functions and Graphs 

= 2.2 This section has been reorganized so that appropriate emphasis is given to the 
various aspects of working with functions. We introduced the connection of x-intercepts 
to real zeros of a function to better prepare students for a full discussion of zeros in 
Chapter 3. The exercise set has been reorganized, and many new exercises were 
added. 

= 2.3 The introduction to slope has been expanded. New examples on finding the 
equation of a line were added to give students models of the various types of prob- 
lems found in the exercise set. 

= 2.5 New examples were added to illustrate various transformations. The effect was 
to slow the pace of this section so students could better understand these important 
concepts. 


Polynomial and Rational Functions 

= 3.2 A new example on modeling data with a cubic function was added. This exam- 
ple is followed by a discussion concerning the strengths and weaknesses of modeling 
data from an application with cubic and quartic regression functions. Five new appli- 
cation exercises involving the use of cubic and quartic models were added to the ex- 
ercise set. 

= 3.5 A new example on using a rational function to solve an application was added. 
Two new exercises that make use of a rational function to solve an application were 
added. Three exercises that involve creating a rational function whose graph has 
given properties were added. The definition of a slant asymptote was included in this 
section. 

= Several new exercises were added to the Chapter Review Exercises. 

= A new application exercise was added to the Chapter Test. 
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Chapter 4 


Chapter 5 


Chapter 6 


Chapter 7 


Chapter 8 


Chapter 9 


Exponential and Logarithmic Functions 

= 4.1 Two new application exercises were added to the exercise set. 

= 4,2 Two new applications were created to introduce increasing and decreasing expo- 
nential functions. Additional expository material was inserted to better explain the 
concept of the expression b* where x is an irrational number. 

= 4.6 Examples and application exercises involving dates were updated or replaced. 
New application exercises involving the concept of a declining logistic model were 
added to the exercise set. 

= 4.7 Examples and application exercises involving dates were updated or replaced. 
New application exercises were added to the exercise set. 

= New exercises were added to the Chapter Review Exercises. 


Trigonometric Functions 

= 5.2 New application exercises were added to the exercise set. 

= 5.3 The reference angle evaluation procedure and the accompanying example were 
revised to simplify the evaluation process. 

= Several exercises were added to the Chapter Review Exercises. 


Trigonometric Identities and Equations 
= 6.6 Application examples and exercises that involve dates were updated. 
= Several exercises were added to the Chapter Review Exercise set. 


Applications of Trigonometry 

= 7.1 Three new examples were added to better illustrate the ambiguous case of the 
Law of Sines. 

= New application exercises were added to the Chapter Review Exercises. 

= A new application exercise was added to the Chapter Test. 


Topics in Analytic Geometry 

= 8.4 A new art piece was included in Example 4 to better illustrate the procedure for 
graphing a rotated conic section with a graphing utility. 

= 8.5 New art pieces were inserted in Example 3 to better illustrate the procedure 
for graphing a polar equation with a graphing utility. A new example and exercises 
concerning the graphs of lemniscates were added. The example concerning the 
transformation from rectangular to polar coordinates was revised to better illustrate 
the multiple representation of a point in the polar coordinate system. Several exer- 
cises were added to the exercise set. 

= New application exercises were added to the Chapter Review Exercises. 

= New application exercises were added to the Chapter Test. 


Systems of Equations and Inequalities 

= A new chapter opener page was written to introduce some of the concepts in this 
chapter. 

= 9.5 New art pieces were included to better illustrate the concept of finding the solution 
set of a system of inequalities by graphing. The targeted exercise heart rate formula was 
updated in an example and in the application exercises concerning physical fitness. 

= 9.6 New illustrations were added to an example and two application exercises. 
A new application exercise on maximizing profit was added. 


PREFACE XVil 


Chapter 10 Matrices 
= 10.1 A new example on augmented matrices was added. Some new exercises were 
added to show different row-reduced forms and systems of equations with no 
solution. 
= 10.2 A new example on finding a power of a matrix was added. A graph theory 
application involving multiplication of matrices was added. 


Chapter 11 Sequences, Series, and Probability 

= 11.1 A new example on finding the sum of a series was added. 

= 11.2 Example 2 was rewritten to better illustrate that a series is the sum of the 
terms of a sequence. 

= 11.5 Two examples were added that demonstrate the Binomial Theorem. New exer- 
cises were added to more gradually move from easier to more difficult applications 
of the Binomial Theorem. 

= 11.7 This section has been reorganized and a new example that shows the use of the 
probability addition rules has been added. 


SUPPLEMENTS 


For the Instructor 


Complete Solutions Manual for Aufmann/Barker/Nation’s College Algebra and Trigonometry, 7e 
ISBN: 0-538-73927-4 

The complete solutions manual provides worked-out solutions to all of the problems in the text. (Print) 
*online version available; see description for Solution Builder below 


Text Specific DVDs for Aufmann/Barker/Nation’s College Algebra and Trigonometry Series, 7e 

ISBN: 0-538-79788-6 

Available to adopting instructors, these DVDs, which cover all sections in the text, are hosted by Dana Mosely and captioned 
for the hearing-impaired. Ideal for promoting individual study and review, these comprehensive DVDs also support students 
in online courses or may be checked out by a student who may have missed a lecture. 12 DVDs contain over 40 hours of 
video. (Media) 

Enhanced WebAssign® 

(access code packaged with student edition at request of instructor; instructor access obtained by request of instructor to 
Cengage Learning representative) 

Enhanced WebAssign® allows instructors to assign, collect, grade, and record homework assignments online, 
minimizing workload and streamlining the grading process. EWA also gives students the ability to stay organized with 
assignments and have up-to-date grade information. For your convenience, the exercises available in EWA are indicated 
in the instructor’s edition by a blue triangle. (Online) 


PowerLecture 

ISBN: 0-538-73906-1 

PowerLecture contains PowerPoint® lecture outlines, a database of all art in the text, Exam View®, and a link to the Solution 
Builder. (CD) 


ExamView® 
(included on PowerLecture CD) 
Create, deliver, and customize tests (both print and online) in minutes with this easy-to-use assessment system. (CD) 


Solution Builder 

(included on PowerLecture CD and available online at http://academic.cengage.com/solutionbuilder/) 

The Solution Builder is an electronic version of the Complete Solutions Manual, providing instructors with an efficient method 
for creating solution sets to homework and exams that can be printed or posted. (CD and online) 
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Syllabus Creator 
(included on PowerLecture CD) 
Quickly and easily create your course syllabus with Syllabus Creator, which was created by the authors. 


For the Student 


Study Guide with Student Solutions Manual for Aufmann/Barker/Nation’s College Algebra and Trigonometry, 7e 
ISBN: 0-538-73908-8 

The student solutions manual reinforces student understanding and aids in test preparation with detailed explanations, 
worked-out examples, and practice problems. Lists key ideas to master and builds problem-solving skills. Includes worked 
solutions to the odd-numbered problems in the text. (Print) 


Enhanced WebAssign® 
(access code packaged with student edition at request of instructor) 


Enhanced WebAssign® allows instructors to assign, collect, grade, and record homework assignments online, minimizing 
workload and streamlining the grading process. EWA also gives students the ability to stay organized with assignments and 
have up-to-date grade information. (Online) 
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CHAPTER P PRELIMINARY CONCEPTS 


| P.1_ The Real Number System 


P.2 Integer and Rational 
Number Exponents 


P.3 Polynomials 
P.4 Factoring 
P.5 Rational Expressions 


P.6 Complex Numbers 


au ei 
6 urs a 
100 years ago, 


se ‘i. 
a Fe 


a 


AFP/Getty Images 


a sition Oo gt “ta ea 
Albert Einstein proposed relativity theory more than 
in 1905. 


Relativity Is More Than 100 Years Old 


Positron emission tomography (PET) scans, the temperature of Earth’s 
crust, smoke detectors, neon signs, carbon dating, and the warmth we 
receive from the sun may seem to be disparate concepts. However, they 
have a common theme: Albert Einstein’s Theory of Special Relativity. 


When Einstein was asked about his innate curiosity, he replied: 


Martial Trezzini/epa/CORBIS 


The Large Hadron Collider (LHC). ue importa thing is not to sa questioning. Curiosity has its own reason for 
Atomic particles are accelerated existing. One cannot help but be in awe when he contemplates the mysteries of eternity, 
to high speeds inside the long of life, of the marvelous structure of reality. It is enough if one tries merely to 
structure in the photo above. By comprehend a little of this mystery every day. 


studying particles moving at 

speeds that approach the speed of | Today, relativity theory is used in conjunction with other concepts of 
physics to study ideas ranging from the structure of an atom to the 
structure of the universe. Some of Einstein’s equations require working 
with radical expressions, such as the expression given in Exercise 139 on 
page 31; other equations use rational expressions, such as the expression 
given in Exercise 64 on page 59. 


light, physicists can confirm some 
of the tenets of relativity theory. 
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The Real Number System 


Sets 

Union and Intersection of Sets 
Interval Notation 

Absolute Value and Distance 
Exponential Expressions 

Order of Operations Agreement 
Simplifying Variable Expressions 


Math Matters 


Archimedes (c. 287-212 B.c.) was 
the first to calculate 7 with any 
degree of precision. He was able 
to show that 


from which we get the approxi- 
mation 
1 22 

35 a aa 
The use of the symbol 7 for this 
quantity was introduced by 
Leonhard Euler (1707-1783) in 
1739, approximately 2000 years 
after Archimedes. 


® Sets 


Human beings share the desire to organize and classify. Ancient astronomers classified 
stars into groups called constellations. Modern astronomers continue to classify stars 
by such characteristics as color, mass, size, temperature, and distance from Earth. In 
mathematics it is useful to place numbers with similar characteristics into sets. The 
following sets of numbers are used extensively in the study of algebra. 


Natural numbers {1,2,3,4, ...} 


Integers { diy = 3, =2,— 1; 05 1,25 35. 40.4 
Rational numbers {all terminating or repeating decimals} 
Irrational numbers {all nonterminating, nonrepeating decimals } 


Real numbers {all rational or irrational numbers } 


If a number in decimal form terminates or repeats a block of digits, then the number 
is a rational number. Here are two examples of rational numbers. 


0.75 is a terminating decimal. 
0.245 is a repeating decimal. The bar over the 45 means that the digits 45 repeat 
without end. That is, 0.245 = 0.24545454.... 
Rational numbers also can be written in the form a where p and g are inte- 
q 
gers and g # 0. Examples of rational numbers written in this form are 


3 27 5 7 —4 
4 110 2 1 3 


7 : n : : F 
Note that 7 7, and, in general, i" for any integer n. Therefore, all integers are rational 
numbers. 
When a rational number is written in the form - the decimal form of the rational 
q 


number can be found by dividing the numerator by the denominator. 


3 
— = 0.75 
4 


“7 = 0.245 
110 : 

In its decimal form, an irrational number neither terminates nor repeats. For 
example, 0.272272227... is a nonterminating, nonrepeating decimal and thus is an 
irrational number. One of the best-known irrational numbers is pi, denoted by the 
Greek symbol 7. The number 7 is defined as the ratio of the circumference of a 
circle to its diameter. Often in applications the rational number 3.14 or the rational 


number 7 is used as an approximation of the irrational number 7. 


Every real number is either a rational number or an irrational number. If a real num- 
ber is written in decimal form, it is a terminating decimal, a repeating decimal, or a non- 
terminating and nonrepeating decimal. 


Math Matters 


Sophie Germain (1776-1831) was 
born in Paris, France. Because 
enrollment in the university she 
wanted to attend was available only 
to men, Germain attended under 
the name of Antoine-August Le 
Blanc. Eventually her ruse was dis- 
covered, but not before she came 
to the attention of Pierre Lagrange, 
one of the best mathematicians of 
the time. He encouraged her work 
and became a mentor to her. A cer- 
tain type of prime number is 
named after her, called a Germain 
prime number. It is a number p such 
that p and 2p + 1 are both prime. 
For instance, 11 is a Germain prime 
because 2(11) + 1 = 23 and 11 and 
23 are both prime numbers. 
Germain primes are used in public 
key cryptography, a method used 
to send secure communications 
over the Internet. 
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The relationships among the various sets of numbers are shown in Figure P.1. 


Positive integers 


(natural numbers) 
il 08) i 
Thee Integers Rational numbers Real numbers 
0 —> — , = —_>_—-—=»—>» * 
—201 7 0 5 4 3.1212 -1.34 —-5 4 3.1212 -1.34 
7 0! —5 
Negative integers Irrational numbers 1 103 -201 
— 
=201 =8 —5 —0.101101110... V7 = —0.101101110... V7 x 
Figure P.1 


Prime numbers and composite numbers play an important role in almost every branch 


of mathematics. A prime number is a positive integer greater than | that has no positive- 
integer factors! other than itself and 1. The 10 smallest prime numbers are 2, 3, 5, 7, 11, 
13, 17, 19, 23, and 29. Each of these numbers has only itself and | as factors. 


A composite number is a positive integer greater than | that is not a prime number. 


For example, 10 is a composite number because 10 has both 2 and 5 as factors. The 10 small- 
est composite numbers are 4, 6, 8, 9, 10, 12, 14, 15, 16, and 18. 


EXAMPLE 1 


Classify Real Numbers 


Determine which of the following numbers are 


a. integers b. rational numbers c. irrational numbers 

d. real numbers e. prime numbers f. composite numbers 
=0.2, 0, 03, O.7I77I777I77771..., 7, 6, 7, 41, 51 

Solution 

a. Integers: 0, 6, 7, 41, 51 

b. Rational numbers: —0.2, 0, 0.3, 6, 7, 41, 51 

c. Irrational numbers: 0.71771777177771..., 7 

d. Real numbers: —0.2, 0, 0.3, 0.71771777177771 ..., 7, 6, 7, 41, 51 

e. Prime numbers: 7, 41 

f. Composite numbers: 6, 51 


@ Try Exercise 2, page 14 


Each member of a set is called an element of the set. For instance, if C = {2, 3, 5}, 


then the elements of C are 2, 3, and 5. The notation 2 € C is read “2 is an element of C.” 


'A factor of a number divides the number evenly. For instance, 3 and 7 are factors of 21; 5 is not a 
factor of 21. 
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Note 


The order of the elements of a set 
is not important. For instance, the 
set of natural numbers less than 

6 given at the right could have 
been written {3, 5, 2, 1, 4}. It is 
customary, however, to list ele- 
ments of a set in numerical order. 


Math Matters 


A fuzzy set is one in which each 
element is given a “degree” of 
membership. The concepts 
behind fuzzy sets are used in a 
wide variety of applications such 
as traffic lights, washing 
machines, and computer speech 
recognition programs. 


PRELIMINARY CONCEPTS 


Set A is a subset of set B if every element of A is also an element of B, and we write A C B. 
For instance, the set of negative integers {—1, —2, —3, —4,...} is a subset of the set of 
integers. The set of positive integers {1, 2, 3, 4,...} (the natural numbers) is also a subset 
of the set of integers. 


Question ¢ Are the integers a subset of the rational numbers? 


The empty set, or null set, is the set that contains no elements. The symbol © is 
used to represent the empty set. The set of people who have run a 2-minute mile is the 
empty set. 

The set of natural numbers less than 6 is {1, 2, 3, 4, 5}. This is an example of a finite 
set; all the elements of the set can be listed. The set of all natural numbers is an example 
of an infinite set. There is no largest natural number, so all the elements of the set of natu- 
ral numbers cannot be listed. 

Sets are often written using set-builder notation. Set-builder notation can be used to 
describe almost any set, but it is especially useful when writing infinite sets. For instance, 
the set 


{2n|n € natural numbers } 


is read as “the set of elements 27 such that n is a natural number.” By replacing n with each 
of the natural numbers, this becomes the set of positive even integers: {2, 4, 6, 8,...}. 
The set of real numbers greater than 2 is written 


{x|x > 2, x € real numbers} 


and is read “the set of x such that x is greater than 2 and x is an element of the real 
numbers.” 

Much of the work we do in this text uses the real numbers. With this in mind, we will 
frequently write, for instance, {x|x > 2, x € real numbers} in a shortened form as 
{x|x > 2}, where we assume that x is a real number. 


EXAMPLE 2 _ Use Set-Builder Notation 


List the four smallest elements in {n°|n € natural numbers}. 


Solution 


Because we want the four smallest elements, we choose the four smallest natural 
numbers. Thus n = 1, 2, 3, and 4. Therefore, the four smallest elements of the set 
{n>|n & natural numbers} are 1, 8, 27, and 64. 


@ Try Exercise 6, page 14 


® Union and Intersection of Sets 


Just as operations such as addition and multiplication are performed on real numbers, 
operations are performed on sets. Two operations performed on sets are union and inter- 
section. The union of two sets A and B is the set of elements that belong to A or to B, or to 
both A and B. 


Answer ® Yes. 
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Definition of the Union of Two Sets 


The union of two sets, written A U B, is the set of all elements that belong to 
either A or B. In set-builder notation, this is written 


AUB = {x|x €A orx € B} 


EXAMPLE 
Given A = {2,3, 4,5} and B = {0, 1, 2, 3, 4}, find AUB. 


AUB = {0,1,2,3,4,5} — * Note that an element that belongs to 
both sets is listed only once. 


The intersection of the two sets A and B is the set of elements that belong to both 
A and B. 


Definition of the Intersection of Two Sets 


The intersection of two sets, written A B, is the set of all elements that are com- 
mon to both A and B. In set-builder notation, this is written 


ANB = {x|x € A andx € B} 


EXAMPLE 
Given A = {2,3, 4,5} and B = {0, 1, 2,3, 4}, find ANB. 


AM B= {2, 3,4} * The intersection of two sets contains the 
elements common to both sets. 


If the intersection of two sets is the empty set, the two sets are said to be disjoint. For 
example, if A = {2,3,4} and B = {7, 8}, then dA MB = Gand A and B are disjoint sets. 


EXAMPLE 3 __ Find the Union and Intersection of Sets 
Find each intersection or union given A = {0, 2, 4, 6, 10, 12}, B = {0, 3, 6, 12, 15}, 
and C = {1, 2, 3,4, 5, 6, 7}. 
a. AUC b. BNC c. AN(BUC) d. BU(ANC) 
Solution 
a. AUC = {0, 1, 2,3, 4, 5, 6, 7, 10, 12} * The elements that belong to A or C 
b. BOC = {3,6} + The elements that belong to B and C 
c. First determine BU C = {0, 1, 2,3, 4,5, 6, 7, 12, 15}. Then 

AN (BUC) = {0, 2, 4, 6, 12} * The elements that belong to A and (BU C) 
d. First determine AC = {2, 4, 6}. Then 

BU(ANC) = {0, 2, 3, 4, 6, 12, 15} * The elements that belong to 

Bor (ANC) 

m@ Try Exercise 16, page 14 
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<—+—_+—+_++4 +> + 
-5-4-32-10 12 3 4 5 
Figure P.2 
-5 -4-3-2-1 0412 3 4 5 
Figure P.3 


-5-432-10%12 3 4 5 


Figure P.4 


-5-432-10%12 3 4 5 


Figure P.5 


-5 -432-10%12 3 4 5 


Figure P.6 


Caution 


It is never correct to use a bracket 
when using the infinity symbol. 
For instance, [—0o, 3] is not cor- 
rect. Nor is [2, Co] correct. Neither 
negative infinity nor positive infin- 
ity is a real number and therefore 
cannot be contained in an interval. 


® Interval Notation 


The graph of {x|x > 2} is shown in Figure P2. The set is the real numbers greater than 2. 
The parenthesis at 2 indicates that 2 is not included in the set. Rather than write this set 
of real numbers using set-builder notation, we can write the set in interval notation as 
(2, &), 

In general, the interval notation 


(a, b) represents all real numbers between a and J, not including a and b. This 
is an open interval. In set-builder notation, we write {x|a < x < b}. 
The graph of (—4, 2) is shown in Figure P33. 


[a, b] represents all real numbers between a and J, including a and Bb. This is 
a closed interval. In set-builder notation, we write {x|a = x = Db}. 
The graph of [0,4] is shown in Figure P.4. The brackets at 0 and 4 
indicate that those numbers are included in the graph. 


(a, b] represents all real numbers between a and 5, not including a but 
including b. This is a half-open interval. In set-builder notation, we 
write {x|a < x < b}. The graph of (—1, 3] is shown in Figure P.5. 


[a, b) represents all real numbers between a and J, including a but not 
including b. This is a half-open interval. In set-builder notation, we 
write {x|a = x < b}. The graph of | —4, —1) is shown in Figure P.6. 


Subsets of the real numbers whose graphs extend forever in one or both directions can 
be represented by interval notation using the infinity symbol © or the negative infinity 
symbol — co, 


ee (—©O, a) represents all real numbers less than a. 
———<—<——— (b, &) represents all real numbers greater than b. 
—=|§ ——_—_—_—__—_+ (—o0, a] represents all real numbers less than or 
’ equal to a. 
Sn Sal [b, 00) represents all real numbers greater than 
° or equal to b. 
——_ (—00, 00) represents all real numbers. 


EXAMPLE 4 Graph a Set Given in Interval Notation 


Graph (—©o, 3]. Write the interval in set-builder notation. 


Solution 


The set is the real numbers less than or equal to 3. In set-builder notation, this is the set 
{x|x =< 3}. Draw a right bracket at 3, and darken the number line to the left of 3, as 
shown in Figure P.7. 


-5 -432-10 12 3 4 $ 


Figure P.7 


@ Try Exercise 40, page 15 


~< 


-5 -4 32-1012 3 4 
Figure P.8 
-5-4 3-2-1012 3 4 5 
Figure P.9 
m3 
-4.25 ~2 1 1 29 
Jf} tt tt 
=—$=4=—3 =2 =-1 0 1 2 32 4 3 
Figure P.10 


k— 3 —>+|+— 3 —>| 


{= 


-5 -4-3 2-10 1 


Figure P.11 


2 


3 


4 


=] 
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The set {x|x = —2}U {x|x > 3} is the set of real numbers that are either less than 
or equal to —2 or greater than 3. We also could write this in interval notation as 
(—00, —2] U (3, &). The graph of the set is shown in Figure P.8. 

The set {x|x > —4}M {x|x < 1} is the set of real numbers that are greater than —4 
and less than |. Note from Figure P.9 that this set is the interval (—4, 1), which can be writ- 
ten in set-builder notation as {x|—4 <x < I}. 


EXAMPLE 5_ Graph Intervals 
Graph the following. Write a. and b. using interval notation. Write c. and d. using set- 
builder notation. 


a. {x|x = —1} U {x|x = 2} b. {x|x = -1}M{x|x < 5} 


e. (—00,0)U[1, 3] d. [-1,3]N,5) 
Solution 

a — = 
-5-4-3-2-1 0123 4 5 a es 


Soares EERE EEC CE — 
b , [-1, 5) 


ee tt = 7 = 
: -5-4-3-2-1 0 1 2 3 4 5 ee te eS 


Note that the intersection of the sets occurs where the graphs intersect. Although 
1 €[-1, 3], 1 € C1, 5). Therefore, 1 does not belong to the intersection of the sets. 
On the other hand, 3 € [—1, 3] and 3 € (1, 5). 


Therefore, 3 belongs to the intersection of the sets. Thus we have the following. 


te fx 1 < x <3} 
# Try Exercise 50, page 15 


® Absolute Value and Distance 


The real numbers can be represented geometrically by a coordinate axis called a real 
number line. Figure P.10 shows a portion of a real number line. The number associated 
with a point on a real number line is called the coordinate of the point. The point corre- 
sponding to zero is called the origin. Every real number corresponds to a point on the 
number line, and every point on the number line corresponds to a real number. 

The absolute value of a real number a, denoted a , is the distance between a and 0 on 
the number line. For instance, |3| = 3 and |—3| = 3 because both 3 and —3 are 3 units 
from zero. See Figure P.11. 
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Note 


The second part of the definition 
of absolute value states that 


if a <0, then Jal = —a.For 
instance, if a = —4, then 
lal = |-4| = —(-4) = 4. 


k i >| 


~ 


“5-4-3 2-1 0 12 3 4 5 


Figure P.12 


> 


In general, if a = 0, then |a| = a; however, if a < 0, then |a| = —a because —a 
is positive when a < 0. This leads to the following definition. 


Definition of Absolute Value 


The absolute value of the real number a is defined by 


EXAMPLE 
5) =5 |-4|=4 jo] =0 


EXAMPLE 6 Simplify an Absolute Value Expression 


Simplify |x — 3| + |x + 2| given that -1 <x S 2. 


Solution 

Recall that |a| = —a when a < Oand |a| = awhena = 0. 

When —1 = x S 2,x — 3 < Oandx + 2 > 0. Therefore, |x — 3] = —(x — 3) and 
|x + 2| =x + 2. Thus |x — 3| + |x + 2| = -@—- 3) + @+2)=5. 


@ Try Exercise 60, page 15 


The definition of distance between two points on a real number line makes use of 
absolute value. 


Definition of the Distance Between Points on a Real Number Line 


If a and b are the coordinates of two points on a real number line, the distance 
between the graph of a and the graph of b, denoted by d(a, 5), is given by 

da, b) = |a — bl. 

EXAMPLE 

Find the distance between a point whose coordinate on the real number line is —2 
and a point whose coordinate is 5. 


d(-2, 5) = |-2 -— 5| = |-7| =7 


Note in Figure P.12 that there are 7 units between —2 and 5. Also note that the 
order of the coordinates in the formula does not matter. 


d(5, —2) = |5 — (—2)| = |7| =7 


EXAMPLE 7 Use Absolute Value to Express the Distance 
Between Two Points 


Express the distance between a and —3 on the number line using absolute value notation. 


Solution 
ao, =3)'= |e = (=3)| = jer 3] 


@ Try Exercise 70, page 15 


Math Matters 


The expression 10! is called a 
googol. The term was coined by 
the 9-year-old nephew of the 
American mathematician Edward 
Kasner. Many calculators do not 
provide for numbers of this mag- 
nitude, but it is no serious loss. To 
appreciate the magnitude of a 
googol, consider that if all the 
atoms in the known universe were 
counted, the number would not 
even be close to a googol. But if a 
googol is too small for you, try 
109°°9"!, which is called a googol- 
plex. As a final note, the name of 
the Internet site Google.com is a 
takeoff on the word googol. 


| 
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l® Exponential Expressions 


A compact method of writing 5- 5-5-5 is 5+. The expression 5? is written in exponential 
notation. Similarly, we can write 


Exponential notation can be used to express the product of any expression that is used 
repeatedly as a factor. 


Definition of Natural Number Exponents 


If b is any real number and 7 is a natural number, then 


bis a factor n times 
o_elea—-——_ 


b” = b-b-b- eee *b 
where b is the base and n is the exponent. 


EXAMPLE 


(3) ce ee 
4 


444 ~ 64 
—54 = —(5+5+5+5) = —625 
(—5)* = (—5)(-5)(-5)(-5) = 625 


Pay close attention to the difference between —5* (the base is 5) and (—5)* (the base is —5). 


EXAMPLE 8 _ Evaluate an Exponential Expression 


Evaluate. 
—34)(—4)? b ac 

a. (—3*)(—4) ‘ cyl 

Solution 

a. (—34)(—4)? = -@+3+3-+3)-(—4)(-4) = -81-16 = —1296 
=P. = (Geddes) $256 _ a 
(-4)*  (—4)(-4)(-4)(-4) 256 


@ Try Exercise 76, page 15 


™ Order of Operations Agreement 


P.) The approximate pressure p, in pounds per square inch, on a scuba diver x feet below 
the water’s surface is given by 


p= 15+ 0.5x 
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The pressure on the diver at various depths is given below. 


10 feet 15 + 0.510) = 15 + 5 = 20 pounds 
20 feet 15 + 0.5(20) = 15 + 10 = 25 pounds 
40 feet 15 + 0.5(40) = 15 + 20 = 35 pounds 
70 feet 15 + 0.5(70) = 15 + 35 = 50 pounds 


Note that the expression 15 + 0.5(70) has two operations, addition and multiplica- 
tion. When an expression contains more than one operation, the operations must be per- 
formed in a specified order, as given by the Order of Operations Agreement. 


The Order of Operations Agreement 


If grouping symbols are present, evaluate by first performing the operations within 
the grouping symbols, innermost grouping symbols first, while observing the order 
given in steps | to 3. 


Step 1 Evaluate exponential expressions. 

Step 2 Do multiplication and division as they occur from left to right. 
Step 3 Do addition and subtraction as they occur from left to right. 
EXAMPLE 

5 — 7(23 — 5*) — 16 + 23 


= 35 = 723 —25) = 16> » * Begin inside the parentheses and evaluate 
5? = 25. 

= 3 = 7(2).— 16 = > * Continue inside the parentheses and evaluate 
23. => 23 = =2. 


=5— 7(—2) = 16-8 + Evaluate 27 = 8. 
5 — (-14) - 2 * Perform multiplication and division from 
left to right. 


17 ¢ Perform addition and subtraction from left 
to right. 


EXAMPLE 9 Use the Order of Operations Agreement 


Evaluate: 3-57 — 6(—37 — 47) + (15) 
Solution 
3+5? — 6(—37 — 4°) + (-15) 
= 3-57 — 6(-9 — 16) + (—15) * Begin inside the parentheses. 


= 3-57 — 6(—25) + (—15) * Simplify —9 — 16. 

= 3-25 — 6(—25) + (-15) + Evaluate 57. 

= 75 + 150 + (—15) * Do mulipltication and division from left to right. 
= 75 + (—10) 

= 65 * Do addition. 


@ Try Exercise 80, page 15 


Recall 


Subtraction can be rewritten as 
addition of the opposite. Therefore, 
3x* — 4xy + 5x -y—7 

= 3x? + (-4xy) + 5x + (-y) + (-7) 
In this form, we can see that the 
terms (addends) are 3x~, —4xy, 5x, 
—y, and —7. 
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One of the ways in which the Order of Operations 
Agreement is used is to evaluate variable expressions. The 
addends of a variable expression are called terms. The 
terms for the expression at the right are 3x”, —4xy, 5x, —y, 
and —7. Observe that the sign of a term is the sign that 
immediately precedes it. 

The terms 3x’, —4xy, 5x, and —y are variable terms. The term —7 is a constant 
term. Each variable term has a numerical coefficient and a variable part. The numeri- 
cal coefficient for the term 3x? is 3; the numerical coefficient for the term —Axy is —4; 
the numerical coefficient for the term 5x is 5; and the numerical coefficient for the term 
—y is —1. When the numerical coefficient is | or —1 (as in x and —x), the | is usually 
not written. 

To evaluate a variable expression, replace the variables by their given values and then 
use the Order of Operations Agreement to simplify the result. 


3x? — 4xy + Sx —-y —7 


EXAMPLE 10 _ Evaluate a Variable Expression 


3 3 


a. Evaluate = when x = 2andy = —3. 
x Fr xyry 


b. Evaluate (x + 2y)’ — 4z when x = 3, y = —2, andz = —4. 


Solution 
oo y 
“ x + xy + y 
2 - (-39 8 — (-27) 35 , 
2? + 27-3) + (-32 4-6+9 7 
b. («x + 2y)? - 42 
[3 + 2(-2)P — 4(-4) = [3 + (-4)P — 4(-4) 
= (-1) — 4(-4) 
= 1 — 4(-4) 
=1+16=17 


@ Try Exercise 90, page 15 


® Simplifying Variable Expressions 


Addition, multiplication, subtraction, and division are the operations of arithmetic. 
Addition of the two real numbers a and b is designated by a + b. Ifa + b = c, then c is 
the sum and the real numbers a and b are called terms. 

Multiplication of the real numbers a and 5 is designated by ab or a-b. If ab = c, 
then c is the product and the real numbers a and b are called factors of c. 

The number —d is referred to as the additive inverse of b. Subtraction of the real 
numbers a and b is designated by a — 5 and is defined as the sum of a and the additive 
inverse of b. That is, 


a-b=a+t(-d) 


If a — b = c, then c is called the difference of a and b. 


12 
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The multiplicative inverse or reciprocal of the nonzero number b is 1/b. The 
division of a and b, designated by a + b with b # 0, is defined as the product of a and 
the reciprocal of b. That is, 


1 
azb= -( +) provided that b # 0 


Ifa + b =, then c is called the quotient of a and b. 
The notation a + b is often represented by the fractional notation a/b or = The real 


number a is the numerator, and the nonzero real number b is the denominator of the 
fraction. 


Properties of Real Numbers 


Let a, b, and c be real numbers. 


Addition Properties Multiplication Properties 


Closure a + bisa unique real 
number. 


ab is a unique real number. 


Commutative at+tb=b+t+a ab = ba 


Associative (a+ b)+c=at+(bt+oc) (ab)c = a(bc) 


Identity 


There exists a unique real 
number 0 such that 
at+0=0+a=a. 


There exists a unique real 
number | such that 
av-l=l:a=a. 


For each nonzero real 
number a, there is a 
unique real number 1/a 


Inverse For each real number a, 
there is a unique real 
number —a such that 
a+ (-a) = (-a)+a=0. 


1 
such that a+ — 
a 


Distributive a(b + c) = ab + ac 


EXAMPLE 11 Identify Properties of Real Numbers 


Identify the property of real numbers illustrated in each statement. 


1 
a. (2a)b = 2(ab) b. (z)u is a real number. 


ce 4(x +3) = 4x + 12 d. (a + 5b) + 7c = (56 + a) + Tc 
1 

e. (4-2)a= 1-4 f. l-a=a 
2 

Solution 


a. Associative property of multiplication 
b. Closure property of multiplication 
c. Distributive property 


d. Commutative property of addition 


Note 


Normally, we will not show, as we 
did at the right, all the steps 
involved in the simplification of a 
variable expression. For instance, 
we will just write (6x)2 = 12x, 
3(4p + 5) = 12p + 15, and 

3x? + 9x? = 12x?. It is important 
to know, however, that every step 
in the simplification process 
depends on one of the properties 
of real numbers. 


P.1 THE REAL NUMBER SYSTEM 13 


e. Inverse property of multiplication 
f. Identity property of multiplication 
@ Try Exercise 102, page 16 


We can identify which properties of real numbers have been used to rewrite an expres- 
sion by closely comparing the original and final expressions and noting any changes. 
For instance, to simplify (6x)2, both the commutative property and associative property of 
multiplication are used. 


(6x)2 = 2(6x) 
= (2° 6)x 
= 12x 


¢ Commutative property of multiplication 


¢ Associative property of multiplication 


To simplify 3(4p + 5), use the distributive property. 
3(4p + 5) = 3(4p) + 3(5) 
12p + 15 


+ Distributive property 


Terms that have the same variable part are called like terms. The distributive property 
is also used to simplify an expression with like terms such as 3x7 + 9x. 
3x? + 9x? = (3 + 9)x? 
= 12%" 


¢ Distributive property 


Note from this example that like terms are combined by adding the coefficients of the 
like terms. 


Question ¢ Are the terms 2x? and 3x like terms? 


EXAMPLE 12 = Simplify Variable Expressions 
Simplify. 

a. 5 + 3(2x — 6) 

b. 4x — 2[7 — 5(2x — 3)] 


Solution 
a 5+32x-6=5+ 6x — 18 


= 6x — 13 
b. 4x — 2[7 — 5(2x — 3)] 
= 4x — 2[7 — 10x + 15] 


* Use the distributive property. 


¢ Add the constant terms. 


* Use the distributive property to 
remove the inner parentheses. 


= 4x — 2[-10x + 22] ¢ Simplify. 

= 4x + 20x — 44 * Use the distributive property to 
remove the brackets. 

= 24x — 44 ¢ Simplify. 


@ Try Exercise 120, page 16 


Answer ® No. The variable parts are not the same. The variable part of 2x? is x-.x. The variable 
part of 3x is x. 
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An equation is a statement of equality between two numbers or two expressions. 
There are four basic properties of equality that relate to equations. 


Properties of Equality 


Let a, b, and c be real numbers. 
Reflexive a=a 
Symmetric Ifa = b, then b = a. 


Transitive Ifa = bandb = c, thena = c. 


Substitution If a = 5, then a may be replaced by 5 in any expression 
that involves a. 


EXAMPLE 13 Identify Properties of Equality 


Identify the property of equality illustrated in each statement. 
a. If3a+b=c,thenc = 3a+ b. 

b. 5x + y) = 5(x + y) 

ce. If4a — 1 = 7band 7b = 5c + 2, then 4a — 1 = 5c + 2. 
d. Ifa = Sand b(a + c) = 72, then b(5 + c) = 72. 


Solution 
a. Symmetric pb. Reflexive c. Transitive d. Substitution 


@ Try Exercise 106, page 16 


EXERCISE SET P.1 


In Exercises 1 and 2, determine whether each number is In Exercises 9 to 18, perform the operations given that 
an integer, a rational number, an irrational number, a A= {-3, —2, —1,0, 1, 2, 3}, B = {—2, 0, 2, 4, 6}, 
prime number, or a real number. C = {0, 1, 2, 3, 4, 5, 6}, and D = {—3, —1, 1, 3}. 
1 9. AUB 10. CUD 
1. _ 0, —44, 7, 3.14, 5.05005000500005... , V81, 53 
11. ANC 12. COND 
5 1 
a2. VaieT? 31, =a 4.235653907493, 51, 0.888... 13. BAD 14. BU(ANG) 
In Exercises 3 to 8, list the four smallest elements of 15. DO (BUC) m16. (ANB)U(ANC) 
each set. 
17. (BUC)N(BUD) 18. (AN C)U(BND) 


3. {2x|x & positive integers} 4. {|x| |x € integers} 


5. {y|y = 2x + 1, x € natural numbers} 


m6. {y|y =x — 1,x € integers} 


7. {z|z = |x|, x € integers} 


In Exercises 19 to 24, perform the operation, given A is 
any set. 


19. AUA 20. ANA 


8. {z|z = |x| — x, x € negative integers} 21. AND 22. AUD 


23. If A and B are two sets and A UB = A, what can be said 
about B? 


24. If A and B are two sets and 4‘ B = B, what can be said 
about B? 


In Exercises 25 to 36, graph each set. Write sets given in 
interval notation in set-builder notation, and write sets 
given in set-builder notation in interval notation. 


25. (—2, 3) 26. [1,5] 
27. [-5, -1] 28. (—-3, 3) 
29. [2, 0) 30. (—©%, 4) 


31. {x|3 <x < 5} 32. {x|x < —l} 


33. {x|x = —2} 34. {x|-1 <x <5} 


35. {x|0 =x = 1} 36. {x|-4<x=5} 


In Exercises 37 to 52, graph each set. 


37. (00, 0) U [2, 4] 38. (—3, 1) UG, 5) 

39. (-4,0)N[-2, 5] ™40. (—00, 3] (2, 6) 
Al. (1, ©) U (—2, 00) 42. (—4, 00) U(0, 00) 
43. (1, 0©)M (—2, 00) 44. (—4, 00) (0, 00) 
45. [-2,4] N[4,5] 46. (—00, 1] M[1, 0) 
47. (-2,4)N (4,5) 48. (—00, 1) (1, 0) 


A9. {x|x < —-3} U{x]1 <x < 2} 
m50. {x|-3 = x < 0} U {x|x = 2} 

51. {x|x < —3} U {x|x < 2} 

52. {x|x < —-3} M {x|x < 2} 


In Exercises 53 to 62, write each expression without 
absolute value symbols. 


53. —|-S| 54. —|—-4|? 55. |3|-|—-4| 
56. |3| — |-7| 57. |a°* + 10| 58. |" — 10| 
59. |x — 4| + |x + 5|, given0d<x< 1 

m60. |x + 6 x — 2|,givn0d<x<2 

61. |2x| — |x — 1], given0d<x<1 

62. |x + 1| + |x — 3], givenx > 3 
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In Exercises 63 to 74, use absolute value notation to 
describe the given situation. 


63. d(m,n) 64. d(p, 8) 
65. The distance between x and 3 
66. The distance between a and —2 
67. The distance between x and —2 is 4. 
68. The distance between z and 5 is 1. 
69. The distance between a and 4 is less than 5. 
#70. The distance between z and 5 is greater than 7. 
71. The distance between x and —2 is greater than 4. 


72. The distance between y and —3 is greater than 6. 


73. The distance between x and 4 is greater than 0 and less than 1. 


74. The distance between y and —3 is greater than 0 and less than 0.5. 


In Exercises 75 to 82, evaluate the expression. 
3 


(=3)' 
78. —2-34—(6-—7)° 


75. —5°(-4) 576. — 


77. 4+ (3 - 8y 


79, 28 + (-7 + 5y m80. (3 — 5)°(3? — 57) 


81. 7 + 2[3(-2)) — 4? + 8] 


82. 5 — 4[3 — 6(2°3? — 12 + 4)] 


In Exercises 83 to 94, evaluate the variable expression for 
x=3,y= —-2,andz= -1. 


83. -)° 84. —)7 


85. 2xyz 


86. —3xz 87. —2x°y? 88. 2y°2" 


89. xy — x(x — y)? m90. (z — 2yy - 32° 


2 2 2.4 
x+y 2XVZ 
91. : oe 
x+y Gy - 2) 
By 2 
oe 94. (x — (x + 27 
xy 


In Exercises 95 to 108, state the property of real numbers 
or the property of equality that is used. 


95. (ab*)c = a(b’c) 
96. 2x — 3y = —3y + 2x 


97. 4(2a — b) = 8a — 4b 
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98. 
99. 
100. 
101. 
#102. 
103. 
104. 
105. 
0106. 


107. 


108. 


109. 


110. 


111. 


112. 
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6+(7+a)=6+(at+7) 
3x)y = y3x) 

4ab + 0 = 4ab 

1+ (4x) = 4x 

T(a + b) = 7(b + a) 
Y+1=xr 41 
Ifa+b=2,then2=a+b. 


If2x + 1 = yandy = 3x — 2, then 2x + 1 = 3x — 2. 


If 4x + 2y = 7andx = 3, then 4(3) + 2y = 7. 


ab + (—ab) = 0 


Is division of real numbers an associative operation? Give a 
reason for your answer. 


Is subtraction of real numbers a commutative operation? Give 
a reason for your answer. 


Which of the properties of real numbers are satisfied by the 
integers? 


Which of the properties of real numbers are satisfied by the 
rational numbers? 


In Exercises 113 to 122, simplify the variable expression. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


#120. 


121. 


122. 


2 + 3(2x — 5) 
4 + 2(2a — 3) 
5 — 3(4x — 2y) 
7 — 2(5n — 8m) 


3(2a — 4b) — 4(a — 3d) 
5(4r — 7#) — 2(10r + 32) 
Sa — 2[3 — 2(4a + 3)] 


6 + 3[2x — 43x — 2)] 


3 1 
(54 + 2) — 5a - 5) 


ae + 3) 4 7x 7) 


123. 


124. 


125. 


126. 


127. 


128. 


Area of a Triangle The area of a triangle is given by 
Ar ; bh 
a=z 
ame 


where 5 is the base of the triangle and / is its height. Find the 
area of a triangle whose base is 3 inches and whose height is 
4 inches. 


Volume of a Box The volume of a 
rectangular box is given by 


Volume = /wh 


where / is the length, w is the width, and h . 
is the height of the box. Find the volume of a classroom that 
has a length of 40 feet, a width of 30 feet, and a height of 
12 feet. 


Heart Rate The heart rate, in beats per minute, of a certain 
runner during a cool-down period can be approximated by 


53 
4+ + 1 


Heart rate = 65 + 


where ¢ is the number of minutes after the start of 
cool-down. Find the runner’s heart rate after 10 minutes. Round 
to the nearest natural number. 


P.) Body Mass Index According to the National Institutes 

of Health, body mass index (BMI) is a measure of body 
fat based on height and weight that applies to both adult men 
and women, with values between 18.5 and 24.9 considered 
705w 
ee? 


healthy. BMI is calculated as BMI = where w is the 


person’s weight in pounds and / is the person’s height in 
inches. Find the BMI for a person who weighs 160 pounds and 
is 5 feet 10 inches tall. Round to the nearest natural number. 


Physics The height, in feet, of a ball ¢ seconds after it is 
thrown upward is given by 

height = —16¢? + 804 + 4 
Find the height of the ball 2 seconds after it has been released. 
Chemistry Salt is being added to water in such a way that 
the concentration of salt, in grams per liter, is given by 


; 50t : , 5 : 
concentration = ea where ¢ is the time in minutes after 


the introduction of the salt. Find the concentration of salt after 
24 minutes. 
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SECTION P.2 Integer and Rational Number Exponents 


Integer Exponents 

Scientific Notation 

Rational Exponents and Radicals 
Simplifying Radical Expressions 


Note 
Note that —7° = —(7°) = -1. 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page Al. 


4s 
PS1. Simplify: 27-2? [P.1] PS2. Simplify: 7 [P.1] 


PS3. Simplify: (23)? [P.1] PS4. Simplify: 3.14(10°) [P.1] 
PS5. True or false: 34-37 = 9°[P1]  PS6. True or false: (3 + 4)? = 37 + 4° [P1] 


® Integer Exponents 


bis a factor n times 


Recall that ifn is a natural number, then b” = b:b:b: --- +b. We can extend the defini- 
tion of exponent to all integers. We begin with the case of zero as an exponent. 


Definition of b° 


For any nonzero real number b, 5° = 1. 


EXAMPLE 


3° = 1 ( 


Now we extend the definition to include negative integers. 


Definition of b™" 


1 1 
If b # 0 and n is a natural number, then b" = be and po b". 


EXAMPLE 


EXAMPLE 1 _ Evaluate an Exponential Expression 


Evaluate. 


a (—2*)\(-3) 


‘, aie 
(-25° 
c. —7° 


(continued ) 
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Solution 
a. (—2*)(-3)? = —(2:2+2+2)(-3)(-3) = —(16)(9) = —144 
(4Y™ _ ($2) 2(— 222) _ 32 _ I 


(-2)° (—4)(-4)(-4) -—64 2 


ce —7 = —(7°) = -1 


@ Try Exercise 10, page 29 


When working with exponential expressions containing variables, we must ensure 
that a value of the variable does not result in an undefined expression. Take, for instance, 


= 1 Lo, . . oi 
x? = oa Because division by zero is not allowed, for the expression x = we must assume 
x 


that x # 0. Therefore, to avoid problems with undefined expressions, we will use the fol- 
lowing restriction agreement. 


Restriction Agreement 


The expressions 0°, 0” (where n is a negative integer), and , are all undefined 


expressions. Therefore, all values of variables in this text are restricted to avoid any 
one of these expressions. 


EXAMPLE 
0,.—3 


x 
In the expression ‘s 2 x #0, y # 0,and z # 4. 
= 


3 ke 1) 
In the expression ————,, a # land b # —2. 
b+2 


Exponential expressions containing variables are simplified using the following prop- 
erties of exponents. 


Properties of Exponents 


If m, n, and p are integers and a and b are real numbers, then 


Product be p= pm 


Quotient — = b"", b#0 


Power (b™y" = b™ 


(a™b")P = q™PpnP 


a”™\P qi 
—} = b#0 
je bY’ 
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EXAMPLE 


Corer a Gg = ¢ Add the exponents of the like bases. 


Recall that a = a’. 


(x4y?)\(xy> ie) = = gly ez 2 = % ’y a7 ¢ Add the exponents of the like bases. 
7 5 
a’b are = a 
pS =@ “bP =p = 7 * Subtract the exponents of the like bases. 
a 
(uv*)? = uly? = yey ¢ Multiply the exponents. 


2B\3 213,53 9315 8x15 
= = = ¢ Multiply the exponents. 


5 reyeer Sy 125y 12 


Question ¢ Can the exponential expression x*y? be simplified using the properties of exponents? 


Integrating Technology 


Exponential expressions such as a” can be confusing. The generally accepted meaning 
of a” is a). However, some graphing calculators do not evaluate exponential expres- 
sions in this way. Enter 24344U in a graphing calculator. If the result is approximately 
2.42 X 1074, then the calculator evaluated 2°. If the result is 4096, then the calcula- 
tor evaluated (27)*. To ensure that you calculate the value you intend, we strongly urge 
you to use parentheses. For instance, entering 24(344) will produce 2.42 x 1074 and 
entering (243)44 will produce 4096. 


To simplify an expression involving exponents, write the expression in a form in which 
each base occurs at most once and no powers of powers or negative exponents occur. 


EXAMPLE 2 Simplify Exponential Expressions 


Simplify. : : 
= =12%"y 4p-q \~ 
a. (5x*y)(—4x3y°) ob. (3x*yz4)3— oes ~ ——=) od ( 
18x2y® 6pq* 
Solution 
a. (5x7y)(—4x3y>) = [5(— De al ae * Multiply the coefficients. Multiply the 
——— 20x5y variables by adding the exponents of the 
like bases. 
be Gre ty a3 xp * Use the power property of exponents. 
272°" 
— 23,6,3-12 — 
= 3°x°yz 722 


(continued ) 


Answer ® No. The bases are not the same. 
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Math Matters 


™ Approximately 3.1 x 10° 
orchid seeds weigh 1 ounce. 

= Computer scientists measure 
an operation in nanoseconds. 
1 nanosecond = 1 x 10°? 
second 

@ If a spaceship traveled at 
25,000 mph, it would require 
approximately 2.7 x 10° years 
to travel from one end of the 
universe to the other. 


~ 12x" 2 s-21- -12_ 2 
18x 58 =e * Simplify nr Divide the variables by 
subtracting the exponents of the like bases. 
23 _ 
ere 5 
3y° 


¢ Use the quotient property of 
exponents. 


; ay 7 Gas Cay 
: 6pq* 3 3 


Ie2 e232 22.6 
7 2M ny ( g (~2) 7 2g Ag 
12) 32 * Use the power property of 
3 exponents. 
9q° 
= 5 ¢ Write the answer in simplest form. 
4p” 


@ Try Exercise 36, page 29 


® Scientific Notation 


The exponent theorems provide a compact method of writing very large or very small num- 
bers. The method is called scientific notation. A number written in scientific notation has the 
form a: 10", where 7 is an integer and | = a < 10. The following procedure is used to 
change a number from its decimal form to scientific notation. 

For numbers greater than 10, move the decimal point to the position to the right of the 
first digit. The exponent n will equal the number of places the decimal point has been 
moved. For example, 


7,430,000 = 7.43 x 10° 
| 
6 places 


For numbers less than 1, move the decimal point to the right of the first nonzero digit. The 
exponent n will be negative, and its absolute value will equal the number of places the 
decimal point has been moved. For example, 


0.00000078 = 7.8 X 1077 
=a, 
7 places 


To change a number from scientific notation to its decimal form, reverse the proce- 
dure. That is, if the exponent is positive, move the decimal point to the right the same num- 
ber of places as the exponent. For example, 


3.5 X 10° = 350,000 
= 
5 places 


If the exponent is negative, move the decimal point to the left the same number of places 
as the absolute value of the exponent. For example, 


2.51 X 10 ® = 0.0000000251 
—— 
8 places 


Most calculators display very large and very small numbers in scientific notation. 
The number 450,000” is displayed as | 2.025 E 11 |, This means 450,000? = 2.025 x 10!1. 
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EXAMPLE 3 _ Simplify an Expression Using Scientific Notation 


The Andromeda galaxy is approximately 1.4 X 10!° miles from Earth. If a spacecraft 
could travel 2.8 X 10'? miles in 1 year (about one-half the speed of light), how many 
years would it take for the spacecraft to reach the Andromeda galaxy? 
Solution 
To find the time, divide the distance by the speed. 

14x 10% 14 


aT mcrae 10°" = 0.5 x 10’ = 5.0 x 108 


It would take 5.0 X 10° (or 5,000,000) years for the spacecraft to reach the 
Andromeda galaxy. 


@ Try Exercise 52, page 29 


® Rational Exponents and Radicals 


To this point, the expression b” has been defined for real numbers b and integers n. Now 
we wish to extend the definition of exponents to include rational numbers so that expres- 
sions such as 2! will be meaningful. Not just any definition will do. We want a definition 
of rational exponents for which the properties of integer exponents are true. The following 
example shows the direction we can take to accomplish our goal. 

If the product property for exponential expressions is to hold for rational exponents, 
then for rational numbers p and q, b?b4 = b?*4. For example, 


9¥/2.9'/2 must equal 9!/2+1/? = 9! = 9 


Thus 9!/? must be a square root of 9. That is, gi? =, 
The example suggests that b'/" can be defined in terms of roots according to the 
following definition. 


Definition of b'/" 


If 7 is an even positive integer and b = 0, then b'/” is the nonnegative real number 
such that (b'/”)" = b. 


If n is an odd positive integer, then b'" is the real number such that (oY "r= b. 


EXAMPLE 
= 25/2 = 5 because 52 = 25. 


= (—64)!/3 = —4 because (—4)? = 
= 16"? = 4 because 4? = 16. 
a —16'/2 = —(16?) = —4, 


= (—16)!/? is not a real number. 


m (—32)'/5 = —2 because (—2)° = 


If n is an even positive integer and b < 0, then bY" isa complex number. Complex num- 
bers are discussed in Section P.6. 
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To define expressions such as 87/3, we will extend our definition of exponents even fur- 
ther. Because we want the power property (b”)’ = b?4 to be true for rational exponents 
also, we must have (b'/ nym = b”/"_ With this in mind, we make the following definition. 


Definition of b™/" 


For all positive integers m and n such that m/n is in simplest form, and for all real 


numbers b for which b!’” is a real number, 


prin = (pny = (b™y'/n 


Because b””” is defined as (bl ")” and as (Cale "we can evaluate expressions such as 
8/3 in more than one way. For exam le, because 813 is a real number, 8/3 can be evalu- 
y. p 
ated in either of the following ways. 


gi? = (84)? = 4006" = 16 


Of the two methods, the b”/” = (bY ")" method is usually easier to apply, provided you can 
evaluate b!/”. 


EXAMPLE 4 _ Evaluate a Number with a Rational Exponent 


Simplify. sa 
16\~ 
a 64 pb, 3277 (2°) 
81 
Solution 
a. 6473 = (64137 = 4? = 16 
i 4 
b. 32°38 = 32/5) 3 = 23 =— = — 
(32"°) ar 


= Gi) = Ce) 1G) TG) 8 


Try Exercise 62, page 29 


The following exponent properties were stated earlier, but they are restated here to 
remind you that they have now been extended to apply to rational exponents. 


Properties of Rational Exponents 


If p, g, and r represent rational numbers and a and b are positive real numbers, then 


Product b?- bt = pP*4 


Quotient 


Power (b?)4 = bPt (a?b1)" = ab” 


aP r QP 
($5) ~ pe 


Math Matters 


The formula for kinetic energy 
(energy of motion) that is used in 
Einstein’s Theory of Relativity 
involves a radical, 


1 

K.E, = mc? 1 
rae 

a 


where m is the mass of the object 
at rest, v is the speed of the 


object, and c is the speed of light. 
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Recall that an exponential expression is in simplest form when no powers of powers 
or negative exponents occur and each base occurs at most once. 


EXAMPLE 5 _ Simplify Exponential Expressions 


Simpify. 


3/4p1/2)2 
‘a: (2x¥3,4/92 (9x3,3/2)"2 b. (a ) 


( a3 p3/4)3 

Solution 

ie: (2x!/3y3/5)2 (9x3 3/2)? = (27x2/36/5) (91/2x3/2y,3/4) 
= (4x2/3,6/5)(3x3/2),3/4) 

Lays2ysts = 12x6*6y 2042 

= 12,13/6,,39/20 


¢ Use the power property. 


¢ Add the exponents on like 
bases. 


(a/4p 1/2) ab 
( 3 p/4)3 > a259!4 


¢ Use the power property. 


¢ Subtract the exponents on like bases. 


= q/2p 5/4 


@ Try Exercise 68, page 29 


& Simplifying Radical Expressions 


Radicals, expressed by the notation (/b, are also used to denote roots. The number d is the 
radicand, and the positive integer 7 is the index of the radical. 


Definition of /b 


If n is a positive integer and b is a real number such that b!/” is a real number, 
then Vb = bY”. 


If the index n equals 2, then the radical Vb is written as simply Vb, and it is referred to 
as the principal square root of b, or simply the square root of b. 

The symbol Vb is reserved to represent the nonnegative square root of b. 
To represent the negative square root of b, write — Vb. For example, V25 = 5, whereas 
—V25 = —5. 


Definition of (/b)™ 


For all positive integers n, all integers m, and all real numbers b such that Wb is a 
real number, (W/b)” = vpn = prnln, 
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Absolute Value 
See pages 7-8. 


When Vb is a real number, the equations 
prin = V/p" and prin = (Wb)” 


can be used to write exponential expressions such as b”’" in radical form. Use the denomi- 
nator n as the index of the radical and the numerator m as the power of the radicand or as 
the power of the radical. For example, 


(Sxy)?/ 7 = ( W Sxyy = \/ 25x77 * Use the denominator 3 as the index of the radical 


and the numerator 2 as the power of the radical. 
The equations 
pinln 4 b™ and pin _— (Wb) 
also can be used to write radical expressions in exponential form. For example, 


\/ (aby = (2ab)?/ 2 * Use the index 2 as the denominator of the power and the 
exponent 3 as the numerator of the power. 


The definition of (Wb) often can be used to evaluate radical expressions. For instance, 
(v8) — 94/3 = (gy = 24 = 16 


Care must be exercised when simplifying even roots (square roots, fourth roots, sixth 
roots, and so on) of variable expressions. Consider Vx? when x = 5 and when x = —5. 


Case 1 Ifx = 5, then V2 = V5? = V25 = 5 = x. 
Case2 Ifx = —5, then Vx? = V(-5P = V25 = 5 = —x. 


These two cases suggest that 


VE={ x, ifx=0 


—x, ifx <0 


Recalling the definition of absolute value, we can write this more compactly as Ve = |x|. 
Simplifying odd roots of a variable expression does not require using the absolute 
value symbol. Consider Wo when x = 5 and when x = —S. 


Case1 Ifx = 5, then Wx = WS? = W125 = 5 = x. 
Case2 Ifx = —5, then Wx = VW(—-5y = W125 = —5 = x. 
Thus wW3 =x. 


Although we have illustrated this principle only for square roots and cube roots, the 
same reasoning can be applied to other cases. The general result is given below. 


Definition of ‘/b" 


If is an even natural number and + is a real number, then 
Wb" = |p| 


If is an odd natural number and + is a real number, then 


Wo" = b 


EXAMPLE 


W162* = 2/2| W32a° = 2a 
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Because radicals are defined in terms of rational powers, the properties of radi- 
cals are similar to those of exponential expressions. 


Properties of Radicals 
If m and 7 are natural numbers and a and # are positive real numbers, then 


Product Wa- Wb = Wab 


a 
Quotient "} — 


Va _ 
Wb b 
Index V Va = Wa 


A radical is in simplest form if it meets all of the following criteria. 


1. The radicand contains only powers less than the index. (W8 does not satisfy this 
requirement because 5, the exponent, is greater than 2, the index.) 


2. The index of the radical is as small as possible. (We does not satisfy this 
requirement because W3 = 3/9 = x3 = Vx.) 


3. The denominator has been rationalized. That is, no radicals occur in the 
denominator. (1/‘V2 does not satisfy this requirement.) 


4. No fractions occur under the radical sign. (W/2/x° does not satisfy this requirement.) 


Radical expressions are simplified by using the properties of radicals. Here are some 
examples. 


EXAMPLE 6 Simplify Radical Expressions 


Simplify. 
a. W32xy4 ob. W162x4° 
Solution 
a. W323)4 = W25354 = W244) + (2x3) * Factor and group factors that can be 
written as a power of the index. 
4 ay V2 * Use the product property of radicals. 
= 2ly| W/2x3 * Recall that for n even, W/b” = la]. 
b. Wi 62x4x® = W2 . 34)x4y° ¢ Factor and group factors that can be written as a 


_ Wx ys “(2+ 3x) power of the index. 
= (3xy’)* W/ox * Use the product property of radicals. 
= 397 W6x + Recall that for n odd, Vb" = b. 


@ Try Exercise 84, page 30 
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Like radicals have the same radicand and the same index. For instance, 
3V 5x" and -4V/ 5xyv 


are like radicals. Addition and subtraction of like radicals are accomplished by using the 
distributive property. For example, 


4V3x — 9V3x = (4 -— 9)V3x = —5V3x 
Wy + 4VP - Vy = 2 4+4- DW = 5Vy 


The sum 2V3 + 6V5 cannot be simplified further because the radicands are not the 
same. The sum 3x + 5\/x cannot be simplified because the indices are not the same. 

Sometimes it is possible to simplify radical expressions that do not appear to be like 
radicals by simplifying each radical expression. 


EXAMPLE 7 Combine Radical Expressions 
Simplify: 5xW/16x* — W128x7 
Solution 
5xW16x4 — V/128x7 
= 5xV 2x4 — W277 + Factor, 


= 5x33» W2x — W/25x°s Wx * Group factors that can be written as a power 
of the index. 


= 5x(2x Ww 2x) — 27x? + Wax * Use the product property of radicals. 
= 10x? W2x — 4x°W/2x * Simplify. 
= 6° W2x 


@ Try Exercise 92, page 30 


Multiplication of radical expressions is accomplished by using the distributive property. 
For instance, 


V5(V20 — 3V15) = V5(V20) — V5(3V15) * Use the distributive property. 


= V100 — 3V75 * Multiply the radicals. 
= 10 — 3-5V3 + Simplify. 
= 10 - 15V3 


Finding the product of more complicated radical expressions may require repeated use 
of the distributive property. 


EXAMPLE 8 Multiply Radical Expressions 


Perform the indicated operation. 
a. (5V6 — 7)(3V6 + 2) 
b. 3 —- Vx —7P,x2=7 
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Solution 


a. (5V6 — 7)(3V6 + 2) 
= 5V6(3V6 + 2) — 71(3V6 + 2) * Use the distributive property. 
= (15-6 + 10V6) — (21V6 + 14) * Use the distributive property. 
= 90 + 10V6 — 21V6 — 14 + Simplify. 
=76 — 11V6 
b. (3 -— Vx — 7) 
=3=W=7)6=Ve=7 
=9 —3Vx —7-3Vx —74+ (Vx — 77 * Use the distributive property. 


=9-6Vx-7+(x- 7) «(Vx — 7)? =x — 7, since 
=2-6Vx—-7+x wee 


@ Try Exercise 102, page 30 


To rationalize the denominator of a fraction means to write the fraction in an equi- 
valent form that does not involve any radicals in the denominator. This is accomplished by 
multiplying the numerator and denominator of the radical expression by an expression that 
will cause the radicand in the denominator to be a perfect root of the index. 


5 5 VWs 5V3. 5V3 * Recall that 3 means 73. Multiply 
V3 V3 : V3 \/32 ~ 3 numerator and denominator by V3 so that 


the radicand is a perfect root of the index of 
the radical. 


2 2 WP wP 249 ¢ Multiply numerator and denominator by vw? 
ye) 3/q0 —(i«sT so that the radicand is a perfect root of the 
7 7 
Ma vi VP Vr index of the radical. 
5 5 We 5W swe ¢ Multiply numerator and denominator by We 
Ws 7 We We = Ws 7 y2 so that the radicand is a perfect root of the 


index of the radical. 


EXAMPLE 9_Rationalize the Denominator 


Rationalize the denominator. 


22s “Het aig 
"Wa N32" 


Solution 


5 5 Wa 5sWer sVe be us ya 
Sa ae Use Wa: Wa? = Wa? = a. 


(continued ) 
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| 3 _ V3 _ V3 7 V3 _V2y _ Voy 
32y V32y «(4V2y) «4V2y V2y 8y 


@ Try Exercise 112, page 30 


To rationalize the denominator of a fractional expression such as 


1 


Vn + Vn 


we use the conjugate of Vm + Vn, which is Vm — Vn. The product of these conjugate 
pairs does not involve a radical. 


(Vm + Vny\(Vm — Vn) = m—n 


EXAMPLE 10 _ Rationalize the Denominator 


Rationalize the denominator. 


4 34+2V5 

“ 1-45 
24+ 4V% 

b. x >0 
,=5Vx" 

Solution 


SH 2V5 34 2V5 144V5 
1-—4V5 1-4V5 14475 


¢ Multiply numerator and 
denominator by the conjugate 

of the denominator. 
_ 31 + 4V5) + 2V5(1 + 4V5) 

I? -— 4V5y 
S125 + 2V5 + 8°58 Rien 
1— 16°5 
43 + 14V5 
—89 

43 + 14V5 

89 


2+4Vvx_ 24+ 4ve 34+ 5Ve 
3-5Vx 3-5Vx 34+ 5Vx 


* Multiply numerator and 
denominator by the conjugate 
of the denominator. 


23 + 5Vx) + 4Vx(3 + 5Vx) 
3? — (5Vxy 
6 + 10Vx + 12Vx + 20x 
9 — 25x 
6 + 22Vx + 20x 
G = 25x 


@ Try Exercise 116, page 30 
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EXERCISE SET P.2 


In Exercises 1 to 12, evaluate each expression. In Exercises 39 to 42, write the number in scientific notation. 
3 3 pag 39. 2,011,000,000,000 40. 49,100,000,000 
1. -5 2. (-5) 3. (3 
41. 0.000000000562 42. 0.000000402 
4. —6° 5.47? 6. 34 
1 1 73 In Exercises 43 to 46, change the number from scientific 
7. Ss 8. 33 9. 63 notation to decimal notation. 
43. 3.14 x 10’ 44. 4.03 X 10° 
4? 0 x? 
aS Us ak as 45. —2.3 x 10° 46. 6.14 x 10% 


In Exercises 13 to 38, write the exponential expression in 
simplest form. 


13. 2x4 14, 3y? 


In Exercises 47 to 54, perform the indicated operation 
and write the answer in scientific notation. 


47. (3 x 10')(9 x 10°) 48. (8.9 X 10°>)(3.4 X 10°) 
5 8 9 x 103 2.5 x 108 
is, = 16. = 49, ———_ 50 aa 
z x 6 Xx 10 5 x 10 
3.2 x 10 1!!\(2.7 x 1018 6.9 X 10°7(8.2 x 10713 
17. (y)0y%) 18. (w'\(v) si. | OTA asa vee 
1.2 X 10 4.1 X 10 
19. (—2ab*)(—3a*b*) 20. (9xy*)(—2x"y*) 
(4.0 X 10°°)(8.4 X 10°) 4 (7.2 x 10°)(3.9 x 10-7) 
21. (4x 3 y(7x°y) 22. (—6x4y\(Ix 3y°5) "(3.0 X 10°%)(1.4 x 108) * (2.6 x 10°!)(1.8 x 107%) 
23, of ae 
* 9/8 * 16x4 In Exercises 55 to 76, evaluate each exponential 
expression. 
12x34 Ay3 55. 43 56. —16°/ 
25. ae ; 26. a 
Xx Vv 
- 57. —643 58. 1254/3 
—2 3,3 = 10 
27, 36a 9 Oe 59. 9-3/2 60. 32-45 
3ab* —32a'b? 
4 1/2 16 3/2 
29. (—2m'n)\(—3mn?y? 30. (2a3b?)3(—4a‘b?) Shy m2 Gg 
31. yy)? 32. oY G2y 43 1)" 8 \ 
63. | — 64. {| — 
8 27 
3a°b? \? 2ab*c3 \3 
33. bath! 34. Sai 65. (4a73b"/\(2a"/3p9/?) 66. (6a9/5b"/4)\(—3a"/553/*) 
67. (—3x7/3\(4x"/4 68. (—5x!/3)\(—4x1? 
se (—4x7y3)7 = (-3a7b>) ( x Xe x ) a ( x Xe X ) 
(2x) (—2ab*)° 69. (SLx8y!2y!/4 70. (27x3y%)2/3 
2 2 3, —4\ -2 5/5 2/3 
1623 
37. (4 *) 38. ( z ) 7. 72, 84 
ab4 xy 1221/5 9a\ 
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1/3,,5/6 
yy 
73. (2x7/y'/\(3x'/6"/) a 
2/3, 1/6 
9a3/4b 12x!/6,1/4 
75. 76. ——— 
3q2/3p2 16x3/4y 1/2 


In Exercises 77 to 86, simplify each radical expression. 


77. V45 78. V75 
79. W/24 80. V/135 


81. V—-13 82. \/—250 


85 


. W=135 
83. V 24x73 


In Exercises 87 to 94, simplify each radical and then 
combine like radicals. 


87. 2V32 — 3V98 88. 5/32 + 2/108 
90. 2/40 — 3135 
m92. —3xW/54x4 + 2W/ 16x" 


94. 4V ab — a Vab 


89. —8V/48 + 2/243 
91. 4V/32)4 + 3yW108y 
93. xV 8x74 — 4y W 64x%y 


In Exercises 95 to 104, find the indicated product and 
express each result in simplest form. 


95. (V5 + 3)(V5 + 4) 


96. (V7 + 2)(V7 — 5) 
97. (V2 — 3)(V2 + 3) 
98. (2V7 + 3)(2V7 — 3) 


99. (3Vz — 2)(4Vz + 3) 


100. (4Va — Vb)\(3Va + 2V5b) 
101. (Vx + 2) 
™102. (3V5y — 4) 
103. (Vx — 3 + 29 
104. (V2x + 1 — 3 


In Exercises 105 to 126, simplify each expression by 
rationalizing the denominator. Write the result in 
simplest form. Assume x > 0 and y > 0. 


105. —- 106; 2% 
"4/7 Ae 
107. ,|> 108. | 
18 40 
109. 10, —7- 
a) Wa 
1, — e112, — 
 W8x * Way 
113, —— 4, 
RPS eh “V5 = 9 
15, 116 —— — 
2V5 +2 3V2 —5 
ie = 
117. ones 118. ase 
5-—3V5 5- V2 
i= ii oa / 7 
119. a=) 120. eT TS. 
4V3 -—7 12V7 — 6 
+ - im 
3 -— 2Vx 5+ 3Vx 
Pree ce 494) 2 ONT 
x +2V5 x+2V7 
3 5 
ee (26. ——— 
V5 4+ Vx Vy — V3 


In Exercises 127 and 128, rationalize the numerator, a 
technique that is occasionally used in calculus. 


V4+h—-2 V9+h— 
a oe 128, “= "== 


129. 2 Weight of an Orchid Seed An orchid seed weighs 

approximately 3.2 x 10° ounce. If a package of seeds 

contains 1 ounce of orchid seeds, how many seeds are in the 
package? 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


Biology The weight of one E. coli baterium is approximately 
670 femtograms, where 1 femtogram = 1 X 10 '° gram. If 
one E. coli baterium can divide into two bacteria every 20 min- 
utes, then after 24 hours there would be (assuming all bacteria 
survived) approximately 4.7 X 107! bacteria. What is the 
weight, in grams, of these bacteria? 


2 Doppler Effect Astronomers can approximate the dis- 
tance to a galaxy by measuring its red shift, which is a 

shift in the wavelength of light due to the velocity of the 

galaxy. This is similar to the way the sound of a siren coming 

toward you seems to have a higher pitch than the sound of 

the siren moving away from you. A formula for red shift is 

A. — As 

Ay 
of light. Calculate the red shift for a galaxy for which 
A, = 5.13 X 1077 meter and A, = 5.06 X 107’ meter. 


, where A,.and A, are wavelengths of a certain frequency 


Laser Wavelength The wavelength of a certain helium-neon 
laser is 800 nanometers. (1 nanometer is 1 X 10° meter.) The 
1 


frequency, in cycles per second, of this wave is ———~——_-, 
wavelength 


What is the frequency of this laser? 


é Astronomy The sun is approximately 1.44 x 10!! 

meters from Earth. If light travels 3 X 10° meters per 
second, how many minutes does it take light from the sun to 
reach Earth? 


Astronomical Unit Earth’s mean distance from the sun 

is 9.3 X 10’ miles. This distance is called the astronom- 
ical unit (AU). Jupiter is 5.2 AU from the sun. Find the dis- 
tance in miles from Jupiter to the sun. 


Jupiter 
5.2 AU =? mi 


Earth 
1 AU=9.3 x 107 mi 
3) 


2 Mass of an Atom One gram of hydrogen contains 
6.023 X 1073 atoms. Find the mass of one hydrogen atom. 


Drug Potency The amount 4 (in milligrams) of digoxin, 
a drug taken by cardiac patients, remaining in the blood t 
hours after a patient takes a 2-milligram dose is given by 
A= 2(1079.0078") 


a. How much digoxin remains in the blood of a patient 
4 hours after taking a 2-milligram dose? 


b. Suppose that a patient takes a 2-milligram dose of digoxin 
at 1:00 P.M. and another 2-milligram dose at 5:00 p.m. How 
much digoxin remains in the patient’s blood at 6:00 P.M.? 


137. 


138. 


139. 
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Oceanography The percent P of light that will pass to a 
depth d, in meters, at a certain place in the ocean is given by 
P = 102-40), Find, to the nearest percent, the amount of 
light that will pass to a depth of a. 10 meters and b. 25 meters 
below the surface of the ocean. 


Learning Theory Ina psychology experiment, students were 
given a nine-digit number to memorize. The percent P of stu- 
dents who remembered the number ¢ minutes after it was read 
to them can be given by P = 90 — 37/3, What percent of the 
students remembered the number after 1 hour? 


Relativity Theory A moving object has energy, called 

kinetic energy, because of its motion. The Theory of 
Relativity, mentioned on page 1, uses the following formula 
for kinetic energy. 


K.E, = mc? 1 


When the speed of an object is much less than the speed of 
light (3.0 x 10° meters per second) the formula 


Le 
K.E, = —mv 

2 
is used. In each formula, v is the velocity of the object in 
meters per second, m is its rest mass in kilograms, and c is the 
speed of light given previously. In a. through e., calculate the 
percent error for each of the given velocities. The formula for 
percent error is 


KE,]| 


|K.E, — 
x 100 


% error = KE 
E, 


a. v= 30 meters per second (speed of a speeding car on an 
expressway) 


b. v= 240 meters per second (speed of a commercial jet) 


c. v = 3.0 X 10’ meters per second (10% of the speed of 
light) 


2 
<= 
I 


1.5 X 108 meters per second (50% of the speed of light) 


e. v = 2.7 X 10° meters per second (90% of the speed of 
light) 


f. Use your answers from a. through e. to explain why the for- 
mula for kinetic energy given by K.E,, is adequate for most 
of our common experiences involving motion (walking, 
running, bicycling, driving, flying, and so on). 


g. According to the Theory of Relativity, a particle (such as an 
electron or a spacecraft) cannot reach the speed of light. 
Explain why the equation for K.E,. suggests such a conclusion. 
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SECTION P.3 Polynomials 


Operations on Polynomials 
Applications of Polynomials 


Terms 
See page 11. 


Note 


The sign of a term is the sign that 
precedes the term. 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A2. 


PS1. Simplify: —3(2a — 45) [P.1] 

PS2. Simplify: 5 — 2(2x — 7) [P.1] 

PS3. Simplify: 2x? + 3x — 5 + x? — 6x — 1 [P1] 
PS4. Simplify: 4x” — 6x — 1 — 5x” + x [P1] 

PS5. True or false: 4 — 3x — 2x” = 2x” — 3x + 4[P1] 


3 
415- 2° 445 
4 A 


PS6. True or false: = 18 [P.1] 
® Operations on Polynomials 


A monomial is a constant, a variable, or the product of a constant and one or more vari- 
ables, with the variables having only nonnegative integer exponents. 


—8 Z Ty —12a*be3 
Anumber A variable The product of a constant The product of a constant 
and one variable and several variables 


The expression 3x * is not a monomial because it is the product of a constant and a vari- 
able with a negative integer exponent. 

The constant multiplying the variables is called the numerical coefficient or coeffi- 
cient. For 7y, the coefficient is 7; for — 12a*be? , the coefficient is —12. The coefficient of 
zis | because z = 1 +z. Similarly, the coefficient of —x is —1 because —x = —1 +x. 

The degree of a monomial is the sum of the exponents of the variables. The degree 
of a nonzero constant is 0. The constant zero has no degree. 


Ty —12a7be? —8 
Degree is 1 because y = y'. Degree is2+1+3=6. Degree is 0. 


A polynomial is the sum of a finite number of monomials. Each monomial is called 
a term of the polynomial. The degree of a polynomial is the greatest of the degrees of the 
terms. See Table P.1. 


Table P.1_ Terms and Degree of a Polynomial 


Polynomial | Terms Degree — 
5x4 — 6x3 + 5x? — Tx — 8 5x*, 6°, Sx’, = 7, =8 4 
—3xy* — 8xy + 6x —3xy?, —8xy, 6x 3 


Terms that have exactly the same variables raised to the same powers are called like 
terms. For example, 14x” and —x? are like terms. 7x”y and 5yx” are like terms; the order 
of the variables is not important. The terms 6xy” and 6x’y are not like terms; the exponents 
on the variables are different. 
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A polynomial is said to be in simplest form if all its like terms have been combined. 
For example, the simplified form of 4x” + 3x + 5x — x? is 3x? + 8x. A binomial is a 
simplified polynomial with two terms; 3x+ — 7, 2xy — y’, and x + 1 are binomials. A 
trinomial is a simplified polynomial with three terms; 3x” + 6x — 1, 2x? — 3xy + Ty’, 
and x + y + 2 are trinomials. A nonzero constant, such as 5, is a constant polynomial. 


Definition of the Standard Form of a Polynomial 


The standard form of a polynomial of degree n in the variable x is 
AyX" + An x" | + s+ + anx® + ayx + ay 


where a, # 0 and n is a nonnegative integer. The coefficient a, is the leading 
coefficient, and ap is the constant term. 


EXAMPLE 


6x — 7 + 2x3 
423 — 224 + 32 — 9 


y - or +l apy" 


EXAMPLE 1_ Identify Terms Related to a Polynomial 


Write the polynomial 6x? — x + 5 — 2x* in standard form. Identify the degree, terms, 
constant term, leading coefficient, and coefficients of the polynomial. 

Solution 

A polynomial is in standard form when the terms are written in decreasing powers of 
the variable. The standard form of the polynomial is —2x* + 6x? — x + 5. In this 
form, the degree is 4; the terms are —2x*, 6x?, —x, and 5; the constant term is 5. The 
leading coefficient is —2; the coefficients are —2, 6, —1, and 5. 


@ Try Exercise 12, page 37 


To add polynomials, add the coefficients of the like terms. 


EXAMPLE 2 Add Polynomials 


Add: (3x? — 2x* — 6) + (4x7 — 6x — 7) 

Solution 

(3x° — 2x? — 6) + (4x* — 6x — 7) 
= 3x9 + (—2x? + 4x*) + (—6x) + [(-6) + (-7)] 
= 3x7 + 2x? — 6x — 13 


m@ Try Exercise 24, page 37 


The additive inverse of the polynomial 3x — 7 is 


=3%-— 7) = -3e +7 


34 


CHAPTER P 


PRELIMINARY CONCEPTS 


Question © What is the additive inverse of 3x7 — 8x + 7? 


To subtract a polynomial, we add its additive inverse. For example, 

(2x — 5) — (3x — 7) = (2x — 5) + (—3x + 7) 
[2x + (—3x)] + [(-5) + 7] 
==" + 2 


The distributive property is used to multiply polynomials. For instance, 
(2x? — 5x + 3)(3x + 4) = (2x* — 5x + 3)(3x) + (2x* — 5x + 3)4 
= (6x° — 15x + 9x) + (8x? — 20x + 12) 
= 6x? — 7x? — 11x + 12 
Although we could always multiply polynomials using the preceding procedure, we fre- 


quently use a vertical format. Here is the same product as shown previously using that 
format. 


Qx* — 5x+ 3 


3x + 4 
8x" — 20x + 12 = (2x? — 5x + 3)4 
6x? — 15x7 + 9x = (2x7 — 5x + 3)(3x) 


6x? — Ix? — 11x + 12 


EXAMPLE 3 Multiply Polynomials 


Multiply: (2x — 5)(x? — 4x + 2) 


Solution 
Note in the following solution how like terms are placed in columns. 
x? —- 4x+ 2 
ax= 5 
— 5x3 + 20x — 10 
D5" — 8x7 + 4x 


2 = Sx? = Ba* + D4 10 
@ Try Exercise 38, page 38 


If the terms of the binomials (a + 6) and (c + d) are labeled as shown below, then 
the product of the two binomials can be computed mentally by the FOIL method. 


Last 
First 
[- First Outer Inner Last 


(a +. Db) (c + d= ac + ad + be + bd 
tigers! | 


Outer 


Answer ® The additive inverse is —3x7 + 8x — 7. 
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In the following illustration, we find the product of (7x — 2) and (5x + 4) by the 
FOIL method. 


First Outer Inner Last 
(7x — 2)(5x + 4) = (7x)(5x) + (7x)(4) + (—2)(5x) + (—2)(4) 
= 35x7 + 28% -— 10x — 8 
= 35° + 18x — 8 


EXAMPLE 4 Multiply Binomials 


Multiply. 
a. (4x + 5)(3x — 7) 
b. (2x — 3y)(4x — 5y) 


Solution 
a. (4x + 5)(3x — 7) 


Il 


(4x)(3x) — (4x)7 + 5(3x) — 5(7) 
12x? — 28x + 15x — 35 
= 12x” — 13x — 35 
b. (2x — 3y)(4x — Sy) = (2x)(4x) — (2x)(5y) — By)(4x) + GBy)(Sy) 
= 8x? — 10xy — 12xy + 15y? 
= 8x? — 22xy + 15y? 


Il 


@ Try Exercise 50, page 38 


Certain products occur so frequently in algebra that they deserve special attention. See 
Table P.2. 


Table P.2 Special Product Formulas 


(Sum)(Difference) (x + yx -y) =x? -y’ 
(Binomial) (x + yP =x? + Qxy + y? 


(x — yP =x? - Qty’ 


The variables x and y in these special product formulas can be replaced by other alge- 
braic expressions, as shown in Example 5. 


EXAMPLE 5_ Use the Special Product Formulas 


Find each special product. 
a. (7x + 10)(7x — 10) b. (2y? + 11z) 


Solution 
a. (7x + 10)(7x — 10) = (7x) — (10)? = 49x? — 100 


b. (2y? + 11z? = (2y** + 2[(2y?)(11z)] + (112)? = 4y* + 44y2z + 1212? 
@ Try Exercise 56, page 38 
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Figure P.13 
Four tennis players can play a total of 
six singles matches. 


Many application problems require you to evaluate polynomials. To evaluate a poly- 
nomial, substitute the given value or values for the variable or variables and then perform 
the indicated operations using the Order of Operations Agreement. 


5, 
EXAMPLE 6 __ Evaluate a Polynomial 


Evaluate the polynomial 2x7 — 6x? + 7 forx = —4. 
Solution 

2x? — 6x2 +7 
2(—4)° — 6(—4)? + 7 


2(—64) — 6(16) + 7 * Substitute —4 for x. 
Evaluate the powers. 


= —128 — 96+ 7 ¢ Perform the multiplications. 
= —217 ¢ Perform the additions and 
subtractions. 


@ Try Exercise 72, page 38 


® Applications of Polynomials 


EXAMPLE 7 Solve an Application 


The number of singles tennis matches that can be played among v tennis players is given 
1 1 

by the polynomial an = at Find the number of singles tennis matches that can be 

played among four tennis players. 


Solution 


1 1 1 1 
5 (4? - 50 = 7 (16) = a) =8-2=6 + Substitute 4 for n. Then simplify. 


Therefore, four tennis players can play a total of six singles matches. See Figure P.13. 


@ Try Exercise 82, page 39 


EXAMPLE 8 Solve an Application 


A scientist determines that the average time in seconds that it takes a particular 
computer to determine whether an n-digit natural number is prime or composite is 
given by 


0.002n” + 0.002n + 0.009, 20 =n < 40 
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Math Matters The average time in seconds that it takes the computer to factor an n-digit number is 
The procedure used by the com- given by 

puter to determine whether a 0.00032(1.7)", 20 <n = 40 

number is prime or composite is a 

polynomial time algorithm, because Estimate the average time it takes the computer to 


the time required can be estimated 


: : a. determine whether a 30-digit number is prime or composite 
using a polynomial. The procedure 


used to factor a number is an expo- b. factor a 30-digit number 

nential time algorithm. |n the field . 

of computational complexity, it is Solution 

important to distinguish between a. 0.002n* + 0.002n + 0.009 

pelpemialiine algonnmsyand 0.002(30)? + 0.002(30) + 0.009 = 1.8 + 0.06 + 0.009 = 1.869 ~ 2 seconds 


exponential time algorithms. 
Example 8 illustrates that the poly- b. 0.00032(1.7)” 


nomial time algorithm can be run 30 wv 
it abbr 2 seconds whereas ihe 0.00032(1.7) 0.00032(8,193,465.726) 
exponential time algorithm = 2600 seconds 


requires about 44 minutes! 


@ Try Exercise 84, page 39 


EXERCISE SET P.3 


In Exercises 1 to 10, match the descriptions, labeled A to 13. 2-1 
J, with the appropriate examples. 
3 2 14. 4x7 — 2x +7 
A. x’y + xy B. 7x* + 5x — 11 
1 xt + 3x3 45 + 42 
G 5 + xy + y? D. 4xy ee Pee ar ae 
E 8x3 —1 F 3 _ 4x2 16. 3x2 = 5x3 a> Ty = 1 
G. 8 H. 3x° — 4x2 + 7x- 11 
I 8x4 — V5x2 +7 J. 0 In Exercises 17 to 22, determine the degree of the given 
polynomial. 
1. A monomial of degree 2 ‘ : 5 5 5 
17. 3xy* — 2xy + Tx 18. x° + 3x*y + 3xy* + y 


2. A binomial of degree 3 
19. 4x7y? — 5x7y? + 17xy3 20. —9x5y + 1Oxy4 — 11x?’ 
3. A polynomial of degree 5 


2 4 
A binomial with a leading coefficient of —4 21. xy 22, Sxy— y+ Oxy 

A zero-degree polynomial In Exercises 23 to 40, perform the indicated operation 
and simplify if possible by combining like terms. Write 


A fourth-degree polynomial that has a third-degree term the: cesult in standard for: 


N 2D WwW SF 


A trinomial with integer coefficients 23. (3x7 + 4x + 5) + (2x7 + Tx — 2) 


m 24, (Sy? — Ty + 3) + Qy? + 8 + 1) 


8. A trinomial in x and y 
9 


. A polynomial with no degree 
25. (4w> — 2w + 7) + (Sw? + 8? — 1) 


10. A fourth-degree binomial 


26. (5x4 — 3x? + 9) + (3x3 — 2x? — 7x + 3) 
In Exercises 11 to 16, for each polynomial, determine its 


a. standard form, b. degree, c. coefficients, d. leading 27. (r* — 2r — 5) — Gr? — 5r + 7) 
coefficient, and e. terms. 
WW. 2x tx2—-7 28. (7s? — 4s + 11) — (—2s? + Ils — 9) 


m12. —3x7 — 11 — 12x" 29. (u? — 3u? — 4u + 8) — (wu? — 2u + 4) 
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30. (5v4 — 3y? + 9) — (6v*4 + 11v? — 10) 


31. (4x — 5)(2x? + 7x — 8) 
32. (5x — 7)(3x7 — 8x — 5) 
33. (3x7 — 5x + 6)3x — 1) 
34. (3x — 4)(x? — 6x — 9) 
35. (2x + 6)(5x° — 6x? + 4) 
36. (2x3 — 7x — 1)(6x — 3) 


37. (x? — 4x? + 9x — 6)(2x + 5) 


m38. (3x° + 4x7 — x + 7)(3x — 2) 


39. (3x? — 2x + 5)(2x? — 5x + 2) 


40. (2y°> — 3y + 4)(2y* — 5y + 7) 


In Exercises 41 to 54, use the FOIL method to find the 
indicated product. 


Al. (2x + 4)(5x + 1) 42. (5x — 3)(2x + 7) 
43. (vy + Wy + 1) 44. (y + 5)(y + 3) 
45. (42 — 3)(z — 4) 46. (52 — 6)\(z — 1) 
47. (a + 6)(a — 3) 48. (a — 10)(a + 4) 


49. (5x — 11y)(2x — Ty) ™50. (3a — 5b)(4a — 7b) 


51. (9x + Sy)(2x + Sy) 52. (3x — 7z)(5x — 72) 


53. (3p + 5q\(2p — 79) 54. (2r — 11s)(Sr + 8s) 


In Exercises 55 to 62, use the special product formulas to 


perform the indicated operation. 


55. (3x + 5)(3x — 5) m56. (4x7 — 3y)(4x° + 3y) 
57. x — yy 58. (6x + Ty) 
59. (4w + zy 60. (3x — 5y*) 


62. [(x — 2y) + 7TI[@ - 29) - 7] 


In Exercises 63 to 68, perform the indicated operation or 


operations and simplify. 
63. (4d — 1)? — (2d - 3° 


64. (5c — 8) — (2c — 5) 


65. (r + s)(r? — rs + 8) 


66. (r — s)(r? + rs + 8”) 
67. (3c — 2)(4c + 1)(5c — 2) 
68. (4d — 5)(2d — 1)(3d — 4) 


In Exercises 69 to 76, evaluate the given polynomial for 
the indicated value of the variable. 


69. x° + 7x — 1, forx = 3 
70. x* — 8x + 2, forx =4 
71, —x* + 5x — 3, forx = —2 
m72. —x? — 5x + 4, forx = —5 


73. 3x° — 2x7 — x + 3, forx 


ll 
| 
ps 


74. 5x° — x7 + 5x — 3, forx 


ll 
| 


75. 1—x,forx = —2 
76. 1-—x— x, forx =2 


77. Recreation The air resistance (in pounds) on a cyclist riding 
a bicycle in an upright position can be given by 0.016”, where 
v is the speed of the cyclist in miles per hour (mph). Find the 
air resistance on a cyclist when 


a. v= 10 mph b. v = 15 mph 


78. Highway Engineering On an expressway, the recommended 
safe distance between cars in feet is given by 0.015v? + v + 10, 
where v is the speed of the car in miles per hour. Find the safe 
distance when 


a. v = 30 mph b. v = 55 mph 


79. Geometry The volume of a right circular cylinder (as shown 
below) is given by wr7h, where r is the radius of the base and 
his the height of the cylinder. Find the volume when 


a. r = 3 inches, 
h = 8 inches 


b. r = 5 centimeters, 
h = 12 centimeters 


80. Automotive Engineering The fuel efficiency (in miles per 
gallon of gas) of a car is given by —0.02v* + 1.5v + 2, where v 
is the speed of the car in miles per hour. Find the fuel effi- 
ciency when 


a. v = 45 mph b. v = 60 mph 


81. 


282. 


83. 


084. 


85. 


Psychology Based on data from one experiment, the reac- 
tion time, in hundredths of a second, of a person to visual 
stimulus varies according to age and is given by the expres- 
sion 0.005x* — 0.32x + 12, where x is the age of the person. 
Find the reaction time to the stimulus for a person who is 


a. x = 20 years old b. x = 50 years old 
Committee Membership The number of committees con- 
sisting of exactly 3 people that can be formed from a group of 
n people is given by the polynomial 

1 1 

=n -——n +=—n 

6 2 3 
Find the number of committees consisting of exactly 3 people 
that can be formed from a group of 21 people. 


Chess Matches Find the number of chess matches that can be 
played among the members of a group of 150 people. Use the 
formula from Example 7. 


Computer Science A computer scientist determines that the 
time in seconds it takes a particular computer to calculate n 
digits of 7 is given by the polynomial 


4.3 X 10°%n? — 2.1 X 10 4n 
where 1000 = n = 10,000. Estimate the time it takes the com- 
puter to calculate 7 to 


a. 1000 digits b. 5000 digits c. 10,000 digits 


Computer Science If xn is a positive integer, then m!, which is 
read “‘n factorial,” is given by 


n(n — 1)(n — 2) ++: 201 


For example, 4! = 4-3-2-1 = 24. A computer scientist 
determines that each time a program is run on a particular com- 
puter, the time in seconds required to compute m! is given by the 
polynomial 


1.9 X 10°°n? — 3.9 x 10°3n 


86. 


87. 


88. 
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where 1000 = n = 10,000. Using this polynomial, estimate the 
time it takes this computer to calculate 4000! and 8000!. 


Air Velocity of a Cough The velocity, in meters per sec- 
ond, of the air that is expelled during a cough is given by 
velocity = 6r? — 10r3, where r is the radius of the trachea 
in centimeters. 


a. Find the velocity as a polynomial in standard form. 


b. Find the velocity of the air in a cough when the radius of 
the trachea is 0.35 cm. Round to the nearest hundredth. 


Sports The height, in feet, of a baseball released by a pitcher 
t seconds after it is released is given by (ignoring air resistance) 


Height = —16¢? + 4.7881t + 6 


For the pitch to be a strike, it must be at least 2 feet high and 
no more than 5 feet high when it crosses home plate. If it takes 
0.5 second for the ball to reach home plate, will the ball be 
high enough to be a strike? 


¥ 


| 


Not to scale 


Medicine The temperature, in degrees Fahrenheit, of a patient 
after receiving a certain medication is given by 


Temperature = 0.0002¢7 — 0.011477 + 0.0158¢ + 104 
where ¢ is the number of minutes after receiving the medication. 
a. What was the patient’s temperature just before the medica- 


tion was given? 


b. What was the patient’s temperature 25 minutes after the 
medication was given? 


MID-CHAPTER P QUIZ 


i. 


Evaluate 2x° — 4(3xy — 2”) for x =—2, y = 3, and 
z=-4, 


Simplify: 5 — 2[3x — 5(2x — 3) + 1] 
Siipiity 24x 4,4 
implify: 
P 6x°y 3 
Simplify: (3a /2b3/4)?(—2a?/3H5/6)3 


5. 


6. 


7. 
8. 


9: 


Simplify: V/16a*b°c* 


2 
Simplify: ———— = 
implify: V5 
Multiply: (3x — 4y)(2x + 5y) 
Multiply: (2a + 7)° 


Multiply: (2x — 3)(4x? + 5x — 7) 
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SECTION P.4 Factoring 


Greatest Common Factor 
Factoring Trinomials 
Special Factoring 

Factor by Grouping 
General Factoring 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A2. 


6 3 
PS1. Simplify: = [P2] PS2. Simplify: (—12x*)3x? [P.2] 
x 


PS3. Express x° as a power of a. x” and b. x°. [P.2] 

In Exercises PS4 to PS6, replace the question mark to make a true statement. 
PS4. 6a°b*+? = 18a°b’ [P2] PS5. —3(5a — ?) = —15a + 21 [P1] 
PS6. 2x(3x — ?) = 6x” — 2x [P.1] 


Writing a polynomial as a product of polynomials is called factoring. Factoring is an impor- 
tant procedure that is often used to simplify fractional expressions and to solve equations. 

In this section, we consider only the factorization of polynomials that have integer 
coefficients. Also, we are concerned only with factoring over the integers. That is, we 
search only for polynomial factors that have integer coefficients. 


® Greatest Common Factor 


The first step in the factorization of any polynomial is to use the distributive property to 
factor out the greatest common factor (GCF) of the terms of the polynomial. Given two 
or more exponential expressions with the same prime number base or the same variable 
base, the GCF is the exponential expression with the smallest exponent. For example, 


23 is the GCF of 23, 2°, and 28 and a is the GCF of a‘ and a 


The GCF of two or more monomials is the product of the GCFs of all the common 
bases. For example, to find the GCF of 27a°h* and 18b%c, factor the coefficients into prime 
factors and then write each common base with its smallest exponent. 


27a°b* = 33+ a> bt 18b°c = 2:37 be+c 


The only common bases are 3 and b. The product of these common bases with their small- 
est exponents is 37b*. The GCF of 27a°*b* and 18b°c is 9b°. 

The expressions 3x(2x + 5) and 4(2x + 5) have a common binomial factor, which is 
2x + 5. Thus the GCF of 3x(2x + 5) and 4(2x + 5) is 2x + 5. 


EXAMPLE 1 _ Factor Out the Greatest Common Factor 


Factor out the GCF. 
a. 12x7y4 — 24x7y° + 18xy® ob. (6x — 5)(4x + 3) — (4x + 3)(3x — 7) 
Solution 
a. 12x*y4 — 24x7y? + 18xy° 

= (6xy*)2x* — (6xy*)4xy + (6xy*)3y* * The GCF is 6xy*. 

= 6xy"(2x" — 4xy + 3y’) * Factor out the GCF. 


The FOIL method 
See pages 34-35. 


Note 


In b. the last term of the trinomial 
contains y, so the last term of 
each binomial factor has a y. 
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b. (6x — 5)(4x + 3) — (4x + 3)(3x — 7) 
= (4x + 3)[(6x — 5) — (3x — 7)] ¢ The common binomial factor is 4x + 3. 
= (4x + 3)(3x + 2) 


# Try Exercise 6, page 48 


™ Factoring Trinomials 


Some trinomials of the form x” + bx + c can be factored by a trial procedure. This method 
makes use of the FOIL method in reverse. For example, consider the following products. 


(x + 3)(x + 5) = x° + 5x + 3x + (3)(5) = x7 + 8x + 15 

(x — 2)(x — 7) = x? — Tx — 2x + (-2)(-7) = x? — 9x + 14 

(x + 4)(x — 9) = x? — 9x + 4x + (4)(-9) = x? — 5x — 36 
The coefficient of x is the sum of the } 


constant terms of the binomials. 


The constant term of the trinomial is the product 
of the constant terms of the binomials. 


Question @ Is (x — 2)(x + 7) the correct factorization of x*° — 5x — 14? 


Points to Remember to Factor x2 + bx + c 


1. The constant term c of the trinomial is the product of the constant terms of the 
binomials. 


2. The coefficient b in the trinomial is the sum of the constant terms of the 
binomials. 


3. If the constant term c of the trinomial is positive, the constant terms of the 
binomials have the same sign as the coefficient b in the trinomial. 


4. If the constant term c of the trinomial is negative, the constant terms of the 
binomials have opposite signs. 


EXAMPLE 2 Factor a Trinomial 


Factor. 
a. x + 7x — 18 b. x7 + Txy + 10y° 


Solution 
a. Find two integers whose product is —18 and whose sum is 7. The integers are 
—2 and 9: —2(9) = —18, -2+ 9 =7. 
x? + Tx — 18 = (x — 2x + 9) 
b. Find two integers whose product is 10 and whose sum is 7. The integers are 
2 and 5: 2(5) = 10,2 + 5 = 7. 
x + Txy + 10)” = (x + 2y)x + 5y) 


@ Try Exercise 12, page 48 


Answer @ No. (x — 2)(x + 7) = x° + 5x — 14. 
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Sometimes it is impossible to factor a polynomial into the product of two polynomi- 
als having integer coefficients. Such polynomials are said to be nonfactorable over the 
integers. For example, x” + 3x + 7 is nonfactorable over the integers because there are 
no integers whose product is 7 and whose sum or difference is 3. 

The trial method sometimes can be used to factor trinomials of the form ax* + bx + c, 
which do not have a leading coefficient of 1. We use the factors of a and c to form trial bino- 
mial factors. Factoring trinomials of this type may require testing many factors. To reduce 
the number of trial factors, make use of the following points. 


Points to Remember to Factor ax? + bx + c,a>0 


1. If the constant term of the trinomial is positive, the constant terms of the 
binomials have the same sign as the coefficient b in the trinomial. 


2. Ifthe constant term of the trinomial is negative, the constant terms of the 
binomials have opposite signs. 


3. If the terms of the trinomial do not have a common factor, then neither 
binomial will have a common factor. 


EXAMPLE 3 Factor a Trinomial of the Form ax? + bx + c 


Factor: 6x7 — llx + 4 


Solution 

Because the constant term of the trinomial is positive and the coefficient of the x term is 
negative, the constant terms of the binomials will both be negative. We start by finding 
factors of the first term and factors of the constant term. 


x, 6x —1,-4 
2x, 3x = 2,42 


Use these factors to write trial factors. Use the FOIL method to see whether any of the 
trial factors produce the correct middle term. If the terms of a trinomial do not have a 
common factor, then a binomial factor cannot have a common factor (point 3). Such 
trial factors need not be checked. 


(x — 1)(6x — 4) Common factor * 6x and 4 have a common factor. 
(x — 4)(6x — 1) —Ilx — 24x = —25x ¢ This is not the correct middle term. 
(x — 2)(6x — 2) Common factor * 6x and 2 have a common factor. 
(2x — 1)(3x — 4) —8x — 3x = —1l1x * This is the correct middle term. 


Thus 6x7 — 11x + 4 = (2x — 1)(3x — 4). 


m@ Try Exercise 18, page 48 
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If you have difficulty factoring a trinomial, you may wish to use the following theo- 
rem. It will indicate whether the trinomial is factorable over the integers. 


Factorization Theorem 


The trinomial ax* + bx + c, with integer coefficients a, b, and c, can be factored 
as the product of two binomials with integer coefficients if and only if b> — 4ac is 


a perfect square. 


EXAMPLE 4 Apply the Factorization Theorem 


Determine whether each trinomial is factorable over the integers. 
a. 4° + 8x -—7 
b. 6x? — 5x - 4 


Solution 
a. The coefficients of 4x7 + 8x — 7 area = 4, b = 8, andc = —7. Applying the 
factorization theorem yields 


b* — 4ac = 8? — 4(4)(-7) = 176 


Because 176 is not a perfect square, the trinomial is nonfactorable over the integers. 
b. The coefficients of 6x? — 5x — 4 area = 6,b = —5, andc = —4. Thus 
b? — 4ac = (-5)Y — 4(6)(—4) = 121 


Because 121 is a perfect square, the trinomial is factorable over the integers. Using 
the methods we have developed, we find 


6x" — 5x — 4 = (3x — 4)(2x + 1) 
@ Try Exercise 24, page 48 


® Special Factoring 


The product of a term and itself is called a perfect square. The exponents on variables of 
perfect squares are always even numbers. The square root of a perfect square is one of 
the two equal factors of the perfect square. To find the square root of a perfect square vari- 
able term, divide the exponent by 2. For the examples in Table P.3, assume that the vari- 
ables represent positive numbers. 


Table P.3 Perfect Squares and Square Roots 


Term | Perfect Square Square Root 
7 7T7= 49 V49 =7 
y yy y VP ay 
2x3 9x3 +273 = 4x® VAx® = 2x3 


x xtext = xen \ /2n = x" 


The factors of the difference of two perfect squares are the sum and difference of the 
square roots of the perfect squares. 
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Factors of the Difference of Two Perfect Squares 


a —b =(a+t ba — bd) 


The difference of two perfect squares always factors over the integers. However, the 
sum of squares does not factor over the integers. For instance, a” + b* does not factor over 
the integers. As another example, x” + 4 is the sum of squares and does not factor over the 
integers. There are no integers whose product is 4 and whose sum is 0. 


EXAMPLE 5 Factor the Difference of Squares 


Factor. 


a. 49x — 144 b. a? — 81 


Solution 
a. 49x* — 144 = (7x) — 12° ¢ Write as the difference of squares. 
= (7x 12h = 12) ¢ The binomial factors are the sum and the 
difference of the square roots of the squares. 
b. ai — 81 =(ay - (9 * Write as the difference of squares. 


= (a + 9a — 9) ¢ The binomial factors are the sum and the 
difference of the square roots of the squares. 


= (a + 3)(a — 3)(a’ + 9) * a’ — 9 is the difference of squares. Factor as 
(a + 3)(a — 3). The sum of squares, 


a’ + 9, does not factor over the integers. 


m@ Try Exercise 40, page 48 


A perfect-square trinomial is a trinomial that is the square of a binomial. For exam- 
ple, x* + 6x + 9 is a perfect-square trinomial because 


(«+3P =x + 6x49 


Every perfect-square trinomial can be factored by the trial method, but it generally is faster 
to factor perfect-square trinomials by using the following factoring formulas. 


Factors of a Perfect-Square Trinomial 


a + 2ab + b = (a+ bY 


a — 2ab + b* = (a — by 


EXAMPLE 6 Factor a Perfect-Square Trinomial 


Factor: 16m* — 40mn + 25n* 


Solution 


Because 16m? = (4m)? and 25n* = (5n)’, try factoring 16m? — 40mn + 25n’ as the 
square of a binomial. 


16m? — 40mn + 25n? = (4m — 5ny 


Caution 


It is important to check the 
proposed factorization. For 
instance, consider x* + 13x + 36. 
Because x? is the square of x and 
36 is the square of 6, it is tempting 
to factor, using the perfect-square 
trinomial formulas, as 

x? + 13x + 36 = (x + 6)*. Note 
that (x + 6)? = x? + 12x + 36, 
which is not the original trinomial. 
The correct factorization is 

x? + 13x + 36 = (x + 4)(x + 9). 


Study tip 


Pay attention to the pattern of the 
signs when factoring the sum or 
the difference of two perfect cubes. 
Same 
signs 
a + b? = (a+ bya’ — ab + b’) 
'— Opposite signs — 
Same 
signs 
a? — b? = (a— b)(a? + ab + b’) 
'— Opposite signs — 
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Check: 
(4m — 5n)? = (4m — 5n)(4m — Sn) 
= 16m” — 20mn — 20mn + 25n? 
16m? — 40mn + 25n? 
The factorization checks. Therefore, 16m? — 40mn + 25n? = (4m — 5n)’. 


@ Try Exercise 46, page 49 


The product of the same three terms is called a perfect cube. The exponents on vari- 
ables of perfect cubes are always divisible by 3. The cube root of a perfect cube is one of 
the three equal factors of the perfect cube. To find the cube root of a perfect cube variable 
term, divide the exponent by 3. See Table P.4. 


Table P.4 Perfect Cubes and Cube Roots 


Tem Perfect Cube | Cube Root 
5 5+5+5= 125 W125 = 5 
Zz ZezZ= 2 V3 =z 
3x7 Ox Sax = 21x W27x® = 3x 
x area = a" Wn = x" 


The following factoring formulas are used to factor the sum or difference of two 
perfect cubes. 


Factors of the Sum or Difference of Two Perfect Cubes 


a+b = (a+ b\(a — ab + b’) 


a — b> = (a— b\(a + ab + Bb’) 


EXAMPLE 7 __ Factor the Sum or Difference of Cubes 


Factor. 


a. 8a+ 5 b. a — 64 
Solution 
a. 8a°+ B= Qay + 3 
= (2a + b)(4a” — 2ab + b’) 
bh a@-64=a-4 
= (a — 4)(a* + 4a + 16) 


¢ Recognize the sum-of-cubes form. 


¢ Factor. 


¢ Recognize the difference-of-cubes form. 


¢ Factor. 


@ Try Exercise 52, page 49 


Certain trinomials can be expressed as quadratic trinomials by making suitable vari- 
able substitutions. A trinomial is quadratic in form if it can be written as 


au + bute 
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Note 


—a+ b= -—(a-— b). Thus 


4y+ 14 


(Ay 


14). 


If we let x? = u, the trinomial x* + 5x* + 6 xt + 5x7 + 6 

can be written as shown at the right. = (°°) + 50x) + 6 
The trinomial is quadratic in form. =u + 5u+ 6 

If we let xy = u, the trinomial 2x’y” + 3xy — 9 2x7? + 3xy — 9 

can be written as shown at the right. = Axyy + 3(xy) — 9 
The trinomial is quadratic in form. = 2° + 3u-9 


When a trinomial that is quadratic in form is factored, the variable part of the first term in 
each binomial factor will be u. For example, because x* + 5x” + 6 is quadratic in form 
when x? = u, the first term in each binomial factor will be x. 


x4 + 5x7 + 6 = (°°)? + 507) + 6 
= OF # 2G + 3) 
The trinomial xy” — 2xy — 15 is quadratic in form when xy = u. The first term in each 
binomial factor will be xy. 
xy — Ixy — 15 = (xy — 2Axy) - 15 
= (xy + 3)(@y — 5) 


EXAMPLE 8 Factor a Polynomial That Is Quadratic in Form 


Factor. 


a. 6x’y? — xy — 12 b. x4 + 5x? — 36 


Solution 
a. 6x°y* — xy — 12 
= 6u’ — u — 12 ¢ The trinomial is quadratic in form when 
xy = u. Then x2y* = w?. 
= (3u + 4)(2u — 3) * Factor. 
= (3xy + 4)(2xy — 3) * Replace wu with xy. 
be a +5 = 36 
=u + 5u — 36 ¢ The trinomial is quadratic in form when 
x? = u. Then x* = wu’. 
= (u — 4)(u + 9) * Factor. 
= (x7 — 4)" + 9) * Replace w with x7. 
= (x — 2)(x + 2)(x? + 9) ¢ Factor the difference of squares. The sum of 


squares does not factor. 


@ Try Exercise 64, page 49 


®@ Factor by Grouping 


Some polynomials can be factored by grouping. Pairs of terms that have a common fac- 
tor are first grouped together. The process makes repeated use of the distributive property, 
as shown in the following factorization of 6y> — 21)? — 4y + 14. 
6y> — 21 — 4y + 14 
= (67 = 21 y ) — (4y - 14) * Group the first two terms and the last two terms. 
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= 3y"(2y =1)-= 22y = 7) ¢ Factor out the GCF from each of the groups. 
= (2y — 7)(3y" — 2) ¢ Factor out the common binomial factor. 


When you factor by grouping, some experimentation may be necessary to find a 
grouping that fits the form of one of the special factoring formulas. 


EXAMPLE 9 Factor by Grouping 

Factor by grouping. 

a. a’ + 10ab + 256" — c* 

b pt+p-q-@¢ 

Solution 

a. a+ 10ab + 256° — c? 
= (a + 10ab + 25b*) — ¢” * Group the terms of the perfect- 

square trinomial. 

= (a+ 5bP — c? + Factor the trinomial. 
= [(a + 5b) + cl[(a + 5b) — c] * Factor the difference of squares. 
= (a+ 56+ ¢)(a + 35h =c) ° Simplify. 

b ptp-q-@ 
= LP = gy p= ¢ Rearrange the terms. 
= -g)+@-@ * Regroup. 
=(ptaq\l(p-gt+(p-qQ ¢ Factor the difference of squares. 
=(p-q(p+qt1) ¢ Factor out the common factor (p — q). 


m@ Try Exercise 70, page 49 


® General Factoring 


A general factoring strategy for polynomials is shown below. 


. Factor out the GCF of all terms. 
. Try to factor a binomial as 

a. the difference of two squares 

b. the sum or difference of two cubes 
. Try to factor a trinomial 

a. asa perfect-square trinomial 


b. using the trial method 


4. Try to factor a polynomial with more than three terms by grouping. 


5. After each factorization, examine the new factors to see whether they can be 
factored. 
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EXAMPLE 10 


Factor Using the General Factoring Strategy 


Factor: 2vx® + 14vx3 — l6v 


Solution 
2vx® + 14x? — 1l6v 


= 2v(x° + 7x3 — 8) 
= 2v(u? + Tu — 8) 
= 2v(u + 8)(u — 1) 


= 2a? + 8)(¢3 — 1) 


= 2v(x + 2)(x? — 2x + 4x — YO? +x +4 1) 


@ Try Exercise 76, page 49 


¢ The GCF is 2v. 


+x° + 7x3 — 8 is quadratic in form. Let u = x°. Then u? = x°. 
* Factor. 


* Replace u with x°. x° + 8 is the sum of cubes. x° — 1 is 
the difference of cubes. 


¢ Factor the sum and difference 
of cubes. 


EXERCISE SET P.4 


In Exercises 1 to 8, factor out the GCF from each polynomial. 


1. 


5x + 20 2. 8x? + 12x — 40 
. —15x7 — 12x 4. —6)* — 54y 
10x2y + 6xy — 14x)? m6. 6a°b? — 12a*b + 72ab 
(x — 3)(a + b) 4 3)(a + 2b) 
(x — 4)(2a — b) 4)(2a — b) 


In Exercises 9 to 22, factor each trinomial over the 
integers. 


9: 


11. 


13. 


15. 


17. 


19. 


21. 


x? + 7x + 12 
a — 10a — 24 
x + 6x + 5 

6x? + 25x + 4 
51x" — 5x — 4 


6x? + xy = 40y? 


6x? + 23x + 15 


10. 


a12. 


14. 


16. 


218. 


20. 


22. 


x2 + Ox + 20 
b> + 12b — 28 
x? + Ilx + 18 


8a — 26a + 15 
STy +y— 6 
8x? + 10xy — 25y” 


9x? + 10x + 1 


In Exercises 23 to 28, use the factorization theorem to 
determine whether each trinomial is factorable over the 
integers. 


23. 8x2 + 26x + 15 m24. 16x + 8x — 35 
25. 4x7 — 5x + 6 26. 6x? + 8x — 3 


27. 6x? — 14x +5 28. 10x? — 4x — 5 


In Exercises 29 to 42, factor each difference of squares 
over the integers. 


29. x7 -9 30. x° — 64 

31. 4a’ — 49 32. 81b* — 16? 
33. 1 — 100x° 34. 1 — 121 
35. (x + 1° -4 36. (5x + 3 — 9 
37. 6x* — 216 38. —2z7 + 2z 
39. x4 — 625 m40. y?- 1 


41. x° — 81x A2. 3xy° — 48xy* 


In Exercises 43 to 50, factor each perfect-square trinomial. 


43. x7 + 10x + 25 44, y? + 6y +9 
45. a’ — 14a + 49 m46. b* — 24b + 144 
A7. 4x7 + 12x +9 48. 25)" + 40y + 16 


49. 24 + 42°w? + 4wt 50. 9x4 — 30x*y? + 25y4 


In Exercises 51 to 58, factor each sum or difference of 
cubes over the integers. 


51. 8-8 052. b> + 64 
53. 8x — 27 54. 6403 — 27V 
55. 8 — x° 56. 1+ y? 


57. (x — 2-1 58. (y+ 3p 48 


In Exercises 59 to 66, factor over the integers the 
polynomials that are quadratic in form. 


59. x1 -— x? — 6 60. y+ 3y° +2 
61. x°y? + 4xy — 5 62. x°y? — 8xy + 12 
63. 4x° — 4x3 — 8x 064, 244+ 37-4 
65. 24+ 2? — 20 66. x* — 13x? + 36 


In Exercises 67 to 72, factor over the integers by 
grouping. 


67. 3x3 +22 + 6x +2 68. 18w> + 15w? + 12w + 10 


69. ax? — ax + bx — b 870. a’y? — ay +ac— cy 
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71. 6w> + 4w? — 15w — 10 


72. 1025 — 1527 — 42 + 6 


In Exercises 73 to 92, use the general factoring strategy 
to completely factor each polynomial. If the polynomial 
does not factor, then state that it is nonfactorable over 
the integers. 


73. 18x? — 2 74, 4bx? + 32b 

75. 16x — 1 u76. 81y* — 16 

77. 12ax” — 23axy + 10ay? 78. 6ax” — 19axy — 20ay? 
79, 3bx> + 4bx* — 3bx —4b 880. 2x° — 2 


81. 72bx* + 24bxy + 2by? 82. 64y3 — l6y7z + yz" 


83. (wW— 5p +8 84. 5xy + 20y — 15x — 60 
85. x + oxy + OV - 1 86. 4y* — 4yz + 2? — 9 
87. 8x° + 3x — 4 88. 16x + 81 


89. 5x(2x — 5) — (2x — 5) 90. 6x(3x + 1) — (3x + 1)4 


91. 4° + 2x -y-y 92.0 +a+b-b 


In Exercises 93 and 94, find all positive values of k such 
that the trinomial is a perfect-square trinomial. 


93. x7 + kx + 16 94. 36x? + kxy + 100y? 


In Exercises 95 and 96, find k such that the trinomial is a 
perfect-square trinomial. 


95. x° + lox +k 96. x? — 14xy + ky 


SECTION P.5 Rational Expressions 


Simplifying Rational Expressions 

Operations on Rational 
Expressions 

Determining the LCD of Rational 
Expressions PS1. 


on page A3. 


Simplify: 1 + 


Complex Fractions Oe 


Application of Rational 
Expressions 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 


—l —1 
[P1] PS2. Simplify: (*) (+) [P2] 


PS3. What is the common binomial factor of x2 + 2x — 3 andx* + 7x + 12? [P4] 
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Math Matters 


Evidence from work left by early 
Egyptians more than 3600 years 
ago shows that they used, with 
one exception, unit fractions— 
that is, fractions whose numera- 
tors are 1. The one exception was 
2/3. A unit fraction was repre- 
sented by placing an oval over 
the symbol for the number in the 
denominator. For instance, 
1/4=@. 

HHI 
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In Exercises PS4 to PS6, factor completely over the integers. 
PS4. (2x — 3)(3x + 2) — (2x — 3)@ + 2) [P4] 
PS5. x° — 5x — 6 [P4] 


PS6. x — 64[P4] 


A rational expression is a fraction in which the numerator and denominator are polyno- 
mials. For example, the expressions below are rational expressions. 
3 x? — 4x - 21 
and ——, — 
x+1 x -—9 


The domain of a rational expression is the set of all real numbers that can be used 
as replacements for the variable. Any value of the variable that causes division by zero 
is excluded from the domain of the rational expression. For example, the domain of 


x+3 


5 », x #0x 45 
x= ox 


is the set of all real numbers except 0 and 5. Both 0 and 5 are excluded values because the 
denominator x7 — 5x equals zero when x = 0 and also when x = 5. Sometimes the 
excluded values are specified to the right of a rational expression, as shown here. However, 
a rational expression is meaningful only for those real numbers that are not excluded val- 
ues, regardless of whether the excluded values are specifically stated. 


—2 
Question ¢ What value of x must be excluded from the domain of ts 
x 


? 
+1 


Rational expressions have properties similar to the properties of rational numbers. 


Properties of Rational Expressions 


P R 
For all rational expressions 0 and where O # O and S ¥ 0, 


Equality if and only if PS = OR 


Equivalent expressions R#0 


Sign 


Answer ® When x = —1,x + 1 = 0. Therefore, —1 must be excluded from the domain. When 


i= 2). 2—2. 0 
= 2, the value of i = 
x , the value o er ea 3 


zero; the value denominator cannot equal zero. 


= 0. The value of the numerator can equal 
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& Simplifying Rational Expressions 


To simplify a rational expression, factor the numerator and denominator. Then use the 
equivalent expressions property to eliminate factors common to both the numerator and 
the denominator. A rational expression is simplified when | is the only common factor of 
both the numerator and the denominator. 


EXAMPLE 1 Simplify a Rational Expression 


0 7 + 20x — 3x? 
Simplify: ie 
Solution 
7+ 20x — 3x7 (7 — x) + 3x) 
= ¢ Factor. 
2x7 — 1lx —21 (x — 7)(2x + 3) 
_ Se= Dd + 3x) 
(x — 7)(2x + 3) 
~@—T)(L + 3x) 
72x + 3) 
_ haa 
es 
_ 3x + 1 3 


ar aa 


*Use(7 —x) =—@— 7); 


ex #7. 


@ Try Exercise 2, page 57 


M™ Operations on Rational Expressions 


Arithmetic operations are defined on rational expressions in the same way as they are on 
rational numbers. 


Definitions of Arithmetic Operations for Rational Expressions 
R 
For all rational expressions 0° —, and - where O # O and S # 0, 


P+R 


Addition 


+ 


Ol = OR OR 


Subtraction 


FS 


Multiplication 


wl > 

Le) 
tolv % 
RIlh 


Division 


P 
Q 
P 
Q 
ae 
Q 
P 
Q 


Factoring and the equivalent expressions property of rational expressions are used in 
the multiplication and division of rational expressions. 
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Factors of the Sum or Difference 
of Two Perfect Cubes 
See page 45. 


EXAMPLE 2 Multiply Rational Expressions 


Multiply: 4— x Ps — 1lx + 28 
x? +2x-8 x*7-5x- 14 
Solution 
fe 9 = 11a 28 
x7 +2x-8 x7 -5x- 14 
(2 —x)\2 +x) & - 4) - 7) 
~ (& — 2x +4) «+ VDHe—-7) 
—(x — 2)(2 + x) (x — 4\(x - 7) 
~ @—2Ye+4 & + 2-7) 
_ 22+ — ET) 
(x—2)(x + 4)(x-+2)(x—7) 
—(x — 4) x-4 
a Te x + 4 


¢ Factor. 


*2=—x = —@ = 2). 


* Simplify. 


@ Try Exercise 16, page 57 


EXAMPLE 3 __ Divide Rational Expressions 


ee Geo eh ye sD 
x3 +27 "x3 — 3x2 + Ox 


Divide: 


Solution 
w+ 6xt+9 x? + Tx + 12 
+27 Vg = to 6G, 
(x + 3) (x + 4x + 3) 
e+ 3)02 — 3x +9) x(x? — 3x + 9) 
(x + 3? x(x? — 3x + 9) 
~ @ + 3)? — 3x + 9) + 4)@ + 3) 
+ 37 x2 — 32+ 97 
G+ 3)t—3xF Hx + 4)Q+3) 


x 


* Factor. 


¢ Multiply by the reciprocal. 


* Simplify. 


x+4 


Try Exercise 22, page 58 


Addition of rational expressions with a common denominator is accomplished by 
writing the sum of the numerators over the common denominator. For example, 


5x x 5x + x 6x 6x x 
+ = 


18 18 18 18 6:3 3 


If the rational expressions do not have a common denominator, then they can be written as 
equivalent expressions that have a common denominator by multiplying the numerator and 
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denominator of each of the rational expressions by the required polynomials. The following 
procedure can be used to determine the least common denominator (LCD) of rational 
expressions. It is similar to the process used to find the LCD of rational numbers. 


® Determining the LCD of Rational Expressions 


1. Factor each denominator completely and express repeated factors using exponential 
notation. 


2. Identify the largest power of each factor in any single factorization. The LCD is the 
product of each factor raised to its largest power. 


For example, the rational expressions 


1 5 
d 
eee oS Beet 


have an LCD of (x + 3)(2x — 1). The rational expressions 
5x 7 
(ev t 5x — 73 and vy + &)24y — 7) 
(x + 5) — 7) x(x + 5)(x — 7) 
have an LCD of x(x + 5)°(x — 7)°. 


EXAMPLE 4_ Add and Subtract Rational Expressions 
Perform the indicated operation and then simplify, if possible. 


EN ga 
x—-3 KS 
oy 36> Bae = Te 
x -—3x-10 »x-—7x+ 10 


b. 


Solution 
a. The LCD is (x — 3)(x + 5). Write equivalent fractions in terms of the LCD, and 
then add. 
2x iL x +2 ax +1 x+5 x2 A= 3 
x= 3 x +5 e= 3 RPS xs YH Ss 
2x? + llx + 5 xr —x- 6 
(x — 3)\(x +5) (x — 3)\x 4+ 5) 
(2x? + llx + 5) + («* — x — 6) 


¢ Add. 

(x — 3)@ + 5) sie 
3x7 + 10x — 1 Peer 
(x — 3) + 5) cans 


b. Factor the denominators: 
x? — 3x — 10 = (x — 5)(x + 2) 
x? — 7x + 10 = (x — 5)(x — 2) 
The LCD is (x — 5)(x + 2)(« — 2). Write equivalent fractions in terms of the LCD, 
and then subtract. 


(continued) | 
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39x +36 23x — 16 
x7 -3x-10 x?-— 7x + 10 
39x + 36 Bee 23x — 16 yo 2 
@=5G4+9 4-2 G—F5G-D £42 
39x? — 42x — 72 23x? + 30x — 32 


(x — 5)(x + 2-2) (&— 5x + 2) — 2) 
ABO = Ae = 2) = (dae ae 30k = 32) 
(x — 5)\(x + 2) — 2) 


16x - 72x - 40 _ — 8(2x* — 9x — 5) 
= Se+ J@=2) @= e+ 2e=—2) 
8(2x + 1)(—5) 82x + 1) 


 (x—S)(x + 2x — 2) («+ 2)x — 2) 


H# Try Exercise 30, page 58 


EXAMPLE 5_ Use the Order of Operations Agreement with 
Rational Expressions 


Re ee xt+4 x 4+5x4+4 
imputry: _ — 
ea ea] Pages 


Solution 


The Order of Operations Agreement requires that division be completed before 
subtraction. To divide fractions, multiply by the reciprocal as shown below. 


x+3 xt4., + 5x44 


x-2 x-1 ~4+4,-5 


x +3 xt+4 x%+4,-—5 Multiply by th ; 1 
= = . ° Multi e reciprocal. 
x-2 x-1 3% +4+5x4+4 pan 7 


x +3 x+4 ( — D& + 5) 


x-2 x-1 @+)D0+4) 


—xt+3 @r4)e—T)@ + 5) Sisicies 
=2 @=—Des Des ee 


xt+3 x5 Simpli 
x-2 x41 uy 


¢ Factor the trinomials. 


x +3 xt+1lox+5 ye? 
=D, eel ee) xe 2 


¢ Subtract. The LCD is (x — 2)(x + 1). 


tt ae 3) = +38 = 10) 


(x — 2) + 1) 
x 13 
~ x — 2x4) 


@ Try Exercise 34, page 58 
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m Complex Fractions 


A complex fraction is a fraction whose numerator or denominator contains one or more 
fractions. Simplify complex fractions using one of the following methods. 


Methods for Simplifying Complex Fractions 


Lcb 
LCD’ 
. Determine the LCD of all fractions in the complex fraction. 


Method 1: Multiply by 1 in the form 


. Multiply both the numerator and the denominator of the complex fraction by 
the LCD. 


. If possible, simplify the resulting rational expression. 


Method 2: Multiply the numerator by the reciprocal of the denominator. 


. Simplify the numerator to a single fraction and the denominator to a single fraction. 


. Using the definition for dividing fractions, multiply the numerator by the 
reciprocal of the denominator. 


. If possible, simplify the resulting rational expression. 


EXAMPLE 6 = Simplify Complex Fractions 
Simplify. 
2 
2° x 2 
— x x 
x52 x 7 oo 
3x pie x= 2 
FD B25 x 
Solution 
a. Simplify the numerator to a single fraction and the denominator to a single fraction. 
2 1 2*x LGe-—= 2) 
eS 2 1% (x — 2)*x x-(@-— 2) nes 
Fa ¢ Simplify the numerator 
3x 2 3x = 2 and denominator. 
x= 5 2X2=5 PD 
2x + (x — 2) 3x 2 
_ *e- 2) _ ee — 2) 
3x = 2 3x = 2 
r= "5 x= 5 
3442- OS D ‘ 
= ‘ ¢ Multiply the numerator by the 
x(x — 2) 3¥—~Z reciprocal of the denominator. 
- SD 
x(x = 2) 
(continued ) 
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x 
b 4—- 5 =4- 5 — * Multiply the numerator and denominator 
= - 2 - “ by the LCD of all the fractions. 
x x 
2x7 
=4-— 
2x = = 2) 
res Simplify. 
=4- ° Simplify. 
x2 


4 xt+2 2x 
ix¢2 x+2 
—4x+8 2x? 
xt 443 
_ = tant 8 
En ees 


¢ Subtract. The LCD is x + 2. 


@ Try Exercise 54, page 59 


EXAMPLE 7 Simplify a Fraction 


-1 
Simplify the fraction — 7 
a 


i. pt 
Solution 
The fraction written without negative exponents becomes 
1 
c! c Use x7" 1 
a eee e Use x = ae 
-1 =I i 
+ 1. 4 x 
a b ais 
a 5b 
1 
—-abc 
e 


ae Sa * Multiply the numerator and denominator by 
1 1 abc, which is the LCD of the fraction in the 
— + — Jabe ae ; 
numerator and the fraction in the denominator. 


= ab 
be + ac 


@ Try Exercise 60, page 59 


® Application of Rational Expressions 


EXAMPLE 8 Solve an Application 


The average speed for a round trip is given by the complex fraction 
2 
1 1 
ie + eaiien 
vy Ve 


where v, is the average speed on the way to your destination and v is the average speed on 
your return trip. Find the average speed for a round trip if v,) = 50 mph and v, = 40 mph. 
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Solution 
Evaluate the complex fraction with v; = 50 and v. = 40. 
gs z z Substitute the gi lues fe d 
oe * substitute the given values for Vv; and Vv. 
| 4 1 | 4+ J 1-4 4 1+5 Then simplify the denominator. 

vy vw 50 40 50:4 40:5 

_ 2 a 

4 5 9 
200 200 200 
200 400 
=2 = = 44 
9 9 


4 
The average speed for the round trip is a mph. 


@ Try Exercise 64, page 59 


Question ¢ In Example 8, why is the average speed for the round trip not the average of v, and v? 


Answer ® Because you were traveling more slowly on the return trip, the return trip took longer 
than the trip to your destination. More time was spent traveling at the slower speed. 
Thus the average speed is less than the average of v, and v. 


EXERCISE SET P.5 


In Exercises 1 to 10, simplify each rational expression. 


x — x — 20 2x? — 5x — 12 
——— 22. —_ 
3x — 15 2x? + 5x + 3 
3 3 
-—9 + 125 
. 4. 2 ee 
x3 + x? — 6x 2x? — 50x 
3 Bias 
+8 27 
3: — 6. ——"_ 
a—4 —y + lly — 24 
7 x? + 3x — 40 
" x2 + 3x + 10 


2x3 — 6x* + 5x — 15 


9 — x? 


4y - 8% + Ty — 14 
-y — 5y+ 14 


vortex 


10. 
e+ 


In Exercises 11 to 40, simplify each expression. 


2 (2) 
" \ 524 15)? 
‘3 (%) (2) 

, 5q° 3q° 
3) (=) 
3h st 


eR Be Wet 28 
2x+3 + 5x44 


1 


= 


15. 


x — 16 
x + Tx + 12 


aaa = 21 
x — 4x 


016. 


3x — 15 2x7 + 16x + 30 


17. : 
2x? — 50 6x + 9 
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3 2 
= 3 ae 3 a | 
1B i= n34, 2 3 
yty-6 pt2yt4y y y+ yt+4 
re y+ 2ty 1s QP ay= 3 ae q+ 2g. gtd 
" 6 + 35y +25 3% + lly — 20 q-3 q-3 q-3 
56 7-81 2-z-20 fe pt2 
"2-16 2+ 52- 36 BoD Pa pape es 
21 @+9 = @-3a + 9a - 27 37. 1 l l 
a ae 2 | re wetia £H=o = 16 
6x? + Ixy + 6 3x? - xy - 2° 38. 7 -—3 : 
22. 4x2 — 92 "2x2 + xy — 3° a-3a+2 a&-1 a +3a— 10 
2 1 
+5  »M-7 =\(3=- 
23. P - 4 39. (1 a 2\(3 1) 
24 2s + 5t ; —2s + 3t 40. (4-4)(4+2) 
"  4t 4t ° - 
yok 2p 3 
25. 4 - a In Exercises 41 to 58, simplify each complex fraction. 
y y 
1 2 x 
4+- 3-- == 2 
5p SETS Sao 8 A; — 42, —“ 43. ~ 
eo = ai sl pe 
x= 3 x= 3 1 s+ 
x a 
27. a = eae ae. 1 
x — x + = 
x-3 x+2 (x + hy 
a ii a 46. h 
28 2x 5x i 1+ : 
“3x+1 x-7 2+ - 1+> 
x x 
4z 5z 
a ee 1+ 
2 7 b-2 r 
fF 48. r — 
3y-1 2-5 1- p+ a 
030. cs a b+3 ; 
3y+1 y-3 
pe 
31. = 2 ; 
=o gt Ie $12 49. i 50. —— 
1+- —+— 
x a b 
32. m-—n ' 3m — 5n 
m — mn — 6? — m+ mn — 2n* x+ht+1 x 
51.2— m 52 x+h he 
$3. ca 2 ae + ig 4 ; ,_lem : h 
"x 3x-1 x=) —m 


x + 3x — 10 
r+x—6 
x — x — 30 


2x? — 15x + 18 


57. 


054. 


56. 


58. 


x? -—x-1 


2y? + lly + 15 
y — 4y-21 


6 + lly — 10 


3y — 23y + 14 


In Exercises 59 to 62, simplify each algebraic fraction. 
Write all answers with positive exponents. 


—1 -1 
a +b 
59, ———— 
a—b 
61. a'b — ab! 
a+b? 


63. Average Speed According to Example 8, the average speed 
for a round trip in which the average speed on the way to your 
destination is v,; and the average speed on your return is v> is 


260. 


62. 


given by the complex fraction 


e? 2. fi 


of 


(a+ by! 


064. 


65. 


66. 


68. 
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a. Find the average speed for a round trip by helicopter with 
vy, = 180 mph and v2 = 110 mph. 


b. Simplify the complex fraction. 


Relativity Theory Using Einstein’s Theory of Relativity, the 
“sum” of the two speeds v; and v, is given by the complex 
fraction 
val 4 2) 

ViV2 

ae 
where c is the speed of light. 
a. Evaluate this complex fraction with v, = 1.2 x 108 mph, 

vy = 2.4 x 108 mph, and c = 6.7 X 108 mph. 


b. Simplify the complex fraction. 


Find the rational expression in simplest form that represents 
the sum of the reciprocals of the consecutive integers x and 
ee 


Find the rational expression in simplest form that represents 
the positive difference between the reciprocals of the consecu- 
tive even integers x and x + 2. 


. Find the rational expression in simplest form that represents 


the sum of the reciprocals of the consecutive even integers 
x — 2,x,andx + 2. 


Find the rational expression in simplest form that represents 
the sum of the reciprocals of the squares of the consecutive 
even integers x — 2,x, andx + 2. 


SECTION P.6 Complex Numbers 


Introduction to Complex 


Numbers 


Addition and Subtraction of 


Complex Numbers 


Multiplication of Complex 


Numbers 


Division of Complex Numbers 


Powers of i 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be 


found on page A3. 


In Exercises PS1 to PS5, simplify the expression. 


PS1. 
PS2. 
PS3. 96 [P2] 
PS4. 


5+ V2 [P.2] 


PSS. 
P= 92 


PS6. 
a 81-—x 


(2 — 3x)\(4 — 5x) [P3] 
(2 — 5x) [P3] 


9+7 


(2 + 3V/5)3 — 4/5) [P2] 


Which of the following polynomials, if any, does not factor over the integers? [P.4] 
b. 
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Math Matters 


It may seem strange to just invent 
new numbers, but that is how 
mathematics evolves. For instance, 
negative numbers were not an 
accepted part of mathematics 
until well into the thirteenth cen- 
tury. In fact, these numbers often 
were referred to as “fictitious 
numbers.” 


In the seventeenth century, René 
Descartes called square roots of 
negative numbers “imaginary 
numbers,” an unfortunate choice 
of words, and started using the 
letter / to denote these numbers. 
These numbers were subjected to 
the same skepticism as negative 
numbers. 


It is important to understand that 
these numbers are not imaginary 
in the dictionary sense of the 
word. This misleading word is 
similar to the situation of negative 
numbers being called fictitious. 


If you think of a number line, then 
the numbers to the right of zero 
are positive numbers and the num- 
bers to the left of zero are negative 
numbers. One way to think of an 
imaginary number is to visualize it 
as up or down from zero. 


Math Matters 


The imaginary unit / is important 
in the field of electrical engineer- 
ing. However, because the letter j 
is used by engineers as the symbol 
for electric current, these engi- 
neers use j for the complex unit. 


® Introduction to Complex Numbers 


Recall that V9 = 3 because 3? = 9. Now consider the expression V—9. To find V—9, 
we need to find a number c such that c? = —9. However, the square of any real number c 
(except zero) is a positive number. Consequently, we must expand our concept of number 
to include numbers whose squares are negative numbers. 

Around the seventeenth century, a new number, called an imaginary number, was 
defined so that a negative number would have a square root. The letter i was chosen to 
represent the number whose square is — 1. 


Definition of i 


The imaginary unit, designated by the letter i, is the number such that i7 = —1. 


The principal square root of a negative number is defined in terms of 7. 


Definition of an Imaginary Number 


If a is a positive real number, then V—a = iV a. The number iV is called an 
imaginary number. 


EXAMPLE 


V—36 = iV36 = 6i 
V=B = iVB 


V=18 = iV18 = 3iV2 
V=1 =ivi =i 


It is customary to write 7 in front of a radical sign, as we did for 1V/23, to avoid confusing 


Vai with Vai. 


Definition of a Complex Number 


A complex number is a number of the form a + bi, where a and b are real 
numbers and i = V—1. The number a is the real part of a + bi, and b is the 
imaginary part. 


EXAMPLE 
=3+ Si 


2 = 61 


* Real part: —3; imaginary part: 5 
* Real part: 2; imaginary part: —6 


5 * Real part: 5; imaginary part: 0 


Ti ¢ Real part: 0; imaginary part: 7 


Note from these examples that a real number is a complex number whose imaginary part 
is zero, and an imaginary number is a complex number whose real part is zero and whose 
imaginary part is not zero. 


Complex numbers 
atbi 


Real numbers 
at+0i 
(b=0) 


Imaginary 
numbers 
0+ bi 
(a=0,b #0) 
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Question © What are the real part and imaginary part of 3 — 5i? 


Note from the diagram at the left that the set of real numbers is a subset of the 
complex numbers and the set of imaginary numbers is a separate subset of the complex 
numbers. The set of real numbers and the set of imaginary numbers are disjoint sets. 

Example | illustrates how to write a complex number in the standard form 
at bi. 


EXAMPLE 1 Write a Complex Number in Standard Form 


Write 7 + V—45 in the form a + bi. 


Solution 7+ V-45 =7+ ivV45 
=7+iV9-VW5 
= 7+ 3iV5 


@ Try Exercise 8, page 65 


® Addition and Subtraction of Complex Numbers 


All the standard arithmetic operations that are applied to real numbers can be applied 
to complex numbers. 


Definition of Addition and Subtraction of Complex Numbers 


Ifa + biand c + di are complex numbers, then 
Addition (a+ bi) + (c + di)=(at+c)+ (b+ d)i 
Subtraction (a + bi) — (c + di) = (a-—c)+ (b- d)i 


Basically, these rules say that to add two complex numbers, add the real parts and add the 
imaginary parts. To subtract two complex numbers, subtract the real parts and subtract the 
imaginary parts. 


EXAMPLE 2 Add or Subtract Complex Numbers 


Simplify. a (7—2i+(-2+4) b (-9+4)- (2-6) 


Solution 
a. (7 — 2i) + (-2 + 4i) = (7 + (-2)) + (-2. + 4 = 5 + 2i 


b. (—9 + 41) — 22 — 6) = (-9 — 2) + (4 — (-6))i = -11 + 103 


@ Try Exercise 18, page 65 


Answer ® Real part: 3; imaginary part: —5. 
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Caution 


Recall that the definition of the 
product of radical expressions 
requires that the radicand be a 
positive number. Therefore, when 
multiplying expressions contain- 
ing negative radicands, we first 
must rewrite the expression using 
i and a positive radicand. 


® Multiplication of Complex Numbers 


When multiplying complex numbers, the term i” is frequently a part of the product. Recall 
that i? = —1. Therefore, 
3i(5i) = 1577 = 15(-1) = -15 
2i(6i) = —12i? = —12(-1) = 12 
4i(3 — 2i) = 12: — 8i* = 12i — 8(-1) = 8 + 12i 


When multiplying square roots of negative numbers, first rewrite the radical expressions 
using 7. For instance, 


V-6° V—24 = iV6-iV24 *V-6 = iV6, V—24 = iV24 
i?V144 = -1-12 
=-12 


Note from this example that it would have been incorrect to multiply the radicands of 
the two radical expressions. To illustrate: 


V—-6: V—24 # V(—-6)(—24) 


Question ¢ What is the product of V—2 and V—8? 


To multiply two complex numbers, we use the following definition. 


Definition of Multiplication of Complex Numbers 


Ifa + bi and c + di are complex numbers, then 


(a + bic + di) = (ac — bd) + (ad + bc) 


Because every complex number can be written as a sum of two terms, it is natural to 
perform multiplication on complex numbers in a manner consistent with the operation 
defined on binomials and the definition i7 = —1. By using this analogy, you can multiply 
complex numbers without memorizing the definition. 


EXAMPLE 3 Multiply Complex Numbers 


Multiply. 
a. 3i(2 — Si) b. (3 — 41)(2 + 52) 
Solution 
a. 3i(2 — 5i) = 61 — 15i7 
= 61 — 15(-1) * Replace i? with —1. 
= 15+ 6 ¢ Write in standard form. 


Answer # 9/2" 4/-8 = 1/288 = PVG = 1-4 = 


| Integrating Technology 


Some graphing calculators can 
be used to perform operations 
on complex numbers. Here are 
some typical screens for a 
TI-83/TI-83 Plus/TI-84 Plus 
graphing calculator. 

Press | MQDE |. Use the 
down arrow key to highlight 
at bi. 


Press | ENTER || 2ndj [QUIT]. 

The following screen shows 
two examples of computations 
on complex numbers. To enter an 
i, use | 2nd) [i], which is located 
above the decimal point key. 


(3-4) (2+5i) 


(6-11i)/(5+2i) 
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b. (3 — 4i)(2 + 5i) = 6 + 15i — 81 — 20/7 
= 6+ 15i — 8i — 20(-1) 
= 6+ 15i — 81 + 20 
= 26 + Ti 


* Replace i” with —1. 
¢ Simplify. 
¢ Write in standard form. 


@ Try Exercise 34, page 65 


® Division of Complex Numbers 


Recall that the number a is not in simplest form because there is a radical expression in 


the denominator. Similarly, — is not in simplest form because i = V—1. To write this 
i 


expression in simplest form, multiply the numerator and denominator by i. 


3 i 3i_ 3i 


Here is another example. 
3-6 3-6 i B= 6? N= 661) _ B+6 ws 3 
2i 2a i 27° 2(=1) —2 2 


2+ 
Recall that to simplify the quotient , we multiply the numerator and denomina- 


5+ 2V3 
tor by the conjugate of 5 + 2/3, which is 5 — 2V3. In a similar manner, to find the 
quotient of two complex numbers, we multiply the numerator and denominator by the con- 
jugate of the denominator. 
The complex numbers a + bi and a — bi are called complex conjugates or con- 
jugates of each other. The conjugate of the complex number z is denoted by z. For 
instance, 


2+ 5i=2-5i and 3-41=3+ 4i 


Consider the product of a complex number and its conjugate. For instance, 
(2 + 5i(2 — 5i) = 4 — 107 + 10% — 251? 
= 4 — 25(-1) = 4 + 25 
= 29 


Note that the product is a real number. This is always true. 


Product of Complex Conjugates 


The product of a complex number and its conjugate is a real number. That is, 
(a + bila — bi) = a + B’. 


EXAMPLE 
(5 + 315 — 3) = 9° + 3? = 254+ 9 = 34 


The next example shows how the quotient of two complex numbers is determined by 
using conjugates. 
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EXAMPLE 4 _ Divide Complex Numbers 
. .... 16- li 
Simplify: “540 
Solution 
16 — 1li _ 16 — lli 5 — 2i * Multiply the numerator and denominator 
54+ 2i 5+2i 5-2i by the conjugate of the denominator. 
_ 80 = 32% — 55i + 2277 
2 
80 — 32i — 55i + 22(-1) 
7 25+4 
_ 80 — 87i — 22 
29 
_ 58 — 87i 
29 
AD ay al 
29 
@ Try Exercise 48, page 65 


® Powers of i 


The following powers of i illustrate a pattern: 


“1 ‘ 5 i4 


1 =1 i ‘t=1ei=i 


an pap? = l(=1)=-1 
B= i?-+i=(-li=-i i? =i*-P = 1(-i) = -i 
P=??? =(-1ICH)=1 B=@P=P=1 


Because i* = 1, (i*)” = 1” = 1 for any integer n. Thus it is possible to evaluate powers of 
i by factoring out powers of i*, as shown in the following. 


P= (HPP = 1 = 1+(-) = -1 


The following theorem can also be used to evaluate powers of i. 


Powers of i 


If 2 is a positive integer, then i” = i’, where r is the remainder of the division of 


n by 4. 


EXAMPLE 5 _ Evaluate a Power of i 


Evaluate: i!>? 


Solution 
Use the powers of i theorem. 


PSaglay ¢ Remainder of 153 + 4 is 1. 


@ Try Exercise 60, page 65 
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EXERCISE SET P.6 


In Exercises 1 to 10, write the complex number in 


standard form. 


1. V-81 2; 
3. V—-98 4. 
5. V16 + V-81 6 
7.5 + V—49 58 
9. 8— V-18 10. 


/—64 
V-27 

. V25 + V-9 
SF ce da | 
11 + V=48 


In Exercises 11 to 36, simplify and write the complex 


number in standard form. 
1.6 +297+4 6 = 7%) 12 


13. (-2 — 41) — (5 — 81) 14, 


15. (1 — 3i) + (7 — 23) 16 
17. (-3 — 5i) -— (7 — 5i) 18 
19. 8i — (2 — 8i) 20. 
21. 5i: 8i 22. 
23. V—50: V-2 24. 


25. 3(2 + Si) - 23-21) 26. 


27. (4 + 21) — 4i) 28. 
29. (-3 — 4i)(2 + 7i) 30. 
31. (4 — 5i)(4 + 5i) 32. 
33. (33 + V—4)(2 — V—9) 

m34. (5 + 2V—16)(1 — V—25) 
35. (3 + 2V—18)(2 + 2V—50) 


36. (5 — 3V—48)(2 — 4V—27) 


In Exercises 37 to 54, write each 
number in standard form. 


6 
37. 38. 


1 


4 = 8+ 6 +30 


. 3 — Si) — (8 — 2i) 


. (2-61) + (4-7) 
. (5 — 31) - (2 + 91) 
3 — (4 - 5i) 
(—3i)(2i) 
VHI2e V7 


3i(2 + 5i) + 2i(3 — 4i) 
(6 + 5i)(2 — Si) 
(—5 — i)(2 + 3i) 


(3 + 7i)(3 — 7i) 


expression as a complex 


a ee 
39. 6 2 40. 4 2 
i 4i 
1 
41. 42. 2 
7+ 2i 34+ 4 
2i Si 
43. - 44. - 
bees 7 2: Si 
45 s=4 46 4+i7 
“4A4+ 5i “345i 
3 + 2i 8 - i 
47. = 48. : 
3 = 21 2 + 3i 
—7 + 26i —4 — 39] 
gg eet 5. 
4+ 3i 5 = 20 
51. (3 — Si)? 52. (2 + 4i) 
53. (1 + 21) 54. (2 — i) 


In Exercises 55 to 62, evaluate the power of i. 


55. i> 56. i°° 
57. —i*° 58. —i°! 
1 1 
59. a ™60. a 
61. i 4 62. i 


—b + = 4ac 
2a 


given values of a, b, and c. Write your answer as a 
complex number in standard form. 


63. a = 3,b = —3,c = 3 


In Exercises 63 to 68, evaluate for the 


644.a=2,b=4,c=4 
65.a=2,b=6,c=6 


66.a=2,b=1,c =3 


67. a 


68. a = 3,b 
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Integrating Technology 


To perform the iterations at the 
right with a TI graphing calcula- 
tor, first store 0.05 in p and then 
store p + 3p(1 — p) inp, as 
shown below. 


0.05->p 


p+3p(I-p)->p 


Each time you press 
ENTER}, the expression 
p + 3p — p) will be evaluated 
with p equal to the previous 
result. 


0.05->p 


p+3p(I-p)->p 


ga Exploring Concepts with Technology 


Can You Trust Your Calculator? 


You may think that your calculator always produces correct results in a predictable 
manner. However, the following experiment may change your opinion. 
First note that the algebraic expression 


p + 3p(1 — p) 
is equal to the expression 
4p — 3p” 

Use a graphing calculator to evaluate both expressions with p = 0.05. You should 
find that both expressions equal 0.1925. So far we do not observe any unexpected 
results. Now replace p in each expression with the current value of that expression 
(0.1925 in this case). This is called feedback because we are feeding our output back 
into each expression as input. Each new evaluation is referred to as an iteration. This 
time each expression takes on the value 0.65883125. Still no surprises. Continue the 
feedback process. That is, replace p in each expression with the current value of that 
expression. Now each expression takes on the value 1.33314915207, as shown in the 
following table. The iterations were performed on a TI-85 calculator. 


1 0.1925 0.1925 
2 0.65883 125 0.65883125 
3 1.33314915207 1.33314915207 


The following table shows that if we continue this feedback process on a calculator, the 
expressions p + 3p(1 — p) and 4p — 3p’ will start to take on different values begin- 
ning with the fourth iteration. By the 37th iteration, the values do not even agree to two 
decimal places. 


4 7.366232839E-4 7.366232838E-4 
5 0.002944865294 0.002944865294 
6 0.011753444481 0.0117534448 

7 0.046599347553 0.046599347547 
20 1.12135618652 1.12135608405 

30 0.947163304835 0.947033 128433 
37 0.285727963839 0.300943417861 


1. Use a calculator to find the first 20 iterations of p + 3p(1 — p) and 4p — 3p’, 
with the initial value of p = 0.5. 
=w Write a report on chaos and fractals. Include information on the “butterfly 

effect.” An excellent source is Chaos and Fractals, New Frontiers of Science 
by Heinz-Otto Peitgen, Hartmut Jurgens, and Dietmar Saupe (New York: 
Springer-Verlag, 1992). 

3. ie Equations of the form p,+, = Py + rp,(1 — pp) are called Verhulst 

population models. Write a report on Verhulst population models. 


2. 
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CHAPTER P TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


P.1 The Real Number System 


= The following sets of numbers are used extensively in algebra: See Example 1, page 3, and then try 
Natural numbers {1, 2, 3,4, ...} Exercises | and 2, page 70. 
Integers f ose =3,=2, =1,,0, 1,,2,,3,. <2} 
Rational numbers {all terminating and repeating decimals} 
Irrational numbers {all nonterminating, nonrepeating decimals} 
Real numbers {all rational or irrational numbers} 

= Set-builder notation is a method of writing sets that has the form See Example 2, page 4, and then try 
{variable | condition on the variable}. Exercise 5, page 70. 

= The union of two sets A and B is the set of all elements that belong to See Example 3, page 5, and then try 
either A or B. Exercises 7 and 8, page 70. 


= The intersection of two sets A and B is the set of all elements that belong 
to both A and B. 


= Sets of real numbers can be written in interval notation. Page 6 shows See Examples 4 and 5, pages 6 and 7, and 
the various forms of interval notation. then try Exercises 9 and 12, page 70. 


a ifa=0 See Example 6, page 8, and then try 


= The absolute value of a real number a is given by |a| = { ee Exercises tam 1 pace 70 
—a ifa : ; 


= The distance d(a, b) between two points a and b on a real number line is See Example 7, page 8, and then try 
given by d(a, b) = |a — 5]. Exercise 20, page 71. 
= If is any real number and nv is a natural number, then b” = b-b-b- --- +b. | See Example 8, page 9, and then try 
ee 


Exercise 22, page 71. 


bis a factor n times 


= The Order of Operations Agreement specifies the order in which See Example 9, page 10, and then try 
operations must be performed. See page 10. Exercise 23, page 71. 

= To evaluate a variable expression, replace the variables with their given See Example 10, page 11, and then try 
values. Then use the Order of Operations Agreement to simplify the result. Exercise 26, page 71. 

= The properties of real numbers are used to simplify variable expressions. See Examples 11 and 12, pages 12 and 13, 
See page 12. and then try Exercises 29 and 36, page 71. 

= Four properties of equality are symmetric, reflexive, transitive, and See Example 13, page 14, and then try 
substitution. Exercise 34, page 71. 

P.2 Integer and Rational Number Exponents 
m Ifb # 0, then b° = 1. See Example 1, page 17, and then try 
1 1 Exercises 38 and 39, 71. 
= Ifb 4 0 andzn isa natural number, then b ” = — and = Bb". i a ii page 


pe BF 
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= Ifn is an even positive integer and b = 0, then b'" is the nonnegative See Example 4, page 22, and then try 
real number such that (b'/”)" = b. Exercise 48, page 71. 

= Ifn is an odd positive integer, then b'/” is the real number such that 
(ony = pb. 

= For all positive integers m and n such that m/n is in simplest form, and for 


all real number b for which b'”” is a real number, b”!” = (bl myn = (Cae = 


Properties of Rational Exponents See Example 2, page 19, and then try 
If p, g, and r are rational numbers and a and # are positive real numbers, then) Exercises 50 and 53, page 71. 


Product b? + bt = pPrd See Example 5, page 23, and then try 
Quotient - — pen Exercises 55 and 57, page 71. 
Power (b?)4 = bP4 (a?bty = a?" bh” 
(ue axed 
bf bt bP 
= A number written in scientific notation has the form a X 10", where See Example 3, page 21, and then try 
1 = a < 10 and nis an integer. Exercise 41, page 71. 
= Properties of Radicals See Example 6, page 25, and then try 


If m and n are natural numbers, and a and b are positive real numbers, then | Exercise 61, page 71. 


Product Wa: Vb = Vab 


An 


Guotient a_ ,fa 
uotien me Hale 
Wb b 
Index Wb = 
= A radical expression is in simplest form if it meets the criteria listed See Example 7, page 26, and then try 
on page 25. Exercise 63, page 71. 
See Example 8, page 26, and then try 
Exercises 65 and 68, page 71. 
= To rationalize the denominator of a fraction means to write the fraction See Examples 9 and 10, pages 27 and 
as an equivalent fraction that does not involve any radicals in the 28, and then try Exercises 70 and 71, 
denominator. pages 71 and 72. 


P.3 Polynomials 


= The standard form of a polynomial of degree n is an expression of the form | See Example 1, page 33, and then try 
z Exerci 2 
Gag Vas ae eS a xercise 73, page 7 
where n is a natural number and a, # 0. The leading coefficient is a,,, 
and ag is the constant term. 


= The properties of real numbers are used to perform operations on See Example 2, page 33, and then try 
polynomials. Exercise 75, page 72. 

See Example 3, page 34, and then try 

Exercise 78, page 72. 

See Example 4, page 35, and then try 

Exercise 80, page 72. 
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= Special product formulas are as follows. See Example 5, page 35, and then try 
Exercises 81 and 82, page 72. 


(Sum)(Difference) (x t+y)Qx-y)=x?-y? 
(Binomial) @&ty~axr?t+Qyty 
(-y~=xr-Qyty 


P.4 Factoring 


m= The greatest common factor (GCF) of a polynomial is the product of See Example 1, page 40, and then try 
the GCF of the coefficients of the polynomial and the monomial of Exercise 84, page 72. 
greatest degree that is a factor of each term of the polynomial. 

= Some trinomials of the form ax” + bx + c can be factored over the See Example 2, page 41, and then try 
integers as the product of two binomials. Exercise 88, page 72. 


See Example 3, page 42, and then try 
Exercise 90, page 72. 


= Some special factoring formulas are as follows. See Example 5, page 44, and then try 
Exercise 93, page 72. 

v SWHLLIITE(S) See Example 6, page 44, and then try 
Difference of squares xv —y = («+ yx -y) Exercise 94, page 72. 


Perfect-square trinomials P+ dy ty =(@%+ yy? Bee Bxunple Tease SS BUA IEA NY 
x — dy + y= —- yp? Exercise 98, page 72. 

Sum of cubes + y? = (x + yx? — xy + y’) 

Difference of cubes r= = 6H ne tort) 


= A polynomial that can be written as au” + bu + c is said to be quadratic | See Example 8, page 46, and then try 
in form. A strategy that is similar to that of factoring a quadratic trinomial | Exercise 96, page 72. 
can be used to factor some of these polynomials. 


= Factoring by grouping may be helpful for polynomials with four or See Example 9, page 47, and then try 
more terms. Exercise 99, page 72. 


= Use the general factoring strategy given on page 47 to factor a polynomial. | See Example 10, page 48, and then try 
Exercise 102, page 72. 


= A rational expression is a fraction in which the numerator and See Example 1, page 51, and then try 
denominator are polynomials. A rational expression is in simplest form Exercise 103, page 72. 
when | is the only common factor of the numerator and denominator. 


= Operations on Rational Expressions See Example 2, page 52, and then try 
¢ To multiply rational expressions, multiply numerators and multiply Exercise 105, page 72. 
denominators. See Example 3, page 52, and then try 


Exercise 106, page 72. 
See Example 4, page 53, and then try 
Exercises 107 and 108, page 72. 


¢ To divide rational expressions, invert the divisor and then multiply 
the rational expressions. 

¢ To add or subtract rational expressions, write each expression in terms 
of a common denominator. Then perform the indicated operation. 
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See Example 6, page 55, then try 
Exercises 109 and 110, page 72. 


= A complex fraction is a fraction whose numerator or denominator contains 
one or more fractions. There are two basic methods for simplifying a 
complex fraction. 
Method 1: Multiply both the numerator and the denominator by the 
least common denominator of all fractions in the complex fraction. 
Method 2: Simplify the numerator to a single fraction and the 
denominator to a single fraction. Multiply the numerator by the 
reciprocal of the denominator. 


| P.6 Complex Numbers 


= The imaginary unit, designated by the letter i, is the number such that 
i? = —1. Ifa isa positive real number, then V—a = iVa. The number 
iVa is called an imaginary number. A complex number is one of the form 
a + bi, where a and b are real numbers and / is the imaginary unit. The 
real part of the complex number is a; the imaginary part of the complex 
number is b. 


See Example 1, page 61, and then try 
Exercise 111, page 72. 


See Example 2, page 61, and then try 
Exercises 113 and 114, page 72. 

See Example 3, page 62, and then try 
Exercise 116, page 72. 

See Example 4, page 64, and then try 
Exercise 120, page 72. 


= Operations on Complex Numbers 


¢ To add or subtract two complex numbers, add or subtract the real parts 
and add or subtract the imaginary parts. 


To multiply two complex numbers, use the FOIL method (first, outer, 
inner, last) and the fact that 7 = — 1. 

To divide two complex numbers, multiply the numerator and denominator 
by the conjugate of the denominator. 


See Example 5, page 64, and then try 
Exercise 118, page 72. 


= Powers of i 
If n is a positive integer, then 7” = i”, where r is the remainder when n is 
divided by 4. 
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In Exercises 1 to 4, classify each number as one or more 
of the following: integer, rational number, irrational 
number, real number, prime number, composite number. 


1 = 
1.3 2A 7 — 4. 05 


In Exercises 5 and 6, list the four smallest elements of 
the set. 


5. {y|y = x’, x € integers} 


6. {y|y = 2x + 1,x € natural numbers} 


In Exercises 7 and 8, use A = {1, 5, 7} and B = {2, 3, 5, 11} 
to find the indicated intersection or union. 


7. AUB 8. ANB 


In Exercises 9 and 10, graph each interval and write the 
interval in set-builder notation. 


9. [-3, 2) 10. (1,00) 


In Exercises 11 and 12, graph each set and write the set 
in interval notation. 


11. {x|-4 <x S 2} 12. {x|x S -1}U {x|x > 3} 


In Exercises 13 to 18, write each expression without 
absolute value symbols. 


13. |7| 14. |2-a| 15. |4—7| 16. |-11| 


7, |x— 2| + |x 1|,-—l<xe< 2 


18, |2x + 3| — |x — 4|,-3 sx = -2 


19. If —3 and 7 are the coordinates of two points on the real number 
line, find the distance between the two points. 


20. Ifa = 4 and b = —1 are the coordinates of two points on the 
real number line, find d(a, b). 


In Exercises 21 to 24, evaluate the expression. 
21. —4* 22. —47(-3y 


23. —5-3? + 4{5 — 2[-6 — (-4)]} 


= 5)\2 — 
24. 6 24 fs =| 
2? 


In Exercises 25 and 26, evaluate the variable expressions 
for x = —2, y= 3, andz= —5. 


25. —3x° — 4xy — 2” 26. 2x — 3y(4z — x°) 


In Exercises 27 to 34, identify the real number property 
or property of equality that is illustrated. 


27. 5(x + 3) = 5x + 15 


28. a(3 + b) = a(b + 3) 

29. (6c)d = 6(cd) 

30. V2 + 3 isa real number. 

31.7+0=7 

32. Ix =x 

33. If 7 = x, thenx = 7. 

34. If 3x + 4 = yandy = 5z, then 3x + 4 = 5z. 


In Exercises 35 and 36, simplify the variable expression. 
35. 8 — 3(2x — 5) 


36. 5x — 3[7 — 2(6x — 7) — 3x] 


In Exercises 37 to 40, simplify the exponential expression. 


a 1 
37. -2 38. —— 


2 x 
39. — 40. — 
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In Exercises 41 and 42, write each number in scientific 
notation. 


41. 620,000 42. 0.0000017 


In Exercises 43 and 44, change each number from 
scientific notation to decimal form. 


43. 3.5 X 104 44. 431 xX 1077 


In Exercises 45 to 48, evaluate each exponential 
expression. 


45. 25/2 46. —277/3 


3 
gy 7/4 


47. 3671/2 48. 


In Exercises 49 to 58, simplify the expression. 


12a°b 
49. (—4x3)*)(6x4y*) : 
(—4x°y)(6x"y ae 
2a2b~4 —2 
51. (-3x 2y)3 52. ( ) 
: a 6a *b° 
Pee ae ayy 
53. (—4x 397) 78x Zp 3 54, ———_——_ 
(4x4)? 
: @p-3/4 
55. (x /\x7/4) 56. sear 


5 


™ 


(ey" ( xy 
58. 
yh2 x23 


In Exercises 59 to 72, simplify each radical expression. 
Assume that the variables are positive real numbers. 


59. V48a"b’ 60. V12a°b 
61. W/—135x°y" 62. W/—250xy° 


63. bV 8a'b? + 2aV 18a°b? 
64, 3xV16x°y!0 — 4y?W/2x8y4 
65. (3 + 2V5\(7 — 3V5) 66. (5V2 — 7)(3V2 + 6) 


67. (4 — 2V7y" 68. (2 — 3Vxy 
6 9 
69. 70. we 
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249 
eae Rl 72, —— 
9-3V7 2% = 3 


73. Write the polynomial 4x — 7x? + 5 — x? in standard form. 


Identify the degree, the leading coefficient, and the constant 


term. 
74, Evaluate the polynomial 3x° — 4x7 + 2x — 1 when x = —2. 


In Exercises 75 to 82, perform the indicated operation 
and express each result as a polynomial in standard form. 


75. (2a? + 3a — 7) + (—3a* — 5a + 6) 


76. (5b? — 11) — (3b? — 8b — 3) 


77. (3x — 2)(2x? + 4x — 9) 
78. (4y — 5)(3y? — 2y? — 8) 
79. (3x — 4)(x + 2) 


80. (Sx + 1)(2x — 7) 


81. (2x + 5) 


82. (4x — Sy)(4x + Sy) 


In Exercises 83 to 86, factor out the GCF. 
83. 12x°y4 + 10x73 — 34x)" 


84. 24a4b? + 12a°b* — 18ab> 


85. (2x + 7)(3x — y) — (3x + 2)(3x — y) 


86. (5x + 2)(3a — 4) — (a — 4)(2x — 6) 


In Exercises 87 to 102, factor the polynomial over the 
integers. 


87. x7 + Tx — 18 88. x? — 2x — 15 

89. 2x7 + 11x + 12 90. 3x? — 4x — 15 

91. 6x*y? — 12x7y? — 144xy? 

92. —2a‘b? — 2a*b? + 120d? 

93. 9x? — 100 94. 25x? — 30xy + 9y? 
95. x4 — 5x7 — 6 96. x+ + 2x7 — 3 


97. x — 27 98. 3x7 + 192 


99. 4x4 — x? — 4x7y? + y? 
100. 2a° + ab — 2ab? -— 
101. 24a°b* — 14ab> — 9064 


102. 3x7 — 9x77 — 12x77 


In Exercises 103 and 104, simplify each rational 
expression. 
6x? — 19x + 10 


103. ——___ 104. 
2x? + 3x — 20 


4x3 — 25x 
8x4 + 125x 


In Exercises 105 to 108, perform the indicated operation 
and simplify, if possible. 

ly + B23. 6 + Set 

Gr =e] S Mr ae 1 


105. 


3x7 + 13x + 12 
10x7 + llx + 3 


ise lig = 12, 
257-9 


106. 


x 2% 


x=) | Ca ae 2 


107. 


3x x 
et+ix+12 24+ 5x -3 


108. 


In Exercises 109 and 110, simplify each complex fraction. 


1 
2) 
x= 5 1 


In Exercises 111 and 112, write the complex number in 
standard form. 


111. 5 + V—-64 112, 2 = V=18 


In Exercises 113 to 120, perform the indicated operation 
and write the answer in simplest form. 


113. (2 — 31) + (4 + 2%) 114. (4 + 7i) — (6 — 3i) 
115. 2i(3 — 4i) 116. (4 — 3i)(2 + Ti) 
117. (3 + i? 118. 2% 
119, 4 © 120, 7 > 

2i 34+ 41 
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1. For real numbers a, b, and c, identify the property that is illus- 17. Factor: 7x2 + 34x — 5 
trated by (a + b)c = ac + be. 


18. Factor: 3ax — 12bx — 2a + 8b 
2. Graph {x|—3 = x < 4} and write the set in interval notation. 


19. Factor: 16x* — 2xy3 
3. Given —1 < x < 4, simplify|x + 1] — |x — 5]. 

20. Factor: x4 — 15x* — 16 
4. Simplify: (-2x°y?y(-3x7y!y? 


a 
oo eae KO = 2x = 15 
; ; (Qa 'be?yP? 21. Simplify: 95 2 
5. Simplify: Pe ee 
(3 °b)(2 “ac *) 
x 2 
; : ‘uti tl ; 22. Simplify: 
6. Write 0.00137 in scientific notation. plify ee ae ee 
1/3, 3/4 
: ; xy 2 24 
7. Simplify: ——— 24 3x — 4 x° + 3x — 10 
-1/2, 3/2 23. Multiply: : 
x Way ea eee x? + 2x - 8 
8. Simplify: 3x V 81xy* — 2W3x4y Ju, Sicily 2? +3x—-2 22-7 +3 
. . 2 : 3 2 
9. Simplify: (2V3 — 4)(5V3 + 2) x" — 3x x — 3x 
10. Simplify: (2 — Vx + 4) 25. Simplify = —* 
ee 
ae x eng? 3 2 
11. Simplify: Wa 12. Simplify: 2-37 
26. Write 7 + V—20 in standard form. 
2+ V5 
13. Simplify: ————— 
sa EEL 3 


In Exercises 27 to 30, write the complex number in 
simplest form. 


14. Subtract: (3x2 — 2x? — 5) — (2x? + 4x — 7) 


7 === 28. (2 + Sil — 40) 
15. Multiply: (3a + 7b)(2a — 9b) 

oo, 314i 30. 77" 
16. Multiply: (2x + 5)(3x2 — 6x — 2) a a 
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EQUATIONS 
CHAPTER T AND INEQUALITIES 


1.1 Linear and Absolute 
Value Equations 


1.2 Formulas and 
Applications 


1.3 Quadratic Equations 

1.4 Other Types of Equations 
1.5. Inequalities 

1.6 Variation and Applications 


Pegaz/Alamy 


ea =e 
Cheops was the second king of the Fourth Egyptian Dynasty and ruled 
from 2551-2578 B.c. By some accounts, he was the first Egyptian king 
to be mummified. 


The Golden Mean 


There is a common theme among the following: a stage for the 2000 
Olympic Games in Sydney, Australia; the giant pyramid of Cheops in 
Egypt; the Parthenon in Athens, Greece; and the Mona Lisa, which hangs 
in the Louvre in Paris, France. All of these are related through a number 
called the golden mean, symbolized by ¢. The golden mean is thought 

to be an aesthetically pleasing ratio—thus its popularity in art and 
architecture. Exercises 82 and 83 on page 122 give a method for 
calculating the golden mean. 


Generally, this number manifests itself as a ratio of sides of geometric 
figures. The photo above shows how the golden mean is represented in the 
structure of the Cheops pyramid. 


75 
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SECTION 1.1 Linear and Absolute Value Equations 


Linear Equations 


Contradictions, Conditional 
Equations, and Identities 


Absolute Value Equations 
Applications of Linear Equations 


Linear Equations 


An equation is a statement about the equality of two expressions. If either of the expres- 
sions contains a variable, the equation may be a true statement for some values of the vari- 
able and a false statement for other values. For example, the equation 2x + 1 = 7 isa 
true statement for x = 3, but it is false for any number except 3. The number 3 is said to 
satisfy the equation 2x + 1 = 7 because substituting 3 for x produces 2(3) + 1 = 7, 
which is a true statement. 

To solve an equation means to find all values of the variable that satisfy the equation. 
The values that satisfy an equation are called solutions or roots of the equation. For 
instance, 2 is a solution of x + 3 = 5. 

Equivalent equations are equations that have exactly the same solution or solutions. 
The process of solving an equation is often accomplished by producing a sequence of 
equivalent equations until we arrive at an equation or equations of the form 


Variable = Constant 


To produce these equivalent equations, apply the properties of real numbers and the follow- 
ing two properties of equality. 


Addition and Subtraction Property of Equality 


Adding the same expression to each side of an equation or subtracting the same 
expression from each side of an equation produces an equivalent equation. 


EXAMPLE 

Begin with the equation 2x — 7 = 11. Replacing x with 9 shows that 9 is a solution 
of the equation. Now add 7 to each side of the equation. The resulting equation is 
2x = 18, and the solution of the new equation is still 9. 


Multiplication and Division Property of Equality 


Multiplying or dividing each side of an equation by the same nonzero expression 
produces an equivalent equation. 


EXAMPLE 


2 
Begin with the equation 3" = 8. Replacing x with 12 shows that 12 is a solution of 


the equation. Now multiply each side of the equation by > The resulting equation is 


x = 12, and the solution of the new equation is still 12. 


Many applications can be modeled by /inear equations in one variable. 


Study tip 


You should check a proposed 
solution by substituting it back 
into the original equation. 


3x —5 = 7x- 11 
3 F 3 
3(3) 527(3) 11 


--525_11 


\o 
~ 

N 
= 
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Definition of a Linear Equation 


A linear equation, or first-degree equation, in the single variable x is an equation 
that can be written in the form 


ax + b=0 


where a and b are real numbers, with a # 0. 


Linear equations are solved by applying the properties of real numbers and the prop- 
erties of equality. 


EXAMPLE 1_ Solve a Linear Equation in One Variable 


Solve: 3x — 5 = 7x — 11 


Solution 
3x —3 = 7x —- 11 
3x — 7x —5 = 7x — 7x - 11 * Subtract 7x from each side of the equation. 
—-4x --5=-l1 
—4x-534+5=-11+5 * Add 5 to each side of the equation. 
—4x = —6 
—4x —-6 Ma : ; 
=e = oa * Divide each side of the equation by —4. 
3 * The equation is now in the form 
= 2 Variable = Constant. 


3 3 
As shown to the left, > satisfies the original equation. The solution is > 


m@ Try Exercise 4, page 81 


When an equation contains parentheses, use the distributive property to remove the 
parentheses. 


EXAMPLE 2 Solve a Linear Equation in One Variable 


Solve: 8 — 5(2x — 7) = 3(16 — 5x) + 5 


Solution 
8 — 5(2x — 7) = 3(16 — 5x) + 5 
8 — 10x + 35 = 48 — 15x + 5 * Use the distributive property. 
—10x + 43 = —15x + 53 ¢ Simplify. 
—10x + 15x + 43 = —15x + 15x + 53 ¢ Add 15x to each side of the equation. 


(continued ) 
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5x + 43 = 53 
5x + 43 — 43 = 53 — 43 ¢ Subtract 43 from each side of the equation. 
5x = 10 
5x 10 edi ; ; 
= = 5 * Divide each side of the equation by 5. 
x=2 ¢ Check in the original equation. 


The solution is 2. 


@ Try Exercise 8, page 81 


If an equation involves fractions, it is helpful to multiply each side of the equation by 
the least common denominator (LCD) of all denominators to produce an equivalent equa- 
tion that does not contain fractions. 


EXAMPLE 3_ Solve by Clearing Fractions 


2 x 36 
Solve: 3° + 10.= 5° 5 
Solution 
= + 10:= ~ = = 
3 5 B) 
is(2x + 10= =) = 13(%2) ¢ Multiply each side of the equation by 15, 
the LCD of all denominators. 
10x + 150 — 3x = 108 ¢ Simplify. 
Tx + 150 = 108 
Tx + 150 — 150 = 108 — 150 ¢ Subtract 150 from each side. 
Tx = —42 
Ed = = ¢ Divide each side by 7. 
7 f; 
x=-6 ¢ Check in the original equation. 


The solution is —6. 


@ Try Exercise 14, page 81 


® Contradictions, Conditional Equations, 
and Identities 


An equation that has no solutions is called a contradiction. The equation x = x + lisa 
contradiction. No number is equal to itself increased by 1. 

An equation that is true for some values of the variable but not true for other values 
of the variable is called a conditional equation. For example, x + 2 = 8 is a conditional 
equation because it is true for x = 6 and false for any number not equal to 6. 
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An identity is an equation that is true for all values of the variable for which all terms 
of the equation are defined. Examples of identities include the equations x + x = 2x and 
4a + 3)-1=4x 4+ 11. 


EXAMPLE 4 Classify Equations 
Classify each equation as a contradiction, a conditional equation, or an identity. 
a xtl=xt+4 


b 4, +3=x-9 


ce. 5(3x — 2) — W(x — 4) = 8x + 18 


Solution 


a. Subtract x from both sides of x + 1 = x + 4 to produce the equivalent equation 
1 = 4. Because | = 4 is a false statement, the original equation x + 1 =x + 4 
has no solutions. It is a contradiction. 


b. Solve using the procedures that produce equivalent equations. 


4x +3=x-9 


3x +3 = —-9 ¢ Subtract x from each side. 
3x = —12 ¢ Subtract 3 from each side. 
x= -4 * Divide each side by 3. 


Check to confirm that —4 is a solution. The equation 4x + 3 = x — 9 is true for 
x = —4, but it is not true for any other values of x. Thus 4x + 3 = x — Yisa 
conditional equation. 


c. Simplify the left side of the equation to show that it is identical to the right side. 


5(3x — 2) — 7(x — 4) = 8x + 18 
15x — 10 — 7x + 28 = 8x + 18 
8x + 18 = 8x + 18 


The original equation 5(3x — 2) — 7 — 4) = 8x + 18 1s true for all real num- 
bers x. The equation is an identity. 


@ Try Exercise 24, page 82 


Question ® Dividing each side of x = 4x by x produces 1 = 4. Are the equations x = 4x and 
1 = 4 equivalent equations? 


® Absolute Value Equations 


soa) 13 3 4 2. The absolute value of a real number x is the distance between the number x and the num- 
ber 0 on the real number line. Thus the solutions of |x| = 3 are all real numbers that are 
x] = 3 3 units from 0. Therefore, the solutions of |x| = 3 are x = 3 orx = —3. See Figure 1.1. 

Figure 1.1 The following property is used to solve absolute value equations. 


Answer ® No. The real number 0 is a solution of x = 4x, but 0 is not a solution of 1 = 4. 
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Note 


Some absolute value equations 
have no solutions. For example, 

|x + 2| = —S is false for all values 
of x. Because an absolute value is 
always nonnegative, the equation 
is never true. 


Table 1.1 Average U.S. 
Movie Theater Ticket Price 


2003 6.03 
2004 6.21 
2005 6.41 
2006 6.55 
2007 6.88 
2008 7.08 


Source: National Association of 
Theatre Owners, http:/www. 
natoonline.org/statisticstickets.htm. 


A Property of Absolute Value Equations 


For any variable expression £ and any nonnegative real number 4, 


|E| =k if and only if E=k or E=~-k 


EXAMPLE 

If |x| =5,thenx =5 or x= —5. 
3 3 3 

If |x| = 5, then x = 5 or x= —5. 


If |x| = 0, then x = 0. 


EXAMPLE 5_ Solve an Absolute Value Equation 


Solve: |2x — 5| = 21 


Solution 
|2x — 5| = 21 implies 2x — 5 = 21 or 2x — 5 = —21. Solving each of these linear 
equations produces 
2~— 5 = 21 or = 5 = =21 
2x = 26 2x = —16 
x= 13 x=-8 


The solutions are —8 and 13. 


@ Try Exercise 38, page 82 


® Applications of Linear Equations 


Linear equations often can be used to model real-world data. 


EXAMPLE 6 Movie Theater Ticket Prices 


Movie theater ticket prices have been increasing steadily in recent years (see 
Table 1.1). An equation that models the average U.S. movie theater ticket price p, 
in dollars, is given by 
p = 0.211t + 5.998 


where f is the number of years after 2003. (This means that t = 0 corresponds to 2003.) 
Use this equation to predict the year in which the average U.S. movie theater ticket price 
will reach $7.50. 


Solution 
p = 0.211t + 5.998 
7.50 = 0.211t + 5.998 * Substitute 7.50 for p. 
1.502 = 0.211¢ * Solve for t. 
te 71 


Our equation predicts that the average U.S. movie theater ticket price will reach $7.50 
about 7.1 years after 2003, which is 2010. 


@ Try Exercise 50, page 82 
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EXAMPLE 7 __ Driving Time 


Alicia is driving along a highway that passes through Centerville (see Figure 1.2). 
Her distance d, in miles, from Centerville is given by the equation 


Highway 
d = |135 — 60f| 
rr oo, 
Starti Centervill : cee . ; ; 
a ase where f is the time in hours since the start of her trip and 0 = ¢ = 5. Determine when 
Figure 1.2 Alicia will be exactly 15 miles from Centerville. 


Solution 
Substitute 15 for d. 


d = |135 — 60¢| 
15 = |135 — 602 
15 = 135 — 60¢ or —15 = 135 — 60t * Solve for ¢. 
—120 = —60t —150 = —60t 
2=t 2 = 
2 


Alicia will be exactly 15 miles from Centerville after she has driven for 2 hours and after 


1 
she has driven for oo hours. 


m@ Try Exercise 52, page 82 


EXERCISE SET 1.1 


In Exercises 1 to 22, solve each equation and check your 2 1 
a 13... 48-53 = px 3 
solution. 3 2 
1. 2x + 10 = 40 
a14 ae 7 ! me 
4 x Tt peed 
2. —3y + 20 =2 2 4 2 
3. Sx + 2 = 2x — 10 15. 0.2x + 0.4 = 3.6 
m4, 4x — 11 = 7x + 20 16. 0.04x — 0.2 = 0.07 
5. 2(¢ — 3) — 5 = 4@ — 5) 17. x + 0.08(60) = 0.20(60 + x) 


6. 5(x -— 4) -7 2(x — 3) 


18. 6(t + 1.5) = 12¢ 


7. 3x + 5(1 — 2x) = 4-3 4+) 


m8. 6 — 2(4x + 1) = 3x — 2(2x + 5) 


9. 4(2r — 17) + 5Gr — 8) = 0 


40 — 3x 6x + 7 


21. 

10. 6(5s — 11) — 122s + 5) = 0 5 8 

| ee ete ig ge" go Fo Lee 
Co a a ae 7 
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In Exercises 23 to 32, classify each equation as a 
contradiction, a conditional equation, or an identity. 


23. —3(x — 5) = —3x + 15 


6x + 1 


it 
m24. 2x+ >= 
3 3 


25, 2x +7 = 3-1) 
26. 4[2x — 5(x — 3)] = 6 


4x + 8 
27. 


=x+8 


28. 3[x — (4x — 1)] = —3(2x — 5) 


29. 3[x — 2x — 5)] — 1 = —3x + 29 


30. 4[3(x — 5) + 7] = 12x — 32 


31.24 8 = Hx 


32. |3(x — 4) + 7| = [3x —5| 


In Exercises 33 to 48, solve each absolute value equation 


for x. 
33. |x| =4 34, |x| =7 
35. |x — 5| =2 36. |x — 8| =3 
37. |2x — 5] = 11 m38. |2x — 3| = 21 
39. |2x + 6| = 10 40. |2x + 14| = 60 
Al. 14) <5 

2 

x +3 
42. 4 |= 6 
43. |2x + 5| = —-8 
44. [4x — 1] = -17 


45. 2|x + 3| + 4 = 34 
46. 3|x — 5| — 16 =2 


47. |2x —al =b (b> 0) 


48. 3|x —d 


c (c>0) 


49. 


050. 


51. 


052. 


53. 


34. 


Biology The male magnificent frigatebird inflates a red pouch 
under his neck to attract females. Along with the inflated 
pouch, the bird makes a drumming-like sound whose fre- 
quency F’, in hertz, is related to the volume V, in cubic centime- 
ters, of the pouch by the equation F = —5.5V + 5400. 


Dreamstime LLC 


Use the equation to estimate the volume of the pouch when the 
frequency of the sound is 550 hertz. Round to the nearest cubic 
centimeter. 


Health According to one formula for lean body mass (LBM, in 
kilograms) given by R. Hume, the mass of the body minus fat is 


LBM = 0.3281W + 0.3393H — 29.5336 


where Wis a person’s weight in kilograms and H is the person’s 
height in centimeters. If a person is 175 centimeters tall, what 
should that person weigh to have an LBM of 55 kilograms? 
Round to the nearest kilogram. 


Travel Ruben is driving along a highway that passes through 
Barstow. His distance d, in miles, from Barstow is given by 
the equation d = |210 — 50t|, where f is the time, in hours, 
since the start of his trip and 0 = ¢ = 6. When will Ruben 
be exactly 60 miles from Barstow? 


Automobile Gas Mileage The gas mileage m, in miles per 
gallon, obtained during a long trip is given by 


1 
m = —>\s — 55| + 25 


where s is the speed of Kate’s automobile in miles per hour 
and 40 = s = 70. At what constant speed can Kate drive to 
obtain a gas mileage of exactly 22 miles per gallon? 


Office Carpeting The cost to install new carpet in an office 
is determined by a $550 fixed fee plus a fee of $45 per square 
yard of floor space to be covered. How many square yards of 
floor space can be carpeted at a cost of $3800? Round to the 
nearest square yard. 


Wholesale Price A retailer determines the retail price of a 
coat by first computing 175% of the wholesale price of the coat 
and then adding a markup of $8.00. What is the wholesale 
price of a coat that has a retail price of $156.75? 


55. Computer Science If p% ofa file remains to be downloaded 
using a cable modem, then 


30 
= i= 3 
P N 


where N is the size of the file in megabytes and ¢ is the num- 
ber of seconds since the download began. In how many minutes 
will 25% of a 110-megabyte file remain to be downloaded? 
Round to the nearest tenth of a minute. 


56. Aviation The number of miles that remain to be flown by a 
commercial jet traveling from Boston to Los Angeles can be 
approximated by the equation 


Miles remaining = 2650 — 475t 


where ¢ is the number of hours since leaving Boston. In how 
many hours will the plane be 1000 miles from Los Angeles? 
Round to the nearest tenth of an hour. 


To benefit from an aerobic exercise program, many 
experts recommend that you exercise three to five times 
a week for 20 minutes to an hour. It is also important 
that your heart rate be in the training zone, which is 
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defined by the linear equations shown below, where a 
is your age in years and the heart rate is in beats per 
minute." 


Maximum exercise heart rate = 0.85(220 — a) 


Minimum exercise heart rate = 0.65(220 — a) 


57. Exercise Heart Rate Find the maximum exercise heart 
rate and the minimum exercise heart rate for a person 
who is 25 years of age. (Round to the nearest beat per minute.) 


58. 4 Maximum Exercise Heart Rate How old is a person 
who has a maximum exercise heart rate of 153 beats per 
minute? 


SECTION 1.2 Formulas and Applications 


Formulas 


PREPARE FOR THIS SECTION 


Applications 
on page AS. 


Prepare for this section by completing the following exercises. The answers can be found 


PS1. The sum of two numbers is 32. If one of the numbers is represented by x, then the 


1 
expression 32 — x represents the other number. Evaluate 32 — x for x = 8. [P.1] 


1 2 4 
PS2. Evaluate oh for b = 3 and h = 5 [P.1] 


PS3. What property has been applied to rewrite 27 + 2w as 2(/ + w)? [P.1] 


1 1 
PS4. What property has been applied to rewrite (3 bh as 3 (hy? [P.1] 


2 1 
PSS. Add: Pa + ra [P.1] 


PS6. Simplify: 1 


+ — 
a b 


[P.5] 


“The Heart of the Matter,’ American Health, September 1995. 
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Table 1.2 


S = 2(wh + lw + Al) S= 


V =lwh V= 


EQUATIONS AND INEQUALITIES 


® Formulas 


A formula is an equation that expresses known relationships between two or more vari- 
ables. Table 1.2 lists several formulas from geometry that are used in this text. The vari- 
able P represents perimeter, C represents circumference of a circle, A represents area, S' 
represents surface area of an enclosed solid, and V represents volume. 


Formulas from Geometry 


S= a(R + NVE4R— 7 


S=4ar S =2arh + 2ar° 
ger? + oar? + aR? 
4 2: 2 l 2 2" 
Cea V=arh v= 3 hr + rR + R’) 


I 
h ies 
ee 
i —— 

It is often necessary to solve a formula for a specified variable. Begin the process by 
isolating all terms that contain the specified variable on one side of the equation and all 
terms that do not contain the specified variable on the other side. 

EXAMPLE 1_ Solve a Formula for a Specified Variable 
a. Solve 2] + 2w = P for /. 
b. Solve S = 2(wh + lw + Al) for A. 

Note 


In Example 1a, the solution 
|= P= 2W 
2 


also can be written as 


Solution 
a. 21+ 2w=P 
21= P — 2w ¢ Subtract 2w from each side to isolate the 2/ term. 
l= —— * Divide each side by 2. 


2 
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b. S = 2(wh + lw + Al) 
S = 2wh + 2lw + 2Al 
S — 2lw = 2wh + 2Al ¢ Isolate the terms that involve the variable / on 
the right side. 
S — 2lw = 2h(w + 1) * Factor 2h from the right side. 
so =h * Divide each side by 2(w + /). 
2(w + 1) 


@ Try Exercise 4, page 92 


Cc 
Question ¢ If ax + b = c, does x = — — b? 
a 


Formulas are often used to compare the performances of athletes. Here is an example 
of a formula that is used in professional football. 


EXAMPLE 2. Calculate a Quarterback Rating 


eS The National Football League uses the following formula to rate 
= quarterbacks. 


100 
QB rating = ~~ [0.05(C — 30) + 0.25(Y ~ 3) + 0.27 + (2.375 ~ 0.251)] 


In this formula, C is the percentage of pass completions, Y is the average number of 
yards gained per pass attempt, 7 is the percentage of touchdown passes, and / is the 
percentage of interceptions. 

During the 2008 season, Philip Rivers, the quarterback of the San Diego Chargers, 
completed 65.3% of his passes. He averaged 8.39 yards per pass attempt, 7.1% of his 
passes were for touchdowns, and 2.3% of his passes were intercepted. Determine 
Rivers’s quarterback rating for the 2008 season. 


Solution 


Because C is defined as a percentage, C = 65.3. We are also given Y = 8.39, T = 7.1, 
and J = 2.3. 
Substitute these values into the rating formula. 


QB rating 


~ =; (0.051653 — 30) + 0.25(8.39 — 3) + 0.2(7.1) + (2.375 — 0.25(2.3))] 


= 105.5 
Philip Rivers’s quarterback rating for the 2008 season was 105.5. 


@ Try Exercise 14, page 93 


Answer ® No. x = =. provided a # 0. 
a 
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® Applications 


Linear equations emerge in a variety of application problems. In solving such problems, it 
generally helps to apply specific techniques in a series of small steps. The following gen- 
eral strategies should prove helpful in the remaining portion of this section. 


Strategies for Solving Application Problems 


. Read the problem carefully. If necessary, reread the problem several times. 


. When appropriate, draw a sketch and label parts of the drawing with the 
specific information given in the problem. 


. Determine the unknown quantities, and label them with variables. Write down 
any equation that relates the variables. 


. Use the information from step 3, along with a known formula or some 
additional information given in the problem, to write an equation. 


. Solve the equation obtained in step 4, and check to see whether the results 
satisfy all the conditions of the original problem. 


EXAMPLE 3_ Dimensions of a Painting 


One of the best known paintings is the Mona Lisa by 

Leonardo da Vinci. It is on display at the Musée du Louvre, 

in Paris. The length (or height) of this rectangular-shaped 

painting is 24 centimeters more than its width. The peri- 
w meter of the painting is 260 centimeters. Find the width 
and length of the painting. 


Solution 
1. Read the problem carefully. 


2. Draw a rectangle. See Figure 1.3. 


Gianni Dagli Orti/CORBIS 


3. Label the rectangle. We have used w for its width 
and / for its length. The problem states that the length 
is 24 centimeters more than the width. Thus / and w are related by the equation 


l=w+ 24 
4. The perimeter of a rectangle is given by the formula P = 2/ + 2w. To produce an 


equation that involves only constants and a single variable (say, w), substitute 260 
Figure 1.3 for P and w + 24 for /. 


w 


P=21+ 2w 
260 = 2(w + 24) + 2w 
5. Solve for w. 
260 = 2w + 48 + 2w 


260 = 4w + 48 
212 = 4w 
w = 53 


The length is 24 centimeters more than the width. Thus / = 53 + 24 = 77. 


1.2. FORMULAS AND APPLICATIONS 87 


A check verifies that 77 is 24 more than 53 and that twice the length (77) plus twice 
the width (53) gives the perimeter (260). The width of the painting is 53 centimeters, and 
its length is 77 centimeters. 


H# Try Exercise 18, page 93 


Similar triangles are ones for which the measures of corresponding angles are equal. 
The triangles below are similar. 


ZA=ZD ZB=ZE 4C=4F 


An important relationship among the sides of similar triangles is that the ratios of corre- 
sponding sides are equal. Thus, for the triangles above, 


This fact is used in many applications. 


EXAMPLE 4 _ A Problem Involving Similar Triangles 


A person 6 feet tall is in the shadow of a building 40 feet tall and is walking directly 
away from the building. When the person is 30 feet from the building, the tip of the 
person’s shadow is at the same point as the tip of the shadow of the building. How 
much farther must the person walk to be just out of the shadow of the building? Round 
to the nearest tenth of a foot. 


Solution 


Let x be the distance the person has to walk. Draw a picture of the situation using 
similar triangles. 


(continued ) 
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Triangles ABC and FDC are similar triangles. Therefore, the ratios of the lengths of 
the corresponding sides are equal. Using this fact, we can write an equation. 


30 +x x 
40 6 
Now solve the equation. 
30 +x x 
40 6 
120( 22 *) = 120( 2) * Multiply each side by 120, the LCD of 40 and 6. 
3(30 + x) = 20x * Solve for x. 
90 + 3x = 20x 
90 = 17x 
5.3.x 


The person must walk an additional 5.3 feet. 


m@ Try Exercise 24, page 94 


Many business applications can be solved by using the equation 


Profit = revenue — cost 


EXAMPLE 5_A Business Application 


It costs a tennis shoe manufacturer $26.55 to produce a pair of tennis shoes that sells 
for $49.95. How many pairs of tennis shoes must the manufacturer sell to make a profit 
of $14,274.00? 
Solution 
The profit is equal to the revenue minus the cost. If x equals the number of pairs of tennis 
shoes to be sold, then the revenue will be $49.95x and the cost will be $26.55x. Therefore, 
Profit = revenue — cost 
14,274.00 = 49.95x — 26.55x 
14,274.00 = 23.40x 
610 = x 

The manufacturer must sell 610 pairs of tennis shoes to make the desired profit. 


@ Try Exercise 26, page 94 


Simple interest problems can be solved by using the formula J = Prt, where /is the inter- 
est, P is the principal, r is the simple interest rate per period, and ¢ is the number of periods. 


EXAMPLE 6 An Investment Problem 


An accountant invests part of a $6000 bonus in a 5% simple interest account and 
invests the remainder of the money at 8.5% simple interest. Together the investments 
earn $370 per year. Find the amount invested at each rate. 


_ 


|}_+-__ d= 15( — 1) >| 
Figure 1.4 
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Solution 
Let x be the amount invested at 5%. The remainder of the money is $6000 — x, 
which is the amount invested at 8.5%. Using the simple interest formula J = Prt with 
t = | year yields 
Interest at 5% = x°0.05 = 0.05x 
Interest at 8.5% = (6000 — x): (0.085) = 510 — 0.085x 


The interest earned on the two accounts equals $370. 


0.05x + (510 — 0.085x) = 370 
—0.035x + 510 = 370 
—0.035x = —140 
x = 4000 


The accountant invested $4000 at 5% and the remaining $2000 at 8.5%. 


@ Try Exercise 32, page 94 


Many uniform motion problems can be solved by using the formula d = rt, where d 
is the distance traveled, r is the rate of speed, and f is the time. 


EXAMPLE 7_ A Uniform Motion Problem 


A runner runs a course at a constant speed of 6 mph. One hour after the runner begins, 
a cyclist starts on the same course at a constant speed of 15 mph. How long after the 
runner starts does the cyclist overtake the runner? 


Solution 

If we represent the time the runner has spent on the course by f¢, then the time the 
cyclist takes to overtake the runner is tf — 1. The following table organizes the informa- 
tion and helps us determine how to write the distance each person travels. 


15 -| ¢-1 | =] 15¢-D 


Figure 1.4 indicates that the runner and the cyclist cover the same distance. Thus 


6t = 15(t — 1) 
6t = 15t — 15 
—9t = -15 
2 
r= 15 
3 


; 2 
The cyclist overtakes the runner ‘7 hours after the runner starts. 


@ Try Exercise 36, page 94 
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Percent mixture problems involve combining solutions or alloys that have different con- 
centrations of a common substance. Percent mixture problems can be solved by using the 
formula pA = Q, where p is the percent of concentration (in decimal form), A is the amount 
of the solution or alloy, and Q is the quantity of a substance in the solution or alloy. For 
example, in 4 liters of a 25% acid solution, p is the percent of acid (0.25 as a decimal), A is 
the amount of solution (4 liters), and Q is the amount of acid in the solution, which equals 
(0.25)(4) liters = | liter. 


EXAMPLE 8 _ A Percent Mixture Problem 


A chemist mixes an 11% hydrochloric acid solution with a 6% hydrochloric acid 
solution. How many milliliters of each solution should the chemist use to make a 
600-milliliter solution that is 8% hydrochloric acid? 


Solution 


Let x be the number of milliliters of the 11% solution. Because the solution after 
mixing will have a total of 600 milliliters of fluid, 600 — x is the number of milliliters 
of the 6% solution. See Figure 1.5. 


Solutions before Solution after 
mixing mixing 


xml added to 600 — x ml yields 600 ml 


Figure 1.5 


Because all the hydrochloric acid in the solution after mixing comes from either the 
11% solution or the 6% solution, the number of milliliters of hydrochloric acid in the 
11% solution added to the number of milliliters of hydrochloric acid in the 6% solution 
must equal the number of milliliters of hydrochloric acid in the 8% solution. 


a of acid _ af & of acid =) _ & of acid i) 
11% solution 6% solution 8% solution 
0.11x + 0.06(600 — x) = _0.08(600) 
O.llx + 36 — 0.06x = 48 
0.05x + 36 = 48 
0.05x 
x = 240 


II 
— 
nN 


The chemist should use 240 milliliters of the 11% solution and 360 milliliters of the 
6% solution to make a 600-milliliter solution that is 8% hydrochloric acid. 


m@ Try Exercise 44, page 95 


Value mixture problems involve combining two or more ingredients that have different 
prices into a single blend. The solution of a value mixture problem is based on the equation 
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V = CA, where V is the value of the ingredient, C is the unit cost of the ingredient, and A 
is the amount of the ingredient. 

For instance, if the cost C of tea is $4.30 per pound, then 5 pounds (the amount A) of 
tea has a value V = (4.30)(5) = 21.50, or $21.50. The solution of a value mixture prob- 
lem is based on the sum of the values of all ingredients taken separately equaling the value 
of the mixture. 


EXAMPLE 9_ A Value Mixture Problem 


How many ounces of pure silver costing $10.50 per ounce must be mixed with 
60 ounces of a silver alloy that costs $7.35 per ounce to produce a silver alloy that 
costs $9.00 per ounce? 


Solution 


Let x be the number of ounces of pure silver being added. The value of the silver added 
is 10.50x. The value of the 60 ounces of the existing alloy is 7.35(60). Mixing the x 
ounces of the pure silver to the 60 ounces of the existing alloy yields an alloy that 
contains (x + 60) ounces. The value of the new alloy is 9.00(x + 60). 


( Value of ) + ( Value of ) = bee of ) 
pure silver existing alloy new alloy 
10.50x + 7.35(60) = 9.00(x + 60) 
10.5x + 441 = 9x + 540 
1.5x + 441 = 540 
1.5x = 99 
x = 66 
66 ounces of pure silver must be added. 


@ Try Exercise 54, page 95 


To solve a work problem, use the equation 
Rate of work X time worked = part of task completed 
For example, if a painter can paint a wall in 15 minutes, then the painter can paint 15 of the 
: ‘ : = ol : : 
wall in | minute. The painter’s rate of work is 15 of the wall each minute. In general, if a 


. ; = . 
task can be completed in x minutes, then the rate of work is — of the task each minute. 
x 


EXAMPLE 10 A Work Problem 


Pump A can fill a pool in 6 hours, and pump B can fill the same pool in 3 hours. 
How long will it take to fill the pool if both pumps are used? 

Solution ‘ 

Because pump A fills the pool in 6 hours, 6 represents the part of the pool filled by 


1 
pump A in | hour. Because pump B fills the pool in 3 hours, 3 represents the part of 
the pool filled by pump B in | hour. 


(continued ) 


92 


CHAPTER 1 EQUATIONS AND INEQUALITIES 


Let ¢ equal the number of hours to fill the pool using both pumps. Then 


( Part filled ) ” ( Part filled ) 
by pump A by pump B 


Multiplying each side of the equation by 6 produces 


2 1 2 
Check: Pump A fills 6 or 3° of the pool in 2 hours and pump B fills 3 of the pool 
in 2 hours, so 2 hours is the time required to fill the pool if both pumps are used. 


@ Try Exercise 56, page 95 


= + — = 4 
6 3 


* Part of the pool filled by pump A 


aln> 


< ¢ Part of the pool filled by pump B 


7 (' 2) 
pool 


t t 


t+ 2t=6 
3t= 6 
t=2 


EXERCISE SET 1.2 


In Exercises 1 to 10, solve the formula for the specified 
variable. 


1. 


a4, 


~yVr— yy = mx — x1); 


_S= < oF 
r 


1 
v= 3m h (geometry) 


. P= S-— Sdt; t (business) 
. [= Prt; t (business) 
A=P+ Prt; P (business) 
FH on m, (physics) 
& 


1 
A= a + by); b,; (geometry) 


- a, =a, + (n— 1)d; d_ (mathematics) 


x (mathematics) 


(mathematics) 


PV, _ PaV> 


T, ee 
11. = P.) Quarterback Rating During the 2008 season, 
5 Drew Brees, the quarterback of the New Orleans 
Saints, completed 65.0% of his passes. He averaged 7.98 yards 

per pass attempt, 5.4% of his passes were for touchdowns, 
and 2.7% of his passes were intercepted. Determine Brees’s 
quarterback rating for the 2008 season. (Hint: See Example 2, 


page 85.) 

12. é Quarterback Rating During the 2008 season, 
= Peyton Manning, the quarterback of the Indianapolis 
Colts, completed 66.8% of his passes. He averaged 7.21 yards 
per pass attempt, 4.9% of his passes were for touchdowns, and 
2.2% of his passes were intercepted. Determine Manning’s 
quarterback rating for the 2008 season. Round to the nearest 
tenth. (Hint: See Example 2, page 85.) 


10. V, (chemistry) 


The simplified measure of gobbledygook (SMOG) 

readability formula is often used to estimate the reading 
grade level required if a person is to fully understand the 
written material being assessed. The formula is given by 


SMOG reading grade level = Vw + 3 


where w is the number of words that have three or more 
syllables in a sample of 30 sentences. Use this information 
in Exercises 13 and 14. 


13. 


014. 


P.) A sample of 30 sentences 

from Alice s Adventures in 
Wonderland, by Lewis Carroll, 
shows a total of 42 words that 
have three or more syllables. 
Use the SMOG reading grade 
level formula to estimate the 
reading grade level required to 
fully understand this novel. 
Round the reading grade level 


to the nearest tenth. 

P) A sample of 30 sentences from A Tale of Two Cities, by 
Charles Dickens, shows a total of 105 words that have 

three or more syllables. Use the SMOG reading grade level 

formula to estimate the reading grade level required to fully 

understand this novel. Round the reading grade level to the 

nearest tenth. 


Syndicated Features Limited/Heritage/ 


The Image Works 


Another reading level formula is the Gunning-Fog Index. 
Here is the formula. 


Gunning-Fog Index = 0.4(A + P) 


where A is the average number of words per sentence 
and P is the percentage of words that have three or more 
syllables. The Gunning-Fog Index is defined as the 
minimum grade level required if a person is to easily 
understand the text on the first reading. Use this 
information in Exercises 15 and 16. 


15. 


16. 


P.) In a large sample of sentences from the novel The Red 

Badge of Courage, by Stephen Crane, the average num- 
ber of words per sentence is 14.8 and the percentage of words 
with three or more syllables is 15.1. Use the Gunning-Fog 
Index formula to estimate the reading grade level required to 
easily understand this novel. Round the grade level to the near- 
est tenth. 


P.) In a large sample of sentences from the novel Emma, by 

Jane Austen, the average number of words per sentence 
is 18.8 and the percentage of words with three or more sylla- 
bles is 14.2. Use the Gunning-Fog Index formula to estimate 
the reading grade level required to easily understand this novel. 
Round the grade level to the nearest tenth. 


In Exercises 17 to 60, solve by using the strategies for 
solving application problems (see page 86). 


17. 


Geometry The length of a rectangle is 3 feet less than twice 
the width of the rectangle. If the perimeter of the rectangle is 
174 feet, find the width and the length. 


218. 


19. 


20. 


21. 


22. 


23. 
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Geometry The width of a rectangle is 1 meter more than half 
the length of the rectangle. If the perimeter of the rectangle is 
110 meters, find the width and the length. 


Geometry A triangle has a perimeter of 84 centimeters. Each 
of the two longer sides of the triangle is three times as long as 
the shortest side. Find the length of each side of the triangle. 


Geometry A triangle has a perimeter of 161 miles. The length 
of each of the two smaller sides of the triangle is two-thirds the 
length of the longest side. Find the length of each side of the 
triangle. 


Height of a Tree One way to approximate the height of a tree 
is to measure its shadow and then measure the shadow of a 
known height. Use similar triangles and the diagram below to 
estimate the height of the tree. 


Height of a Building A building casts a shadow S50 feet long. 
A rod 4 feet tall placed near the building casts a shadow 3 inches 
long. Find the height of the building. 


Shadow Length A building 50 feet tall casts a shadow 20 feet 
long. A person 6 feet tall is walking directly away from the 
building toward the edge of the building’s shadow. How far 
from the building will the person be when the person’s shadow 
just begins to emerge from that of the building? 


94 


024. 


25. 


026. 


27. 


28. 


29. 


30. 


31. 
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Shadow Length A person 6 feet tall is standing at the base of 
a lamppost that is 25 feet tall and then begins to walk away 
from the lamppost. When the person is 10 feet from the lamp- 
post, what is the length of the person’s shadow? Round to the 
nearest tenth of a foot. 


Business It costs a manufacturer $8.95 to produce sunglasses 
that sell for $29.99. How many pairs of sunglasses must the 
manufacturer sell to make a profit of $17,884? 


Business It costs a restaurant owner 18 cents per glass for 
orange juice, which sells for 75 cents per glass. How many 
glasses of orange juice must the restaurant owner sell to make 
a profit of $2337? 


Determine Individual Prices A book and a bookmark together 
sell for $10.10. If the price of the book is $10.00 more than the 
price of the bookmark, find the price of the book and the price 
of the bookmark. 


Share an Expense Three people decide to share the cost of a 
yacht. By bringing in an additional partner, they can reduce the 
cost to each person by $4000. What is the total cost of the 
yacht? 


Business The price of a computer fell 20% this year. If the 
computer now costs $750, how much did it cost last year? 


Business The price of a magazine subscription rose 4% this 
year. If the subscription now costs $26, how much did it cost 
last year? 


Investment An investment adviser invested $14,000 in two 
accounts. One investment earned 8% annual simple interest, 
and the other investment earned 6.5% annual simple interest. 
The amount of interest earned for 1 year was $1024. How 
much was invested in each account? 


Investment A total of $7500 is deposited into two simple inter- 
est accounts. In one account the annual simple interest rate is 
5%, and in the second account the annual simple interest rate is 


33. 


34. 


35. 


36. 


37. 


38. 


7%. The amount of interest earned for 1 year was $405. How 
much was invested in each account? 


Investment An investment of $2500 is made at an annual 
simple interest rate of 5.5%. How much additional money must 
be invested at an annual simple interest rate of 8% so that the 
total interest earned is 7% of the total investment? 


Investment An investment of $4600 is made at an annual 
simple interest rate of 6.8%. How much additional money must 
be invested at an annual simple interest rate of 9% so that the 
total interest earned is 8% of the total investment? 


Uniform Motion Running at an average rate of 6 meters per 
second, a sprinter ran to the end of a track. The sprinter then 
jogged back to the starting point at an average rate of 2 meters 
per second. The total time for the sprint and the jog back was 
2 minutes 40 seconds. Find the length of the track. 


Uniform Motion A motorboat left a harbor and traveled to an 
island at an average rate of 15 knots. The average speed on the 
return trip was 10 knots. If the total trip took 7.5 hours, how 
many nautical miles is the harbor from the island? 


Uniform Motion A plane leaves an airport traveling at an 
average speed of 240 kilometers per hour. How long will it take 
a second plane traveling the same route at an average speed of 
600 kilometers per hour to catch up with the first plane if it 
leaves 3 hours later? 


240 km/h <2” 


aig 600 kin 
pn 


Airport 


Uniform Motion A plane leaves Chicago headed for Los 
Angeles at 540 mph. One hour later, a second plane leaves Los 
Angeles headed for Chicago at 660 mph. If the air route from 
Chicago to Los Angeles is 1800 miles, how long will it take for 
the first plane to pass the second plane? How far from Chicago 
will they be at that time? 


39. 


40. 


41. 


42. 


43. 


044, 


45. 


46. 


47. 


Speed of Sound in Air Two seconds after firing a rifle at a 
target, the shooter hears the impact of the bullet. Sound travels 
at 1100 feet per second and the bullet at 1865 feet per second. 
Determine the distance to the target (to the nearest foot). 


Speed of Sound in Water Sound travels through sea water 
4.62 times as fast as through air. The sound of an exploding 
mine on the surface of the water and partially submerged 
reaches a ship through the water 4 seconds before it reaches the 
ship through the air. How far is the ship from the explosion 
(to the nearest foot)? Use 1100 feet per second as the speed of 
sound through air. 


Uniform Motion A car traveling at 80 kilometers per hour is 
passed by a second car going in the same direction at a constant 
speed. After 30 seconds, the two cars are 500 meters apart. 
Find the speed of the second car. 


Uniform Motion Marlene rides her bicycle to her friend Jon’s 
house and returns home by the same route. Marlene rides her 
bike at constant speeds of 6 mph on level ground, 4 mph when 
going uphill, and 12 mph when going downhill. If her total 
time riding was 1 hour, how far is it to Jon’s house? (Hint: Let 
d, be the distance traveled on level ground and let d, be the 
distance traveled on the hill. Then the distance between the 
two houses is d,; + d>. Write an equation for the total time. 
For instance, the time spent traveling to Jon’s house on level 


. 4 
ground is 6? 


Metallurgy How many grams of pure silver must a silversmith 
mix with a 45% silver alloy to produce 200 grams of a 50% 
alloy? 


Chemistry How many liters of a 40% sulfuric acid solution 
should be mixed with 4 liters of a 24% sulfuric acid solution to 
produce a 30% solution? 


Chemistry How many liters of water should be evaporated 
from 160 liters of a 12% saline solution so that the solution that 
remains is a 20% saline solution? 


Automotive A radiator contains 6 liters of a 25% antifreeze 
solution. How much should be drained and replaced with pure 
antifreeze to produce a 33% antifreeze solution? 


Metallurgy How much pure gold should be melted with 
15 grams of 14-karat gold to produce 18-karat gold? (Hint: 
A karat is a measure of the purity of gold in an alloy. Pure 
gold measures 24 karats. An alloy that measures x karats is 


18 3 
= gold. For example, 18-karat gold is na gold.) 


48. 


49. 


50. 


51. 


52. 


53. 


054. 


55. 


056. 


57. 


58. 
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Metallurgy How much 14-karat gold should be melted with 
4 ounces of pure gold to produce 18-karat gold? (Hint: See 
Exercise 47.) 


Tea Mixture A tea merchant wants to make 20 pounds of a 
blended tea costing $5.60 per pound. The blend is made using 
a $6.50-per-pound grade of tea and a $4.25-per-pound grade of 
tea. How many pounds of each grade of tea should be used? 


Gold Alloy How many ounces of pure gold that costs $850 per 
ounce must be mixed with 25 ounces of a gold alloy that costs 
$500 per ounce to make a new alloy that costs $725 per ounce? 


Trail Mix A grocery mixes some dried cranberries that cost $6 
per pound with some granola that costs $3 per pound. How 
many pounds of each should be used to make a 25-pound mix- 
ture that costs $3.84 per pound? 


Coffee Mixture A coffee shop decides to blend a coffee that 
sells for $12 per pound with a coffee that sells for $9 per pound 
to produce a blend that will sell for $10 per pound. How much 
of each should be used to yield 20 pounds of the new blend? 


Coffee Mixture The vendor of a coffee cart mixes coffee 
beans that cost $8 per pound with coffee beans that cost $4 per 
pound. How many pounds of each should be used to make a 
50-pound blend that sells for $5.50 per pound? 


Silver Alloy A jeweler wants to make a silver alloy to be used 
to make necklaces. How many ounces of a silver alloy that costs 
$6.50 per ounce should be mixed with one that costs $8.00 per 
ounce to make a new 20-ounce alloy that costs $7.40 per ounce? 


Install Electrical Wires An electrician can install the electric 
wires in a house in 14 hours. A second electrician requires 
18 hours. How long would it take both electricians, working 
together, to install the wires? 


Print a Report Printer A can print a report in 3 hours. Printer 
B can print the same report in 4 hours. How long would it take 
both printers, working together, to print the report? 


Painting A painter can paint a kitchen in 10 hours. An appren- 
tice can paint the same kitchen in 15 hours. If they worked 
together, how long would it take them to paint the kitchen? 


Sports A snowmaking machine at a ski resort can produce 
enough snow for a beginner’s ski trail in 16 hours. With a typ- 
ical natural snowfall, it takes 24 hours to deposit enough snow 
to open the beginner’s ski trail. If the snowmaking machine is 
run during a typical natural snowfall, how long will it take to 
deposit enough snow to open the beginner’s trail? 
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59. Road Construction A new machine that deposits cement 
for a road requires 12 hours to complete a one-half mile sec- 
tion of road. An older machine requires 16 hours to pave the 
same amount of road. After depositing cement for 4 hours, the 
new machine develops a mechanical problem and quits work- 
ing. The older machine is brought into place and continues 
the job. How long does it take the older machine to complete 


60. Masonry A mason can lay the bricks in a sidewalk in 
12 hours. The mason’s apprentice requires 16 hours to do the 
same job. After working together for 4 hours, the mason leaves 
for another job, and the apprentice continues working. How 
long will it take the apprentice to complete the job? 


the job? 


SECTION 1.3 Quadratic Equations 


Solving Quadratic Equations 
by Factoring 

Solving Quadratic Equations by 
Taking Square Roots 

Solving Quadratic Equations by 
Completing the Square 

Solving Quadratic Equations by 
Using the Quadratic Formula 

The Discriminant of a Quadratic 
Equation 

Applications of Quadratic 
Equations 


Math Matters 


The term quadratic is derived from 
the Latin word quadrare, which 
means “to make square.” Because 
the area of a square that measures 
X units on each side is x*, we refer 
to equations that can be written in 
the form ax? + bx + c= Oas 
equations that are “quadratic in x.” 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page AS. 


PS1. Factor: x7 — x — 42 [P4] 
PS2. Factor: 6x? — x — 15 [P4] 
PS3. Write3 + V—16 ina + bi form. [P.6] 


—b — Vb? — 4ac 


PS4. Ifa = —3,b = —2,andc = 5, evaluate 5 [P.1/P.2] 
a 
—b+ Vb? -4 
PSS. Ifa = 2,b = —3, andc = 1, evaluate : af (P1/P2] 
a 


PS6. Ifx = 3 — i, evaluate x? — 6x + 10. [P6] 


® Solving Quadratic Equations by Factoring 


In Section 1.1 you solved linear equations. In this section you will learn to solve a type of 
equation that is referred to as a quadratic equation. 


Definition of a Quadratic Equation 


A quadratic equation in x is an equation that can be written in the standard 
quadratic form 


ax? + bx +c =0 


where a, b, and c are real numbers and a # 0. 


Several methods can be used to solve a quadratic equation. For instance, if you can 
factor ax’ + bx + c into linear factors, then ax” + bx + c = 0 can be solved by apply- 
ing the following property. 


The Zero Product Principle 


If A and B are algebraic expressions such that AB = 0, then A = 0 or B = 0. 
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The zero product principle states that if the product of two factors is zero, then at least 
one of the factors must be zero. In Example 1, the zero product principle is used to solve 
a quadratic equation. 


EXAMPLE 1 Solve by Factoring 


Solve each quadratic equation by factoring. 
a x? +2x-15=0 b. 2x*- 5x = 12 
Solution 


a x +2x-15=0 
(x — 3)\x + 5) =0 


¢ Factor. 
x-3=0 or x+5=0 * Set each factor equal to zero. 
x=3 t= =5 * Solve each linear equation. 


A check shows that 3 and —5 are both solutions of x? + 2x — 15 = 0. 


b. 2x — 5x = 12 
2x? — 5x — 12 = 0 ¢ Write in standard quadratic form. 
(x — 4)(2x + 3) = 0 * Factor. 
x-4=0 or 2x+3=0 * Set each factor equal to zero. 
x=4 2x = —3 * Solve each linear equation. 


__3 
a9 


3 
A check shows that 4 and — > are both solutions of 2x? — 5x = 12. 


@ Try Exercise 6, page 106 


Some quadratic equations have a solution that is called a double root. For instance, 
consider x7 — 8x + 16 = 0. Solving this equation by factoring, we have 


x7 — 8x + 16=0 


G=4e-4=0 ¢ Factor. 
x-4=0 or x-4=0 * Set each factor equal to zero. 
x=4 x=4 * Solve each linear equation. 


The only solution of x* — 8x + 16 = (is 4. In this situation, the single solution 4 is called 
a double solution or double root because it was produced by solving the two identical 
equations x — 4 = 0, both of which have 4 as a solution. 


® Solving Quadratic Equations by Taking Square Roots 


Recall that Vx2 = |x|. This principle can be used to solve some quadratic equations by 
taking the square root of each side of the equation. 
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In the following example, we use this idea to solve x? = 25. 


x? = 25 
V2 = V25 * Take the square root of each side. 
, x} = 5 ; DS 4/25 = 

Square Rats of Variable | | Use the fact that Vx? |x| and V25 = 5. 
Expressions x=-5 or x=5 * Solve the absolute value equation. 
See page 23. : = 
Absolute Value Equations The solutions are —S5 and 5. 
See page 80. We will refer to the preceding method of solving a quadratic equation as the square root 


procedure. 


The Square Root Procedure 


If x? = c, thenx = Ve orx = —Vc, which can also be written asx = + Vc. 


EXAMPLE 
Ifx* = 9,thenx = V9 = 3o0rx V9 3. This can be written asx = +3. 


= 7, then x = V7 orx = —V7. This can be written asx = +V7. 


—4, thenx = V—4 = 2iorx = —V—4 = —2i. This can be written as 
2i. 


EXAMPLE 2 Solve by Using the Square Root Procedure 


Use the square root procedure to solve each equation. 


a. 3x°+12=0 b (x+ 1% =48 


Solution 
a. 3x7 + 12=0 
3x? = —12 * Solve for x”. 
x? = —4 
x= +Vv-4 ¢ Take the square root of each side of the equation 
and insert a plus-or-minus sign in front of the 
radical. 
x=-2i or x =2i 
The solutions are —2i and 2i. 
b. (x + 1)? = 48 
xt1=+V48 * Take the square root of each side of the equation 
and insert a plus-or-minus sign in front of the 
radical. 
xt1= +4V3 + Simplify. 


x=-1+4V3 
x=-14+4V3 or x= -1-4V3 
The solutions are —1 + 43 and —-1 — 4V3. 


@ Try Exercise 28, page 106 


Math Matters 


Mathematicians have studied 
quadratic equations for centuries. 
Many of the initial quadratic equa- 
tions they studied resulted from 
attempts to solve geometry prob- 
lems. One of the most famous, 
which dates from around 500 B.c., 
concerns “squaring a circle.” The 
question was, Is it possible to con- 
struct a square whose area is the 
same as the area of a given circle? 
For these early mathematicians, to 
construct meant to draw with only 
a straightedge and a compass. It 
was approximately 2300 years later 
when mathematicians proved that 
such a construction is impossible. 
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® Solving Quadratic Equations by Completing the Square 


Consider two binomial squares and their perfect-square trinomial products. 


Perfect-Square Trinomial _ 


x? + 10x + 25 
x2 — 6x + 9 


"Square of a Binomial = 
(x + 5) = 
(x — 3y° = 


In each of the preceding perfect-square trinomials, the coefficient of x? is 1 and the constant 
term is the square of half the coefficient of the x term. 


2 


1 
x? + 10x + 25, (- 10) = 25 


1 2 
x? — 6x + 9, (4-0) i, 


Adding to a binomial of the form x” + hx the constant term that makes the binomial a 
perfect-square trinomial is called completing the square. For example, to complete the 


square of x? + 8x, add 
1 y] 
—-8}] = 16 
(2) 


to produce the perfect-square trinomial x7 + 8x + 16. 

Completing the square is a powerful procedure that can be used to solve any quadratic 
equation. For instance, to solve x7 — 6x + 13 = 0, first isolate the variable terms on one 
side of the equation and the constant term on the other side. 


x — 6x = -13 * Subtract 13 from each side of the equation. 


1 2 
x? — 6x +9 =-134+9 * Complete the square by adding 3-9) | =9 


to each side of the equation. 


(x — 3) = -4 * Factor and solve by the square root procedure. 
x-3=4+V-4 
x= 3 = 22 
x=322i 


The solutions of x? — 6x + 13 = 0 are 3 — 2iand3 + 2i. You can check these solutions 
by substituting each solution into the original equation. For instance, the following check 
shows that 3 — 2: does satisfy the original equation. 


x? — 6x + 13 =0 
3 — 2i% — 63 — 2) + 1320 * Substitute 3 — 2i for x. 
9 — 12) + 427 — 18 + 128+ 13 40 + Simplify. 
4+ 4-1) 20 
0=0 * The left side equals the right side, so 3 — 27 


checks. 


EXAMPLE 3_ Solve by Completing the Square 


Solve x* = 2x + 6 by completing the square. 


(continued ) 
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Math Matters 


Ancient mathematicians thought 
of “completing the square” in a 
geometric manner. For instance, 
to complete the square of 

x? + 8x, draw a square that 
measures x units on each side and 
add four rectangles that measure 
1 unit by x units to the right side 
of and the bottom of the square. 


|< x+4 >| 


7 


x+4 


Y 


Each of the rectangles has an area 
of x square units, so the total area 
of the figure is x* + 8x. To make 
this figure a complete square, we 
must add 16 squares that measure 
1 unit by 1 unit, as shown below. 


|< x+4 >| 


‘ 


x+4 


ha 


This figure is a complete square 
whose area is 


(x + 4)? = x* + 8x + 16 


EQUATIONS AND INEQUALITIES 


Solution 
x? = 2x + 6 
x’ — 2x = 6 * Isolate the constant term. 
x?—-2x+1=6+1 * Complete the square. 
(x -1P =7 * Factor and simplify. 
x-1l=+V7 * Apply the square root procedure. 
ye 1 ve * Solve for x. 


The exact solutions of x7 = 2x + 6 are 1 — V7 and 1 + V7. A calculator can be 
used to show that 1 — V7 ~ —1.646 and 1 + V7 © 3.646. The decimals —1.646 
and 3.646 are approximate solutions of x7 = 2x + 6. 


Try Exercise 46, page 106 


Completing the square by adding the square of half the coefficient of the x term 
requires that the coefficient of the x” term be 1. If the coefficient of the x* term is not 1, 
then first multiply each term on each side of the equation by the reciprocal of the coeffi- 
cient of x* to produce a coefficient of 1 for the x” term. 


IE! 


EXAMPLE 4 _ Solve by Completing the Square 
Solve 2x7 + 8x — 1 = 0 by completing the square. 
Solution 
2x* + 8x -1=0 
ox? + 8x = 1 * Isolate the constant term. 
1 1 
= (2x? + 8x) = —(1) ¢ Multiply both sides of the equation by the reciprocal 
: 2 of the coefficient of x7. 
2 1 
x + 4x == 
2 
2 1 
xi + 4x +4 = > +4 * Complete the square. 
2_9 ere 
(x + 2° = 3 ¢ Factor and simplify. 
9 
be i ¢ Apply the square root procedure. 
1 
x=-2+3 > * Solve for x. 
V2 
eS =2 3 ¢ Simplify. 
=4 2 352 
x = — 
2 
—4+3V2 _-4-3V2 
The solutions are and : 
2 2 
@ Try Exercise 42, page 106 


Math Matters 


The Granger Collection 


Evariste Galois (1811-1832) 


The quadratic formula provides 
the solutions to the general quad- 
ratic equation 


ax? + bx +c=0 


Formulas also have been devel- 
oped to solve the general cubic 


ax? + bx* + cx+da=0 


and the general quartic 


However, the French mathemati- 
cian Evariste Galois, shown above, 
proved that there are no formulas 
that can be used to solve “by rad- 
icals” general equations of degree 
5 or larger. 


Shortly after completion of his 
remarkable proof, Galois was shot 
in a duel. It has been reported 
that as Galois lay dying, he asked 
his brother, Alfred, to “Take care 
of my work. Make it known. 
Important.” When Alfred broke 
into tears, Evariste said, “Don’t 
cry, Alfred. | need all my courage 
to die at twenty.” (Source: Whom 
the Gods Love, by Leopold Infeld, 
The National Council of Teachers 
of Mathematics, 1978, p. 299.) 
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® Solving Quadratic Equations by Using the Quadratic 
Formula 


Completing the square for ax? + bx + c = 0 (a # 0) produces a formula for x in terms 
of the coefficients a, b, and c. The formula is known as the quadratic formula, and it can 
be used to solve any quadratic equation. 


The Quadratic Formula 


If ax’ + bx + c = 0,a # 0, then 


—b + Vb* — 4ac 


2a 


x= 


Proof We assume a is a positive real number. If a were a negative real number, then we 
could multiply each side of the equation by —1 to make it positive. 


ax? + bx +c=0 (a #0) 


ax’ + bx 


¢ Given. 


= =¢ * Isolate the constant term. 
p b c : : 
SKS SS * Multiply each term on each side of 
a a 


the equation by —. 
a 


* Complete the square. 


* Factor the left side. Simplify the 
powers on the right side. 


a b? 4a c ¢ Use a common denominator to 
at ae ee re simplify the right side. 
b 2 
Pie = b =at * Apply the square root procedure. 
2a 4a’ 
b b? — 4ac 
Bo = * Because a > 0, V4a? = 2a. 
2a 2a 
b Vb* — 4ac b ; 
x a « Add — — to each side. 
2a 2a 2a 
—b + Vb? — 4ac 
x= 
2a 


As a general rule, you should first try to solve quadratic equations by factoring. If the 
factoring process proves difficult, then solve by using the quadratic formula. 


EXAMPLE 5 Solve by Using the Quadratic Formula 


Use the quadratic formula to solve each of the following. 


a. x7 =3x+5 b. 4x2 — 4x +3=0 


(continued ) 
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Solution 
a. x2 =3x+5 
x? -3x-5=0 ¢ Write the equation in 
standard form. 
—b + Vb — 4ac : 
KS * Use the quadratic formula. 
2a 
=(=3) = Vi-3y) = 40-5 
gee EVEN SAO op pce ees 
2(1) 
3 + V29 
2 
3= V29 3+ V29 
x = —— or —— 
z 2 
3— V29 3+ V29 
The solutions are and 5 , 
b. 4x7 - 4x +3 =0 ¢ The equation is in standard 
form. 
—b + VB? — 4ac : 
x= ¢ Use the quadratic formula. 
2a 
—(-4) + V(-4" - 44 
oo ae Bia) *a=4,b=—4,c=3. 
2(4) 
4+ V16—48 4+ V—32 
2(4) 8 
4 4iV2 
8 
4-4iV2_ 1 V2, 4+4iV2 1 V2, 
x= = i or x= = -t+ I 
8 2 2 8 2 2 
1 2 1. “wa 
The solutions are — — xP and — + i. 
2 2 2 2 


@ Try Exercise 58, page 107 


Question ¢ Can the quadratic formula be used to solve any quadratic equation ax” + bx + c = 0 
with real coefficients and a # 0? 
® The Discriminant of a Quadratic Equation 


The solutions of ax? + bx + c = 0,a # 0, are given by 


—b + Vb* — 4ac 
= 


2a 


Answer @ Yes. However, it is sometimes easier to find the solutions by factoring, by the square 
root procedure, or by completing the square. 


Complex Conjugates 
See page 63. 
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The expression under the radical, b? — 4ac, is called the discriminant of the equation 
2 = 2_ NG ae . Dn 

ax’ + bx + c = 0. If b* — 4ac = 0, then Vb 4ac is a real number. If b 4ac < 0, 

then Vb? — 4ac is not a real number. Thus the sign of the discriminant can be used to 

determine whether the solutions of a quadratic equation are real numbers. 


The Discriminant and the Solutions of a Quadratic Equation 


The equation ax? + bx + c = 0, with real coefficients and a # 0, has as its 
discriminant b* — 4ac. 


= Ifb* — 4ac > 0, then ax? + bx + c = 0 has two distinct real solutions. 


= If b* — 4ac = 0, then ax* + bx + c = 0 has one real solution. The solution is 
a double solution. 


= If b? — 4ac < 0, then ax? + bx + c = 0 has two distinct nonreal complex 
solutions. The solutions are conjugates of each other. 


EXAMPLE 6 __ Use the Discriminant to Determine the Number 
of Real Solutions 


For Sach cauanioi determine the discriminant and aatete number of a solutions. 
a. 2x°-5x+1=0 

b. 3x7 + 6x +7=0 

c x7 +6x+9=0 

Solution 

a. The discriminant of 2x” — 5x + 1 = 0 is b? — 4ac = (—5)° — 4(2)(1) = 17. 


Because the discriminant is positive, 2x7 — 5x + 1 = 0 has two distinct real 
solutions. 


b. The discriminant of 3x7 + 6x + 7 = 0 is b* — 4ac = 67 — 4(3)(7) = —48. 
Because the discriminant is negative, 3x* + 6x + 7 = Ohas no real solutions. 


c. The discriminant of x2 + 6x + 9 = Ois b? — 4ac = 62 — 4(1)(9) = 0. Because _ 
the discriminant is 0, x7 + 6x + 9 = 0 has one real solution. 


@ Try Exercise 72, page 107 | 


® Applications of Quadratic Equations 


A right triangle contains one 90° angle. The side opposite the 90° angle is called the 
hypotenuse. The other two sides are called legs. The lengths of the sides of a right triangle 
are related by a theorem known as the Pythagorean Theorem. 

The Pythagorean Theorem states that the square of the length of the hypotenuse of a 
right triangle is equal to the sum of the squares of the lengths of the legs. This theorem is 
often used to solve applications that involve right triangles. 
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Note 


Many movies are designed to be 
shown on a screen that has a 
16-to-9 aspect ratio. 


The Pythagorean Theorem 


If a and b denote the lengths of the legs of a 
right triangle and c the length of the hypotenuse, 


Hypotenuse 


then c? = a? + B’. 


EXAMPLE 7 Determine the Dimensions of a Television Screen 


A television screen measures 60 inches diagonally, and its aspect ratio is 16 to 9. This 
means that the ratio of the width of the screen to the height of the screen is 16 to 9. 
Find the width and height of the screen. 


ry 


60 inches 


[+ 16x >| 
GB ve sence sen 
Sooo 


A 60-inch television screen with a 16:9 aspect ratio. 
Solution 
Let 16x represent the width of the screen and let 9x represent the height of the screen. 
Applying the Pythagorean Theorem gives us 


(16x)? + (9x)? = 607 


256x* + 81x? = 3600 * Solve for x. 
337x* = 3600 
> _ 3600 
x= SS 
337 
3600 . ¢ Apply the square root procedure. The 
337 ~ 3.268 inches plus-or-minus sign is not used in this 
application because we know x is 
positive. 


The height of the screen is about 9(3.268) ~ 29.4 inches, and the width of the screen is 
about 16(3.268) ~ 52.3 inches. 


@ Try Exercise 82, page 107 


EXAMPLE 8 _ Determine the Dimensions of a Candy Bar 


A company makes rectangular solid candy bars that measure 5 inches by 2 inches by 
0.5 inch. Due to difficult financial times, the company has decided to keep the price 
of the candy bar fixed and reduce the volume of the bar by 20%. What should the 
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g= Integrating Technology dimensions be for the new candy bar if the company keeps the height at 0.5 inch and 
“e makes the length of the candy bar 3 inches longer than the width? 

In many application problems, it 
is helpful to use a calculator to 
estimate the solutions of a quad- 
ratic equation by applying the 
quadratic formula. For instance, 
the following figure shows the 
use of a graphing calculator to ; 
estimate the solutions of Solution 

w+ 3w—-8=0. The volume of a rectangular solid is given by V = /wh. The original candy bar had a 
volume of 5+2+0.5 = 5 cubic inches. The new candy bar will have a volume of 
80%(5) = 0.80(5) = 4 cubic inches. 


(-34V(32-Yx1«(-B)))/2 
1.701562119 


(-3-V(32—U+1«(-8)))/2 Let w represent the width and w + 3 represent the length of the new candy bar. 
-Y.701562119 For the new candy bar we have 
lwh = V 
(w + 3)(w)(0.5) = 4 * Substitute in the volume formula. 
(w + 3)(w) = 8 * Multiply each side by 2. 
w? + 3w=8 * Simplify the left side. 
w? +3w-8=0 * Write in ax? + bx +c =0 form. 
~(3) + VBY — 40-8) 
w= as oa ae) ¢ Use the quadratic formula. 
—3 + V4l1 


2 
=~ 1.7 or —4.7 


We can disregard the negative value because the width must be positive. The width of 
the new candy bar, to the nearest tenth of an inch, should be 1.7 inches. The length 
should be 3 inches longer, which is 4.7 inches. 


Try Exercise 94, page 108 


Quadratic equations are often used to determine the height (position) of an object that 
has been dropped or projected. For instance, the position equation s = —16t? + vot + so 
can be used to estimate the height of a projected object near the surface of Earth at a given 
time ¢ in seconds. In this equation, vo is the initial velocity of the object in feet per second 
and sj is the initial height of the object in feet. 


EXAMPLE 9 __s+Determine the Time of Descent 


A ball is thrown downward with an initial velocity of 5 feet per second from the Golden 
Gate Bridge, which is 220 feet above the water. How long will it take for the ball to hit 
the water? Round your answer to the nearest hundreth of a second. 


Solution 


The distance s, in feet, of the ball above the water after t seconds is given by the posi- 
tion equation s = —16t? — 5t + 220. We have replaced vy with —5 because the ball is 
thrown downward. (If the ball had been thrown upward, we would use vg = 5.) To 
determine the time it takes the ball to hit the water, substitute 0 for s in the equation 


Dreamstime LLC 


(continued ) 
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s = —16t? — 5t + 220 and solve for t. In the following work, we have solved by 
using the quadratic formula. 


0 = —16t? — 5t + 220 
a oe: V(—5)? — 4(—16)(220) 
2(—16) 
5 + V14,105 
=32 


= —3.87 or 3.56 * Use a calculator to estimate ¢. 


¢ Use the quadratic formula. 


Because the time must be positive, we disregard the negative value. The ball will hit the 
water in about 3.56 seconds. 


Try Exercise 96, page 108 


EXERCISE SET 1.3 


In Exercises 1 to 10, solve each quadratic equation by In Exercises 33 to 50, solve each equation by completing 
factoring and applying the zero product principle. the square. 

1. x7 — 2x -15=0 2. x7 + 3x - 10 =0 33. x7 — 2x —- 15=0 34. x7 + 2x -8 =0 

3. 2x7 -x = 1 4. 2x* + 5x = 3 35. 2x7 — 5x — 12 = 0 36. 3x7 — 5x -2=0 

5. 8x? + 189x — 72 = 0 m6. 12x? — 41x + 24=0 37. x + 6x +1=0 38. x7 + 8x — 10 =0 

7. 3x? — 7x = 0 8. 5x* = —8x 39. x7 + 3x -1=0 

9. (x -—5P -9=0 10. (3x + 4 — 16=0 40. x° + 7x -2=0 


Al. 2x7 + 4x -1=0 
In Exercises 11 to 32, use the square root procedure to 


solve the equation. m42. 2x? + 10x -3 =0 
11. x? = 81 12. x? = 225 


13. y? = 24 14, y? = 48 aA: a2 = 48 = a 

15. z? = —16 16. z* = —100 45. x2 + 4x +5=0 
17. (x — 5% = 36 18. (x + 4 = 121 46 Bee eh =o 
19. (x + 2° = 27 20. (x — 3 =8 47. 4x7 + 4x +2=0 
21. (¢ - 4" + 25=0 22. ( + 1 + 64=0 48. 9x? + 12x +5 =0 
23. 2(x + 3 — 18 =0 24. 5(x — 2 — 45 = 0 49. 3x7 + 2x + 1=0 
25. (v- 6 —4= 14 26. (vt 27% +5 = 15 50. 4x7 — 4x = -15 


4 E2 = 2 
ea ae ee ee In Exercises 51 to 70, solve by using the quadratic formula. 


29. 2(x + 4" =9 30. 3(x — 2)? = 20 51. x? — 2x = 15 52. x? — 5x = 24 


31. 4x — 2 + 15 =0 32. 6(x + 5 + 21=0 53. 12x? — llx — 15 = 0 54. 10x? + 19x — 15 = 0 


55. x7 -2x =2 56.x°+ 4, -1=0 
57. x27 =-x+1 m58. 2x7 + 4x = 1 
59. 4x? = 41 — 8x 60. 2x = 9 — 3x7 

1 3 
61. 5x + 7x 1=0 

5x 19 

62.3 2 So = 0 

ao 8 
63. x° + 6x + 13 =0 64. x° = 2x — 26 
65. 2x7 = 2x — 13 66. 9x? — 24x + 20 = 0 
67. x7 + 2x +29 =0 68. x7 + 6x + 21 =0 
69. 4x7 + 4x + 13 =0 70. 9x* = 12x — 49 


In Exercises 71 to 80, determine the discriminant of the 
quadratic equation and then state the number of real 
solutions of the equation. Do not solve the equation. 


71. 


73. 


75. 


77. 


79. 


81. 


082. 


2x? — 5x -7=0 72. x° + 3x-11=0 


3x? — 2x + 10 = 0 74. x7 + 3x+3=0 


x? — 20x + 100 = 0 76. 4x7 + 12x +9=0 
24x? = -10x + 21 78. 32x? — 44x = —-15 
12x? + 15x = —7 80. 8x7 = 5x — 3 


Geometry The length of each side of an equilateral triangle is 
31 centimeters. Find the altitude of the triangle. Round to the 
nearest tenth of a centimeter. 


Dimensions of a Baseball Diamond How far, to the 
nearest tenth of a foot, is it from home plate to second base 
on a baseball diamond? (Hint: The bases in a baseball diamond 
form a square that measures 90 feet on each side.) 


Second 
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Dimensions of a Television Screen A television screen 
measures 54 inches diagonally, and its aspect ratio is 4 to 3. 
Find the width and the height of the screen. 


Publishing Costs The cost, in dollars, of publishing x books is 
C(x) = 40,000 + 20x + 0.0001x?. How many books can be 
published for $250,000? 


Sports The height ofa kicked football during a field goal attempt 
can be approximated by A = —0.0114x? + 1.732x, where h is 
the height, in feet, of the football when it is x feet from the 
kicker. To clear the goalpost the football must be at least 10 
feet above the ground. What is the maximum number of yards 
the kicker can be from the goalpost so that the football clears 
it? Round to the nearest tenth of a yard. 


Revenue The demand for a certain product is given by 
p = 26 — 0.01x, where x is the number of units sold per 
month and p is the price, in dollars, at which each item is sold. 
The monthly revenue is given by R = xp. What number of 
items sold produces a monthly revenue of $16,500? 


Profit A company has determined that the profit, in dollars, it 
can expect from the manufacture and sale of x tennis racquets 
is given by 


P 0.01x* + 168x — 120,000 


How many racquets should the company manufacture and sell 
to earn a profit of $518,000? 


. Quadratic Growth A plant’s ability to create food through the 


process of photosynthesis depends on the surface area of its 
leaves. A biologist has determined that the surface area A of a 
maple leaf can be closely approximated by the formula 
A = 0.72(1.28)h”, where h is the height of the leaf in inches. 


| 1.28h a 


a. Find the surface area of a maple leaf with a height of 7 inches. 
Round to the nearest tenth of a square inch. 


b. Find the height of a maple leaf with an area of 92 square 
inches. Round to the nearest tenth of an inch. 
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Dimensions of an Animal Enclosure A veterinarian wishes 
to use 132 feet of chain-link fencing to enclose a rectangular 
region and subdivide the region into two smaller rectangular 
regions, as shown in the following figure. If the total enclosed 
area is 576 square feet, find the dimensions of the enclosed 
region. 
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Construction of a Box A square piece of cardboard is formed 
into a box by cutting out 3-inch squares from each of the cor- 
ners and folding up the sides, as shown in the following figure. 
If the volume of the box needs to be 126.75 cubic inches, what 
size square piece of cardboard is needed? 


3 in. 


3 in. 


Population Density of a City The population density D (in 
people per square mile) of a city is related to the horizontal dis- 
tance x, in miles, from the center of the city by the equation 
D = —45x? + 190x + 200, 0 <x <5. At what distances 
from the center of the city does the population density equal 
250 people per square mile? Round each result to the nearest 
tenth of a mile. 


Traffic Control Traffic engineers install “flow lights” at the 
entrances of freeways to control the number of cars entering 
the freeway during times of heavy traffic. For a particular free- 
way entrance, the number of cars N waiting to enter the free- 
way during the morning hours can be approximated by 
N = —5t? + 80¢ — 280, where ¢ is the time of the day and 
6 = t = 10.5. According to this model, when will there be 
35 cars waiting to enter the freeway? 


P.) Daredevil Motorcycle Jump In March 2000, Doug 

Danger made a successful motorcycle jump over an L- 
1011 jumbo jet. The horizontal distance of his jump was 
160 feet, and his height, in feet, during the jump was approxi- 
mated by h = —16t? + 25.31 + 20, t = 0. He left the takeoff 
ramp at a height of 20 feet, and he landed on the landing ramp 
at a height of about 17 feet. How long, to the nearest tenth of a 
second, was he in the air? 


094, 
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Dimensions of a Candy Bar A company makes rectangular 
solid candy bars that measure 5 inches by 2 inches by 0.5 inch. 
Due to difficult financial times, the company has decided to 
keep the price of the candy bar fixed and reduce the volume of 
the bar by 20%. What should be the dimensions, to the nearest 
tenth of an inch, of the new candy bar if the company decides 
to keep the height at 0.5 inch and to make the length of the new 
candy bar 2.5 times as long as its width? 


Height of a Rocket A model rocket is launched upward with 
an initial velocity of 220 feet per second. The height, in feet, of 
the rocket t seconds after the launch is given by the equation 
h = —16t? + 220t. How many seconds after the launch will 
the rocket be 350 feet above the ground? Round to the nearest 
tenth of a second. 


Baseball The height h, in feet, of a baseball above the ground 
t seconds after it is hit is given by h = —16¢? + 52¢ + 4.5. Use 
this equation to determine the number of seconds, to the nearest 
tenth of a second, from the time the ball is hit until the ball 
touches the ground. 


Baseball Two equations can be used to track the position of 
a baseball ¢ seconds after it is hit. For instance, suppose 
h = —16t7 + 50¢ + 4.5 gives the height, in feet, of a base- 
ball ¢ seconds after it is hit and s = 103.9¢ gives the horizontal 
distance, in feet, of the ball from home plate ¢ seconds after it 
is hit. (See the following figure.) Use these equations to deter- 
mine whether this particular baseball will clear a 10-foot fence 
positioned 360 feet from home plate. 


| nae 


Basketball Michael Jordan was known for his hang time, 
which is the amount of time a player is in the air when making 
a jump toward the basket. An equation that approximates the 
height 4, in inches, of one of Jordan’s jumps is given by 
h = —16t? + 26.61, where ¢ is time in seconds. Use this equa- 
tion to determine Michael Jordan’s hang time, to the nearest 
tenth of a second, for this jump. 


99. 


100. 


Number of Handshakes If everyone in a group of people 
shakes hands with everyone other than themselves, then the 
total number of handshakes / is given by 


1 
h = ann — 1) 


The total number of handshakes that are exchanged by a group 
of people is 36. How many people are in the group? 


34 Data Storage The projected data storage requirements 

D, in petabytes, for the U.S. National Archives and 
Records Administration (NARA) can be modeled by 
D = 1.525x” — 21.35x + 72.225,7 < x < 22, wherex = 7 
corresponds to the year 2007. Use this model to predict the 
year in which the storage requirement for the NARA will first 
exceed 100 petabytes. Note: 1 petabyte = 2°° = 1.13 x 10% 
bytes, or one-half of all information stored in academic 
libraries. (Source: U.S. National Archives and Records 
Administration, as reported in Technology Review, July 2005.) 
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é Centenarians According to data provided by the U.S. 

Census Bureau, the number JN, in thousands, of centenar- 
ians (a person whose age is 100 years or older) who will be liv- 
ing in the United States during a year from 2010 to 2050 can be 
approximated by N= 0.3453x" — 9.417x + 164.1, where x is the 
number of years after the beginning of 2000. Use this equation 
to determine in what year will there be 200,000 centenarians 
living in the United States. 


Automotive Engineering The number of feet N that a car 
needs to stop on a certain road surface is given by the equation 
N = —0.015v? + 3v, 0 < v < 90, where v is the speed 
of the car in miles per hour when the driver applies the 
brakes. What is the maximum speed, to the nearest mile per 
hour, that a motorist can be traveling and stop the car within 
100 feet? 


P.) Orbital Debris The amount of space debris is increas- 

ing. The number JN, in thousands, of objects greater 
than 10 cm in diameter in low-Earth orbits (orbits 200 km to 
2000 km above Earth) can be approximated by the equation 
N= 0.0047? + 0.103¢+ 8.242, where t = 0 corresponds to the 
year 2000. (Source: http://orbitaldebris.jsc.nase.gov.) 


a. Use the equation to estimate the number of objects of 
space debris we can expect in 2010. Round to the nearest 
hundred. 


b. According to this model, in what year will the number of 
objects of space debris first exceed 15,000? 
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1. 


Solve: 6 — 4(2x + 1) = 5(3 — 2x) 


2 1 3 
Solve: “x ——=24+= 
3 4 6 2 
Solve by factoring: x? — 5x = 6 


Solve by completing the square: x7 + 4x — 2 = 0 


Solve by using the quadratic formula: x7 — 6x + 12 = 0 


6. 


A runner runs a course at a constant speed of 8 miles per hour. 
One hour later, a cyclist begins the same course at a constant 
speed of 16 miles per hour. How long after the runner starts 
does the cyclist overtake the runner? 


A pharmacist mixes a 9% acetic acid solution with a 4% acetic 
solution. How many milliliters of each solution should the 
pharmacist use to make a 500-milliliter solution that is 6% 
acetic acid? 


A mason can complete a wall in 10 hours, but an apprentice 
mason requires 15 hours to do the same job. How long will it 
take to build the wall with both people working? 
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Other Types of Equations 


Polynomial Equations 
Rational Equations 

Radical Equations 

Rational Exponent Equations 


Equations That Are Quadratic in 
Form 


Applications of Other Types of 
Equations 


Rational Expressions. 
See page 50. 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page Aé. 


PS1. Factor: x° — 16x [P4] 

PS2. Factor: x* — 36x” [P.4] 

PS3. Evaluate: 87? [P2] 

PS4. Evaluate: 16°” [P2] 

PS5. Multiply: (1 + Vx — 5),x > 5 [P2/P3] 
PS6. Multiply: (2 — Vx + 3),x > —3 [P.2/P3] 


® Polynomial Equations 


Some polynomial equations that are neither linear nor quadratic can be solved by the var- 
ious techniques presented in this section. For instance, the third-degree equation, or 
cubic equation, in Example | can be solved by factoring the polynomial and using the 
zero product principle. 


EXAMPLE 1 _ Solve a Polynomial Equation 


Solve: x° + 3x* — 4x — 12 =0 


Solution 
x + 3x = 4x -— 12 =0 
(x3 + 3x") — (4x + 12) = 0 ¢ Factor by grouping. 


x(x + 3) — 4¢ + 3) = 0 
(x + 3)@° — 4) =0 


(x + 3)\(Qx + 2)@ — 2) = 0 * Use the zero product principle. 
x+3=0 or x+2=0 or x-2=0 
x= -3 x=-2 x=2 


The solutions are —3, —2, and 2. 


Try Exercise 8, page 120 


® Rational Equations 


A rational equation is one that involves rational expressions. The following two equations 
are rational equations. 


2x x+4 x+ 1 x 4 


oe ea @=1 %=3 x*=1 


When solving a rational equation, be aware of the domain of the equation, which is the 
intersection of the domains of rational expressions. For the first equation above, —3 and | are 


Note 


Just because an equation can be 
written does not mean that there 
is a solution, as the equation at 
the right illustrates. Recall from 
Section 1.1 that equations with 
no solution are called contradic- 
tions. A simple example of a 
contradiction is x = x + 1. This 
equation has no solution. 


b. 3x + 
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excluded as possible values of x and are not in the domain. For the second equation, —1, 1, 


3 : . . 
and 3 are excluded as possible values of x and are not in the domain. 


2 ah . 9 3 ; 
The domain is important, as shown by trying to solve 3 +2= a 3 We begin 
P= = 


by noting that 3 is not in the domain of the rational expressions and then multiplying each 
side of the equation by x — 3. 


9 3x ; : ; 
+2= * 3 is not in the domain. 
v= 3 x= 3 
9 3x ¢ Multiply each side by x — 3, the 
(x 3(- = 9 r 2) (x 3(- = 5) LCD of the denominators. 
9 + 2(x — 3) = 3x * Solve for x. 
9+ 2x — 6 = 3x 
3=x 


However, the proposed solution, 3, is not in the domain, and replacing x with 3 in the 
original equation would require division by zero, which is not allowed. Therefore, the 
equation has no solution. 


EXAMPLE 2 Solve a Rational Equation 


Solve. 
2x + 1 —2 4 —4x + 12 
= b. 3x + = 
x+4 x+4 x= 2 x= 2 
2x x+ 1 x-— 1 
c. + = 
K=3 x4 xe 3 
Solution 
2x + 1 =) ; : ; 
a. +3= ¢ —4 is not in the domain. 
x+4 x+4 
2x + 1 _ =2 * Multiply each side by x + 4, the 
re ( x+4 * 3) er 9(- + 3) LCD of the denominators. 
(2x + 1) + 3a +4) = -2 * Solve for x. 
5x + 13 = -—2 
5x = —15 
x=-3 


—3 checks as a solution. The solution is —3. 


4 —4x + 12 
5 x 2: 


¢ 2 is not in the domain. 


—4x + 12 ; : 
(x — 2)\3x + = (x — 2) ¢ Multiply each side by x — 2. 
x= 72 x= 2 


3x(x — 2) + 4 = —4x + 12 * Solve for x. 
3x? — 6x + 4 = —4x + 12 


(continued ) 
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3x* — 2x -8 =0 


(3x + 4\(x — 2) = 0 ¢ Factor and use the zero product principle. 
3x +4=0 or x-2=0 
4 
LS Se x=2 
3 


4 . : ; : : 
-3 checks as a solution; 2 is not in the domain and does not check as a solution. 


4 
The solution is —3 


2x x +1 x-— 1 ¢ 3 and —4 are not 
c x-3 x+4 x-3 in the domain. 
(x — 3)\(x + ( ae *) = (x — 3)(x + a(%= "| * Multiply each 
x3 KA x= 3 side by the 
LCD of the 
denominators. 
Q2x(x +4) + @+ lx -3)=@+ 4-1) + Simplify. 


Wx? + 8x tx? - 2x —-3 = 9° 4+ 3x-4 
2x7 + 3x+1=0 


(2x + 1\(x + 1) =0 ¢ Factor and use 
the zero product 
principle. 

2x+1=0 or x+1=0 
1 
2 pe x==—] 
2 


1 1 
a 5 and —1 check as solutions. The solutions are — 3 and —1. 


@ Try Exercise 24, page 120 


® Radical Equations 


Some equations that involve radical expressions can be solved by using the following 
principle. 


The Power Principle 


If P and Q are algebraic expressions and n is a positive integer, then every solution 
of P = Qisa solution of P” = Q”. 


EXAMPLE 3_ Solve a Radical Equation 


Use the power principle to solve Vx + 4 = 3. 


Solution 
Vx +4 =3 
(Vx + 4)? = 3? * Square each side of the equation. (Apply the power principle 
with n = 2.) 
x+4=9 


x=5 
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Check: Vx + 4 
V54+4 
V9 


Iho [ke Il 


3 
3 ¢ Substitute 5 for x. 
3 
3 


¢ 5 checks. 
The solution is 5. 


Try Exercise 28, page 120 


Some care must be taken when using the power principle because the equation 
P" = Q" may have more solutions than the original equation P = Q. As an example, con- 
sider x = 3. The only solution is the real number 3. Square each side of the equation to 
produce x” = 9, and you get both 3 and —3 as solutions. The —3 is called an extraneous 
solution because it is not a solution of the original equation x = 3. 


Definition of an Extraneous Solution 


Any solution of P” = Q" that is not a solution of P = Q is called an extraneous 
solution. Extraneous solutions may be introduced whenever each side of an equa- 


tion is raised to an even power. 


EXAMPLE 4 Solve Radical Equations 


Solve. 
a. 2V2x—1-x=1 b Vx F1-V2xe—-5=1 
Solution 
a. 2V2x-—I-x=1 
2V2x—1l=xt+1 * Isolate the radical. 
(2V2x — ly =(« + 17 * Square each side. 
4(2x — 1)=x7 + 2x41 ¢ Simplify and solve for x. 
8 —-4=x74+ 2x41 
0O=x* - 6x +5 
0=(« - Da -— 5) * Factor. 
x-1=0 or x-5=0 
x=1 x=5 
Check: 2V2x—1-—x=1 /2x = 1 = 2 = 1 
2vV20)- 1-141 2V26)-1-521 
2v1-141 2Vv9-521 
2-141 6-51 
1=1 1=1 


1 and 5 check as solutions. The solutions are | and 5. 
bh Vxt+1—-V2x-5=1 
VX #1=H 14+ V2x=—5 * Isolate one of the radicals. 
(Vx + 1 = (1+ V2x - Sy ¢ Square each side. 


(continued ) 
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xt 1=1+2V2x —5 + (2x — 5) © There is still a radical 
expression. Isolate the 
remaining radical. 


x+5=2V2x —5 
(-—x + oy ee (2V2x — sy ¢ Square each side. 


x? — 10x + 25 = 4(2x — 5) 
x? — 10x + 25 = 8x — 20 


x’ — 18% + 45 =0 ¢ Write the equation in 
standard form. 
(x — 3)(x — 15) = 0 * Factor. 
x-3=0 or x—-15=0 
Note 5 x= 15 
In the check at the right, 15 is Check: Vx +1- V2x =5 = 1 Vx +1—- V2x = 52 I 
an example of an extraneous V3+1- V2G)-5 =i V15 + 1 — V2(15) -— 5 =i 
solution. Squaring both sides of fq Aly = 4 VI6 — V25 21 
the equation created the extrane- _ 
ous solution. 2-1-1 sae | 


3 checks as a solution, but 15 does not. The solution is 3. 


H# Try Exercise 30, page 120 


® Rational Exponent Equations 


Recall that W/b” = |b] when n isa positive even integer and W/b" = b (the absolute value 
p g 

= TO REVIEW sign is not necessary) when n is a positive odd integer. These results can be restated using 

rational exponents. 
vor Wah 

Definition of Wb" (D”)'/" = |b|, n is a positive even integer 

See page 24. 1/ . s : 

(b")’" = b,n isa positive odd integer 


For instance, (x”)!* = |x| (7 is an even integer) and (x*)'3 = x (n is an odd integer). 
It is important to remember this when solving equations that involve a variable with a 
rational exponent. Here is an example that shows the details. 


x73 = 16 
«28 = 16 + Rewrite x73 as (x?)"7. 
[(x aep = 16° * Cube each side of the equation. 
a 1e 
(x2)!/ P(e yi/ 2 * To take the square root, raise each side of the equation to the 
1/2 power. 
[=a s@h = |x 
|x| = 40961/ 
x= +64 * Use the fact that if |x] = a(a > 0), thenx = +a. 
Here is a check. 
a= le x23 = 16 
(-64)7/3 416 + Replace x with —64. (64)73 216 + Replace x with 64. 
[(-64)'2P = 16 ((64)'3P 2 16 
[-4])? = 16 [477 = 16 
16 = 16 «The solution checks. 16 = 16 «The solution checks. 


The solutions are —64 and 64. 
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Although we could use this procedure every time we solve an equation containing a 
variable with a rational exponent, we will rely on a shortcut that recognizes the need for 
the absolute value symbol when the numerator of the rational exponent is an even integer. 
Here is the solution of x73 = 16, using this shortcut. 


v= 16 
(2/3)3/2 = 163? * Raise each side of the equation to the 3/2 (the reciprocal of 2/3) 
power. 
|x| = 64 ¢ Because the numerator in the exponent of x7/3 is an even number, 
the absolute value sign is necessary. 
x= +64 
The solutions are —64 and 64. 


Now consider x°/* = 8. We solve this equation as 
x/4 = g 
(x3/ ae 3 — gf/3 * Raise each side of the equation to the 4/3 (the reciprocal of 3/4) 
power. 
x = 16 + Because the numerator in the exponent of x*/* is an odd number, 
the absolute value sign is not necessary. 


The solution is 16. 


EXAMPLE 5 Solve an Equation That Involves a Variable with 
a Rational Exponent 


Solve. 


a. 2x45 —47=115 bp 5444 = 44 


Solution 
a, 2x45 — 47 = 115 
2x45 = 162 « Add 47 to each side. 
x? = 81 * Divide each side by 2. 
(x/ 5)5/ 123" * Raise each side of the equation to the 5/4 (the reciprocal 
of 4/5) power. 
|x| = 243 * Because the numerator in the exponent of x‘/* is an even 


number, use absolute value. 


x= £243 
The solutions are —243 and 243. 
b. 54+ 4 = 44 


53/4 = 40 * Subtract 4 from each side. 
x4 = 8 * Divide each side by 5. 
(x?! oy 3 = gf/3 * Raise each side of the equation to the 4/3 (the reciprocal 
of 3/4) power. 
x = 16 + Because the numerator in the exponent of x*/* is an odd 


number, do not use absolute value. 
Substituting 16 into 5x7/4 + 4 = 44, we can verify that the solution is 16. 


Try Exercise 50, page 120 
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® Equations That Are Quadratic in Form 
The equation 4x4 — 25x? + 36 = 0 is said to be quadratic in form, which means that it 
can be written in the form 

av +but+c=0, a#0 


where wu is an algebraic expression involving x. For example, if we make the substitution 
u = x’ (which implies that vu? = x‘), then our original equation can be written as 


4u’ — 25u + 36 = 0 


This quadratic equation can be solved for u, and then, using the relationship uv = x?, we 
can find the solutions of the original equation. 


EXAMPLE 6 _ Solve an Equation That Is Quadratic in Form 


Solve: 4x* — 25x? + 36 = 0 


Solution 


Make the substitutions w = x” and u” = x‘ to produce the quadratic equation 
4u? — 25u + 36 = 0. Factor the quadratic polynomial on the left side of the equation. 


(4u — 9)\u — 4) = 0 
4u-—-9=0 or u—-—4=0 


9 
amr u=4 


Substitute x* for uw to produce 


I+ 


CS 22 * Check in the 
original equation. 


x= 


The solutions are —2, -=, >. and 2. 


@ Try Exercise 54, page 121 


The following table shows equations that are quadratic in form. Each equation is 
accompanied by an appropriate substitution that will enable it to be written in the form 
aw + butc=0. 


Equations That Are Quadratic in Form 


‘ w— 8u+15=0 
; wt+u-12=0 
me w— 9u + 20=0 
ee Qu + Tu-4=0 
Pt 15° + Tu -2=0 


xt — 8x? + 15 =0 
x6 +x>—- 12=0 
x!? — 9x'4 + 20 = 0 
2x73 + 7x13 —4=0 
ise ie 2 = 


exelifsijete ts 
| 
ci i 
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EXAMPLE 7 Solve an Equation That Is Quadratic in Form 


Solve: 3x23 — 5x3 —-2=0 
Solution 
Substituting w for xl/3 gives 


3u- — Su -2=0 


(3u + l\u—- 2) = 0 + Factor. 
3u+1=0 or u-2=0 
u= = u=2 
3 
v3 _! 13 ee Aft 
xc = 3 x" =2 * Replace u with x”. 
x= ad x=8 * Cube each side. 
27 


1 
A check will verify that both — 7 and 8 are solutions. 


@ Try Exercise 62, page 121 


It is possible to solve equations that are quadratic in form without making a formal 
substitution. For example, to solve x* + 5x? — 36 = 0, factor the equation and apply the 
zero product principle. 

x4 + 5x? — 36 =0 
(x? + 9)? — 4) =0 


x7+9=0 or x7 -4=0 
x? = -9 x =A 
eS 237 FS 22 


§ Applications of Other Types of Equations 


EXAMPLE 8 Solve a Uniform Motion Problem 


Two buses are transporting a football team to a game that is 120 miles away. The second 
bus travels at an average speed that is 10 mph faster than the first bus and arrives 1 hour 
sooner than the first bus. Find the average speed of each bus. 


Solution 
Let r be the rate of the first bus. Then r + 10 is the rate of the second bus. Solving the 


‘ ; : : E d 
uniform motion equation d = rt for time gives ¢ = —. Thus 
r 


dist 120 
Time for first bus = —e = 
rate of first bus r 
distance 120 


Time f dbus = = 
ene ge rate of second bus r+ 10 


(continued ) 
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Time for second bus = time for first bus — 1 


120 = 120 _ 1 
r+ 10 r 
r(r + 10 (- = ;) =r + 10)( 2° ~ : ° 7 by the 
120r = (r + 10)- 120 — rir + 10) 
120r = 1207 + 1200 — 7 - 10r 
r+ 10r — 1200 = 0 ° Write the quadratic 
equation in standard form. 
(r + 40)(r — 30) = 0 * Factor. 


Applying the zero product principle, r = —40 or r = 30. A negative average speed is 
not possible. The rate of the first bus is 30 miles per hour. The rate of the second bus is 
40 miles per hour. 


@ Try Exercise 70, page 121 


EXAMPLE 9 _ Solve a Work Problem 


A small pipe takes 12 minutes longer than a larger pipe to empty a tank. Working 
together, they can empty the tank in 1.75 minutes. How long would it take the smaller 
pipe to empty the tank if the larger pipe is closed? 


Solution 


Let ¢ be the time it takes the smaller pipe to empty the tank. Then ¢ — 12 is the time for 
the larger pipe to empty the tank. Both pipes are open for 1.75 minutes. Therefore, 


1.75 1.75 
a is the portion of the tank emptied by the smaller pipe and aA is the portion 


12 
of the tank emptied by the larger pipe. Working together, they empty one tank. Thus 
1.75 1s 
+ = 1. Solve this equation for ¢. 
t t— 12 
1.75 1.75 
+ = 1 
t t— 12 
ee 1.75 
t(t 12( + ) = ¢(t — 12)-1 ¢ Multiply each side by the 
tf ti LCD ¢(t — 12). 
1.75(t — 12) + 1.75t = ¢? — 12t 


1.75¢t — 21 + 1.75t = # — 12¢ 


0= 7? — 15.5t + 21 ¢ Write the quadratic equation in 
standard form. 


Using the quadratic formula, the solutions of the above equation are t = 1.5 and 
t = 14. Substituting t = 1.5 into the time for the larger pipe would give a negative 
time (1.5 — 12 = —10.5), so that answer is not possible. The time for the smaller pipe 
to empty the tank with the larger pipe closed is 14 minutes. 


@ Try Exercise 72, page 121 
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EXAMPLE 10 Solve an Application Involving Radicals 


A cabin is located in a meadow at the end of a straight driveway 2 kilometers long. A 
post office is 5 kilometers from the driveway along a straight road. (See the diagram 
below.) A woman walks 2 kilometers per hour through the meadow to point P and then 
5 kilometers per hour along the road to the post office. If it takes the woman 2.25 hours 
to reach the post office, what is the distance x of point P from the end of the driveway? 
Round to the nearest tenth of a kilometer. 


Solution ; 
. . . distance : ; . 
Recall that distance = rate X time. Therefore, time = ear Using this equation, 
rate 
we have 


distance from cabin to P V4 4+ x 


Time t Ik fi bin to P = 
Be Mn rarer ev ge rate of walking in meadow 2 


; distance from P to post office 5 — x 
Time to walk from P to post office = F = 
rate of walking on road By) 


The sum of these two times equals the total time (2.25 hours). Thus 


V44+x% 5-x 
+ = 2.25 
2 5 
Solve the equation. 
V44+x7 5-x 
+ = 2.25 
2 5 
Viex §= 
1o( 5 .- 5 *) = 10(2.25) * Clear the denominators. 
5V4 + x? + 215 — x) = 22.5 + Simplify. 

5V4 +x? + 10 = 2e = 225 
5V4+x° = 12.5 + 2x * Isolate the radical. 
(5V/4 + x2 P= (12.5 + 2x * Square each side. 


25(4 + x”) = 4x? + 50x + 156.25 
100 + 25x? = 4x* + 50x + 156.25 
21x? — 50x — 56.25 = 0 ¢ Write in standard form. 


(continued ) 
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Using the quadratic formula to solve the last equation, we have x ~ —0.8 and 
x ~& 3.2. Because x cannot be negative, point P is 3.2 kilometers from the end of the 
driveway. 


@ Try Exercise 84, page 122 


EXERCISE SET 1.4 


In Exercises 1 to 12, solve each polynomial equation by In Exercises 27 to 42, solve the radical equation. 
factoring and using the principle of zero products. 27. Vx=4-6=0 
1. x° — 25x = 0 2.°-—x=0 
a28. VI0-x=4 
3. = 2H e42=0 4. 4x3 + 4x? — 9x -9 = 0 
a i ae 29.°V3n=5 = Vet2= 1 
5... = 3x Sx 15: =-0 6. x7 — 4x° — 2x + 8 =0 


m30. Vxt+7-2=VvVx-9 


7. 3x° + 2x7 — 27x — 18 = 0 


a8. 4x3 5x2 16x 20 0 31. V2x + 11 V2x 5 2 
9.x -—8=0 32. Vxt+74+Vx—-5= 
10. °+8=0 33. Vx -44+ Ve 4+1= 


11. xt — 2x3 + 27x — 54 =0 


34. V2x —9 + V2x+ 6 =3 


12. x4 + 3x3 - 8x — 24=0 


35. V9x —- 20 =x 
In Exercises 13 to 26, solve the rational equation. 36. x = V12x — 35 
5 Tx + 18 x+4 —2 
13. 2 14. + 3 37. V2x —-1-Vx-1=1 
x +4 x+4 x= 2D x-2 
9 3r t 4 38. V6 —x+ V5x+6=6 
15. 2+ = 16. + 3 = 
r=3 £3 t—4 tS. 
39. V-7x+2+x=2 
17 _— 2 18, a ae \/aOon DO 
“x+2  2x-7 “y+2 y-4 MON = Oe eT 
2x + 2x + —Ix +1 We &m%-B=x- 
19.x-= 3 2x +9 20. 2x4 3 7x + 10 41. Wx? — 2x -13 =x-1 
x+3 x+3 x—1 x-1 
; i r ; : ; 42. Wx8 — 5x — 17 =x- 1 
21. 22. { 
x=3 22> x= 3 eH) £47 eS 1 
In Exercises 43 to 52, solve each equation containing a 
1 x+2 x7 12 rational exponent on the variable. 
el Se et 43. x3 =2 44, x2 = 5 
24-4 1 x= 4 10x + 13 
24. 2/5 — 4/3 — 
Ls yo3 ¥us x45 45. x 9 46. x 81 
gs, 42 3e , Bet 2 _ 4x5 47, x3? = 27 48. x°/4 = 125 
ie ae ee oo 
49. 3x23 — 16 = 59 050. 4x5 — 27 = 37 
Sees ae 2x + 3 
26. 
ce PH 3 MHS 51. 42/4 — 31 =77 52. 4x5 — 54 = 270 


In Exercises 53 to 68, find all real solutions of each 
equation by first rewriting each equation as a quadratic 
equation. 


53. 


55 


57. 


59. 


61. 


63. 


65. 


67. 


69. 


#70. 


71. 


a72. 


73. 


xt — 9x7 + 14=0 m54. x* — 10x7+9=0 


. 2x4 — 11x? +12 =0 56. 6x* — 7x7 +2=0 


+33>-6=0 58. 6x° + x? — 15 =0 


x¥/2 — 3y!/4 +2 = 0 60. 2x!/2 — 5x4 3 =0 


3x23 — 1x3 4 = 0 062. 6x2/3 — 7x3 — 20 = 0 


xt + 87 -9=0 64. 4x7 + 7x? — 36 =0 


x5 — x5 — 2 = 0 66. 2x7/5 — x5 = 6 


9x — 52Vx + 64=0 68. 8x — 38Vx +9=0 


Boating A small fishing boat heads to a point 24 miles down- 
river and then returns. The river’s current moves at 3 miles per 
hour. If the trip up and back takes 6 hours and the boat keeps a 
constant speed relative to the water, what is the speed of the 
boat? (Hint: If v is the speed of the boat, then its speed down- 
river is (v + 3) miles per hour and its speed upriver is (v — 3) 
miles per hour.) 


Running Maureen can run at a rate that is 2 miles per hour 
faster than her friend Hector’s rate. While training for a mini 
marathon, Maureen gives Hector a half-hour head start and 
then begins chasing Hector on the same route. If Maureen 
passes Hector 12 miles from the starting point, how fast is 
each running? 


Fence Construction A worker can build a fence in 8 hours. 
Working together, the worker and an assistant can build the 
fence in 5 hours. How long should it take the assistant, work- 
ing alone, to build the fence? 


Roof Repair A roofer and an assistant can repair a roof 
together in 6 hours. Working alone, the assistant can repair the 
roof in 14 hours. If both the roofer and the assistant work 
together for 2 hours and then the assistant is left alone to fin- 
ish the job, how much longer should the assistant need to fin- 
ish the repairs? 


Painting a Room An experienced painter and an apprentice 
can paint a room in 6 hours. Working alone, it takes the appren- 
tice 5 hours less than twice the time needed by the experienced 
painter to paint the room. How long does it take the experi- 
enced painter to paint the room? 


74. 
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Parallel Processing Parallel processing uses two or more 
computers, working together, to solve a single problem. Using 
parallel processing, two computers can solve a problem in 
12 minutes. If, working alone, one computer can solve a prob- 
lem in 7 minutes less than the time needed by the second com- 
puter, how long would it take the faster computer working 
alone to solve the problem? 


In Exercises 75 and 76, the depth s from the opening of a 
well to the water below can be determined by measuring 
the total time between the instant you drop a stone and 
the moment you hear it hit the water. The time, in 
seconds, it takes the stone to hit the water is given by 
Vs/4, where s is measured in feet. The time, also in 
seconds, required for the sound of the impact to travel up 
to your ears is given by s/1100. Thus the total time T, in 
seconds, between the instant you drop the stone and the 
moment you hear its impact is 


75. 


76. 


77. 


78. 


Time of fall = 


™~ 


Time forsound __s 
to travel up 1100 


Time of Fall One of the world’s deepest water wells is 7320 
feet deep. Find the time between the instant you drop a stone 
and the time you hear it hit the water if the surface of the water 
is 7100 feet below the opening of the well. Round your answer 
to the nearest tenth of a second. 


Depth of a Well Find the depth from the opening of a well to 
the water level if the time between the instant you drop a stone 
and the moment you hear its impact is 3 seconds. Round your 
answer to the nearest foot. 


Radius of a Cone A conical funnel has a height / of 4 inches 
and a lateral surface area L of 157 square inches. Find the radius 
r of the cone. (Hint: Use the formula L = arVr? + h?.) 

Diameter of a Cone As flour is poured onto a table, it forms 
a right circular cone whose height is one-third the diameter of 
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79. 


80. 
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the base. What is the diameter of the base when the cone has 
a volume of 192 cubic inches? Round to the nearest tenth of 
an inch. 


Precious Metals A solid silver sphere has a diameter of 8 mil- 
limeters, and a second silver sphere has a diameter of 12 mil- 
limeters. The spheres are melted down and recast to form a 
single cube. What is the length s of each edge of the cube? 
Round your answer to the nearest tenth of a millimeter. 


Pendulum The period T of a pendulum is the time it takes the 
pendulum to complete one swing from left to right and back. 
For a pendulum near the surface of Earth, 


ne 
T = 27,/— 
32 


where 7 is measured in seconds and L is the length of the pen- 
dulum in feet. Find the length of a pendulum that has a period 
of 4 seconds. Round to the nearest tenth of a foot. 


Distance to the Horizon On a ship, the distance d that you 
can see to the horizon is given by d = V1.5h, where h is the 
height of your eye measured in feet above sea level and d is 
measured in miles. How high is the eye level of a navigator 
who can see 14 miles to the horizon? Round to the nearest foot. 


As mentioned in the chapter opener, the golden mean, 
@, occurs in many situations. The exact value of @ is 


1+ V5 
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7 Exercises 82 and 83 involve the golden mean. 


. The golden mean can be found by dividing a line segment into 


two parts so that the ratio of the length of the longer part to the 
length of the shorter part equals the ratio of the length of the 
whole segment to the length of the longer part. Use the accom- 
panying diagram to write an equation that represents this rela- 
tionship. Solve the equation. Show that the positive solution of 
the equation makes the ratios described in the first sentence 
equal to . 


Is 1 -| 
————— 
k x >{«—l-x—>| 


Here is a method of constructing a golden rectangle, a rectangle 
in which the ratio of the length to the width is @. Begin with a 
square whose sides are 2 units. (You can use any length.) From 
the midpoint of one side, draw a line segment to an opposite 
vertex. Using a compass, create an arc that intersects an exten- 
sion of the base of the square. Now complete the rectangle. 


AD 
(See the following diagram.) Show that AB = ¢. 


084. 


B Cc 
S 
N 
\ 
\ 

2 \ 

\ 

\ 
A 1 E 1 F D 


=) Providing Power A power station is on one side of a 

' river that is 1 mile wide, and a factory is 6 miles down- 
stream on the other side of the river. The cost is $0.125 million 
per mile to run power lines over land and $0.2 million per mile 
to run power lines under water. How far over land should the 
power line be run if the total cost of the project is to be $1 mil- 
lion? Round to the nearest tenth of a mile. See the diagram 
below. (Hint: Cost for a segment equals cost per mile times the 
number of miles.) 


85. 


=) Triathlon Training To prepare for a triathlon, a person 
* swims across a river to point P and then runs along a path 
as shown in the diagram below. 


The person swims at 7 kilometers per hour and runs at 22 kilo- 

meters per hour. For what distance x is the total time for swim- 

ming and running 2 hours? Round to the nearest tenth of a 

kilometer. (Hint: Time swimming + time running = 2 hours, 
distance 


and ———— = time.) 
rate 
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Properties of Inequalities 
Compound Inequalities 
Absolute Value Inequalities 
Polynomial Inequalities 
Rational Inequalities 
Applications of Inequalities 


Math Matters 


Another property of inequalities, 
called the transitive property, states 
that for real numbers a, b, and c, if 
a>bandb><c thena>c. We 
say that the relationship “is greater 
than” is a transitive relationship. 


Not all relationships are transitive 
relationships. For instance, con- 
sider the game of scissors, paper, 
rock. In this game, scissors beats 
paper and paper beats rock, but 
scissors does not beat rock! 


| 
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Inequalities 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A6é. 


PS1. Find: {x|x > 2} N{x|x > 5} [P1] 
PS2. Evaluate 3x? — 2x + 5 forx = —3.[P1] 


x +3 
PS3. Evaluate 5 for x = 7. [P.1/P.5] 
a 
PS4. Factor: 10x” + 9x — 9 [P4] 
—3 
PS5. For what value of x is 7 7 undefined? [P.1/P.5] 
a 


PS6. Solve: 2x? — 11x + 15 = 0 [1.3] 


® Properties of Inequalities 


In Section P.1 we used inequalities to describe the order of real numbers and to represent sub- 
sets of real numbers. In this section we consider inequalities that involve a variable. In partic- 
ular, we consider how to determine which real numbers make an inequality a true statement. 

The solution set of an inequality is the set of all real numbers for which the inequal- 
ity is a true statement. For instance, the solution set of x + 1 > 4 is the set of all real num- 
bers greater than 3. Two inequalities are equivalent inequalities if they have the same 
solution set. We can solve many inequalities by producing simpler but equivalent inequal- 
ities until the solutions are readily apparent. To produce these simpler but equivalent 
inequalities, we often apply the following properties. 


Properties of Inequalities 


Let a, b, and c be real numbers. 


1. Addition—Subtraction Property If the same real number is added to or 
subtracted from each side of an inequality, the resulting inequality is 
equivalent to the original inequality. 


a<banda+c< b+ care equivalent inequalities. 


2. Multiplication—Division Property 
a. Multiplying or dividing each side of an inequality by the same positive 
real number produces an equivalent inequality. 


Ifc > 0, then a < band ac < bc are equivalent inequalities. 


b. Multiplying or dividing each side of an inequality by the same negative 
real number produces an equivalent inequality provided the direction of 
the inequality symbol is reversed. 


Ifc < 0, then a < band ac > bc are equivalent inequalities. 
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EXAMPLE 
Property 1 Adding or subtracting the same number to (from) each side of an 
inequality produces an equivalent inequality. 
x-4<7 x+3>5 
x-4+4<7+4 FHS HSS 5 = 3 
x<1l x>2 


Property 2a Multiplying or dividing each side of an inequality by the same 
positive number produces an equivalent inequality. 


2 
3x =< 12. —x1 > 


3x 12 
ey < — 
3 3 
x< 4 
Property 2b Multiplying or dividing each side of an inequality by the same 


negative number produces an equivalent inequality provided the 
direction of the inequality symbol is reversed. 


3 
—2x <6 —gee? 


—2x 6 

qo > ae 

=2 —2 
x>-—3 


Note the difference between Property 2a and Property 2b. Property 2a states that an 
equivalent inequality is produced when each side of a given inequality is multiplied (divided) 
by the same positive real number and the inequality symbol is not changed. By contrast, 
Property 2b states that when each side of a given inequality is multiplied (divided) by a neg- 
ative real number, we must reverse the direction of the inequality symbol to produce an 
equivalent inequality. For instance, multiplying both sides of —b < 4 by —1 produces the 
equivalent inequality b > —4. (We multiplied both sides of the first inequality by —1, and 
we changed the “less than” symbol to a “greater than” symbol.) 


EXAMPLE 1 Solve Linear Inequalities 


Solve each of the following inequalities. 


a. 2x+1<7 b —3x-25= 10 


Solution 
Study tip a. 2x+1<7 
Solutions of inequalities can be 2x <6 « Add —1 to each side and keep the inequality symbol as is. 
stated ans set-builder hotalion GF x<3 * Divide each side by 2 and keep the inequality symbol as is. 
interval notation. For instance, the 
solutions of 2x + 1 < 7 can be The inequality 2x + 1 < 7 is true for all real numbers less than 3. In set-builder 
written in set-builder notation as notation, the solution set is given by {x|x < 3}. In interval notation, the solution 
{x|x < 3} or in interval notation set is (— 00, 3). See the following figure. 
as (—©9, 3). 


Interval Notation 
See page 6. 
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b. —3x —2 = 10 
—3x = 12 * Add 2 to each side and keep the inequality symbol as is. 
x=-4 Divide each side by —3 and reverse the direction of the 


inequality symbol. 


The inequality —3x — 2 = 10 is true for all real numbers greater than or equal to 
—4. In set-builder notation, the solution set is given by {x|x = —4}. In interval 
notation, the solution set is [—4, 00). See the following figure. 


=6@ =5 -4 -2 = -l © 1 2 


# Try Exercise 6, page 133 


m Compound Inequalities 


A compound inequality is formed by joining two inequalities with the connective word 
and or or. The inequalities shown below are compound inequalities. 

x+1>3 and 2x-11<7 

x+3>5 or x-1<9 
The solution set of a compound inequality with the connective word or is the union of the 


solution sets of the two inequalities. The solution set of a compound inequality with the 
connective word and is the intersection of the solution sets of the two inequalities. 


EXAMPLE 2 Solve Compound Inequalities 


Solve each compound inequality. Write each solution in set-builder notation. 


a. 2x < 1l0orx+1>9 b. x +3 >4and2x+1> 15 


Solution 
a. 2x < 10 or x +1>9 
xsd x > 8 * Solve each inequality. 
{x|x < 5} {x|x > 8} * Write each solution as a set. 
{x|x < 5} U {x|x > 8} = {x|x < Sorx > 8} * Write the union of the 
solution sets. 
b x+3>4 and 2x+1> 15 
x>1 2x > 14 * Solve each inequality. 
x>7 
{x|x > 1} {x|x > 7} * Write each solution as a set. 
{x|x > 1} ON {x|x > 7} = {x|x > 7} * Write the intersection of the 


solution sets. 


@ Try Exercise 10, page 133 


Question ¢ What is the solution set of the compound inequality x > 1 orx < 3? 


Answer ® The solution is the set of all real numbers. Using interval notation, the solution set is 
written as (— 00, ©), 
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Note 


We reserve the notation 

a< b<ctomeana < band 
b < c. Thus the solution set of 
2 > x > 5 is the empty set, 
because there are no numbers 
less than 2 and greater than 5. 


Note 


The compound inequality a < b 
and b < ccan be written in the 
compact form a< b<c. 
However, the compound inequal- 
ity a< bor b> c cannot be 
expressed in a compact form. 


=§=-4=3 -2-1 0 1 2 3 4 3 
jx -— 1] <3 


Figure 1.6 


-5 -4-3 22-1 0 12 3 4 5 
jx — 1] >3 


Figure 1.7 


Note 


Some inequalities have a solution 
set that consists of all real num- 

bers. For example, |x + 9| = 0 is 
true for all values of x. Because an 
absolute value is always nonnega- 
tive, the inequality is always true. 


The inequality given by 
W<x+5< 19 
is equivalent to the compound inequality 12 < x + 5 and x + 5 < 19. You can solve 
12 <x +5 < 19 by either of the following methods. 
Method 1 Find the intersection of the solution sets of the inequalities 12 < x + 5 and 
x+5< 19, 
12<x+5 and Me aS 19) 
T<x x< 14 
The solution set is {x|x > 7} {x|x < 14} = {x|7 <x < 14}. 
Method 2 Subtract 5 from each of the three parts of the inequality. 
I2@< x*+tS <19 
WSs < 2-5-3 =< 195 
T< x < 14 
The solution set is {x]|7 <x < 14}. 


® Absolute Value Inequalities 


The solution set of the absolute value inequality |x — 1| < 3 is the set of all real numbers 
whose distance from | is Jess than 3. Therefore, the solution set consists of all numbers 
between —2 and 4. See Figure 1.6. In interval notation, the solution set is (—2, 4). 

The solution set of the absolute value inequality |x — 1| > 3 is the set of all real 
numbers whose distance from | is greater than 3. Therefore, the solution set consists of all 
real numbers less than —2 or greater than 4. See Figure 1.7. In interval notation, the solu- 
tion set is (—00, —2) U4, 00). 

The following properties are used to solve absolute value inequalities. 


Properties of Absolute Value Inequalities 


For any variable expression £ and any nonnegative real number k, 
|E| <k  ifandonlyif -kKSESk 
|E| =k  ifandonlyif E=-k or EZk 


These properties also hold true when the < symbol is substituted for the < symbol 
and when the > symbol is substituted for the = symbol. 


EXAMPLE 
If |x| < 5, then-5 <x <5, 


If |x| > 7, then x < —7 orx > 7. 


In Example 3, we use the preceding properties to solve absolute value inequalities. 


EXAMPLE 3_ Solve Absolute Value Inequalities 


Solve each of the following inequalities. 


a. |2-3x|<7 b |4x-3| 25 


=4.43 2-1 @ 1 2 
5 
(-33) 
3 


Figure 1.8 


-4 -3 —2 -l 0 1 2 
1 
—oo,-=/U[2 
( oo, ;| [2, 00) 


Figure 1.9 


3 


4 
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Solution 
a. |2 — 3x| < 7ifand only if -7 < 2 — 3x < 7. Solve this compound inequality. 


—-7<2-3x<7 
“0 <= =3% <5 * Subtract 2 from each of the three parts of the inequality. 


5 1 
3 'X a ¢ Multiply each part of the inequality by — 3 and reverse 
the inequality symbols. 


5 : 
In interval notation, the solution set is given by (- 3° 3) See Figure 1.8. 


b. |4x — 3| = 5 implies 4x — 3 S —5 or 4x — 3 = S. Solving each of these 
inequalities produces 


4x -3s=-5 or 4x -325 
4x = -2 4x = 8 

1 
Paice! 5 ae 

2 


1 
The solution set is (-ve, -3| U [2, co). See Figure 1.9. 


@ Try Exercise 18, page 133 


® Polynomial Inequalities 


Any value of x that causes a polynomial in x to equal zero is called a zero of the polyno- 
mial. For example, —4 and 1 are both zeros of the polynomial x* + 3x — 4 because 
(—4) + 3(-4) — 4 = Oand 1? + 3-1-4=0. 


Sign Property of Polynomials 


Polynomials in x have the following property: for all values of x between two 


consecutive real zeros, all values of the polynomial are positive or all values of the 
polynomial are negative. 


In our work with inequalities that involve polynomials, the real zeros of the polyno- 
mial are also referred to as critical values of the inequality. On a number line, the criti- 
cal values of an inequality separate the real numbers that make the inequality true from 
those that make it false. 

For instance, to solve the inequality x” + 3x — 4 < 0, we begin by solving the equa- 
tion x* + 3x — 4 = 0 to find the real zeros of the polynomial. 


x7 +3x-4=0 
(x + 4a - 1) =0 
x+4=0 or x-1=0 


x= -4 x 


II 
an 
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The real zeros are —4 and 1. They are the critical values of the inequality x” + 3x—4 <0, 

and they separate the real number line into three intervals, as shown in Figure 1.10. 

Figure 1.10 To determine the intervals in which x7 + 3x — 4 is less than 0, pick a number called 
a test value from each of the three intervals and then determine whether x” + 3x — 4 is 
less than 0 for each of these test values. For example, in the interval (— 00, —4), pick a test 
value of —5. Then 


-5-4-3 2-10 12 3 4 


x? + 3x — 4 = (—5)P + 3(-5) —4 = 6 


Because 6 is not less than 0, by the sign property of polynomials, no number in the interval 
(—00o, —4) makes x? + 3x — 4 less than 0. 
Now pick a test value from the interval (—4, 1)—say, 0. When x = 0, 


x? + 3x-—4=07?+ 30)-4=—-4 
Because —4 is less than 0, by the sign property of polynomials, all numbers in the interval 


(—4, 1) make x* + 3x — 4 less than 0. 
If we pick a test value of 2 from the interval (1, 00), then 


x*+3x-4= (2 +32)-4=6 
Because 6 is not less than 0, by the sign property of polynomials, no number in the inter- 


val (1, 00) makes x” + 3x — 4 less than 0. 
The following table is a summary of our work. 


| Interval Test Value x | x +3x-4<0 

(— 00, —4) = (-57 + 3(-5) - 4 =< 0 
6< 0 False 

(—4, 1) 0 (0)? + 3(0) -4 <0 
—-4< 0 True 

(1, 00) 2 (2)? + 3722) -4 <0 
6< 0 False 


In interval notation, the solution set of x? + 3x — 4 < 0 is (—4, 1). The solution set is 

graphed in Figure 1.11. Note that in this case the critical values —4 and | are not included 
Figure 1.11 in the solution set because they do not make x” + 3x — 4 less than 0. 

To avoid the extensive arithmetic, we often use a sign diagram. For example, note that 

the factor (x + 4) is negative for all x < —4and positive for all x > —4.The factor (x — 1) 

is negative for all x < 1 and positive for all x > 1. These results are shown in Figure 1.12. 


“S$ -4-3 2-1 0 1 2 3 4 5 


pt 
5 4-32-1012 3 4 5 
Sign diagram for x2 + 3x-4 <0 


a 


Figure 1.12 


Because we are trying to solve x7 + 3x — 4 < 0, we want the interval for which the 
product of the factors is negative (the polynomial is less than zero). From the sign 
diagram, we can visually determine that this interval is where the factors have opposite 
signs. See Figure 1.13. 
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= t > 


5 4-32-1012 3 4°55 


<p} |} — t a 
5 432-1012 3 4 5 
The solution is the interval (4, 1). 


Figure 1.13 


EXAMPLE 4 Solve a Polynomial Inequality 


Find the solution set of x? + 3x? — 4x — 12 = 0. Write the answer in interval notation. 


Solution 
Find the zeros of the polynomial. 


x + 3x = 4e= 12= 0 
(x + 3) + 2)(x — 2) = 0 ¢ Factor by grouping. 


The zeros are —3, —2, and 2. Draw a sign diagram using these values. See Figure 1.14. 


—2 t++++4 
x+2 t++4 
peat) t+4 

nga pai fee 

5 432-10 12 3 4 5 

= }—- || 

5432-10123 4 5 
Figure 1.14 


Because the inequality is =, find the intervals for which the product of the factors is posi- 
tive or zero. From the diagram, the solution set is [—3, 2] U[2, 00). The inequality is =, 
so we use brackets, except after the infinity symbol. 


@ Try Exercise 34, page 134 


Following is a summary of the steps used to solve polynomial inequalities by the crit- 
ical value method. 


Solving a Polynomial Inequality by the Critical Value Method 


. Write the inequality so that one side of the inequality is a nonzero polynomial 
and the other side is 0. 


. Find the real zeros of the polynomial. They are the critical values of the 
original inequality. 


. Use test values to determine which of the consecutive intervals formed by the 
critical values are to be included in the solution set. 
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® Rational Inequalities 


A rational expression is the quotient of two polynomials. Rational inequalities involve 
rational expressions, and they can be solved by an extension of the critical value method. 


Definition of a Critical Value of a Rational Expression 


A critical value of a rational expression is a number that causes the numerator of 
the rational expression to equal zero or the denominator of the rational expression 
to equal zero. 


Rational expressions also have the property that they remain either positive for all val- 
ues of the variable between consecutive critical values or negative for all values of the vari- 
able between consecutive critical values. 

Following is a summary of the steps used to solve rational inequalities by the critical 
value method. 


Solving a Rational Inequality Using the Critical Value Method 


. Write the inequality so that one side of the inequality is a rational expression 
and the other side is zero. 


. Find the real zeros of the numerator of the rational expression and the real 
zeros of its denominator. They are the critical values of the inequality. 


. Use test values to determine which of the consecutive intervals formed by the 
critical values are to be included in the solution set. 


EXAMPLE 5_ Solve a Rational Inequality 


3x + 4 
= 
x+1 


Solve: 


Solution 
Write the inequality so that 0 appears on the right side of the inequality. 


3x + 4 
=2 
x+ 1 
3x + 4 
oT ae h 
x+ 1 


Write the left side as a rational expression. 


3x +4 24D _ 


=0 * The LCDisx+ 1. 
x+1 x+1 
2 cet aa ee simplify 
a < implify. 
xD 
= 0 
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The critical values of this inequality are —2 and —1 because the numerator x + 2 is 
equal to zero when x = —2 and the denominator x + | is equal to zero when x = —1. 
The critical values —2 and —1 separate the real number line into the three intervals 
(—o, —2), (—2, —1), and (—1, ©). 


x +2 : . 
i negative, as desired. On the 


All values of x on the interval (—2, —1) make 
x 


+2 
as i is positive. See the sign diagram in Figure 1.15. 


other intervals, the quotient 
x 


(x + 2) and (x + 1) have 
different signs on (—2, —1). 


(x +2) - = = + + + + + + 
(x+1) - = = = + + + + 4+ 
3 4 = o 1 
Figure 1.15 


The solution set is |—2, —1). The graph of the solution set is shown in Figure 1.16. 


+2 
- i = 0 when x = —2. However, 


Note that —2 is included in the solution set because zs 
x 


—1 is not included in the solution set because the denominator (x + 1) is zero when 
x=-l. 


Figure 1.16 


@ Try Exercise 50, page 134 


® Applications of Inequalities 


Many applied problems can be solved by using inequalities. 


EXAMPLE 6 Solve an Application Concerning Leases 


A real estate company needs a new copy machine. The company has decided to lease 
either the model ABC machine for $75 a month plus 5 cents per copy or the model 
XYZ machine for $210 a month and 2 cents per copy. Under what conditions is it less 
expensive to lease the XYZ machine? 


Solution 


Let x represent the number of copies the company produces per month. The dollar costs 
per month are 75 + 0.05x for model ABC and 210 + 0.02x for model XYZ. It will be 
less expensive to lease model XYZ provided 


210 + 0.02x < 75 + 0.05x 


210 — 0.03x < 75 * Subtract 0.05x from each side. 
—0.03x < —135 * Subtract 210 from each side. 
x > 4500 * Divide each side by —0.03. Reverse the inequality 
symbol. 


(continued ) 
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The company will find it less expensive to lease model XYZ if it produces more than 
4500 copies per month. 


@ Try Exercise 56, page 134 


EXAMPLE 7 Solve an Application Concerning Test Scores 


Tyra has test scores of 70 and 81 in her biology class. To receive a C grade, she must 
obtain an average greater than or equal to 72 but less than 82. What range of test scores 
on the one remaining test will enable Tyra to get a C for the course? 


Solution 


The average of three test scores is the sum of the scores divided by 3. Let x represent 
Tyra’s next test score. The requirements for a C grade produce the following inequality. 


70 + 814+ x 
72 = ———— < 82 
3 
216 = 70 + 81+ x < 246 * Multiply each part of the inequality by 3. 
2146= I51+x < 246 * Simplify. 
65s x < 95 * Solve for x by subtracting 151 from each 


part of the inequality. 
To get a C in the course, Tyra’s remaining test score must be in the interval [65, 95). 


@ Try Exercise 62, page 135 


In many business applications, companies are interested in the cost C of manufactur- 
ing x items, the revenue R generated by selling all the items, and the profit P made by sell- 
ing the items. 

In the next example, the cost, in dollars, of manufacturing x tennis racquets is given by 
C = 32x + 120,000. The 120,000 represents the fixed cost because it remains constant 
regardless of how many racquets are manufactured. The 32x represents the variable cost 
because this term varies depending on how many racquets are manufactured. Each addi- 
tional racquet costs the company an additional $32. 

The revenue, in dollars, received from the sale of x tennis racquets is given by 
R = x(200 — 0.01x). The quantity (200 — 0.01x) is the price the company charges for 
each tennis racquet. The price varies depending on the number of racquets that are manu- 
factured. For instance, if the number of racquets x that the company manufactures is small, 
the company will be able to demand almost $200 for each racquet. As the number of rac- 
quets that the company manufactures increases (approaches 20,000), the company will 
only be able to sell a// the racquets if it decreases the price of each racquet. 

The following profit formula shows the relationship between profit P, revenue R, and 
cost C. 


P=R-C 


EXAMPLE 8 Solve a Business Application 


A company determines that the cost C, in dollars, of producing x tennis racquets is 
C = 32x + 120,000. The revenue R, in dollars, from selling all of the tennis racquets 
is R = x(200 — 0.01%). 
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= 600, 

uo) 

S 500- iz = 

= 400 |- a 

2 300; &y 

g : 

s 200, 

= 100- ] 

2 

a 0 = _ 
1 2 3 4 5 6 7 8 9 10 11 *¥ 


Number of racquets 
(in thousands) 


How many racquets should the company manufacture and sell if the company wishes to 
earn a profit of at least $500,000? 


Solution 
The profit is given by 
P=R-C 
x(200 — 0.01x) — (32x + 120,000) 
= 200x — 0.01x? — 32x — 120,000 
= —0.01x” + 168x — 120,000 
The profit will be at least $500,000 provided 
—0.01x? + 168x — 120,000 = 500,000 
—0.01x" + 168 — 620,000 = 0 


Using the quadratic formula, we find that the approximate critical values of this last 
inequality are 5474.3 and 11,325.7. Test values show that the inequality is positive only 
on the interval (5474.3, 11,325.7). The company should manufacture at least 5475 tennis 
racquets but no more than 11,325 tennis racquets to produce the desired profit. 


H Try Exercise 58, page 134 


EXERCISE SET 1.5 


In Exercises 1 to 8, use the properties of inequalities to 11. 102=3x-120 
solve each inequality. Write the solution set using set- 
builder notation, and graph the solution set. 12.05 2x +6 = 54 

1.24 43 <.11 2: 3x = >> 16 13.x+2<-lorx +322 

3.x+4> 3x+ 16 4. 5x +6<2x+1 14.x+1>40rx+2 <3 

5. -3(Qa4 + 2) = 5x +7 m6. —4(x — 5) = 2x + 15 15. -4x +5>9o0r4x+1<5 

7. —43x — 5) > 2x — 4) 8. 3(x + 7) = 5(2x — 8) 16; 2x — 7 = [Sor3x:=— 15.5 

In Exercises 17 to 28, use interval notation to express the 

In Exercises 9 to 16, solve each compound inequality. solution set of each inequality. 
Write the solution set using set-builder notation, and 17. |2x-1| >4 18. [2x —9| <7 
graph the solution set. 

9. 4x + 1 > —2and4x+1<17 19, |x + 3| =5 20. |x — 10| =2 
m10. 2x + 5 > —I6and2x +5 <9 21. |3x— 10| = 14 22. |2x —5| 2 1 
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23. 


25. 


27. 
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|4 — 5x| = 24 24, |3 — 2x| <5 
|x — 5| 20 26. |x—7| 20 
|x - 4| =0 28. |2x + 7| = 0 


In Exercises 29 to 40, use the critical value method to 
solve each polynomial inequality. Use interval notation to 
write each solution set. 


29. 


31. 


33. 


35. 


37. 


39. 


xr +ix>0 30. x7 — 5x <0 
x7- 16<0 32. x7 - 49 > 0 
x7 + 7x + 10 <0 m34. x° + 5x +6<0 


x? — 3x = 28 36. x7 < —x + 30 


xe-—x7-1l6x+16<0 38. x°4+2x7-9%-9>0 


x* — 20x? + 64=0 40. x* — 10x7 +9 <0 


In Exercises 41 to 54, use the critical value method to 
solve each rational inequality. Write each solution set in 
interval notation. 


+4 4 
| 22 = SG 
x-1 KS 
ee fq 4 
“xy +8 “x+6- 
We eh 46 § 
“Ox +7 3x —5 
x + 1l\(x - 4 x(x — 4 
ag SA 2G i cy 
x= 2 x+5 
+2 +1 
49, 7+ <2 oC eee 
=D. y=) 
Bi _ 2 = 
4 9 Oe SORT. 


53. 


55. 


2 
0 sg TIE 

Kap 
Personal Finance A bank offers two checking account plans. 
The monthly fee and charge per check for each plan are shown 
in the following diagram. Under what conditions is it less 
expensive to use the LowCharge plan? 


56. 


57. 


058. 


59. 


60. 


Charge per 


Plan Check 


Account 
Fee 


Monthly | 


LowCharge | $5.00 | $.01 
FeeSaver | $1.00 | $.08 


Personal Finance You can rent a car for the day from 
Company A for $29.00 plus $0.12 a mile. Company B charges 
$22.00 plus $0.21 a mile. Find the number of miles m (to the 
nearest mile) per day for which it is cheaper to rent from 
Company A. 


2 Shipping Requirements United Parcel Service (UPS) 

will only ship packages for which the length is less than or 
equal to 108 inches and the length plus the girth is less than or 
equal to 130 inches. The length of a package is defined as the 
length of the longest side. The girth is defined as twice the 
width plus twice the height of the package. If a box has a length 
of 34 inches and a width of 22 inches, determine the possible 
range of heights / for this package if you wish to ship it by UPS. 
(Source. http://www.iship.com.) 


Movie Theater Attendance The attendance A, in billions 

of people, at movie theaters has been declining since the 
year 2000. A model of the decline is given by A =—0.05x + 1.73, 
where x = 0 corresponds to 2000. According to this model, in 
what year will movie attendance first be less than 1.25 billion 
people? 


Car Value Based on data from the Kelley Blue Book website, 
the value V, in dollars, of a 2006 Corvette Coupe in excellent 
condition can be modeled by V = —181.14m + 34,814, where 
m is the number of miles, in thousands, on the odometer. Using 
this model, how many miles will a 2006 Corvette Coupe have 
if its value is $25,000? Round to the nearest thousand miles. 
(Source: http://www.kbb.com) 


Personal Finance A video store offers two rental plans. The 
yearly membership fee and the daily charge per video for each 
plan are shown below. How many one-night rentals can be 
made per year if the no-fee plan is to be the less expensive of 
the plans? 


THE VIDEO STORE 


Rental Yearly 
Plan Fee 
i RS 


Daily Charge 
per Video 


Low-rate | $15.00 | 


$1.49 | 
a OS ee. 


No-fee | None | 


$1.99 | 
SS 


61. 


m62. 


63. 


64. 


65. 


P.) Average Temperatures The average daily minimum-to- 

maximum temperature range for the city of Palm Springs 
during the month of September is 68° to 104° Fahrenheit. What 
is the corresponding temperature range measured on the Celsius 
temperature scale? (Hint: Let F be the average daily temperature 
in degrees Fahrenheit. Then 68° = F = 104°. Now substitute 


9 : 
5 C + 32 for F and solve the resulting inequality for C.) 


P) Mean Weight of Women If a researcher wanted to 

know the mean weight (the mean is the sum of all the 
measurements divided by the number of measurements) of 
women in the United States, the weight of every woman would 
have to be measured and then the mean weight calculated—an 
impossible task. Instead, researchers find a representative 
sample of women and find the mean weight of the sample. 
Because the entire population of women is not used, there is 
a possibility that the calculated mean weight is not the true 
mean weight. For one study, researchers used the formula 
163 — pw 

1.79 

of all women, to be 98% sure of the range of values for the true 
mean weight. Using this inequality, what is the range of mean 
weights of women in the United States? Round to the nearest 
tenth of a pound. (Source: Based on data from the National 
Center for Health Statistics.) 


< 2.33, where p is the true mean weight, in pounds, 


2 Mean Weight of Men Ifa researcher wanted to know the 
mean weight (see Exercise 62 for a definition of mean) of 
men in the United States, the weight of every man would have 
to be measured and then the mean weight calculated—an impos- 
sible task. Instead, researchers find a representative sample of 
men and find the mean weight of the sample. Because the entire 
population of men is not used, there is a possibility that the cal- 
culated mean weight is not the true mean weight. For one study, 
O-p 
2.45 
is the true mean weight, in pounds, of all men, to be 99% sure 
of the range of values for the true mean weight. Using this 
inequality, what is the range of mean weights of men in the 
United States? Round to the nearest tenth of a pound. (Source: 
Based on data from the National Center for Health Statistics.) 


researchers used the formula 


| < 2.575, where w 


Consecutive Odd Integers The sum of three consecutive 
odd integers is between 63 and 81. Find all possible sets of 
integers that satisfy these conditions. 


P) Forensic Science Forensic specialists can estimate the 

height of a deceased person from the lengths of the per- 
son’s bones. These lengths are substituted into mathematical 
inequalities. For instance, an inequality that relates the height 
h, in centimeters, of an adult female and the length / in cen- 
timeters, of her femur is |h — (247f + 54.10)| = 3.72. Use 
this inequality to estimate the possible range of heights, rounded 


66. 


67. 


68. 


69. 
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to the nearest tenth of a centimeter, for an adult female whose 
femur measures 32.24 centimeters. 


Radius 


Femur 


P) Forensic Science An inequality that is used to calculate the 
height / of an adult male from the length r of his radius is 


|A — (3.32r + 85.43)| < 4.57 


where / and r are both in centimeters. Use this inequality to 
estimate the possible range of heights, rounded to the nearest 
tenth of a centimeter, for an adult male whose radius measures 
26.36 centimeters. 


Revenue The monthly revenue R for a product is given by 
R = 420x — 2x7, where x is the price in dollars of each unit 
produced. Find the interval, in terms of x, for which the monthly 
revenue is greater than zero. 


Revenue A shoe manufacturer finds that the monthly revenue 
R from a particular style of aerobics shoe is given by 
R = 312x — 3x°, where x is the price in dollars of each pair of 
shoes sold. Find the interval, in terms of x, for which the 
monthly revenue is greater than or equal to $5925. 


Publishing A publisher has determined that if x books are 
published, the average cost per book is given by 


14.25x + 350,000 


x 


5.6 7 8 9 X 


Number of books published 
(in thousands) 


& Dp oo So 
Co o o Co 
T T T T 


Average cost per book (in dollars) 


NO 
— 
T 


co 


4 


How many books should be published if the company wants to 
bring the average cost per book below $50? 
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70. Manufacturing A company manufactures running shoes. The 71. Height of a Projectile The equation 

company has determined that if it manufactures x pairs of shoes 7 

the average cost, in dollars, per pair is s = —16t" + vol + 89 

2 gives the height s, in feet above ground level, at the time ¢, in 

C= ee ee ei seconds, of an object thrown directly upward from a height s9 

feet above the ground and with an initial velocity of vy feet per 

second. A ball is thrown directly upward from ground level with 

an initial velocity of 64 feet per second. Find the time interval 
during which the ball has a height of more than 48 feet. 


72. Height of a Projectile A ball is thrown directly upward from 
a height of 32 feet above the ground with an initial velocity of 
80 feet per second. Find the time interval during which the 
ball will be more than 96 feet above the ground. (Hint: See 
Exercise 71.) 


Average cost per pair (in dollars) 
N 
=) 


0 
20 30 40 SO 60 70 80 90 100 *¥ 
Number of pairs of running shoes 
(in thousands) 


How many pairs of running shoes should the company man- 
ufacture if it wishes to bring the average cost below $30 per 
pair? 


SECTION 1.6 Variation and Applications 


Direct Variation 
Inverse Variation 
Joint and Combined Variations 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page Aé. 


PS1. Solve 1820 = 4(28) for k. [1.1] 


k 
PS2. Solve 20 = i= for k. [1.1] 


3 
PS3. Evaluate k- Py given that k = 225. [P.1] 


2 
PS4. Evaluate k- given that k = 12.5. [P.1] 


82 


PSS. Ifthe length of each side of a square is doubled, what effect does this have on its 
area? [P.1/P.2] 


PS6. If the radius of a cylinder is tripled, does this triple the volume of the cylinder? 
[P.1/P.2] 


Distance (in meters) 


Time (in seconds) 


d = 355t 


Figure 1.17 
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® Direct Variation 


Many real-life situations involve variables that are related by a type of equation called a 
variation. For example, a stone thrown into a pond generates circular ripples whose cir- 
cumferences and diameters increase in size. The equation C = 7d expresses the relation- 
ship between the circumference C of a circle and its diameter d. If d increases, then C 
increases. The circumference C is said to vary directly as the diameter d. 


Definition of Direct Variation 


The variable y varies directly as the variable x, or y is directly proportional to x, 
if and only if 


y=kx 


where / is a constant called the constant of proportionality or the variation constant. 


Direct variation occurs in many daily applications. For example, suppose the cost of a 
newspaper is 50 cents. The cost C to purchase n newspapers is directly proportional to the 
number n. That is, C = 50n. In this example the variation constant is 50. 

To solve a problem that involves a variation, we typically write a general equation that 
relates the variables and then use given information to solve for the variation constant. 


EXAMPLE 1 _ Solve a Direct Variation 


The distance sound travels varies directly as the time it travels. If sound travels 

1340 meters in 4 seconds, find the distance sound will travel in 5 seconds. 

Solution 

Write an equation that relates the distance d to the time ¢. Because d varies directly as ¢, 
our equation is d = kt. Because d = 1340 when t = 4, we obtain 


1340 
1340 = k+4 which implies k= 2a. 335 


Therefore, the specific equation that relates the d meters sound travels in ¢ seconds is 
d = 335t. To find the distance sound travels in 5 seconds, replace ¢ with 5 to produce 


d = 335(5) = 1675 


Under the same conditions, sound will travel 1675 meters in 5 seconds. See Figure 1.17. 


@ Try Exercise 22, page 142 


Definition of Direct Variation as the nth Power 


If y varies directly as the nth power of x, then 


y= kx" 


where k is a constant. 
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Distance (in feet) 


2 4 6 8 


Time (in seconds) 
s = 161? 


Figure 1.18 


10 
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EXAMPLE 2 Solve a Variation of the Form y = kx? 


The distance s that an object falls from rest (neglecting air resistance) varies directly as 
the square of the time ¢ that it has been falling. If an object falls 64 feet in 2 seconds, 
how far will it fall in 10 seconds? 
Solution 
Because s varies directly as the square of t, s = kt. The variable s is 64 when f is 2, so 
64 
64 =k-+2? ~~ ~whichimplies =k = a 


The specific equation that relates the distance s an object falls in tf seconds is s = 16?. 
Letting ¢ = 10 yields 


= 16 


s = 16(107) = 16(100) = 1600 
Under the same conditions, the object will fall 1600 feet in 10 seconds. See Figure 1.18. 


@ Try Exercise 26, page 142 


® Inverse Variation 


Two variables also can vary inversely. 


Definition of Inverse Variation 


The variable y varies inversely as the variable x, or y is inversely proportional to x, 
if and only if 


where k is a constant. 


In 1661, Robert Boyle made a study of the compressibility of gases. Figure 1.19 
shows that he used a J-shaped tube to demonstrate the inverse relationship between the 
volume of a gas at a given temperature and the applied pressure. The J-shaped tube on 


Hg —— 


1520 ml 


Figure 1.19 
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the left in Figure 1.19 shows that the volume of a gas at normal atmospheric pressure is 
60 milliliters. If the pressure is doubled by adding mercury (Hg), as shown in the mid- 
dle tube, the volume of the gas is halved to 30 milliliters. Tripling the pressure decreases 
the volume of the gas to 20 milliliters, as shown in the tube at the right in Figure 1.19. 


EXAMPLE 3 __ Solve an Inverse Variation 


Eee —————————EE —E — _| 


Boyle’s Law states that the volume V of a sample of gas (at a constant temperature) 
varies inversely as the pressure P. The volume of a gas in a J-shaped tube is 75 milliliters 
when the pressure is 1.5 atmospheres. Find the volume of the gas when the pressure is 
increased to 2.5 atmospheres. 


Solution 
Note k : 
: The volume V varies inversely as the pressure P, so V = —. The volume V is 
Because the volume V varies P 
inversely as the pressure P, the | 75 milliliters when the pressure is 1.5 atmospheres, so 
. 112.5. : 
function V = is a decreasing | k 
75 = and k = (75)(1.5) = 112.5 


function, as shown in Figure 1.20. | 1.5 


12.5 : 
Thus V = Pp When the pressure is 2.5 atmospheres, we have 


_ 112.5 


V 
£5 


= 45 milliliters 


See Figure 1.20. 
H Try Exercise 30, page 143 


Volume (in milliliters) 
lon 
o 


Many real-world situations can be modeled by inverse variations that involve a power. 


204 
a ca a: Definition of Inverse Variation as the nth Power 
Pressure (in atmospheres) If y varies inversely as the nth power of x, then 
112.5 
y= k 
Ya 
x 

Figure 1.20 


where k is a constant andn > 0. 


ey a 
Question @ Consider the variation y = —, with k > 0. What happens to y as x increases? 
x 


EXAMPLE 4 Solve an Inverse Variation Involving a Power 


The sound intensity of music, measured in watts per meter squared (W/m7), is inversely 

proportional to the square of the distance between the music source and a listener. During 

a party, the sound intensity measured 2 X 107-7 W/m’ at a distance of 4 meters from a 
(continued) | 


Answer ® As x increases, y decreases. 
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loudspeaker. What was the sound intensity of the music for a person dancing 2 meters 
from the speaker? 


Solution 
The sound intensity / is inversely proportional to the square of the distance d between 


D. Austen/Syracuse Newspapers/ 


£ the speaker and the listener. The general variation equation is 
= 

2 k 

‘@ I= iy 

= d 


We are given J = 2 X 10°* W/m’ when d = 4 m. Substituting these values into the 
general variation equation, we can solve for k. 


_k 
aa 

—3 k 
2x10 = 75 
4 


k=O = 10-7) = 32% 10 
The specific variation equation is 
32% 10" 
[= —.— 
d2 
When d = 2 meters, the intensity level of the music is 


so 107 
92 
=§ «x 10° 
At a distance of 2 meters from the speaker, the sound intensity is 8 X 10-3 W/ m’. 


@ Try Exercise 32, page 143 


® Joint and Combined Variations 


Some variations involve more than two variables. 


| Definition of Joint Variation 


The variable z varies jointly as the variables x and y if and only if 
z= kxy 


where & is a constant. 


EXAMPLE 5 Solve a Joint Variation 


The cost of insulating the ceiling of a house varies jointly as the thickness of the insula- 
tion and the area of the ceiling. It costs $175 to insulate a 2100-square-foot ceiling with 
insulation that is 4 inches thick. Find the cost of insulating a 2400-square-foot ceiling 
with insulation that is 6 inches thick. 


Figure 1.21 
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Solution 
Because the cost C varies jointly as the area A of the ceiling and the thickness T of the 
insulation, we know C = KAT. Using the fact that C = 175 when A = 2100 and T = 4 
gives us 

175 1 
~ (21004) 48 


175 = k(2100)(4) — whichimplies —k 


1 
Consequently, the specific formula for C is C = a . Now, when 4 = 2400 and 
T = 6, we have 
1 
C = — (2400)(6) = 300 
24006) 


The cost of insulating the 2400-square-foot ceiling with 6-inch insulation is $300. 


Try Exercise 34, page 143 


Combined variations involve more than one type of variation. 


EXAMPLE 6 _ Solve a Combined Variation 


The weight that a horizontal beam with a rectangular cross section can safely support varies 
jointly as the width and the square of the depth of the cross section and inversely as the 
length of the beam. See Figure 1.21. If a 10-foot-long 4- by 4-inch beam safely supports 
a load of 256 pounds, what load L can be safely supported by a beam made of the same 
material and with a width w of 4 inches, a depth d of 6 inches, and a length / of 16 feet? 


Solution 
aoe eee wd? ; ; : 
The general variation equation is L = k- 7 Using the given data yields 


4(4°) 
256 = k- 
10 
Solving for k produces k = 40, so the specific formula for L is 
2 
L=40-"— 
l 
Substituting 4 for w, 6 for d, and 16 for / gives 
4(6°) 
L = 40: 16 = 360 pounds 


@ Try Exercise 38, page 143 


EXERCISE SET 1.6 


In Exercises 1 to 12, write an equation that represents 3. y varies inversely as x. 
the relationship between the given variables. Use k as the 


variation constant. 


1. d varies directly as ¢. 


2. r varies directly as the square of s. 


4. p is inversely proportional to q. 
5. m varies jointly as n and p. 


6. ¢ varies jointly as r and the cube of s. 
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7. V varies jointly as /, w, and h. 
8. uw varies directly as v and inversely as the square of w. 
9. A is directly proportional to the square of s. 

10. A varies jointly as / and the square of r. 


11. F varies jointly as m, and my and inversely as the square 
of d. 


12. T varies jointly as ¢ and r and the square of a. 


In Exercises 13 to 20, write the equation that expresses 
the relationship between the variables, and then use the 
given data to solve for the variation constant. 


13. y varies directly as x, and y = 64 when x = 48. 
14. m is directly proportional to n, and m = 92 when n = 23. 


15. ris directly proportional to the square of t¢, and r = 144 when 
t = 108. 


16. C varies directly as r, and C = 94.2 whenr = 15. 


17. T varies jointly as r and the square of s, and T = 210 when 
r= 30ands = 5. 


18. u varies directly as v and inversely as the square root of w, and 
u = 0.04 when v = 8 and w = 0.04. 


19. V varies jointly as /, w, and h, and V = 240 when / = 8, 
w = 6,andh = 5. 


20. t varies directly as the cube of r and inversely as the square root 
of s, and t = 10 whenr = 5 ands = 0.09. 


21. Charles’s Law Charles’s Law states that the volume V occu- 
pied by a gas (at a constant pressure) is directly proportional 
to its absolute temperature 7. An experiment with a balloon 
shows that the volume of the balloon is 0.85 liter at 270 K 
(absolute temperature).! What will the volume of the balloon 
be when its temperature is 324 K? 


Gas expands and 
the balloon inflates 


a 


ea. 


= 


Ice water 270 K Hot water 324 K 


' Absolute temperature is measured on the Kelvin scale. A unit (called a 
kelvin) on the Kelvin scale is the same measure as a degree on the Celsius 
scale; however, 0 on the Kelvin scale corresponds to —273°C. 


™22. Hooke’s Law Hooke’s Law states that the distance a spring 
stretches varies directly as the weight on the spring. A weight 
of 80 pounds stretches a spring 6 inches. How far will a weight 
of 100 pounds stretch the spring? 


80 Ib 


23. Semester Hours vs. Quarter Hours A student plans to trans- 
fer from a college that uses the quarter system to a college that 
uses the semester system.The number of semester hours a stu- 
dent receives credit for is directly proportional to the number 
of quarter hours the student has earned. A student with 51 
quarter hours is given credit for 34 semester hours. How many 
semester hours credit should a student receive after completing 
93 quarter hours? 


24. Pressure and Depth The pressure a liquid exerts at a given 
point on a submarine is directly proportional to the depth of the 
point below the surface of the liquid. If the pressure at a depth 
of 3 feet is 187.5 pounds per square foot, find the pressure at a 
depth of 7 feet. 


25. Amount of Juice Contained in a Grapefruit The amount of 
juice in a grapefruit is directly proportional to the cube of its 
diameter. A grapefruit with a 4-inch diameter contains 6 fluid 
ounces of juice. How much juice is contained in a grapefruit 
with a 5-inch diameter? Round to the nearest tenth of a fluid 
ounce. 


=26. Motorcycle Jump The range of a projectile is directly propor- 
tional to the square of its velocity. If a motorcyclist can make 
a jump of 140 feet by coming off a ramp at 60 mph, find the 
distance the motorcyclist could expect to jump if the speed 
coming off the ramp were increased to 65 mph. Round to the 
nearest tenth of a foot. 


27. Period of a Pendulum The period 7 of a pendulum (the time 
it takes the pendulum to make one complete oscillation) varies 
directly as the square root of its length L. A pendulum 3 feet 
long has a period of 1.8 seconds. 


a. Find the period of a pendulum that is 10 feet long. Round 
to the nearest tenth of a second. 


b. What is the length of a pendulum that beats seconds (that 
is, has a 2-second period)? Round to the nearest tenth of a 
foot. 


28. 


29. 


030. 


31. 


032. 


33. 


Area of a Projected Picture The area of a projected picture 
on a movie screen varies directly as the square of the distance 
from the projector to the screen. If a distance of 20 feet pro- 
duces a picture with an area of 64 square feet, what distance 
produces a picture with an area of 100 square feet? 


Speed of a Bicycle Gear The speed of a bicycle gear, in rev- 
olutions per minute, is inversely proportional to the number of 
teeth on the gear. If a gear with 64 teeth has a speed of 30 rev- 
olutions per minute, what will be the speed of a gear with 48 
teeth? 


Vibration of a Guitar String The frequency of vibration of a 
guitar string under constant tension varies inversely as the 
length of the string. A guitar string with a length of 20 inches 
has a frequency of 144 vibrations per second. Find the fre- 
quency of a guitar string with a length of 18 inches. Assume 
the tension is the same for both strings. 


Jet Engine Noise The sound intensity of a jet engine, meas- 
ured in watts per meter squared (W/m7), is inversely propor- 
tional to the square of the distance between the engine and an 
airport ramp worker. For a certain jet, the sound intensity meas- 
ures 0.5 W/m? at a distance of 7 meters from the ramp worker. 
What is the sound intensity for a ramp worker 10 meters from 
the jet? 


Illumination The illumination a source of light provides is 
inversely proportional to the square of the distance from the 
source. If the illumination at a distance of 10 feet from the 
source is 50 footcandles, what is the illumination at a distance 
of 15 feet from the source? Round to the nearest tenth of a 
footcandle. 


Volume Relationships The volume V of a right circular cone 
varies jointly as the square of the radius r and the height h. Tell 
what happens to V when 


a. ris tripled 
b. / is tripled 
c. both r and / are tripled 


034. 


36. 


37. 


038. 


39. 


40. 
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Safe Load The load L that a horizontal beam can safely sup- 
port varies jointly as the width w and the square of the depth d. 
If a beam with a width of 2 inches and a depth of 6 inches 
safely supports up to 200 pounds, how many pounds can a 
beam of the same length that has width 4 inches and depth 4 
inches be expected to support? Round to the nearest pound. 
Assume the two beams are made of the same material. 


. Ideal Gas Law The Ideal Gas Law states that the volume V of 


a gas varies jointly as the number of moles of gas n and the 
absolute temperature 7 and inversely as the pressure P. What 
happens to V when n is tripled and P is reduced by a factor of 
one-half? 


Maximum Load The maximum load a cylindrical column 
of circular cross section can support varies directly as the 
fourth power of the diameter and inversely as the square of 
the height. If a column 2 feet in diameter and 10 feet high 
supports up to 6 tons, how many tons can a column 3 feet in 
diameter and 14 feet high support? Round to the nearest 
tenth of a ton. Assume the two columns are made of the same 
material. 


4 Earned Run Average A pitcher’s earned run average 

(ERA) is directly proportional to the number of earned 
runs the pitcher has allowed and is inversely proportional to the 
number of innings the pitcher has pitched. During the 2002 
season, Randy Johnson of the Arizona Diamondbacks had an 
ERA of 2.32. He allowed 67 earned runs in 260 innings. 
During the same season, Tom Glavine of the Atlanta Braves 
allowed 74 earned runs in 224.2 innings. What was Glavine’s 
ERA for the 2002 season? Round to the nearest hundredth. 
(Source: MLB.com) 


Safe Load The load LZ a horizontal beam can safely support 
varies jointly as the width w and the square of the depth d and 
inversely as the length /. If a 12-foot beam with a width of 4 
inches and a depth of 8 inches safely supports 800 pounds, how 
many pounds can a 16-foot beam that has a width of 3.5 inches 
and a depth of 6 inches be expected to support? Round to the 
nearest pound. Assume the two beams are made of the same 
material. 


Force, Speed, and Radius Relationships The force needed 
to keep a car from skidding on a curve varies jointly as the 
weight of the car and the square of its speed and inversely as 
the radius of the curve. It takes 2800 pounds of force to keep 
an 1800-pound car from skidding on a curve with a radius of 
425 feet at 45 mph. What force is needed to keep the same car 
from skidding when it takes a similar curve with a radius of 
450 feet at 55 mph? Round to the nearest 10 pounds. 


Stiffness of a Beam A cylindrical log is to be cut so that it 
will yield a beam that has a rectangular cross section of depth 
d and width w. The stiffness of a beam of given length is 
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directly proportional to the width and the cube of the depth. 
The diameter of the log is 18 inches. What depth will yield the 
“stiffest” beam: d = 10 inches, d = 12 inches, d = 14 inches, 
or d = 16 inches? 


41. Kepler’s Third Law Kepler’s Third Law states that the time 
T needed for a planet to make one complete revolution about 


3 
the Sun is directly proportional to the 3 power of the average 


G4 Exploring Concepts with Technology 


Use a Graphing Calculator to Solve Equations 


Most graphing calculators can be used to solve equations. The following example 
shows how to solve an equation using the solve( feature that is available on a TI- 
83/TI-83 Plus/TI-84 Plus graphing calculator. 

The calculator display that follows indicates that the solution of 2x — 17 = 0 is 8.5. 


Expression that is set equal to 0 
Variable for which you wish to solve 


solve(2X-17,X,8) 


The calculator display above was produced by the following keystrokes. 
Press | 2nd] [catalog] S (scroll down to solve[ )|ENTER]. Now enter 2|X,T,0,n]||— 


distance d between the planet and the Sun. The Earth, which 
averages 93 million miles from the Sun, completes one revo- 
lution in 365 days. Find the average distance from the Sun to 
Mars if Mars completes one revolution about the Sun in 686 
days. Round to the nearest million miles. 


ee 
~ 
~ _Earth ~ One revolution 
~ 
“6 . every 365 days 


i 
‘ Average distance 


_-’ from the Sun: 
93 million miles 
@-~ 
Mars One revolution 
every 686 days 


i, guess at a solution 


8.5 | — Actual solution 


17|,/|X,T,0,n1],] 8 


! 


ENTER 


. In this example, the 8.5 represents the solution of 


2x — 17 = 0, which is close to our initial guess of 8. Because 2x — 17 = 0 has only one 
solution, we are finished. Note that the salve[ feature can be used only to solve equa- 
tions of the form 


Expression = 0 


Also, you are required to indicate the variable you wish to solve for, and you must enter an 
initial guess. In the preceding display, we entered X as the variable and 8 as our initial guess. 

The solve[ feature can be used only to find real solutions. Also, the solve[ feature 
finds only one solution each time the solution procedure is applied. If you know that an 
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solve(2X2_X_15,X.2) equation has two real solutions, then you need to apply the solution procedure twice. 
Each time you must enter an initial guess that is close to the solution you are trying to 
solve(2X?-X-15,X,-1] find. The calculator display to the left indicates that the solutions of 2x” — x — 15 = 0 


soo) 


are 3 and —2.5. To find these solutions, we first used the solve( feature with an initial 
guess of 2, and we then used the solve[ feature with an initial guess of —1. 

The chapters that follow will illustrate additional techniques and calculator proce- 
dures that can be used to solve equations. 


CHAPTER 1 TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


1.1 Linear and Absolute Value Equations 


= Linear or first-degree equation A linear or first-degree equation in a See Example 1, page 77, and then try 
single variable is one for which all of the variable expressions have Exercise 1, page 148. 
degree one. To solve a linear equation, apply the properties of real See Example 2, page 77, and then try 
numbers and the properties of equality to produce equivalent equations Exercise 2, page 148. 


until an equation in the form variable = constant is reached. 


= Clearing fractions When solving an equation containing fractions, it is See Example 3, page 78, and then try 
helpful to clear the equation of fractions by multiplying each side of the Exercise 3, page 148. 
equation by the LCD of all denominators. 


= Linear absolute value equation A linear absolute value equation in the See Example 5, page 80, and then try 
variable x is one that can be written in the form lax + b| = c. Exercise 5, page 148. 


1.2 Formulas and Applications 


= Formula A formula is an equation that expresses known relationships See Example 1, page 84, and then try 
between two or more variables. Exercise 10, page 148. 


= Applications Some of the applications of linear equations include 


¢ Geometry See Examples 3 and 4, pages 86 and 87, 
and then try Exercises 58 and 60, page 148. 

¢ Business See Example 5, page 88, and then try 
Exercise 63, page 149. 

¢ Investment See Example 6, page 88, and then try 
Exercise 64, page 149. 

¢ Uniform motion See Example 7, page 89, and then try 
Exercise 65, page 149. 

¢ Percent mixture problems See Example 8, page 90, and then try 
Exercise 67, page 149. 

¢ Value mixture problems See Example 9, page 91, and then try 
Exercise 69, page 149. 

¢ Work problems See Example 10, page 91, and then try 


Exercise 71, page 149. 
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1.3 Quadratic Equations 


Quadratic equation A quadratic equation in the variable x is one that 
can be written in the form ax” + bx + c = 0, where a # 0. Some ways 
in which a quadratic equation can be solved include 


* Factoring and using the zero product principle 
¢ Using the square root procedure 
¢ Completing the square 


¢ Using the quadratic formula 


See Example 1, page 97, and then try 
Exercise 14, page 148. 

See Example 2, page 98, and then try 
Exercise 15, page 148. 

See Example 4, page 100, and then try 
Exercise 18, page 148. 

See Example 5, page 101, and then try 
Exercise 20, page 148. 


Discriminant The discriminant of ax? + bx + c = 0, where a, b, andc 
are real numbers and a # 0, is the value of the expression b? — 4ac. 

If b? — 4ac > 0, then the quadratic equation has two distinct real 
solutions. If b? — 4ac = 0, then the quadratic equation has one real 
solution. If b> — 4ac < 0, then the quadratic equation has two distinct 
nonreal complex solutions. 


Pythagorean Theorem The Pythagorean Theorem states that if a and b 


are the measures of the legs of a right triangle and c is the measure of 


the hypotenuse, then a” + b? = c’. 


See Example 6, page 103, and then try 
Exercise 22, page 148. 


See Example 7, page 104, and then try 
Exercise 73, page 150. 


Applications Quadratic equations can be applied to a variety of 
situations. 


1.4 Other Types of Equations 


Polynomial equations Some polynomial equations of a degree greater 
than two can be solved by factoring. 


See Example 8, page 104, and then try 
Exercise 74, page 150. 
See Example 9, page 105, and then try 
Exercise 75, page 150. 


See Example 1, page 110, and then try 
Exercise 26, page 148. 


Rational equations A rational equation is one that contains rational 
expressions. These equations can be solved by multiplying each side 
of the equation by the LCD of the denominators of the rational 
expressions. 


See Example 2, page 111, and then try 
Exercise 30, page 148. 


Radical equations A radical equation is one that involves one or more 
radical expressions. 


See Example 3, page 112, and then try 
Exercise 31, page 131. 
See Example 4, page 113, and then try 
Exercise 36, page 148. 


Equations with a rational exponent An equation of the form 
ax?! + b = ccan be solved by isolating x?/4 and then raising each 
side of the equation to the g/p power. 


See Example 5, page 115, and then try 
Exercise 38, page 148. 


Equations that are quadratic in form An equation that is quadratic in 
form—that is, an equation that can be written as au? + bu + c = 0—can 
be solved using any of the techniques used to solve a quadratic equation. 


See Example 6, page 116, and then try 
Exercise 39, page 148. 


CHAPTER 1 TEST PREP 


147 


Applications 


1.5 Inequalities 


See Example 8, page 117, and then try 
Exercise 66, page 149. 
See Example 9, page 118, and then try 
Exercise 72, page 150. 


= Linear or first-degree inequality A linear or first-degree inequality in See Example 1, page 124, and then try 
a single variable is one for which all variable expressions have degree Exercise 42, page 148. 
one. To solve a linear inequality, apply the properties of real numbers 
and the properties of inequalities. (See page 123.) 
= Compound inequality A compound inequality is formed by joining See Example 2, page 125, and then try 
two inequalities with the connective word and or or. Exercise 43, page 148. 
= Absolute value inequality An absolute value inequality can be solved See Example 3, page 126, and then try 
by rewriting it as a compound inequality. Exercise 47, page 148. 
= Polynomial inequality A polynomial inequality can be solved by See Example 4, page 129, and then try 
using the sign property of polynomials. (See page 127.) Exercise 52, page 149. 
= Rational inequality A rational inequality can be solved by using the See Example 5, page 130, and then try 
critical value method. (See page 130.) Exercise 55, page 149. 
= Applications See Example 7, page 132, and then try 
Exercise 79, page 150. 
See Example 8, page 132, and then try 
Exercise 80, page 151. 
1.6 Variation 
= Direct variation The variable y varies directly as the variable x, or y is See Example 1, page 137, and then try 
directly proportional to x, if and only if y = kx, where k is a constant. Exercise 81, page 151. 
= Direct variation as the mth power The variable y varies directly as the See Example 2, page 138, and then try 
nth power of the variable x if and only if y = kx", where k is a constant. Exercise 82, page 151. 
= Inverse variation The variable y varies inversely as the variable x, or y See Example 3, page 139, and then try 
_ . . : k . Exercise 83, page 151. 
is inversely proportional to x, if and only if y = —, where & is a constant. ee 
x 
Inverse variation as the mth power The variable y varies inversely See Example 4, page 139, and then try 
as the nth power of the variable x, or y is inversely proportional to the Exercise 84, page 151. 
: : k : 
nth power of x, if and onlyif y = —, where & is a constant. 
x 
Joint variation The variable z varies jointly as the variables x and y See Example 5, page 140, and then try 


if and only if z = kxy, where k is a constant. 


Exercise 85, page 151. 
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CHAPTER 1 REVIEW EXERCISES 


In Exercises 1 to 20, solve each equation. In Exercises 23 to 40, solve each equation. 
1.4 -— 5x =3x4 14 23. 3x? — 5x7 = 0 
2. 7-5(1 — 2x) = 3(2x + 1) 24. 2x3 — 8x = 0 
3 Se! 25. 2x + 3x? — 8x — 12 =0 
"3 6 2 
26. 3x? — 2x7 - 3x +2=0 
4 3x 2e—1_ 3 
ro i 1 
4 8 2 27, ~~ +-=5 
“x+2 4 
5. |x — 3| =2 
yo A 2 
28. —— -1== 
6. |x + 5| =4 BS aay y 
7. |2x + 1| =5 29. 3x 4 2 4-1 
: eS ae AH 2 
8. |3x —7| =8 
: zo, tly ad _ 3x4 
9. V = a7r~h, forh yg” Yas £3 
10. P= = , for t 31. V2eF 6S 13 


1+ rt 
32. V5x -14+3=1 


h 
11. A = —(b, + bo), for b 
2 1 + 22), for by 33. V-2x -7+ 2x =-7 


12. P = 2(/ + w), for w 34. 8 —2+ 4x=-1 
13. x7 — 5x +6=0 35. V3x +44 Vx—3=5 
14. 6x7 +x-—12=0 36. Vx + 2-Vx+2=1 
15. (x — 2% = 50 37. x54 — 32 =0 

16. 2x + 4 + 18 =0 38. 2x73 — 5 = 13 

17. x7 - 6 —-1=0 39. 6x4 — 23x? + 20 = 0 

18. 4x7 — 4x —-1=0 40. 3x + 16Vx — 12 =0 


19. 3x =e So 
In Exercises 41 to 56, solve each inequality. Write the 
20. x7-x+1=0 answer using interval notation. 
= ai > 
In Exercises 21 and 22, use the discriminant to determine ee ee 
whether the equation has real number solutions or 
nonreal complex number solutions. 


21. 2x7 + 4x = 5 43. 3x + 1>7or3x+2<-7 


42..-2e 7 = 5x + 1 


22. x7 + 4x +7=0 44. 5x — 4 <6and4x + 1>—-7 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


34. 


55. 


56. 


37. 


58. 


59. 


61 2C+32=95 


5 
30 < SF - 32) < 65 


[3x —4| <2 
|2x — 3, = 1 

0< |x-2| <1 

0< |x-a| <b(b> 0) 


vr+x—-620 


x> + 2x? — 16x — 32 <0 


Rectangular Region The length of a rectangle is 9 feet less 
than twice the width of the rectangle. The perimeter of the rec- 
tangle is 54 feet. Find the width and the length. 


Rectangular Region The perimeter of a rectangle is 40 inches 
and its area is 96 square inches. Find the length and the width 
of the rectangle. 


Height of a Tree The height ofa tree is estimated by using its 
shadow and the known height of a pole as shown in the figure 
below. Find the height of the tree. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 
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Shadow Length A person 5 feet 6 inches tall is walking away 
from a lamppost that is 22 feet tall. What is the length of the 
person’s shadow at a point 12 feet from the lamppost? See the 
diagram below. 


Diameter of a Cone As sand is poured from a chute, it forms 
a right circular cone whose height is one-fourth the diameter of 
the base. What is the diameter of the base when the cone has a 
volume of 144 cubic feet? Round to the nearest foot. 


Individual Price A calculator and a battery together sell for $21. 
The price of the calculator is $20 more than the price of the bat- 
tery. Find the price of the calculator and the price of the battery. 


Maintenance Cost Eighteen owners share the maintenance 
cost of a condominium complex. If six more units are sold, the 
maintenance cost will be reduced by $12 per month for each 
of the present owners. What is the total monthly maintenance 
cost for the condominium complex? 


Investment A total of $5500 was deposited into two simple 
interest accounts. On one account the annual simple interest 
rate is 4%, and on the second account the annual simple inter- 
est rate is 6%. The amount of interest earned for 1 year was 
$295. How much was invested in each account? 


Distance to an Island A motorboat left a harbor and traveled 
to an island at an average rate of 8 knots. The average speed on 
the return trip was 6 knots. If the total trip took 7 hours, how 
many nautical miles is it from the harbor to the island? 


Running Inez can run at a rate that is 2 miles per hour faster 
than Olivia’s rate. One day, Inez gave Olivia a 25-minute head 
start on a run. If Inez passes Olivia 5 miles from the starting 
point, how fast is each running? 


Chemistry A chemist mixes a 5% salt solution with an 11% salt 
solution. How many milliliters of each should be used to make 
600 milliliters of a 7% salt solution? 


Pharmacy How many milliliters of pure water should a phar- 
macist add to 40 milliliters of a 5% salt solution to produce a 
2% salt solution? 
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Alloys How many ounces of a gold alloy that costs $460 per 
ounce must be mixed with 25 ounces of a gold alloy that costs 
$220 per ounce to make a mixture that costs $310 per ounce? 


Blends A grocer makes a snack mixture of raisins and nuts by 
combining raisins that cost $2.50 per pound and nuts that cost 
$4.50 per pound. How many pounds of each should be mixed 
to make 20 pounds of this snack that costs $3.25 per pound? 


Construction of a Wall A mason can build a wall in 9 hours 
less than an apprentice. Together they can build the wall in 6 
hours. How long would it take the apprentice, working alone, 
to build the wall? 


Parallel Processing One computer can solve a problem 5 min- 
utes faster than a second computer. Working together, the com- 
puters can solve the problem in 6 minutes. How long does it 
take the faster computer working alone to solve the problem? 


Dogs on a Beach Two dogs start, at the same time, from points 
C and D on a beach and run toward their owner, who is posi- 
tioned at point X. If the dogs run at the same rate and reach their 
owner at the same instant, what is the distance AX? See the dia- 
gram below. Note: Angle A and Angle B are right angles. 


| x 
—<—$—$S Se i 


Constructing a Box A square piece of cardboard is formed 
into a box by cutting an 8-centimeter square from each corner 
and folding up the sides. If the volume of the box is to be 
80,000 cubic centimeters, what size square piece of cardboard 
is needed? (Hint: Volume of a box is V = /wh.) 


75. 


76. 


77. 


78. 


79. 


Sports In an Olympic 10-meter diving competition, the height 
h, in meters, of a diver above the water ¢ seconds after leaving 
the board can be given by h = —4.917 + 7.5t + 10. In how 
many seconds will the diver be 5 meters above the water? 
Round to the nearest tenth of a second. 


Fair Coin If a fair coin is tossed 100 times, we would expect 
heads to occur about 50 times. But how many heads would sug- 
gest that a coin is not fair? An inequality used by statisticians to 
x= 50 


answer this question is < 1.96, where x is the actual 


number of heads that occurred in 100 tosses of a coin. What 
range of heads would suggest that the coin is a fair coin? 


P.) Mean Height If a researcher wanted to know the mean 

height (the mean is the sum of all the measurements 
divided by the number of measurements) of women in the 
United States, the height of every woman would have to be 
measured and then the mean height calculated—an impossible 
task. Instead, researchers find a representative sample of 
women and find the mean height of the sample. Because the 
entire population of women is not used, there is a possibility 
that the calculated mean height is not the true mean height. For 
63.8 — w 

0.45 

where yp is the true meanheight, in inches, of all women, to be 
90% sure of the range of values for the true mean height. Using 
this inequality, what is the range of mean heights of women in 
the United States? Round to the nearest tenth of an inch. 
(Source: Based on data from the National Center for Health 
Statistics) 


one study, researchers used the formula 


| < 1.645, 


Mean Waist Size If a researcher wanted to know the 
mean waist size (see Exercise 77 for the definition of 
mean) of men in the United States, the waist size of every man 
would have to be measured and then the mean waist size cal- 
culated. Instead, researchers find a representative sample of 
men and find the mean waist size of the sample. Because the 
entire population of men is not used, there is a possibility that 
the calculated mean waist size is not the true mean waist size. 
9- A 


For one study, researchers used the formula < 1.96, 


where yp is the true mean waist size, in inches, of all men to be 
95% sure of the range of values for the true mean waist size. 
Using this inequality, what is the range of mean waist sizes of 
men in the United States? Round to the nearest tenth of an inch. 
(Source: Based on data from the National Center for Health 
Statistics) 


Basketball Dimensions A_ basketball 
is to have a circumference of 29.5 to 
30.0 inches. Find the acceptable range 
of diameters for the basketball. Round 
results to the nearest hundredth of an 
inch. 


80. 


81. 


82. 


83. 


1. 


12. 


13. 


. Solve: 


Population Density The population density D, in people per 
square mile, of a city is related to the horizontal distance x, in 
miles, from the center of the city by the equation 


D = —45x? + 190x + 200, 0<x<5 


Describe the region of the city in which the population density 
exceeds 300 people per square mile. Round critical values to the 
nearest tenth of a mile. 


Physics Force F is directly proportional to acceleration a. If a 
force of 10 pounds produces an acceleration of 2 feet per sec- 
ond squared, what acceleration will be produced by a 15-pound 
force? 

Physics The distance an object will fall on the moon is 
directly proportional to the square of the time it falls. If an 
object falls 10.6 feet in 2 seconds, how far would an object fall 


in 3 seconds? 


Business The number of MP3 players a company can sell is 
inversely proportional to the price of the player. If 5000 MP3 


CHAPTER 1 TEST 


2x 
+ 
3 

Solve: |2x + 5| = 13 


Solve ax — c = c(x — d) for x. 


Solve 6x? — 13x — 8 = 0 by factoring and applying the zero 
product principle. 


Solve 2x? — 8x + 1 = 0 by completing the square. 
Solve x? + 13 = 4x by using the quadratic formula. 


Determine the discriminant of 2x? + 3x + 1 = 0 and state 
the number of real solutions of the equation. 


Solve: Vx —-2-1= V3 -~x 
Solve: V3x +1—-— Vx-1=2 


. Solve: 3x4/5 — 7 = 41 


3 3 5 
x+2 4 x+2 


Solve: 2x3 + x7 — 8x —-4=0 


Solve: x7 — 64 = 0 


84. 


85. 


14. 


15. 


16. 


18. 


19. 


20. 
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players can be sold when the price is $150, how many players 
could be sold if the price is $125? 


Magnetism The repulsive force between the north poles of two 
magnets is inversely proportional to the square of the distance 
between the poles. If the repulsive force is 40 pounds when the 
distance between the poles is 2 inches, what is the repulsive force 
when the distance between the two poles is 4 inches? 


Acceleration The acceleration due to gravity on the surface 
of a planetary body is directly proportional to the mass of the 
body and inversely proportional to the square of its radius. If 
the acceleration due to gravity is 9.8 meters per second squared 
on Earth, whose radius is 6,370,000 meters and whose mass is 
5.98 X 10° grams, find the acceleration due to gravity on the 
moon, whose radius is 1,740,000 meters and whose mass is 
7.46 X 104 grams. Round to the nearest hundredth of a meter 
per second squared. 


a. Solve the compound inequality: 
x= 5S 11 or —3x+2> 14 


Write the solution set using set-builder notation. 


b. Solve the compound inequality: 
2x-1<9 and —3x +157 


Write the solution set using interval notation. 
Solve |3x — 4| > 5. Write the answer in interval notation. 
Solve x? — 5x — 6 < 0. Write the answer using interval notation. 
ee a 


xb 1 
Write the solution set using interval notation. 


Solve: 0 


Automotive A radiator contains 6 liters of a 20% antifreeze 
solution. How much should be drained and replaced with pure 
antifreeze to produce a 50% antifreeze solution? 


Paving A worker can cover a parking lot with asphalt in 10 hours. 
With the help of an assistant, the work can be done in 6 hours. 
How long would it take the assistant, working alone, to cover 
the parking lot with asphalt? 


Shadow Length Geraldine is 6 feet tall and walking away 
from a lamppost that is 20 feet tall. What is the length of 


152 > CHAPTER 1 


21. 


22. 


23. 


15. 


EQUATIONS AND INEQUALITIES 


Geraldine’s shadow when she is 10 feet from the lamppost? 
Round to the nearest tenth of a foot. 


Mixtures A market offers prepackaged meatloaf that is made 
by combining ground beef that costs $3.45 per pound with 
ground sausage that costs $2.70 per pound. How many pounds 
of each should be used to make 50 pounds of a meatloaf mix- 
ture that costs $3.15 per pound? 


Rockets A toy rocket is launched from a platform that is 4 feet 
above the ground. The height h, in feet, of the rocket t seconds 
after launch is given by h = —167? + 160t + 4. How many sec- 
onds after launch will the rocket be 100 feet above the ground? 
Round to the nearest tenth of a second. 


Running Zoey can run at a rate that is 4 miles per hour faster 
than Tessa’s rate. One day, Zoey gave Tessa a |-hour head start 


CUMULATIVE REVIEW EXERCISES 


. Evaluate: 4 + 3(—5) 
. Write 0.00017 in scientific notation. 


. Perform the indicated operations and simplify: 


(ax — 5° — (x + 4)(x — 4) 
. Factor: 8x2 + 19x — 15 
Sei 
x-—4 


. Simplify: a3. l/4 

. Simplify: (2 + 5i)(2 — 5i) 

. Solve: 2(3x — 4) +5 = 17 

. Solve 2x” — 4x = 3 by using the quadratic formula. 
. Solve: |2x — 6| = 4 

. Solve:x =3 + V9—x 

. Solve: x7 — 36x = 0 

. Solve: 2x4 — 11x? + 15 = 0 


. Solve the compound inequality: 


3x —1>2 or —3x +528 


Write the solution set using set-builder notation. 


Solve |x — 6| = 2. Write the solution set using interval notation. 


24. 


25. 


16. 


17. 


18. 


19. 


20. 


on a run. Assuming that each runs at a constant rate and Zoey 
passes Tessa 15 miles from the starting point, what is Zoey’s 
rate? 


Pass Completions One part of the NFL quarterback rating 
formula requires that 0 < 0.05p — 1.5 < 2.375, where p% is 
the percent of completed passes. What is the range of p used in 
the formula? 


Astronomy A meteorite approaching the moon has a veloc- 
ity that varies inversely as the square root of its distance from 
the center of the moon. If the meteorite has a velocity of 
4 miles per second at 3000 miles from the center of the moon, 
find the velocity of the meteorite when it is 2500 miles from 
the center of the moon. Round to the nearest tenth of a mile 
per second. 


Solve —— 
Oe 9s: 


= 4. Write the solution set using set-builder 


notation. 


Dimensions of a Field A fence built around the border of a 
rectangular field measures a total of 200 feet. If the length of 
the fence is 16 feet longer than the width, what are the dimen- 
sions of the fence? 


Business The revenue R, in dollars, earned by selling x inkjet 
printers is given by R = 200x — 0.004x7. The cost C, in dol- 
lars, of manufacturing x inkjet printers is given by the equation 
C = 65x + 320,000. How many printers should be manufac- 
tured and sold to earn a profit of at least $600,000? 


Course Grade An average score of at least 80, but less than 
90, in a history class receives a B grade. Rebecca has scores of 
86, 72, and 94 on three tests. Find the range of scores she could 
receive on the fourth test that would give her a B grade for the 
course. Assume that the highest test score she can receive is 100. 


Ticketing Speeding Drivers A highway patrol department 
estimates that the cost of ticketing p percent of the speeders 
who travel on a freeway is given by 
C= ud 0< p< 100 
“=p 

where C is in thousands of dollars. If the highway patrol 
department plans to fund its program to ticket speeding drivers 
with $100,000 to $180,000, what is the range of the percent of 
speeders the department can expect to ticket? Round your per- 
cents to the nearest 0.1%. 


CHAPTER 2 FUNCTIONS AND GRAPHS 


2.1 Two-Dimensional 
Coordinate System and 
Graphs 


2.2 Introduction to Functions | 
2.3 Linear Functions 

2.4 Quadratic Functions 
2.5 Properties of Graphs 
2.6 Algebra of Functions 


2.7. Modeling Data Using 
Regression 


NASA/Johnson Space Center 


Astronauts experiencing microgravity. A typical training session may 
consist of 40 to 60 microgravity maneuvers, each lasting about 18 
seconds. The zero gravity scenes in the movie Apollo 13 were produced 
using these microgravity maneuvers. 


Functions as Models 


9500 - —s To prepare astronauts for the experience of zero gravity (technically, 
Ni microgravity) in space, the National Aeronautics and Space Administration 
ae of (NASA) uses a specially designed jet. A pilot accelerates the jet upward to 
Microgravity 


9000 + 


8500 + 


Altitude (in meters) 


| Migrogra an altitude of approximately 9000 meters and then reduces power. At that 

time, the plane continues upward, noses over, and begins to descend until 

an ti aay 20 the pilot increases power. The maneuver is then repeated. The figure to the 
left shows one maneuver. 


8000 + 


During the climb and the point at which the pilot increases power, the 
force on the astronauts is approximately twice what they experience on 
Earth. During the time of reduced power (about 15 to 20 seconds), the 
plane is in free fall and the astronauts experience microgravity. The sudden 
changes in gravity effects have a tendency to make astronauts sick. 
Because of this, the plane has been dubbed the Vomit Comet. 


A parabola, one of the topics of this chapter, can approximate the height of 
the jet. Using an equation of the parabola, the time during which the 
astronauts experience microgravity in one maneuver can be determined. 
See Exercise 47, page 210. 


153 


154 CHAPTER 2 


SECTION 2.1 


Cartesian Coordinate Systems 
Distance and Midpoint Formulas 
Graph of an Equation 

Intercepts 


Circles, Their Equations, and 
Their Graphs 


Note 


Abscissa comes from the same 
root word as scissors. An open 
pair of scissors looks like an x. 


Math Matters 


The concepts of analytic geometry 
developed over an extended 
period, culminating in 1637 with 
the publication of two works: 
Discourse on the Method for Rightly 
Directing One’s Reason and 
Searching for Truth in the Sciences 
by René Descartes (1596-1650) 
and /ntroduction to Plane and Solid 
Loci by Pierre de Fermat. Each of 
these works was an attempt to 
integrate the study of geometry 
with the study of algebra. Of the 
two mathematicians, Descartes is 
usually given most of the credit 
for developing analytic geometry. 
In fact, Descartes became so 
famous in La Haye, the city in 
which he was born, that it was 
renamed La Haye-Descartes. 


FUNCTIONS AND GRAPHS 


Two-Dimensional Coordinate 
System and Graphs 


™ Cartesian Coordinate Systems 


Each point on a coordinate axis is associated with a number called its coordinate. Each 
point on a flat, two-dimensional surface, called a coordinate plane or xy-plane, is associ- 
ated with an ordered pair of numbers called coordinates of the point. Ordered pairs are 
denoted by (a,b), where the real number a is the x-coordinate or abscissa and the real 
number 6 is the y-coordinate or ordinate. 

The coordinates of a point are determined by the point’s position relative to a horizon- 
tal coordinate axis called the x-axis and a vertical coordinate axis called the y-axis. The 
axes intersect at the point (0, 0), called the origin. In Figure 2.1, the axes are labeled such 
that positive numbers appear to the right of the origin on the x-axis and above the origin 
on the y-axis. The four regions formed by the axes are called quadrants and are numbered 
counterclockwise. This two-dimensional coordinate system is referred to as a Cartesian 
coordinate system in honor of René Descartes. 


Va Va 
Quadrant II Quadrant I * T (1, 3) (4, 3) 
7, @ e 
: ~ ea : : 2+ 
Horizontal axis Vertical axis 
(-3, le @(0,1) @(3,1) 
ge a ae ae ae 
Origi 
=) anc 2+ G,-De 
(-2, -3) @ 
Quadrant III ad Quadrant IV al 
Figure 2.1 Figure 2.2 


To plot a point P(a, b) means to draw a dot at its location in the coordinate plane. In 
Figure 2.2, we have plotted the points (4, 3), (—3, 1), (—2, —3), (3, —2), (0, 1), (1, 3), and 
(3, 1). The order in which the coordinates of an ordered pair are listed is important. 
Figure 2.2 shows that (1, 3) and (3, 1) do not denote the same point. 

Data often are displayed in visual form as a set of points called a scatter dia- 

gram or scatter plot. For instance, the scatter diagram in Figure 2.3 shows the 
current and projected revenue of Web-filtering software vendors. (Web-filtering 
software allows businesses to control which Internet sites are available to employees 
while at work.) The point whose coordinates are approximately (2005, 520) means that 
in 2005 approximately $520 million in revenue were generated by companies that sup- 
plied this software. The line segments that connect the points in Figure 2.3 help illus- 
trate trends. 


Note 


The notation (a, b) was used 
earlier to denote an interval on a 
one-dimensional number line. 

In this section, (a, b) denotes an 


ordered pair in a two-dimensional 


plane. This should not cause con 
fusion in future sections because 
as each mathematical topic is 
introduced, it will be clear 
whether a one-dimensional or a 
two-dimensional coordinate 
system is involved. 


a 


(1, -3) 


Figure 2.4 


Pythagorean Theorem 
See pages 103-104. 


|v, -¥,| 


yy 


|x,-¥|| 


Figure 2.5 
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Revenue from 
Web-filtering software 
(in millions of dollars) 

lon 
=} 
o 


0 + + + + + + + ~ 
2003 2004 2005 2006 2007 2008 2009 ‘ 


Year 
Figure 2.3 
Source: IDC, 2005. 


Question ® According to the data in Figure 2.3, will the revenue from Web-filtering software in 
2009 be more or less than twice the revenue in 2003? 


In some instances, it is important to know when two ordered pairs are equal. 


Definition of the Equality of Ordered Pairs 


The ordered pairs (a, b) and (c, d) are equal if and only if a = cand b = d. 


EXAMPLE 
If (3, y) = (x, —2), thenx = 3 andy = —2. 


® Distance and Midpoint Formulas 


The Cartesian coordinate system makes it possible to combine the concepts of algebra and 
geometry into a branch of mathematics called analytic geometry. 

The distance between two points on a horizontal line is the absolute value of the dif- 
ference between the x-coordinates of the two points. The distance between two points on a 
vertical line is the absolute value of the difference between the y-coordinates of the two 
points. For example, as shown in Figure 2.4, the distance d between the points with coor- 
dinates (1,2) and (1, —3) isd = |2 — (—3)| = 5. 

If two points are not on a horizontal or vertical line, then a distance formula for the 
distance between the two points can be developed as follows. 

The distance between the points P,(x,, y,) and P3(x>, y2) in Figure 2.5 is the length of 
the hypotenuse of a right triangle whose sides are horizontal and vertical line segments that 
measure |x. — x,| and |. — y,|, respectively. Applying the Pythagorean Theorem to this 
triangle produces 


DP 2 2 
d* = |x, — x) + ly. -— vil 
d= V |x = ail? + |y. — yl? ¢ Use the square root procedure. Because d is 
nonnegative, the negative root is not listed. 
= Voy — x) + 6» — 1? * |x. — x[? = @ — x1) and 


ly. — wi? = 02 - wi) 


Thus we have established the following theorem. 


Answer ® More. The revenue in 2003 was approximately $350 million. The projected revenue in 
2009 is approximately $925 million, which is more than twice $350 million. 
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Pi(x5, V5) 


Figure 2.6 
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Distance Formula 


The distance d(P,, P,) between the points P,(x,, y,) and P(x», y) is 
dP), P2) = Vy — 1) + Or — ni 


EXAMPLE vs 
The distance between P)(—3, 4) and P,(7, 2) T 
is given by 


d(P\ P) = V(x, — x)? + G2 -— yi)? | ae 
= Vi7 - (-3)P +2 -4P | 
= V104 = 2V26 © 10.2 


The midpoint / of a line segment is the point on the line segment that is equidistant 
from the endpoints P,(x;,v,) and P(x, y2) of the segment. See Figure 2.6. 


Midpoint Formula 


The midpoint M of the line segment from P(x), y,) to P2(x2, y2) is given by 
(2 +x yt 2) 
2 ° 2 
EXAMPLE 


The midpoint of the line segment between 
P,(—2, 6) and P,(3, 4) is given by 


+ + 
ue (2 ace 2) 
2 2 


- (P22 4) -( 5 
2 * 2 2’ 


The midpoint formula states that the x-coordinate of the midpoint of a line segment 
is the average of the x-coordinates of the endpoints of the line segment and that the 
y-coordinate of the midpoint of a line segment is the average of the y-coordinates of the 
endpoints of the line segment. 


EXAMPLE 1 _ Find the Midpoint and Length of a Line Segment 


Find the midpoint and the length of the line segment connecting the points whose coor- 
dinates are P;(—4, 3) and P3(4, —2). 


Solution 


xX) bX Vy | 
2 > 2 


(43 22102) (0 *) 
7 os a me aa 


Midpoint = ( 


e 
24." 
4 
24+ 
e 
4+ 
e uf 
Figure 2.7 
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Figure 2.9 
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d(P), Ps) = Von — m+ (rr — yi? 
=VG= CO? + G2 = 37 = Vey + C5? 
= V64 + 25 = V89 


@ Try Exercise 6, page 164 


® Graph of an Equation 


The equations below are equations in two variables. 


y=3e—-4e¢2 x2 +y?=25 y= — 
x+1 


The solution of an equation in two variables is an ordered pair (x, y) whose coordinates sat- 
isfy the equation. For instance, the ordered pairs (3, 4), (4, —3), and (0, 5) are some of the 
solutions of x? + y* = 25. Generally, there are an infinite number of solutions of an equa- 
tion in two variables. These solutions can be displayed in a graph. 


Definition of the Graph of an Equation 


The graph of an equation in the two variables x and y is the set of all points (x, y) 
whose coordinates satisfy the equation. 


Consider y = 2x — 1. Substituting various values of x into the equation and solving 
for vy produces some of the ordered pairs that satisfy the equation. It is convenient to record 
the results in a table similar to the one shown below. The graph of the ordered pairs is 
shown in Figure 2.7. 


[ x | y=%e-1 | »y | @y | 
a3 Mas) = =5 | (3-5) 
at | 26-1 | =e. | led 

0 | 20)-1 = | @-1 
1 | 20)-1 | 1 | (1, 1) 
2) 2-1 | 3 | @3) 


Choosing some noninteger values of x produces more ordered pairs to graph, such as 
3 5 : . 
(- 3-4) and (5. ), as shown in Figure 2.8. Using still other values of x would add 


even more ordered pairs to graph. The result would be so many dots that the graph would 
appear as the straight line shown in Figure 2.9, which is the graph of y = 2x — I. 


EXAMPLE 2. Draw a Graph by Plotting Points 
Graph: —x? + y = 1 


Solution 
Solve the equation for y. 
y=xr +1 


(continued ) 
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(2, 5) (2, 5) 


(-1, 2) ae (, 2) 


4 2 


Figure 2.10 


Math Matters 


Maria Agnesi (1718-1799) wrote 
Foundations of Analysis for the Use 
of Italian Youth, one of the most 
successful textbooks of the eigh- 
teenth century. The French 
Academy authorized a translation 
into French in 1749, noting that 
“there is no other book, in any 
language, which would enable a 
reader to penetrate as deeply, or 
as rapidly, into the fundamental 
concepts of analysis.” A curve that 
Agnesi discusses in her text is 
given by the equation 


fon 


ae 
Unfortunately, due to a translation 
error from Italian to English, the 
curve became known as the 


“witch of Agnesi.” 


Select values of x and use the equation to calculate y. Choose enough values of x so 
that an accurate graph can be drawn. Plot the points and draw a curve through them. 
See Figure 2.10. 


Ses aie ee 
2 (2 +1 5 (—2, 5) 
=i | err ai 2 (=1,.2) 
0 | (0? + 1 1 (0, 1) 
1 dy +1 2 (1, 2) 
2) Qt 5 (2,5) 


m@ Try Exercise 26, page 164 


Integrating Technology 


Some graphing calculators, such as the TI-83/TI-83 Plus/TI-84 Plus, have a TABLE 
feature that allows you to create a table similar to the one shown in Example 2. 
Enter the equation to be graphed, the first value for x, and the increment (the differ- 
ence between successive values of x). For instance, entering y, = x” + 1, an initial 
value of x of —2, and an increment of | yields a display similar to the one in 
Figure 2.11. Changing the initial value to —6 and the increment to 2 gives the table 
in Figure 2.12. 


Plot] Plot2 Plot3 
\Y: B X?+1 
TABLE SETUP 
TblStart=-2 
ATbl=1 
Indpnt: Ask 
Depenc: lim Ask 


TABLE SETUP 
TblStart=-6 
ATbl=2 

Indpnt: Ask 

Depend: [illite] Ask 


ES 


5 
2 
1 
2 
5 
0 
iw 


1 
1 


Figure 2.11 Figure 2.12 


With some calculators, you can scroll through the table by using the up- or down- 
arrow keys. In this way, you can determine many more ordered pairs of the graph. 


Figure 2.13 


Figure 2.14 


(16, -4) 
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EXAMPLE 3_ Graph by Plotting Points 


Graph: y = |x — 2| 
Solution 


This equation is already solved for y, so start by choosing an x value and using the 
equation to determine the corresponding y value. For example, if x = —3, then 
y = |(-3) — 2| = |—5| = 5. Continuing in this manner produces the following table. 


=3 =2 =i 0 1 2 3 4 5 
5 4 3 2 1 0 1 2 3 


Now plot the points listed in the table. Connecting the points forms a V shape, as 
shown in Figure 2.13. 


H# Try Exercise 30, page 164 


EXAMPLE 4 Graph by Plotting Points 


Graph: y* = x 
Solution 
Solve the equation for y. 


Plot the points as shown in Figure 2.14. The graph is a parabola. 
Try Exercise 32, page 164 


j Integrating Technology 


A graphing calculator or computer graphing software can be used to draw the graphs 
in Examples 3 and 4. These graphing utilities graph a curve in much the same way as 
you would, by selecting values of x and calculating the corresponding values of y. 

A curve is then drawn through the points. 

If you use a graphing utility to graph y = |x — 2], you will need to use the 
absolute value function that is built into the utility. The equation you enter will look 
similar to Yy=abs(X-2). 

To graph the equation in Example 4, you will enter two equations. The equations 
you enter will be similar to 

Yo=-V (Xx) 


The graph of the first equation will be the top half of the parabola; the graph of the 
second equation will be the bottom half. 
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® Intercepts 


On a graph, any point that has an x- or a y-coordinate of zero is called an intercept of the 
graph, because it is at this point that the graph intersects the x- or the y-axis. 


Definitions of x-Intercepts and y-Intercepts 


If (x;, 0) satisfies an equation in two variables, then the point whose coordinates 
are (x), 0) is called an x-intercept of the graph of the equation. 


If (0, y,) satisfies an equation in two variables, then the point whose coordinates 
are (0, y;) is called a y-intercept of the graph of the equation. 


To find the x-intercepts of the graph of an equation, let y = 0 and solve the equation 
for x. To find the y-intercepts of the graph of an equation, let x = 0 and solve the equa- 
tion for y. 


EXAMPLE 5 _ Find x- and y-Intercepts 


Find the x- and y-intercepts of the graph of y = x7 — 2x — 3. 


Algebraic Solution Visualize the Solution 


To find the y-intercept, let x = 0 and solve for y. The graph of y = x” — 2x — 3 is 
ae oe shown below. Observe that the graph 
ae a als a intersects the x-axis at (—1, 0) and 
To find the x-intercepts, let y = 0 and solve for x. (3, 0), the x-intercepts. The graph 
a a also intersects the y-axis at (0,—3), 
aie eed the y-intercept. 
0= (x — 3)a + 1) 
(x-3)=0 or X+1)=0 
x=3 or x=-l 


Because y = —3 when x = 0, (0,—3) is a y-intercept. Because x = 3 or —1 
when y = 0, (3,0) and (—1, 0) are x-intercepts. Figure 2.15 confirms that these 
three points are intercepts. 


) a,-4) 


Figure 2.15 


@ Try Exercise 40, page 165 


Integrating Technology 


Press [Y=|. Now enter X*3+X+4. Press 
ZOOM} and select the standard viewing 
window. Press [ENTER]. 


74u\e}yy MEMORY 
1: ZBox 
2: Zoom In 


3: Zoom Out 
4: ZDecimal 
5: ZSquare 
EM ZStandard 
WW ZTrig 


The Right bound? shown at the 
bottom of the screen means to move the 
cursor until it is to the right of the 

desired x-intercept. Press [ENTER]. 


Yi=XA3+X+4 


Right bound? 
X = -1.06383 LY =1.7321981 
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In Example 5, it was possible to find the x-intercepts by solving a quadratic equation. 
In some instances, however, solving an equation to find the intercepts may be very dif- 
ficult. In these cases, a graphing calculator can be used to estimate the x-intercepts. 

The x-intercepts of the graph of y = x° + x + 4 can be estimated using the ZERO 
feature of a TI-83/TI-83 Plus/TI-84 Plus calculator. The keystrokes and some sample 
screens for this procedure are shown below. 


Press |2nd| CALC to access the The Left bound? shown at the 
CALCULATE menu. The y-coordinate of bottom of the screen means to move 
an x-intercept is zero. Therefore, select the cursor until it is to the left of the 
2: zero. Press [ENTER]. desired x-intercept. Press [ENTER]. 


CALCULATE Yr=xXA3+X44 


: minimun 
: maximum 
: intersect 
: dyu/dx Left bound? 
7: f{xJdx X = -1.48936e2rY = -.7930613 


10 
Guess? is shown at the bottom of the The Zero shown at the bottom of the 
screen. Move the cursor until it is screen means that the value of y is 0 
approximately on the x-intercept. when x = —1.378797. The x-intercept 
Press [ENTER]. is about (—1.378797, 0). 


Yi=XA3+X+4 


Guess? 
X = -1.276596E Y =.6429403 


® Circles, Their Equations, and Their Graphs 


Frequently you will sketch graphs by plotting points. However, some graphs can be 
sketched merely by recognizing the form of the equation. A circle is an example of a curve 
whose graph you can sketch after you have inspected its equation. 


Definition of a Circle 


A circle is the set of points in a plane that are a fixed distance from a specified 


point. The fixed distance is the radius of the circle, and the specified point is the 
center of the circle. 
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(x, y) 


Figure 2.16 


bad 


FUNCTIONS AND GRAPHS 


The standard form of the equation of a circle is derived by using the definition of a 
circle. To derive the standard form, we use the distance formula. Figure 2.16 is a circle with 
center (A, k) and radius r. The point (x, y) is on the circle if and only if it is a distance of r 
units from the center (h, k). Thus (x, y) is on the circle if and only if 


Vox —-hP+(y—he=r 
(x -—hAP+y—-kP =r’ ¢ Square each side. 


Standard Form of the Equation of a Circle 


The standard form of the equation of a circle with center at (h, k) and radius r is 


(x -— AY +(y-khe =r’ 


EXAMPLE 

= The equation (x — 2)? + (y — 4)° = 37 is in standard form, where 
h = 2,k = 4,andr = 3. The graph of this equation is a circle with center 
C(2, 4) and radius 3. 


= The equation (x — 3)? + (vy + 1)? = 25 can be written in standard form as 
(x — 3° + WV — (-1)y = 58’. Note that in standard form (x — A) and (y — k?? 
are written using subtraction. Because (y + 1)* is written using addition, the 
expression is rewritten as (vy — (—1))’. The graph of this equation is a circle 
with center C(3, —1) and radius 5. 


= The equation (x + 4)’ + (y + 2)’ = 10 can be written in standard form as 
(x — (—4)? + (vy — (—2)) = (10). The graph of this equation is a circle 
with center C(—4, —2) and radius V10. 


If a circle is centered at the origin (0, 0), then h = 0 and k = 0 and the standard form 
of the equation of the circle simplifies to 


x? + y? = * Equation of a circle with center at 


the origin and radius r 


For instance, x? + y? = 9 is the equation of the circle with center at the origin and radius 


of V9 = 3. 


Question @ What are the radius and the coordinates of the center of the circle with equation 
x? + (y — 2) = 30? 


EXAMPLE 6 Find the Standard Form of the Equation 
of a Circle | 


Find the standard form of the equation of a circle that has center C(—4,—2) and | 
contains the point P(—1, 2). 


Answer e The radius is V30, and the coordinates of the center are (0, 2). 


Figure 2.17 


Completing the Square 
See page 99. 


Figure 2.18 


“Yy 
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Solution 


See the graph of the circle in Figure 2.17. Because the point P is on the circle, the 
radius r of the circle must equal the distance from C to P. Thus 


r= V(-1- (-4)P + 2 - (-2)P 
=VvV9+ 16= V25=5 
Using the standard form with h = —4,k = —2, andr = 5, we obtain 
+42 +yt+2P=% 


@ Try Exercise 64, page 165 


If we rewrite (x + 4)? + (y + 2)? = 5? by squaring and combining like terms, we 
produce 


r+ 8x +16 +y? + 4y+4=25 
x+y? + 8x + 4y-—5=0 


This form of the equation is known as the general form of the equation of a circle. 
By completing the square, it is always possible to rewrite an equation in the general form 
x? + y? + Ax + By + C = 0 in the standard form 


@- AP + - WP =s 


for some number s. If s > 0, the graph is a circle with radius r = Vs. If s = 0, the graph 
is the point (A, k). If s < 0, the equation has no real solutions and there is no graph. 


EXAMPLE 7 Find the Center and Radius of a Circle by 
Completing the Square 


Find the center and radius of the circle given by 
xt y— 6x + 4y-3=0 


Solution 
First, rearrange and group the terms as shown. 


(x? — 6x) + (y* + 4y) = 3 


Now complete the square of both (x7 — 6x) and (y? + 4y). 


(x27 — 6x + 9+ (7 + 4y +4) =34+944 * Add 9 and 4 to each side 
of the equation. 
(x — 3 + (vy + 27 = 16 
@-3/+-CeyP="# 


This equation is the standard form of the equation of a circle and indicates that 
the graph of the original equation is a circle centered at (3,—2) with radius 4. See 
Figure 2.18. 


@ Try Exercise 66, page 165 
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EXERCISE SET 2.1 


In Exercises 1 and 2, plot the points whose coordinates 
are given on a Cartesian coordinate system. 


1.. (2,4), (0, —3), (—2, 1), (—5, —3) 


2. (—3, —5), (-4, 3), (0, 2), (—2, 0) 
3. College Debt The following graph shows the average debt, in 
constant 2007 dollars per borrower, of college students upon 


graduation. 


+ 


22+ 


Average debt 
(in thousands of dollars) 


Year (¢ = 1 corresponds to 2001) 


a. According to the graph, between which two years did the 
average debt decrease? 


b. If the increase between 2007 and 2008 is the same as the 
increase between 2006 and 2007, what will be the average 
debt in 2008? 


4. Computer Games The graph below shows the results of mar- 
ket research conducted by a developer of computer games. It 
shows the projected numbers of sales N, in millions, of a game 
for selected selling prices p in dollars per game. 


Nt 
5 80+ 
= 4+ 
& 60 be ia 
> 
= ap (31, 40) 
s | (34, 30) 
e = 
= 20+ (36, 20) 
4 + (37, 10) 
0 5 10 15 2 25 30 35 40 P 


Price per game (in dollars) 


a. Explain the meaning of the ordered pair (22, 60) in the con- 
text of this problem. 


b. Based on the graph, does the projected number of sales 
increase or decrease as the price of this game increases? 


c. The product of the coordinates of the ordered pairs, 
R = p-N, indicates the revenue R to the company gener- 
ated by the sale of N games at p dollars per game. Create a 
scatter diagram of (p, R). 


d. Based on the scatter plot in ¢., what happens to the revenue 
as the price of the game increases? 


In Exercises 5 to 16, find the distance between the points 
whose coordinates are given. 


5. (6,4), (-8, 11) m6. (—5,8), (—10, 14) 
7. (—4, —20), (—10, 15) 8. (40, 32), (36, 20) 
9. (5, —8), (0,0) 10. (0,0), (5, 13) 


11. (V3, V8), (V12, V27) 12. (V125, V20), (6,2V/5) 

13. (a,b), (—a, —b) 14. (a — b,b),(a,a + b) 

15. (x, 4x), (—2x, 3x), given that x < 0 

16. (x, 4x), (—2x, 3x), given that x > 0 

17. Find all points on the x-axis that are 10 units from the point 
(4, 6). (Hint: First write the distance formula with (4, 6) as one 
of the points and (x, 0) as the other point.) 

18. Find all points on the y-axis that are 12 units from the point 


(5, =), 


In Exercises 19 to 24, find the midpoint of the line 
segment with the given endpoints. 


19. (1, —1), (5,5) 20. (—5, —2), (6, 10) 
21. (6, —3), (6, 11) 22. (4,7), (10,7) 


23. (1.75, 2.25), (—3.5, 5.57) 24. (—8.2, 10.1), (—2.4, —5.7) 


In Exercises 25 to 38, graph each equation by plotting 
points that satisfy the equation. 


25.x-y=4 
27. y = 0.25x? 
29. y = —2|x — 3| 


31 y=x-3 


m26. 2x+y=-1 
28. 3x7 + 2y = -4 


030. y= |x +3] -2 


m32. y=x°+1 


1 
33. y= 5 - 1y 34. y = (x + 27 


35. y=x7+2x—-8 


36. y=x°— 2x - 8 


37. y= —-x7 +2 38. p= —-x?- 1 


In Exercises 39 to 48, find the x- and y-intercepts of the 
graph of each equation. Use the intercepts and additional 
points as needed to draw the graph of the equation. 


39. 2x + 5y = 12 m40. 3x — 4y = 15 


Al. x= —y? +5 42,x=y —6 
43. x = |y| —4 44.x=y-2 
45.7 +y=4 46. 7 =" 


A7. |x| + |y| =4 48. |x — 4y| = 8 


In Exercises 49 to 56, determine the center and radius of 
the circle with the given equation. 


49. x° + y? = 36 50. x7 + y° = 49 


51. (x — 12 + (y— 3% = 49 52. (x — 22 + (y — 4 = 25 
53. (x + 2h + (vy + 5)P = 25 
54. (x + 3 + (y + 52 = 121 


1 
55. (x - 82 + y= i 56. x7 + (y - 12P = 1 


In Exercises 57 to 64, find an equation of a circle that 
satisfies the given conditions. Write your answer in 
standard form. 


57. Center (4, 1), radius 2 
58. Center (5, —3), radius 4 


1 1 
59. Center (=. i} radius V5 


60. Center (o. 2) radius V11 

61. Center (0, 0), passing through (—3, 4) 
62. Center (0, 0), passing through (5, 12) 
63. Center (1,3), passing through (4,—1) 


64. Center (—2, 5), passing through (1, 7) 
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In Exercises 65 to 72, find the center and radius of the 
graph of the circle. The equations of the circles are 
written in general form. 


65.7 +y—-6r+5=0 


m66. x7 + y? — 6x — 4y + 12 =0 


67. x? + y? — 14x + 8y 


68. x7 + y? — 10x + 2v + 18 = 0 


69. xr +y—x+3y 4 0 


70. x? + y? + 3x — Sy 4 =0 


71. P+ + 3x-6y+2=0 


In Exercises 73 to 76, find an equation of the circle 
described. Write your answers in standard form. 


73. The circle has a diameter with endpoints (2, 3) and (—4, 11). 
74. The circle has a diameter with endpoints (7,—2) and (—3, 5). 
75. The circle has its center at (7, 11) and is tangent to the x-axis. 
76. The circle has its center at (—2, 3) and is tangent to the y-axis. 


In Exercises 77 to 80, find the other endpoint of the line 
segment that has the given endpoint and midpoint. 


77. Endpoint (5, 1), midpoint (9, 3) 

78. Endpoint (4, —6), midpoint (—2, 11) 
79. Endpoint (—3, —8), midpoint (2, —7) 
80. Endpoint (5, —4), midpoint (0, 0) 


81. Find a formula for the set of all points (x, y) for which the dis- 
tance from (x, y) to (3, 4) is 5. 


82. Find a formula for the set of all points (x, y) for which the dis- 
tance from (x, y) to (—5, 12) is 13. 
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SECTION 2.2 Introduction to Functions 


Relations 

Functions 

Function Notation 
Graphs of Functions 


Greatest Integer Function 
(Floor Function) 


Applications of Functions 


Table 2.1 
| Score Grade 


(90, 100] A 
(80,90) 
[70, 80) 
[60, 70) 
-[0, 60) 


A)O;OQ|] 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A9. 


PS1. Evaluate x? + 3x — 4 whenx = —3. [P3] 


PS2. From the set of ordered pairs A = {(—3, 2), (—2, 4), (1, 1), (0, 4), (2, 5)}, create 
two new sets, D and R, where D is the set of the first coordinates of the ordered pairs 
of A and R is the set of the second coordinates of the ordered pairs of A. [P.1/2.1] 


PS3. Find the length of the line segment connecting P;(—4, 1) and P,(3,—2). [2.1] 


PS4. For what values of x is V2x — 6a real number? [P.6/1.5] 


PS5. For what values of x is ; not a real number? [P.5] 


vox 


PS6. Ifa = 3x + 4and a = 6x — 5, find the values of a. [1.1] 


® Relations 


In many situations in science, business, and mathematics, a correspondence exists between 
two sets. The correspondence is often defined by a table, an equation, or a graph, each of 
which can be viewed from a mathematical perspective as a set of ordered pairs. In mathe- 
matics, any set of ordered pairs is called a relation. 

Table 2.1 defines a correspondence between a set of percent scores and a set of letter 
grades. For each score from 0 to 100, there corresponds only one letter grade. The score 
94% corresponds to the letter grade of A. Using ordered-pair notation, we record this cor- 
respondence as (94, A). 

The equation d = 16¢7 indicates that the distance d that a rock falls (neglecting air 
resistance) corresponds to the time ¢ that it has been falling. For each nonnegative value f, 
the equation assigns only one value for the distance d. According to this equation, in 3 sec- 
onds a rock will fall 144 feet, which we record as (3, 144). Some of the other ordered pairs 
determined by d = 167” are (0, 0), (1, 16), (2, 64), and (2.5, 100). 


Equation: d = 16t° 
Ift = 3,then d= 16(3) = 144 


The graph in Figure 2.19, on page 167, defines a correspondence between the length 
of a pendulum and the time it takes the pendulum to complete one oscillation. For each non- 
negative pendulum length, the graph yields only one time. According to the graph, a pen- 
dulum length of 2 feet yields an oscillation time of 1.6 seconds and a pendulum length of 4 
feet yields an oscillation time of 2.2 seconds, where the time is measured to the nearest tenth 
of a second. These results can be recorded as the ordered pairs (2, 1.6) and (4, 2.2). 


® Functions 


The preceding table and equation and the following graph each determine a special type 
of relation called a function. 


Math Matters 


Historians generally agree that 
Leonhard Euler (1707-1783) was 
the first person to use the word 
function. His definition of function 
occurs in his book Introduction to 
Analysis of the Infinite, published 
in 1748. Euler contributed to 
many areas of mathematics and 
was one of the most prolific 
expositors of mathematics. 
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Graph: A pendulum’s oscillation time 


Time (in seconds) 


1 2 3 4 5 
Length (in feet) 


“YY 


Figure 2.19 


Definition of a Function 


A function is a set of ordered pairs in which no two ordered pairs have the same 
first coordinate and different second coordinates. 


Although every function is a relation, not every relation is a function. For instance, 
consider (94, A) from the grading correspondence. The first coordinate, 94, is paired with 
a second coordinate, A. It would not make sense to have 94 paired with A, (94, A), and 
94 paired with B, (94, B). The same first coordinate would be paired with two different 
second coordinates. This would mean that two students with the same score received dif- 
ferent grades, one student an A and the other a B! 

Functions may have ordered pairs with the same second coordinate. For instance, 
(94, A) and (95, A) are both ordered pairs that belong to the function defined by Table 2.1. 
Thus a function may have different first coordinates and the same second coordinate. 

The equation d = 16¢? represents a function because for each value of f there is only one 
value of d. However, not every equation represents a function. For instance, y? = 25 — x? 
does not represent a function. The ordered pairs (—3, 4) and (—3,—4) are both solutions of 
the equation. However, these ordered pairs do not satisfy the definition of a function: There 
are two ordered pairs with the same first coordinate but different second coordinates. 


Question ® Does the set {(0, 0), (1, 0), (2, 0), (3, 0), (4, 0)} define a function? 


The domain of a function is the set of all the first coordinates of the ordered pairs. 
The range of a function is the set of all the second coordinates. In the function determined 
by the grading correspondence in Table 2.1, the domain is the interval [0, 100]. The range 
is {A, B,C, D, F}. In a function, each domain element is paired with one and only one 
range element. 

If a function is defined by an equation, the variable that represents elements of the 
domain is the independent variable. The variable that represents elements of the range is 
the dependent variable. For the situation involving the free fall of a rock, we used the 
equation d = 16/. The elements of the domain represented the time the rock fell, and the 


Answer ® Yes. There are no two ordered pairs with the same first coordinate but different second 
coordinates. 
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Figure 2.20 


elements of the range represented the distance the rock fell. Thus, in d = 16f’, the inde- 
pendent variable is ¢ and the dependent variable is d. 

The specific letters used for the independent and dependent variables are not impor- 
tant. For example, y = 16x” represents the same function as d = 16. Traditionally, x is 
used for the independent variable and y for the dependent variable. Anytime we use the 
phrase “‘y is a function of x” or a similar phrase with different letters, the variable that fol- 
lows “function of” is the independent variable. 


EXAMPLE 1 __ Identify Functions 


State whether the relation defines y as a function of x. 
a. {(2,3),(4,),(4,5)} b 3x+y=1 ec -4x*°+y=9 
d. The correspondence between the x values and the y values in Figure 2.20. 


Solution 


a. There are two ordered pairs, (4, 1) and (4,5), with the same first coordinate and 
different second coordinates. This set does not define y as a function of x. 


b. Solving 3x + y = | for y yields y = —3x + 1. Because —3x + | is a unique real 
number for each x, this equation defines y as a function of x. 


ce. Solving —4x* + y? = 9 for y yields y = + V4x* + 9. The right side +V 4x7 + 9 
produces two values of y for each value of x. For example, when x = 0, y = 3 or 
y = —3. Thus —4x* + y? = 9 does not define y as a function of x. 


d. Each x is paired with one and only one y. The correspondence in Figure 2.20 
defines y as a function of x. 


@ Try Exercise 4, page 180 


® Function Notation 


Functions can be named by using a letter or a combination of letters, such as f, g, A, log, 
or tan. If x is an element of the domain of f, then f(x), which is read “fof x” or “the value 
of f at x,” is the element in the range of f that corresponds to the domain element x. The 
notation “f” and the notation “f(x)” mean different things. “f” is the name of the function, 
whereas “f(x)” is the value of the function at x. Finding the value of f(x) is referred to as 
evaluating f at x. To evaluate f(x) at x = a, substitute a for x and simplify. 


EXAMPLE 2_~ Evaluate Functions 


Let f(x) = x° — 1, and evaluate. 
a. f(—5) b. (3d) ec. 3f(b) d. f(a + 3) e. f(a) + f(3) 


Solution 


a. f(—5) =(-5r —1=25-1= 24 * Substitute —5 for x, and simplify. 
b. (Gb) = BbY —1= 9b - 1 * Substitute 3b for x, and simplify. 
ce. 3f(b) = 3(b* — 1) = 3b? — 3 * Substitute b for x, and simplify. 

d. flat 3)=(at+ 3-1 * Substitute a + 3 for x. 


=a +6at+8 + Simplify. 
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e. f(a) +fG)=(@ - 1)+ 3-1) * Substitute a for x; substitute 3 for x. 
=a+7 * Simplify. 


@ Try Exercise 18, page 180 


Piecewise-defined functions are functions that are represented by more than one 
expression. For instance, the function f defined below consists of three pieces, 2x + 1, 
x’ — 1,and 4 — x. 

2x + 1, x<-2 
fx) =4x?-1, -25x53 
4—x, x >3 
To evaluate this function at x, determine the interval in which x lies and then use the expres- 
sion that corresponds to that interval to evaluate the function. The following examples show 
how to evaluate f(—4), f(5), and f(2). 
Since —4 < —2,use 2x + 1. f(-4) = 2(-4) + 1 = -7 
Since 5 > 3,use4 — x. f6)=4-5=-1 
Since -2 = 2<=3,usex*-1. f(2)=27-1=3 


EXAMPLE 3 __ Evaluate a Piecewise-Defined Function 


xe— xt 1, eS S5 

Given f(x) = § 3x — 2, —5 <x <4, _ find each of the following. 
x? — 4x, x>4 

a. (5) b. f(-)) ec. f(-S) d. (4) 

Solution 

a. Since 5 > 4,usex? — 4x. f(5) = 5° — 4(5) = 105 


b. Since -5 < —1 = 4,use3x — 2. f(-1) = 3(-1) — 2 = —-5 

ec. Since —5 = —5,usex*>—x+1. f(—5) = (-5)? — (-5) +1 = 31 
d. Since-5 <4=4,use3x—-2. (4) = 3(4) —- 2 = 10 
@ Try Exercise 26, page 180 


Sometimes the domain of a function is stated explicitly. For example, each of f, g, and 
h below is given by an equation followed by a statement that indicates the domain. 


1 
fa=r,x>0 g= age sts5 he) =x*,x = 1,2,3 


Although fand h have the same equation, they are different functions because they have 
different domains. If the domain of a function is not explicitly stated, then its domain is 
determined by the following convention. 


Domain of a Function 


Unless otherwise stated, the domain of a function is the set of all real numbers for 
which the function makes sense and yields real numbers. 
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EXAMPLE 4_ Determine the Domian of a Function 


Determine the domain of each function. 
f= 2 
a. Gt) = >———____ Bb. f@) = V4-¥ 
t’ — 3t — 10 
c. A(s) = s’, where A(s) is the area of a square whose side is s units 


Solution 
a. Any value of ¢ for which the denominator of G is zero is not in the domain of G 
because division by zero is not defined. To find these values, solve t? — 3t — 10 = 0 


for t. 
?—3r-10=0 4 $250: FH558 
(t + 2)(t — 5) =0 t=-2 t=5 


The domain is all real numbers except —2 and 5. 


b. Any value of x for which 4 — x” < 0 is not in the domain of f because these val- 
ues would produce a complex number value of the function. Therefore, the domain 
of f is all values of x for which 4 — x? = 0. Solve the inequality for x using the 
critical-value method discussed in Section 1.5. 

4-— x?7>0 24x -H mam 
2=e% ++4+4++44 


(2 + x2 — x) =0 = 


-5 -4-3-2-1 012 3 4 5 


ttttt+ee]44 +444 


++4+4+4+4+4+4/------ 
pg as 


-5 -4-3-2-1 0123 4 5 


The sign diagram above shows that 4 — x* = 0 when —2 = x S 2. 
In interval notation, the domain of f is [—2, 2]. 


c. For any value of s, A(s) is a real number. However, s is given as the length of the 
side of a square. Therefore s > 0. In interval notation, the domain of A is (0, ©). 


@ Try Exercise 28, page 180 


l™ Graphs of Functions 


If ais an element of the domain of a function f; then (a, f(a)) is an ordered pair that belongs 
to that function. 


Definition of the Graph of a Function 


The graph of a function is the graph of all ordered pairs that belong to the 


function. 


EXAMPLE 5 Graph a Function by Plotting Points 


Graph each of the following. State the domain of each function. 


a. f(x)=2x-3 b. g(x) =2r-3 cc A(x) =2Vx-3 


f(x) = 2x - 3 
Figure 2.21 


2(x) = 2x2 - 3 
Figure 2.22 
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Solution 

For each part, we create a table of ordered pairs for the function, plot the ordered pairs 
and then draw a graph through them. Although each of the functions has a similar look, 
their graphs are quite different. In some cases, it takes a bit of effort to produce, by just 
plotting points, an accurate graph of a function. 


a. Because 2x — 3 is areal number for all values of x, the domain of fis all real 
numbers. This can be written (— 00, 00), 


—l 0 1 2, 3 4 
5 3 1 1 3 5 


Plot each ordered pair, and then draw a smooth graph through the points. The 
graph is shown in Figure 2.21. 


b. Because 2x” — 3 is a real number for all values of x, the domain of g is all real 
numbers. This can be written (—©o, 00), 


2 -1 0 1 2 
5 1 3 1 5 


Plot each ordered pair, and then draw a smooth graph through the points. The graph 
is shown in Figure 2.22. 


c. Because 2Vx — 3 is not a real number when x < 0, the domain of / is all real 
numbers greater than or equal to zero. This can be written [0, 00). 


Plot each ordered pair, and then draw a smooth graph through the points. The 
graph is shown in Figure 2.23. 


h(x) = 2Vx—- 3 
Figure 2.23 


@ Try Exercise 44, page 181 
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EXAMPLE 6 _ Determine a Domain Value Given a Range Value 


Gq Integrating Technology 
A graphing utility can be used to draw the graph of a function. The graphs of 


g(x) = 2x? — 3 and h(x) = 2Vx — 3 are shown in Figures 2.24 and 2.25. To graph g, 
enter the equation Yi=2x°—3. To graph fh, enter the equation Yiz=2 V(X)-3. 


16 8 


Ne | 


-4 4 


5 =§ 
Figure 2.24 Figure 2.25 


The following example shows how to determine the specific value or values of the 
independent variable for a given value of the dependent variable. 


Find the values of a in the domain of f(x) = x* — x — 4 for which f(a) = 2. 


Algebraic Solution 
f(a = 2 
a—a-4=2 
a’—-a-6=0 
(a + 2a — 3) =0 


a+2=0 or a-3=0 
a=3 
The values of a in the domain of f for which f(a) = 2 


a=-2 or 


are —2 and 3. 


@ Try Exercise 54, page 181 


Visualize the Solution 


By graphing y = 2 and f(x) = x” — x — 4, 
* Replace f(a) with a? — a — 4. we can see that f(x) = 2 when x = —2 and 
: x = 3. 


* Solve for a. 


It may be that, for a given number J, there is no number in the domain of f for which 
f(a) = b. For instance, suppose f(x) = x* + 3 and we are asked to find a value in the 
domain of f for which f(a) = 2. If we attempt to solve as we did in Example 6, we get the 
result shown at the top of the next page. 
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f(a) = 3 
a+3=2 * Replace f(a) with a + 3. 
a=-l * Solve for a. 
Vae=V-1 
ee a=ti 
-6 -4 -2 1 2 4 6 * 
=24 The values of a are complex numbers and not in the domain of f; Note from the graph 

; in Figure 2.26 that the horizontal line through (0, 2) does not intersect the graph as it did 
Figure 2.26 in Example 6. 


A problem of special interest is determining the values in the domain of a function f for 
which f(a) = 0. A value a in the domain of a function ffor which f(a) = 0 is called a zero 
of f. For instance, let f(x) = 2x — 4. When x is 2, we have f(2) = 2(2) — 4 = 0. Because 
f(2) = 0, 2 is a zero of f, Here is another example: Suppose g(x) = x7 + 2x — 15. Then 


g(x) = x7 + 2x — 15 
g(3) = 37 + 2(3) — 15 
g(3) = 0 

3 is a zero of g. 


g(x) = x? + 2x — 15 

as) = (oy + 265) = 5 
A=3) = 0 

—5 is a zero of g. 


In this case, there are two values in the domain of g, —5 and 3, for which f(x) = 0. 


EXAMPLE 7 _ Determine a Zero of a Function 


Find the zeros of f(x) = x* — 2x — 3. 


Algebraic Solution 


To find the zeros of f, solve the equation f(x) = 0 for x. 


f@) = 0 
x? —- 2x —-3 =0 


¢ To find the zeros, let f(x) = 0. 
* Replace f(x) with x7 — 2x — 3. 


Visualize the Solution 


By graphing f(x) = x? — 2x — 3, we can see 
that f(x) = 0 when x = —1 and x = 3. The zeros 
of fare —1 and 3. 


(x + I(x - 3) = 0 * Solve for x. 
x+1=0 


=i 


x-3=0 


x= x= 


The zeros of f(x) = x? — 2x — 3 are—1 and 3. 


Figure 2.27 
@ Try Exercise 66, page 181 


In Example 7, note that the zeros of fare the x-coordinates of the x-intercepts of the graph 
of f: This fact can be used to find solutions of some equations with a graphing calculator. 
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Real Zeros and x-Intercepts Theorem 


The real number c is a zero of f if and only if (c, 0) is an x-intercept of the graph 
of y = f(x). 


Tnictefeiniateme-ealureleyepay The graphs below show a sequence of steps on a TI-83 Plus/TI-84 Plus graphing calcula- 
tor that was used to find the zero of —1 in Example 7. Note the fourth screen, which 
shows the calculating of the zero, and observe that the zero is the x-coordinate of the x- 
intercept of the graph of f- In Chapter 3, we explore in more depth the zeros of a function. 


Plot] Plot2 Plot3 
\Yi BX?-2X-3 
\Ye= ERzero 
\Y¥3= : 3:minimum 
\Yu= i Y:maximum 
\Y5= S:intersect 
\Yo= 6:dy/dx 
\Y7= 7:ffxjdx 


Yi=X2-2X-3 Yi=X2-2X-3 


Guess? 
X=-1.06383 


The definition of a function as a set of ordered pairs in which no two ordered pairs 
that have the same first coordinate have different second coordinates implies that any ver- 
tical line intersects the graph of a function at no more than one point. This is known as the 
vertical line test. 


The Vertical Line Test for Functions 


A graph is the graph of a function if and only if no vertical line intersects the 


graph at more than one point. 


EXAMPLE 8 _ Apply the Vertical Line Test 


State whether the graph is the graph of a function. 


a. Yh b. Ve 


BY 


Figure 2.28 


ay 


Figure 2.29 
Some horizontal lines intersect this 
graph at more than one point. This is 


not the graph of a one-to-one function. 


VA 


“YY 


Figure 2.30 
Every horizontal line intersects this 
graph at most once. This is the graph 
of a one-to-one function. 
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Solution 
a. This graph is not the graph of a function because some vertical lines intersect the 
graph in more than one point. 


b. This graph is the graph of a function because every vertical line intersects the 
graph in at most one point. 


@ Try Exercise 76, page 182 


Consider the graph in Figure 2.28. As a point on the graph moves from left to right, 
this graph falls for values of x = —2, remains the same height from x = —2 to x = 2, 
and rises for x = 2. The function represented by the graph is said to be decreasing on 
the interval (—00, —2], constant on the interval [—2, 2], and increasing on the interval 
2, 00). 


Definition of Increasing, Decreasing, and Constant Functions 


If a and b are elements of an interval / that is a subset of the domain of a function 
f, then 


m fis increasing on / if f(a) < f(b) whenever a < b. 
= fis decreasing on / if f(a) > f(b) whenever a < b. 


m fis constant on / if f(a) = f(b) for all a and b. 


Recall that a function is a relation in which no two ordered pairs that have the same 
first coordinate have different second coordinates. This means that, given any x, there is 
only one y that can be paired with that x. A one-to-one function satisfies the additional 
condition that, given any y, there is only one x that can be paired with that given y. Ina 
manner similar to applying the vertical line test, we can apply a horizontal line test to iden- 
tify one-to-one functions. 


Horizontal Line Test for a One-To-One Function 


If every horizontal line intersects the graph of a function at most once, then the 
graph is the graph of a one-to-one function. 


For example, some horizontal lines intersect the graph in Figure 2.29 at more than one 
point. This is not the graph of a one-to-one function. Every horizontal line intersects the 
graph in Figure 2.30 at most once. This is the graph of a one-to-one function. 


® Greatest Integer Function (Floor Function) 


The graphs of some functions do not have any breaks or gaps. These functions, whose 
graphs can be drawn without lifting a pencil off the paper, are called continuous functions. 
The graphs of other functions do have breaks or discontinuities. One such function is the 
greatest integer function or floor function. This function is denoted by symbols such as 
[x], |x], and int(x). 
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Integrating Technology 


Many graphing calculators use 
the notation int(x) for the greatest 
integer function. Here are screens 
from a TI-83 Plus/TI-84 Plus. 


Math CPX PRB 
1: abs[ 


int(-1.1) 


int(5/2) 


FUNCTIONS AND GRAPHS 


The value of the greatest integer function at x is the greatest integer that is less than 
or equal to x. For instance, 


[-1.1] = -2 [7] =3 


Question ¢ Evaluate. a. in(- >) b. |2| 
To graph the floor function, first observe that the value of the floor function is constant 
between any two consecutive integers. For instance, between the integers | and 2, we have 
int(1.1) = 1 int(1.35) = 1 int(1.872) = 1 int(1.999) = 1 
Between —3 and —2, we have 
int(—2.98) = —3 int(—2.4) = —3 


int(—2.35) = —3 _int(—2.01) = —3 


Using this property of the floor function, we can create a table of values and then 
graph the floor function. See Figure 2.31. 


x __y = int@x) 
-5<x<-4 —5 { 
4 eo 

—4=x< =3 —4 eo 
—3=%< -2 3 2 eo 
—2sx< 71 72 —@—8— : 
-lsx<0 —l + es 4 2 
0O=<x<1 0 ciel 

_ —— e—o io 
L=oe2 1 eo 44 
2=x<3 2 eo 
3sx<4 3 pene 
fee 3 sd Figure 2.31 


The graph of the floor function has discontinuities (breaks) whenever x is an integer. The 
domain of the floor function is the set of real numbers; the range is the set of integers. 
Because the graph appears to be a series of steps, sometimes the floor function is referred 
to as a step function. 


j Integrating Technology 


Many graphing calculators use the notation int(x) for the floor function. The screens 
shown on page 177 are from a TI-83 Plus/TI-84 Plus graphing calculator. The graph 
in Figure 2.32 was drawn in “connected” mode. This graph does not show the discon- 
tinuities that occur whenever x is an integer. 
The graph in Figure 2.33 was constructed by graphing the floor function in “dot” 
| mode. In this case, the discontinuities at the integers are apparent. 


3. 3 
Answer ® a. Because —2 is the greatest integer less than or equal to >? in( >) 2. 


b. Because 2 is the greatest integer less than or equal to 2, |2| = 2. 
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a) 


y = int(x) y = int(x) 
connected mode dot mode 
Figure 2.32 Figure 2.33 


One application of the floor function is rounding numbers. For instance, suppose a 
credit card company charges 1.5% interest on an unpaid monthly balance of $237.84. Then 
the interest charge J is 


I = 237.84-0.015 = 3.5676 


Thus the interest charge is $3.57. Note that the result was rounded to the nearest cent, or 
hundredth. The computer program that determines the interest charge uses the floor func- 
tion to calculate the rounding. To round a number N to the nearest Ath decimal place, we 
use the following formula. 


int{104(N) + 0.5] 
10* 


N to the nearest kth decimal = 


Here is the calculation for the interest owed. In this case, N = 237.84:-0.015 and k = 2 
(round to the second decimal place). 
_ int[10°(237.84 + 0.015) + 0.5] __ int[100(3.5676) + 0.5] 
10° 100 
_ int[356.76 + 0.5] 
100 
int[357.26] 
100 


=—— = 3.57 


Example 9 gives another application of the floor function. 


| 


EXAMPLE 9 Use the Greatest Integer Function to Model Expenses 


The cost of parking in a garage is $3 for the first hour or any part of the first hour and 
$2 for each additional hour or any part of an hour thereafter. If x is the time in hours 
that you park your car, then the cost is given by 


C(x) = 3 — 2int(1 — x), x >0 
a. Evaluate C(2) and C(2.5). b. Graph y = C(x) forO <x S 5. 


(continued) | 
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Solution 

a. C(2) = 3 — 2 int(1 — 2) C(2.5) = 3 — 2 int(1 — 2.5) 
= 3 — 2 int(-1) = 3 — 2 int(—1.5) 
= 3-2-1) = 3 — 2(-2) 
= $5 = $7 


b. To graph C(x) for 0 < x = 5, consider the value of int(1 — x) for each of the 
intervasO<xS1l,l<x52,2<x=5=3,3<x=4,and4<x55. 
For instance, when 0 < x = 1,0 = 1 — x < 1. Thus int(1 — x) = 0 when 
0 <x = 1. Now consider 1 <x S 2. When 1 <x =2,-1=1-—.x< 0. Thus 
int(1 — x) = —1 when | < x = 2. Applying the same reasoning to each of the other 
intervals gives the following table of values and the graph of C shown in Figure 2.34. 


C(x) 4 
+ o—e 
0<x=<1 3 10+ 
1l<xs2 5 E i 
3 87 
2x =3 7 & 7 o—e 
B 6T 
3<x=4 9 5 i" 
4<x=<5 11 a 47 
E oe 
[am 
ot 
[23a435 5 


Time (in hours) 
C(x) = 3 — 2 int(1 — x) 
Figure 2.34 
Because C(1) = 3, C(2) = 5, C(3) = 7, C(4) = 9, and C(5) = 11, we can use a solid 
circle at the right endpoint of each “step” and an open circle at each left endpoint. 


m Try Exercise 74, page 181 


Gs Integrating Technology 
The function graphed in Example 9 is an example of a function for which a graphing 
calculator may not produce a graph that is a good representation of the function. You 
may be required to make adjustments in the MODE, SET UP, or WINDOW of the 
graphing calculator so that it will produce a better representation of the function. A 
graph may also require some fine tuning, such as open or solid circles at particular 
points, to accurately represent the function. 


M Applications of Functions 


EXAMPLE 10 Solve an Application 


A car was purchased for $16,500. Assuming that the car depreciates at a constant rate 
of $2200 per year (straight-line depreciation) for the first 7 years, write the value v of 
the car as a function of time, and calculate the value of the car 3 years after purchase. 


Figure 2.35 
x 
y 
ry 
40 — 2x 
I 
I 
[et ee oy De eee? Y 
4 
x 
ba 
x x 
« | a 40 —2x at 
i 40 in. 
40 — 2x Is 
40 — 2x —+| 


Figure 2.36 
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Solution 


Let ¢ represent the number of years that have passed since the car was purchased. Then 
2200t is the amount by which the value of the car has depreciated after ¢ years. The 
value of the car at time ¢ is given by 


v(t) = 16,500 — 22007, O=t=7 
When ¢ = 3, the value of the car is 
v(3) = 16,500 — 2200(3) = 16,500 — 6600 = $9900 
@ Try Exercise 92, page 183 


Often in applied mathematics, formulas are used to determine the functional relation- 
ship that exists between two variables. 


EXAMPLE 11 _ Solve an Application 


A lighthouse is 2 miles south of a port. A ship leaves port and sails east at a rate of 
7 miles per hour. Express the distance d between the ship and the lighthouse as a 
function of time, given that the ship has been sailing for ¢ hours. 


Solution 


Draw a diagram and label it as shown in Figure 2.35. Because Distance = (rate)(time) | 
and the rate is 7, in tf hours the ship has sailed a distance of 7f. 


[a]? = (78) + 2? * Use the Pythagorean Theorem. 
[d(t) = 490° + 4 
d(t) = V 4917 + 4 * The + sign is not used because the 


distance d(t) must be nonnegative. 


@ Try Exercise 98, page 183 


EXAMPLE 12 = Solve an Application 


An open box is to be made from a square piece of cardboard that measures 40 inches 
on each side. To construct the box, squares that measure x inches on each side are cut 
from each corner of the cardboard as shown in Figure 2.36. 


a. Express the volume V of the box as a function of x. 
b. Determine the domain of V. 


Solution 


a. The length / of the box is 40 — 2x. The width w is also 40 — 2x. The height of the 
box is x. The volume V of a box is the product of its length, its width, and its 
height. Thus 


V = (40 — 2x)*x 


b. The squares that are cut from each corner require x to be larger than 0 inches but 
less than 20 inches. Thus the domain is {x|0 < x < 20}. 


H Try Exercise 94, page 183 
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EXERCISE SET 2.2 


In Exercises 1 to 10, state whether the equation defines y 
as a function of x. 


1. 2x+ 3y=7 2. 5x +y=8 
3. -x + jy? =2 m4, x7 -2y=2 
5.y=44 Vx 6r+y=9 
7. Y= 8. y= |x| +5 
9. VP =x 10. yp =x 


In Exercises 11 to 16, state whether the set of ordered 
pairs (x, y) defines y as a function of x. 


11. {(2, 3), (5, 1), (—4, 3), (7, 11)} 


12. {(5, 10), (3, —2), (4, 7), (5, 8)} 


= 


3. {(4,4), (6, 1), (5, —3), (4, 5)} 
14. {(2, 2), (3, 3), (7, 7)} 


15. {(1, 0), (2, 0), (3, 0)} 


taea) aes) (5)} 
3°47 4°3)'\4°3 
In Exercises 17 to 24, evaluate each function. 


17. Given f(x) = 3x — 1, find 
a. f(2) b. f(-1) c. f(0) 


+() 


m18. Given g(x) = 2x” + 3, find 
a. 9(3) b. g(—1) c. 9(0) 


+(!) 


19. Given A(w) = Vw? + 5, find 


—_ 
» 


e. fk) f. fk + 2) 


e. g(c) f. g(c + 5) 


a. A(0) b. A(2) c. A(—2) 
d. A(4) e. A(r + 1) f. A(—c) 
20. Given J(t) = 37° — ¢, find 
a. J(-4) b. J(0) c. (2) 
d. J(-—c) e. Jax + D f. Ax + h) 


1 
21. Given f(x) = —,, find 


|x| 
b. f(—2) c. (2) 


e. f(c? + 4) f. f2 +h) 


bo (2) 
. T(0) c. 7 


e. T(x +h) f. 7(3k + 5) 


a. f(2) 
d. f(2) + f(-2) 

22. Given T(x) = 5, find 
a. T(-3) 


d. 7(3) + 71) 


23. Given s(x) = ae find 


a. s(4) 
d. s(—3) 


b. s(5) c. s(—2) 
e. s(t),t > 0 f. s(),t <0 
24. Given r(x) = se find 

a. 7(0) b. r(-1) c. 7(—3) 


e. (0.1) f. (10,000) 


In Exercises 25 and 26, evaluate each piecewise-defined 
function for the indicated values. 


25. pay = {ry ifx <2 
ie ee ee 
a. P(—4) b. P(V5) 


c. P(c), c<2 d. P(k+ 1), k= 1 


4, ifO=rs5 
m26. Ot) =) -t+9, if5<t=8 
Vt—7, if8<t<11 

a. O(0) b. O(c), 6<e<7 


c On), 1<n<2 d. Om’ +7), 1<m<=2 


In Exercises 27 to 38, determine the domain of the 
function represented by the given equation. 


27. f(x) = 3x — 4 28. f(x) = —2x + 1 


29. f(x) = x7 +2 30. f(x) = 3x7 + 1 


6 
31. f(x) = oe 32. f(x) = va, 
33. f~) = V7 +x 34. f(x) = V4—-x 


35. f(x) = V4— x? 36. f(x) = V12 - x? 


1 1 
38. = 
x+4 fe) V5 = % 


37. fix) = 


In Exercises 39 to 50, graph each function. 


40. f(x) =2- a 


39. fix) = 3x — 4 


41. g(x) =x - 1 42. g(x) =3 —x° 
43. f(x) = Vx +4 w44, h(x) = V5 —x 


AS. f(x) = |x — 2| 46. h(x) = 3 — |x| 


1 
47. L(x) = [| for-6 =x =6 


48. M(x) = [x] +2 forOsxs4 
49. Mx) = int(—x) for-3 =x =3 


50. P(x) = ints) +x forO=x=4 


In Exercises 51 to 58, find the value or values of ain the 
domain of f for which f(a) equals the given number. 


51. f(x) = 3x — 2: fla) = 10 


52. f(x) = 2 — 5x; f(a) = 7 


53. f(x) = x7 + 2x — 2; fla) = 1 
m54. f(x) = x? — 5x — 16; f(a) = —2 
55. f(x) = |x|; fla) = 4 


56. f(x) = |x + 2I;/@ = 6 


57. f(x) = x* + 2, fla) =1 


38. (0) = |x| = fay ==) 


In Exercises 59 to 66, find the zeros of f. 

59. f(x) = 3x — 6 60. f(x) = 6 + 2x 
61. f(x) = 5x +2 62. f(x) = 8 — 6x 
63. f(x) = x7 — 4 64. f(x) = x7 + 4x — 21 


65. f(x) = x7 — 5x — 24 m66. f(x) = 2x° + 3x — 5 
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In Exercises 67 to 72, use the floor function to write 
and then evaluate an expression that can be used to 
round the given number to the given place value. 


67. N = 2.3458; hundredths 
68. N = 34.567; tenths 
69. N = 34.05622; thousandths 
70. N = 109.83; whole number 
71. N = 0.08951; ten-thousandths 
72. N = 2.98245; thousandths 
73. First-Class Mail In 2009, the cost to mail a first-class letter 
was given by 
C(w) = 0.44 — 0.17int1 — w), w>0 


where C is in dollars and w is the weight of the letter in ounces. 


a. What was the cost (in 2009) to mail a letter that weighed 
2.8 ounces? 


b. Graph C for 0 < w = 4. 


=74. Income Tax The amount of federal income tax T(x) a single 
person owed in 2009 is given by 


0.10x, 0 =x < 8025 

0.15(% — 8025) + 802.50, 8025 = x < 32,550 
0.25(x — 32,550) + 4481.25, 32,550 = x < 78,850 
0.28(x — 78,850) + 16,056.25, 78,850 S x < 164,550 
0.33(% — 164,550) + 40,052.25, 164,550 = x < 357,700 
0.35(% — 357,700) + 103,791.15, x 2 357,700 


T(x) = 


where x is the adjusted gross income tax of the taxpayer. 
a. What is the domain of this function? 


b. Find the income tax owed by a taxpayer whose adjusted 
gross income was $31,250. 


c. Find the income tax owed by a taxpayer whose adjusted 
gross income was $78,900. 


75. Vertical Line Test Use the vertical line test to determine which 
of the following graphs are graphs of functions. 


a. 


(continued ) 
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"76. Vertical Line Test Use the vertical line test to determine which 


of the following graphs are graphs of functions. 


a. vA b. vA 

ee | | 

2+ 

Cc Va d. Ya 
3 

a4 


«Yy 


es) 
“YY 
| 
wv 4 
i) 


3 


In Exercises 77 to 86, use the indicated graph to identify 


the intervals over which the function is increasing, 
constant, or decreasing. 


77. 


79. 


81. 


83. 


85. 


87. 


88. 


89. 


90. 


sy 


Horizontal Line Test Use the horizontal line test to determine 
which of the following functions are one-to-one. 


fas shown in Exercise 77 


gas shown in Exercise 78 
F as shown in Exercise 79 
V as shown in Exercise 80 
pas shown in Exercise 81 


Horizontal Line Test Use the horizontal line test to determine 
which of the following functions are one-to-one. 


s as shown in Exercise 82 
t as shown in Exercise 83 
m as shown in Exercise 84 
r as shown in Exercise 85 
k as shown in Exercise 86 


Geometry A rectangle has a length of / feet and a perimeter 
of 50 feet. 


a. Write the width w of the rectangle as a function of its length. 
b. Write the area A of the rectangle as a function of its length. 
Length of a Shadow A child 4 feet tall is standing near a 


street lamp that is 12 feet high. The light from the lamp casts a 
shadow as shown in the diagram on the next page. 


91. 


092. 


93. 


094, 


a. Find the length / of the shadow as a function of the distance 
d of the child from the lamppost. (Hint: Use the fact that the 
ratios of corresponding sides of similar triangles are equal.) 


b. What is the domain of the function? 


c. What is the length of the shadow when the child is 8 feet 
from the base of the lamppost? 

Depreciation A bus was purchased for $80,000. Assuming 

that the bus depreciates at a rate of $6500 per year (straight-line 

depreciation) for the first 10 years, write the value v of the bus 

as a function of the time ¢ (measured in years) for0 = ¢ = 10. 


Depreciation A boat was purchased for $44,000. Assuming 
that the boat depreciates at a rate of $4200 per year (straight-line 
depreciation) for the first 8 years, write the value v of the boat as 
a function of the time ¢ (measured in years) for0 = ¢ = 8. 


Cost, Revenue, and Profit A manufacturer produces a prod- 
uct at a cost of $22.80 per unit. The manufacturer has a fixed 
cost of $400.00 per day. Each unit retails for $37.00. Let x rep- 
resent the number of units produced in a 5-day period. 


a. Write the total cost C as a function of x. 
b. Write the revenue R as a function of x. 


c. Write the profit P as a function of x. (Hint: The profit func- 
tion is given by P(x) = R(x) — C(x).) 


Volume of a Box An open box is to be made from a square 
piece of cardboard with the dimensions 30 inches by 30 inches 
by cutting out squares of area x* from each corner, as shown in 
the figure. 


30 — 2x 


30 -2x 
i 30 in. >| 


a. Express the volume V of the box as a function of x. 


b. State the domain of V. 


95. 


96. 


97. 


a 98. 
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Height of an Inscribed Cylinder A cone has an altitude of 
15 centimeters and a radius of 3 centimeters. A right circular 
cylinder of radius r and height / is inscribed in the cone as shown 
in the figure. Use similar triangles to write h as a function of r. 


Volume of Water Water is 
flowing into a conical drinking 
cup with an altitude of 4 inches 
and a radius of 2 inches, as 
shown in the figure. 


a. Write the radius r of the sur- 
face of the water as a func- 
tion of its depth h. 


b. Write the volume V of the 
water as a function of its 
depth h. 


Distance from a Balloon For the first minute of flight, a hot 
air balloon rises vertically at a rate of 3 meters per second. If ¢ 
is the time in seconds that the balloon has been airborne, write 
the distance d between the balloon and a point on the ground 
50 meters from the point of liftoff as a function of t. 


Time for an Athlete An athlete swims from point A to point 
B at arate of 2 miles per hour and runs from point B to point C 
at a rate of 8 miles per hour. Use the dimensions in the figure 
on the next page to write the time ¢ required to reach point C as 
a function of x. 
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99. 


100. 


101. 


iS 20 cm | 


a. Find the area enclosed by the two figures as a function 


of x. 

Distance Between Ships At noon, Ship A is 45 miles due b. Complete the following table. Round the area to the nearest 
south of Ship B and is sailing north at a rate of 8 miles per hundredth. 
hour. Ship B is sailing east at a rate of 6 miles per hour. Write ; % | 
the distance d between the ships as a function of the time ¢, = 
where ¢ = 0 represents noon. 0 

4 

8 

12 


c. What is the domain of this function? 
102. Area A triangle is bounded by the x- and y-axes and must pass 
through P(2, 2), as shown below. 
ya 
Area A rectangle is yh 


bounded by the x- and 
y-axes and the graph 


1 
fy=--x4+ 4, 
of y 5 


BY 


a. Find the area of the triangle as a function of x. (Hint: Let C 
be the point (0, 2) and D be the point (2, 0). Use the fact 


a. Find the area of the rectangle as a function of x. as . 
that ACP and PDB are similar triangles.) 


b. Complete the following table. 
aac il b. What is the domain of the function you found in a.? 


x | 103. Length Two guy wires are attached to utility poles that are 
1 40 feet apart, as shown in the following diagram. 
2 
4 
6 
7 


c. What is the domain of this function? 


Area A piece of wire 20 centimeters long is cut at a point x 
centimeters from the left end, as shown in the following dia- 
gram. The left-hand piece is formed into a circle and the right- 
hand piece is formed into a square. 


a. Find the total length of the two guy wires as a function 
of x. 


b. Complete the following table. Round the length to the near- 
est hundredth of a foot. 


x __ Total Length of Wires (ft) 
0 

10 

20 

30 

40 


c. What is the domain of this function? 


104. Sales vs. Price A business finds that the number of feet fof 
pipe it can sell per week is a function of the price p in cents per 
foot as given by 

320,000 

p+ 25° 


J(p) = =<p=90 


Complete the following table by evaluating f (to the nearest 
hundred feet) for the indicated values of p. 


|p | 40 | 50 | 60 | 75 | 90 


105. Model Yield The yield Y of apples per tree is related to the 
amount x of a particular type of fertilizer applied (in pounds 
per year) as given by the function 


Y(x) = 400[1 — 5@ - 1)7], 5=x = 20 
Complete the following table by evaluating Y (to the nearest 


apple) for the indicated amounts of fertilizer. 


|  & 10 | 12.5] 15 | 20 


106. Model Cost A manufacturer finds that the cost C in dollars 
of producing x items of a product is given by 


C(x) = (225 + 1.4Vx)?, 100 < x < 1000 


Complete the following table by evaluating C (to the nearest 
dollar) for the indicated numbers of items. 


x | 100 | 200 | 500 | 750 | 1000 


| C(x) | 


107. If f(x) = x? — x — Sand f(c) = 1, find c. 


108. If g(x) = —2x* + 4x — Land g(c) = —4, find c. 
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x—- 1 
x+1° 


109. Determine whether | is in the range of f(x) = 


1 
110. Determine whether 0 is in the range of g(x) = = 
af es 


ea In Exercises 111 to 116, use a graphing utility. 


x 
111. Graph f(x) = ate —-475x=47andx #0. 
x 


[2x] 
112. Graph f(x) = ——— for -4 = x = 4andx ¥ 0. 


|x| 
113. Graph: f(x) = x? — 2|x| — 3 


114. Graph: f(x) = x? — |2x — 3| 


115. Graph: f(x) = |x? — 1| — |x - 2] 
116. Graph: f(x) = |x? — 2x| - 3 


A fixed point of a function is a number a such that 

f(a) = a. In Exercises 117 and 118, find all fixed points 
for the given function. 
117. f(x) = x? + 3x —3 


x 
eae S 


118. 9(x) = 


119. Day of the Week A formula known as Zeller’s Congru- 
FA ence makes use of the greatest integer function [x] to 
determine the day of the week on which a given day fell or will 
fall. To use Zeller’s Congruence, we first compute the integer z 
given by 


== [= 2824] ff enr— 


The variables c, y, d, and m are defined as follows: 


c = century 

y = year of the century 

d = day of the month 

m = month, using | for March, 2 for April, ... , 10 for December. 
January and February are assigned the values 11 and 12 of 
the previous year. 


For example, for the date September 30, 2009, we use c = 20, 
y = 9, d = 30, and m = 7. The remainder of z divided by 7 
gives the day of the week. A remainder of 0 represents a 
Sunday, a remainder of 1 a Monday, ... , a remainder of 6 a 
Saturday. 


a. Verify that December 7, 1941, was a Sunday. 
b. Verify that January 1, 2020, will fall on a Wednesday. 


c. Determine on what day of the week Independence Day 
(July 4, 1776) fell. 


d. Determine on what day of the week you were born. 
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SECTION 2.3 Linear Functions 


eS Or In: PREPARE FOR THIS SECTION 


Sees INereslat pone ; Prepare for this section by completing the following exercises. The answers can be found 
Finding the Equation of a Line on page A10. 


Parallel and Perpendicular Lines 


eee : s PS1. Find the distance on a real number line between the points whose coordinates are 
Applications of Linear Functions 


—2 and 5. [P.1] 
PS2. Find the product of a nonzero number and its negative reciprocal. [P.5] 


PS3. Given the points P,(—3, 4) and P,(2, —4), evaluate =. [P1] 
(S| 

PS4. Solve y — 3 = —2(x — 3) for y. [1.1] 

PS5. Solve 3x — Sy = 15 for y. [1.2] 


PS6. Given y = 3x — 2(5 — x), find the value of x for which y = 0. [1.1] 


M® Slopes of Lines 


A function that can be written in the form f(x) = mx + bis called a linear function because 
its graph is a straight line. Consider the graph of a straight line in Figure 2.37. Observe that 
for each | unit increase in x, y increases by a constant amount of m units. In Figure 2.38, 
note that for each | unit increase in x, y decreases by a constant amount of m units. 


Ya AY 


m unit rise . 
m unit fall 
1 unit 
1 unit 
m unit rise m unit fall 
> - > 
x 1 unit x 
1 unit 
m unit fall 
m unit rise 
Figure 2.37 Figure 2.38 


Graphs of linear functions are characterizied by having a constant rise or fall. This rise or 

fall is called s/ope. The graph in Figure 2.37 has a positive slope; the y-value is increasing 

as x increases. The graph in Figure 2.38 has a negative slope; the y-value is decreasing as 

x increases. 

The slope of a line can be calculated by finding the ratio of the change in y between two 

6° points to the change in x between the same two points. For instance, consider the graph of a 
straight line passing through the points P|(—4, —5) and P (2, 4) shown in Figure 2.39. The 
slope of the line between the two points is 


sj changeiny 9 3 
ee changeinx 6 2 


Change in x 
2-—(-4)=6 


3 
. The slope of the line is —. 
Figure 2.39 2 


pean 


comageae (ee 


ca ia | 


| 
| 
+ 
x 


I 
| 
+ 
1 “5 


Figure 2.40 


Negative slope 


ay 
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Definition of the Slope of a Nonvertical Line 


The slope m of the line passing through the points P)(x,, y,) and P(x, v2) with 
xX, # Xo is given by 


v2 Vi 

qe ee 

x2 ~ *} 

EXAMPLE 
The slope of the line through P;(2, —3) and P,(—4, 1) is 
1 — (-3) 4 
n= = 

—-4-2 —6 


When computing the slope of a line, it does not matter which point we label P; and which 
we label P,; the value of the slope will be the same. For instance, if we interchange the two 
points in the previous example so that we have P,(—4, 1) and P3(2, —3), then 


y2 — Vi =3°="1 —4 _2 
Xn — X1 = (-4) 6 3 


m= 


Frequently, the Greek letter delta (A) is used to designate the change in a variable. Using 

this notation, Ay = y, — y, and Ax = x) — x,. Using A notation, the formula for slope 
A 

is written m = = 


Ax 


EXAMPLE 1_ Find the Slope of a Line 


Find the slope of the line passing through P, and P). 
a. P,(1,2), Po(3, 6) b. P\(—3,4), Pa, —2) 
Solution 
a. The slope of the line passing through P,(1, 2) and P>(3, 6) is 
wh 0-2 .4 
m = — = 
Xn — X1 3 — 1 2 
Because m > 0, the line slants upward from left to right. The slope of the line is 
positive. See the graph at the left. 


=2 


b. The slope of the line passing through P,(—3, 4) and P,(1, —2) is 
y2 — Vi —2-4 6 3 
m = —_ = —_— =_— 
XxX, — x 1 — (-3) 4 2 
Because m < 0, the line slants downward from left to right. The slope of the line 
is negative. See the graph at the left. 


@ Try Exercise 2, page 195 


The definition of slope does not apply to vertical lines. Consider, for example, the 
points P\(3, 7) and P>(3, 2) on the vertical line in Figure 2.41 on page 188. Applying the 
definition of slope to this line produces 

= B=] =) 
m= ee = + Division by 0 is undefined. 


X27 — XxX, 3=3 0 
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27 P,(3, 2) 
a an i 
=D 
x=3 
Figure 2.41 
yh 
x=a 


(0, ) 


Figure 2.42 


Figure 2.43 
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Because division by zero is undefined, we say that the slope of any vertical line is unde- 
fined. 

The line through P3(1, 5) and P4(4, 5) in Figure 2.41 is a horizontal line. Its slope is 
given by 
5-5 0 
4-1 3 


v4 V3 
m= = 
X4 — X3 


=0 


The slope of every horizontal line is 0. 
The results for vertical and horizontal lines are summarized below. 


Horizontal and Vertical Lines 


The graph of x = a is a vertical line through (a, 0). The slope of the line is unde- 
fined. See Figure 2.42. 


The graph of y = 5 is a horizonal line through (0, 5). The slope of the line is zero. 


See Figure 2.42. 


EXAMPLE 


The graph of x = —2 is a vertical line through (—2, 0). The slope is undefined. 


The graph of y = 3 is a horizontal line through (0, 3). The slope is zero. 


® Slope—-Intercept Form 


The graph of f(x) = 2x + 1 is shown in Figure 2.43. Note that the slope of the line between 
the two points is 2, the coefficient of x in f(x) = 2x + 1. The y-coordinate of the y-intercept 
is 1, the constant term of f(x) = 2x + 1. 


Slope-Intercept Form 


The graph of f(x) = mx + bisa line with slope m and y-intercept (0, b). 


EXAMPLE 
The graph of f(x) = —2x + 3 isa line with slope —2 and y-intercept (0, 3). 


2 2 
The graph of f(x) = 3° — 41s a line with slope 3 and y-intercept (0, —4). 


Proof If Py(x1,.y1) and P (x2, y2), x; # Xo, are two points on the line f(x) = mx + 5, 
then y; = f(x,) = mx, + band y, = f(x.) = mx, + b. Using the formula for slope, we have 


yo — Yi _ (xy + b) = (mm, + 6) om = mx, _ mO — 41) 


= M,x, FX 
X2 ~ X1 


XxX. — Xx) X. — Xx) Xo: = Ny 
Thus the slope of the line between the two points is m. 

To find the y-intercept, evaluate f(x) = mx + b when x = 0. 

f(x) = mx + b 

f(0) = m0) + b=b 


The y-intercept is (0, 5). ¢ 


“a 


y=2x-1 
Figure 2.44 
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If a function is written in the form f(x) = mx + 5b, then its graph can be drawn by 
first plotting the y-intercept (0, 5) and then using the slope m to determine another point 
on the line. 


EXAMPLE 2 Graph a Linear Function 


Graph: f(x) = 2x — 1 


Solution 
Replace f(x) with y. The equation y = 2x — | is in slope—intercept form, with b = —1 
and m = 2. Thus the y-intercept is (0, —1) and the slope is 2. Write the slope as 

2 change iny 


ie 1 change in x 


To graph the equation, first plot the y-intercept and then use the slope to plot a second 
point. This second point is 2 units up (change in y) and | unit to the right (change in x) 
of the y-intercept. See Figure 2.44. 


m@ Try Exercise 16, page 195 


An equation of the form Ax + By = C, where A, B, and C are real numbers and both 
A and B are not zero, is called the general form of a linear equation in two variables. 
Examples of these equations are given below. 


2x — 3y = 6 A=2,8=-3,C=6 
—4x + 5y = 0 -A=-4,B=5,C=0 
x=3 ‘c= 1 8=0,0s3 
y=-2 -A=0,B=1,C=-2 


To graph a linear equation given in general form, solve for y and then proceed as previ- 
ously shown in Example 2. 


EXAMPLE 3 Graph a Linear Equation Given in General Form 


Graph: 3x + 2y = 4 


Solution 
Solve for y. 
3x + 2y = 4 
2y = —-3x + 4 
3 
y=-7xt+2 


3 . : 
The slope is > and the y-intercept is (0, 2). 


3. -—3 change iny 
7 2 2 change in x 


(continued) | 
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3x + 2y=4 


Figure 2.45 


3x + 2y=4 


Figure 2.46 


ae A 


The slope of line / is m = : 
— x 


Figure 2.47 


To graph the equation, plot the y-intercept and then use the slope to plot a second 
point. The second point is 3 units down (change in y) and 2 units to the right (change in 
x) from the y-intercept. See Figure 2.45. 


H Try Exercise 32, page 196 


The graph in Example 3 can also be drawn by first finding the x- and y-intercepts and 
then drawing a straight line through those points. 


To find the x-intercept, let y = 0 and To find the y-intercept, let x = 0 and 
solve for x. solve for y. 
3x + 2y = 4 3x + 2y = 4 
3x + 2(0) = 4 3(0) + 2y = 4 
3x = 4 2y=4 
4 y=2 
Pees 
3 


The y-intercept is (0, 2). 
4 
The x-intercept is @ 0). 


Plot the x- and y-intercepts and then draw a line through the points. See Figure 2.46. 


& Finding the Equation of a Line 


We can find an equation of a line provided we know its slope and at least one point on the 
line. Figure 2.47 suggests that if (x),,) is a point on a line / of slope m and (x, y) is any 
other point on the line, then 
aa 4 
xXx — Xj, 


=m, x Fx, 


Multiplying each side of the previous equation by x — x, produces y — yy = m(x — x)). 
This equation is called the point-slope form of the equation of line /. 


Point-Slope Form 


The graph of 
y— yi = m& — x1) 


is a line that has slope m and passes through (x), yj). 


EXAMPLE 4 Use the Point-Slope Form 


Find an equation of the line with slope —3 that passes through (— 1, 4). 


Solution 
Use the point-slope form with m = —3,x, = —1l, andy, = 4. 
y—yV = mx — x) 
y-4=-3[x -(-])] * Substitute. 
y—-4=-3x -3 * Solve for y. 
yoo + I * Slope—intercept form 


Try Exercise 36, page 196 
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EXAMPLE 5 _ Find the Equation of a Line Given Two Points 


Find the equation of the line that passes through P,(—2, 4) and P,(2, —1). 


Solution 
To find the equation of a line through two given points, first find the slope of the line. 


y2 7 Vi 


2 ~ xX] 


-1-4  -5 


2 2 : 
The slope is — r Now use the point—slope form. 


yr y= mx — xX) * Use the point-slope form. 
a da 6 = (3) * x) 2,y1. = 4,m >. 
y-4= a” : * Solve for y. 
4 2 
5 3 
ae a 


Try Exercise 46, page 196 


® Parallel and Perpendicular Lines 


Two nonintersecting lines in a plane are parallel. All vertical lines are parallel to one 
another. All horizontal lines are parallel to one another. 

Two lines are perpendicular if and only if they intersect and form adjacent angles, 
each of which measures 90°. In a plane, vertical and horizontal lines are perpendicular to 
one another. 


F,@) =3x+ 1 


ad 


a 


Fe Parallel and Perpendicular Lines 
2 


Let /, be the graph of f\(x) = m, x + b, and J, be the graph of f,(x) = m,x + b>. Then 


= /, and J, are parallel if and only if m, = mp. 


ar 


Figure 2.48 1 
= /, and J, are perpendicular if and only if m; = ——. In this case, the slope of /; 
m 


VA 2 


is the negative reciprocal of the slope of J. 


EXAMPLE 
If fi(x) = 3x + 1 and f(x) = 3x — 4, then the slopes are equal: m, = m) = 3. 
The lines are parallel. See Figure 2.48. 


8%) =2x +3 


1 1 
If g(x) = 2x + 3 and go(x) = — 5% + 1,thenm, = 2 andm, = ~5 
al g,@)=- 4x41 


The lines are perpendicular. See Figure 2.49. The symbol 71s used to denote an 
angle of 90°. 


Figure 2.49 
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EXAMPLE 6 __ Find Equations of Parallel and 
Perpendicular Lines 


a. Find the equation of the line whose graph is parallel to the graph of 2x — 3y = 7 
and passes through the point P(—6, —2). 


b. Find the equation of the line whose graph is perpendicular to the graph of 


4 
yaar 2 and passes throught the point P(—4,1). 


Solution 5 r 
a. Solving 2x — 3y = 7 for y, we have y = 3% 3 Therefore, the slope of a line 


2 2 
parallel to the given line is m = z Now use the point-slope form with m = 3 


and P(—6,—2). 
y- yy = mea — x}) ¢ Use the point—slope form. 
2 2 
g=(-2)= 30 = (—6)) ° xy 6,1 2,m 3 
2 
eae al * Solve for y. 
2 ap 2 
=X 
, 


The equation of the line whose graph is parallel to the graph of 2x — 3y = 7 and 


2 
passes through the point P(—6, —2) is y = 37 + 2. 


4 
b. The slope of the given line is 3° The slope of a line perpendicular to the given line is 


: : 4 3 . : 3 
the negative reciprocal of 3 On Now use the point-slope form with m = — 4 
and P(—4,1). 
yyy = mx — x) * Use the point-slope form. 
3 3 
S10 Ce) fe ieee 
y= =e 3 * Solve for y. 
3 
== x= 2 
y ri 


4 
The equation of the line whose graph is perpendicular to the graph of y = z a2 


: : 3 
and passes through the point P(—4, 1) is y = ae 2 


H Try Exercise 52, page 196 
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B® Applications of Linear Functions 


EXAMPLE 7 Find a Linear Model of Data 


The bar graph in Figure 2.50 is based on data from the Nevada Department of 

Motor Vehicles. The graph illustrates the distance d (in feet) a car travels between 
the time a driver recognizes an emergency and the time the brakes are applied for 
different speeds v (in miles per hour). 


dh 
80 
70 
60 


Reaction distance (in feet) 
ae 
So 


25 35 45 55 65 Vv 


Speed (in miles per hour) 


Figure 2.50 


a. Find a linear function that models the reaction distance in terms of the speed of the 
car by using the ordered pairs (25, 27) and (55, 60). 


b. Find the reaction distance for a car traveling at 50 miles per hour. 


Solution 


a. First, calculate the slope of the line. Then use the point—slope form to find the 
equation of the line. 


dy—d, 60-27 33 


= = = = 1.1 * Find the slope. 
m wy = Ry 55-25 30 ind the slope 
d—d,=mv — v) * Use the point—slope form. 
d — 27 = 1.1(v — 25) ed, = 27,v, = 25,m = 1.1 


d=1.1v—- 05 


In function notation, the linear model is d(v) = 1.1v — 0.5. 


b. To find the reaction distance for a car traveling at 50 miles per hour, evaluate d(v) 
when v = 50. 


dv) = 1.lv — 0.5 
d(50) = 1.1(50) — 0.5 
= 54.5 
The reaction distance is 54.5 feet. 


@ Try Exercise 70, page 197 
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Note 


The graphs of C, R, and P are 
shown below. Observe that the 
graphs of C and R intersect at the 
break-even point, where 

x = 5625 and P(5625) = 0. 


Va 


C(x) =27x + 180,000 


100,000 + 


Rx) = 59x 


(5625, 331,875) 


—100,000 + 


3000 


(5625,0) 


P(x) = 32x — 180,000 


FUNCTIONS AND GRAPHS 


If a manufacturer produces x units of a product that sells for p dollars per unit, then the 
cost function C, the revenue function R, and the profit function P are defined as follows. 
C(x) = cost of producing and selling x units 
R(x) = xp = revenue from the sale of x units at p dollars each 


P(x) = profit from selling x units 
Because profit equals the revenue less the cost, we have 
P(x) = R(x) — C(x) 


The value of x for which R(x) = C(x) is called the break-even point. At the break-even 
point, P(x) = 0. 


EXAMPLE 8 Find the Profit Function and the Break-Even Point 


A manufacturer finds that the costs incurred in the manufacture and sale of a particular 
type of calculator are $180,000 plus $27 per calculator. 


a. Determine the profit function P, given that x calculators are manufactured and sold 
at $59 each. 


b. Determine the break-even point. 


Solution 
a. The cost function is C(x) = 27x + 180,000. The revenue function is R(x) = 59x. 
Thus the profit function is 


P(x) = R(x) — C(x) 
= 59x — (27x + 180,000) 


= 32x — 180,000, x = Oand x isan integer 


b. At the break-even point, R(x) = C(x). 


59x = 27x + 180,000 
180,000 
x = 5625 


Ss 
S 
II 


The manufacturer will break even when 5625 calculators are sold. 


Try Exercise 80, page 199 


EXAMPLE 9 _ Determine a Point of Impact 


A rock attached to a string is whirled horizontally about the origin in a circular counter- 
clockwise path with radius 5 feet. When the string breaks, the rock travels on a linear 


path perpendicular to the radius OP and hits a wall located at 
y=xt 12 (1) 


where x and y are measured in feet. If the string breaks when the rock is at P(4, 3), 
determine the point at which the rock hits the wall. See Figure 2.51 on page 195. 
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vA Solution 


3 3, 4 . 
The slope of OP is —. The negative reciprocal of — is — —. Therefore, the linear path of 
Point of 4 4 4 4 
—_ the rock is given by y — 3 = ~3@ — 4), or 
Wall 
4 25 
a yo = se + 


3 3 (2) 


To find the point at which the rock hits the wall, set the right side of Equation (1) equal 
to the right side of Equation (2) and solve for x. 


me + a =x+ 12 
3 3 
Figure 2.51 —4x + 25 = 3x + 36 * Multiply each side by 3. 
—Ix = 11 
— il 
ray 


For every point on the wall, x and y are related by y = x + 12. Therefore, substituting 


11 1 73 
as forxiny = x + 12 yields y = — 7 +12= 5 , and the rock hits the wall at 


C75) 
1° oe 


m@ Try Exercise 88, page 199 


EXERCISE SET 2.3 


In Exercises 1 to 10, find the slope of the line that passes In Exercises 15 to 26, graph y as a function of x by 
through the given points. finding the slope and y-intercept of each line. 
1. (3,4) and (1, 7) m2. (—2, 4) and (5, 1) 15. y=2x-4 m16. y=-x+1 

3. (4,0) and(0, 2 4. (—3,4) and (2,4 
ee ee : : mk y= art 18. y=-Sx44 
5. (3, —7) and (3, 2) 6. (0,0) and (3,0) 
7. (—3,4) and(—4,-2) ae ee et eee Bee ars ae 
21. y=3 22. y= -2 
1 1 7 
9, (-4 | and (2.2) 10. (3.4) and @ 2) 
- 2 7 _ 23. y = 2x 24. y = -3x 
In Exercises 11 to 14, find the slope of the line that 25. y= x 26. y= —x 


passes through the given points. 


11. (3,fG)) and 3 + A, f(3 + A)) In Exercises 27 to 34, graph each equation by first 
writing the equation in slope—intercept form. Check the 


1 Cai? Seon (er ee ee) graph by finding the x- and y-intercepts. 


13. (0,f(0)) and (h, f(h)) 27. x +y=5 28.x-y=4 


_ 
BS 


. (a, f(a)) and (a + h, f(a + h)) 29. 4x + 3y —- 12 = 0 30. 2x + 3y + 6=0 
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31. 2x — 5y = -15 m32. 3x — 4y = 8 


33. x + 2y=6 34. x -3y =9 


In Exercises 35 to 46, find the equation of the indicated 


line. Write the equation in the form y = mx + b. 


35. y-intercept (0, 3), slope 1 


36. y-intercept (0,5), slope —2 


1 3 
37. y-intercept (0 i), slope ri 


3 2 
38. y-intercept (0 3), slope = 


39. y-intercept (0, 4), slope 0 
. 1 
40. y-intercept (0, —1), slope 3 


41. Through (—3, 2), slope —4 
42. Through (—5, —1), slope —3 
43. Through (3, 1) and (—1, 4) 
44. Through (5, —6) and (2, —8) 


45. Through (7, 11) and (2, —1) 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


The graph is perpendicular to the graph of y = 2x — 5 and passes 
through the point whose coordinates are (3, —4). 


The graph is perpendicular to the graph of y = —x + 3 and 
passes through the point whose coordinates are (—5, 2). 


3 
The graph is perpendicular to the graph of y = — a" + land 


passes through the point whose coordinates are (—6, 0). 


The graph is perpendicular to the graph of 3x — 2y = 5 and 
passes through the point whose coordinates are (—3, 4). 


The graph is perpendicular to the graph of —x — 4y = 6 and 
passes through the point whose coordinates are (5, 2). 


The graph is perpendicular to the graph of 5x — y = 2 and 
passes through the point whose coordinates are (10, —2). 


Find the value of a in the domain of f(x) = 2x + 3 for which 
f(a) = -1. 


60. Find the value of a in the domain of f(x) = 4 — 3x for which 
f(a) = 7. 
61. Find the value of a in the domain of f(x) = 1 — 4x for which 
f(a) = 3. 
2 
62. Find the value of a in the domain of f(x) = = + 2 for which 


fla) = 4. 


u 46. 


Through (—5, 6) and (—3, —4) 


In Exercises 47 to 58, find the equation of the line, in 
slope-intercept form, that satisifies the given conditions. 


47. The graph is parallel to the graph of y = 2x + 3 and passes 
through the point whose coordinates are (2, —4). 
48. The graph is parallel to the graph of y = —x + 1 and passes 


In Exercises 63 to 66, find the zero of f. Verify that the 
solution of f(x) = 0 is the same as the x-coordinate of 
the x-intercept of the graph of y = f(x). 


63. f(x) = 3x - 12 64. f(x) = —2x — 4 


65. f(x) = ax +5 66. f(x) = -3x +2 


through the point whose coordinates are (—2, 4). 


3 
49. The graph is parallel to the graph of y = — rig + 3 and passes 


67. 


Oceanography The graph below shows the relationship 
between the speed of sound in water and the temperature of the 
water. Find the slope of this line, and write a sentence that 
explains the meaning of the slope in the context of this problem. 


50. 


51. 


052. 


through the point whose coordinates are (—4, 2). 


2 
The graph is parallel to the graph of y = 3x — 1 and passes 


through the point whose coordinates are (—3, —5). 


The graph is parallel to the graph of 2x — 5y = 2 and passes 
through the point whose coordinates are (5, 2). 


The graph is parallel to the graph of x + 3y = 4 and passes 
through the point whose coordinates are (—3, —1). 
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Temperature (in degrees Celsius) 


68. Computer Science The following graph shows the relation- 


ship between the time, in seconds, it takes to download a file and 
the size of the file, in megabytes. Find the slope of the line 
between the two points shown on the graph. Write a sentence that 
states the meaning of the slope in the context of this problem. 


File size (in megabytes) 


2 «840 «60~«©80~—«*2100 £ 


Time (in seconds) 


69. P.) Automotive Technology The following table shows 


the U.S. Environmental Protection Agency (EPA) fuel 
economy values for selected two-seater cars for the 2009 
model year. (Source: http://www.fueleconomy.gov.) 


EPA Fuel Economy Values for Selected Two-Seater Cars 


Car _ City (mpg) Highway (mpg) _ 
Audi, TT Roadster 22 30 
BMW, M6 11 17 
Ferrari, 599, GTB 11 15 
Lamborghini, L-174 12 20 
Chevrolet, Corvette 14 20 
Maserati, Gran Turismo 12 19 


a. Using the data for the Lamborghini and the Audi, find a lin- 
ear function that predicts highway miles per gallon in terms 
of city miles per gallon. 


b. Using your model, predict the highway miles per gallon for 
a Porsche Targa, whose city fuel efficiency is 18 miles per 
gallon. 


#70. P.) Consumer Credit The amount of revolving consumer 


credit (such as credit cards) for 2003 to 2008 is given in 
the table below. (Source: http://www.federalreserve.gov, Board 


of Governor’s of the Federal Reserve System.) 


Year Consumer Credit (billions of $) — 


2003 791.9 
2004 823.7 
2005 850.0 
2006 902.3 
2007 969.6 
2008 975.3 


71. 


72. 


73. 
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a. Using the data for 2003 and 2008, find a linear model that 
predicts the amount of revolving consumer credit (in bil- 
lions of dollars) for year ¢. 


b. Using this model, in what year would consumer credit first 
exceed $1.1 trillion? 


2 Labor Market According to the Bureau of Labor 

Statistics (BLS), there were 38,000 desktop publishing 
jobs in the United States in 2000. The BLS projects that there 
will be 63,000 desktop publishing jobs in 2010. 


a. Using the BLS data, find the number of desktop publishing 
jobs as a linear function of the year. 


b. Using your model, in what year will the number of desktop 
publishing jobs first exceed 60,000? 


Pottery A piece of pottery is removed from a kiln and allowed 
to cool in a controlled environment. The temperature (in degrees 
Fahrenheit) of the pottery after it is removed from the kiln is 
shown for various times (in minutes) in the following table. 


| Time (min) ——_—‘ Temperature (°F) 
15 2200 


20 2150 
30 2050 
60 1750 


a. Find a linear model for the temperature of the pottery after 
t minutes. 


b. Explain the meaning of the slope of this line in the 
context of the problem. 


c. Assuming that the temperature continues to decrease at the 
same rate, what will be the temperature of the pottery in 
3 hours? 


Lumber Industry The number of board-feet (bf) that can be 
obtained from a log depends on the diameter, in inches, of the log 
and its length. The following table shows the number of board- 
feet of lumber that can be obtained from a log that is 32 feet long. 


Diameter (in.) bf 
16 180 
18 240 
20 300 
22 360 


a. Find a linear model for the number of board-feet as a func- 
tion of log diameter. 
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74. 


75. 


76. 
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b. ne Explain the meaning of the slope of this line in the 
context of the problem. 


c. Using this model, how many board-feet of lumber can 
be obtained from a log 32 feet long with a diameter of 
19 inches? 


Ecology The rate at which water evaporates from a certain 
reservoir depends on the air temperature. The table below 
shows the number of acre-feet (af) of water per day that evap- 
orates from the reservoir for various temperatures in degrees 
Fahrenheit. 


Temperature (°F) | (af) 
40 800 
60 1640 
70 2060 
85 2690 


a. Find a linear model for the number of acre-feet of water that 
evaporates as a function of temperature. 


b. es Explain the meaning of the slope of this line in the 
context of this problem. 


c. Assuming that water continues to evaporate at the same 
rate, how many acre-feet of water will evaporate per day 
when the temperature is 75°F? 


Cycling Speeds Michelle and Amanda start from the same 
place on a cycling course. Michelle is riding at 15 miles per 
hour, and Amanda is cycling at 12 miles per hour. The graph 
below shows the total distance traveled by each cyclist and the 
total distance between Michelle and Amanda after ¢ hours. 
Which distance does each line represent? 


Total distance (in miles) 


Time (in hours) 


Temperature The following graph shows the temperature, in 
degrees Fahrenheit, over a 12-hour period at a weather station. 


77. 


78. 


a. By how many degrees per hour did the temperature change 
between A and B? 


b. Between which two points did the temperature change most 
rapidly? 


c. Between which two points was the temperature constant? 


Health The following table shows the average remaining life- 
time, by age, of women in the United States in 2004. (Source: 
Social Security Administration.) 


Current Age Remaining Years 
0 79.96 
20 60.76 
30 51.05 
50 32.25 
65 19.50 


a. Find a linear model of these data using the points (0, 79.96) 
and (65, 19.50). Round values to the nearest hundredth. 


b. Based on your model, what is the average remaining life- 
time of a woman whose age in 2004 was 25? Round to the 
nearest year. 


Health The following table shows the average remaining life- 
time, by age, of men in the United States in 2004. (Source: 
Social Security Administration.) 


i Current Age | ii Remaining Years 
0 74.83 
20 55.88 
30 46.58 
50 29.46 
65 16.67 


a. Find a linear model of these data using the points (0, 74.83) 
and (65, 16.67). Round values to the nearest hundredth. 


b. Based on your model, what is the average remaining life- 
time of a man whose age in 2004 was 25? Round to the 
nearest year. 


Business In Exercises 79 to 82, determine the profit 
function for the given revenue function and cost 
function. Also determine the break-even point. 


79. 


#80. 


81. 


82. 


83. 


84. 


85. 


86. 


R(x) = 92.50x; C(x) = 52x + 1782 


R(x) = 124x; C(x) = 78.5x + 5005 
R(x) = 259x; C(x) = 180x + 10,270 
R(x) = 14,220x; C(x) = 8010x + 1,602,180 


Marginal Cost In business, marginal cost is a phrase used to 
represent the rate of change, or slope, of a cost function that 
relates the cost C to the number of units x produced. If a cost 
function is given by C(x) = 8x + 275, find 


a. C(0) b. C(1) c. C(10) d. Marginal cost 
Marginal Revenue In business, marginal revenue is a phrase 
used to represent the rate of change, or slope, of a revenue func- 
tion that relates the revenue R to the number of units x sold. If 
a revenue function is given by the function R(x) = 210x, find 


a. R(O) b. RC) c. R10) d. Marginal revenue 
Break-Even Point for a Rental Truck A rental company pur- 
chases a truck for $19,500. The truck requires an average cost 
of $6.75 per day in maintenance. 


a. Find a linear function that expresses the total cost C of own- 
ing the truck after ¢ days. 


b. The truck rents for $55.00 a day. Find a linear function that 
expresses the revenue R when the truck has been rented for 
t days. 


c. The profit after ¢ days, P(t), is given by P(t) = R(t) — C(d). 
Find the linear function P(f). 


d. Use the function P(t) that you obtained in c. to determine 
how many days it will take the company to break even on 
the purchase of the truck. Assume that the truck is in use 
every day. 


Break-Even Point for a Publisher A magazine company had 
a profit of $98,000 per year when it had 32,000 subscribers. 
When it obtained 35,000 subscribers, it had a profit of 
$117,500. Assume that the profit P is a linear function of the 
number of subscribers s. 


a. Find the function P. 


87. 


288. 


89. 
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b. What will the profit be if the company has a total of 50,000 
subscribers? 


c. What is the number of subscribers needed to break even? 


Point of Impact A rock attached to a string is whirled hori- 
zontally about the origin in a counterclockwise circular path 
with radius 5 feet. When the string breaks, the rock travels on 
a linear path perpendicular to the radius OP and hits a wall 
located at y = 10 feet. 


Point of 
impact 


If the string breaks when the rock is at P(3,4), find the x- 
coordinate of the point at which the rock hits the wall. 


Point of Impact A rock attached to a string is whirled horizon- 
tally about the origin in a counterclockwise circular path with 
radius 4 feet. When the string breaks, the rock travels on a linear 
path perpendicular to the radius OP and hits a wall located at 
y = 14 feet. If the string breaks when the rock is at P(W/15, 1) 
find the x-coordinate of the point at which the rock hits the wall. 


Slope of a Secant Line The graph of y = x? + 1 is shown 
below with P(2, 5) and O(2 + h,[2 + h]? + 1) as two points 
on the graph. The secant line PQ is also shown. 


a. If # = 1, determine the coordinates of QO and the slope of 
the line PQ. 


b. If = 0.1, determine the coordinates of QO and the slope of 
the line PQ. 


(continued ) 
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c. If A = 0.01, determine the coordinates of Q and the slope b. Iff = 0.1, determine the coordinates of Q and the slope of 
of the line PQ. the line PQ. 


c. If # = 0.01, determine the coordinates of QO and the slope 


d. As h approaches 0, what value does the slope of the line PO 
of the line PQ. 


seem to be approaching? 


d. As h approaches 0, what value does the slope of the line PO 


e. Verify that the slope of the line passing through (2, 5) and seen ta beldopraaeiiip? 


(2+h[2+hP + 1l)is4ta. 


e. Verify that the slope of the line passing through (—1, 3) and 


90. Slope of a Secant Line The graph of y = 3x” is shown below (-1 + A,3[-1 + AP) is —6 + 3h. 
with P(—1,3) and O(-1 + h,3[-1 + h}’) as two points on 
the graph. The secant line PQ is also shown. 91. Verify that the slope of the line passing through (x, x?) and 
“3 (x + h,[x + AP) is 2x + h. 
Q 92. Verify that the slope of the line passing through (x, 4x”) and 


(x + h,4[x + h]?) is 8x + 4h. 


93. Determine whether there is a point P(x, y) on the graph of the 
equation y = x? such that the slope of the line through the 


15 
point (3, 9) and P is 3" 


94. Determine whether there is a point P(x, y) on the graph of the 
equation y = Vx + 1 such that the slope of the line through 


a. If # = 1, determine the coordinates of QO and the slope of ; 3 
the line PQ. the point (3, 2) and P is e 


MID-CHAPTER 2 QUIZ 


1. Find the coordinates of the midpoint and the length of the line 5. Find the zeros of f(x) = x2 — x — 12. 
segment between P,(—3, 4) and P3(1,—2). 


6. Find the slope of the line between the points P,(8, —2) and 
2. Find the coordinates of the center and the radius of the circle P,(—2, 3). 
whose equation is x7 + y* — 6x + 4y -2 = 0. 


7. Find the equation of the line parallel to the graph of 2x + 3y = 5 


3. Evaluate f(x) = x* — 6x + 1 whenx = —3. and passing through P,(3, —1). 
2 
4. Write the domain of f(x) = V2 — x in interval notation. 8. Graph f(x) = — ae + 1 by using the slope and y-intercept. 


SECTION 2.4 Quadratic Functions 


Vertex of a Parabola 
Maximum and Minimum of a 
Quadratic Function 


Applications of Quadratic 
Functions PS1. Factor: 3x7 + 10x — 8 [P.4] 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A11. 


PS2. Complete the square of x* — 8x. Write the resulting trinomial as the square of a 
binomial. [1.3] 


PS3. Find f(—3) for f(x) = 2x” — 5x — 7. [2.2] 
PS4. Solve for x: 2x? — x = 1 [1.3] 
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PS5. Solve for x: x? + 3x — 2 = 0[1.3] 


PS6. Suppose that h = —16t? + 64¢ + 5. Find two values of ¢ for which h = 53. 
[1.3] 


Note Some applications can be modeled by a quadratic function. 


The equation z = x? — y defines 
5s en ale eincu mor yaad Definition of a Quadratic Function 
y. The graph of z = x* — y 


is the saddle shown in the figure A quadratic function of x is a function that can be represented by an equation of 
below. You will study quadratic the form 

functions involving two or more 
independent variables in calculus. 


fx) = ax? + bx +. 


where a, b, and c are real numbers and a # 0. 


EXAMPLE 
f(x) = 2x? — 3x41 


gi) = -° - 5 
h(x) = x? + 5x 


The graph of f(x) = ax? + bx + c is a parabola. The graph opens up if a > 0, and 
it opens down if a < 0. The vertex of a parabola is the lowest point on a parabola that 
opens up or the highest point on a parabola that opens down. Point V is the vertex of the 
parabola in Figure 2.52. 

The graph of f(x) = ax? + bx + cis symmetric with respect to a vertical line through 
its vertex. 


Definition of Symmetry with Respect to a Line 


A graph is symmetric with respect to a line Z if for each point P on the graph 
there is a point P’ on the graph such that the line Z is the perpendicular bisector of 
the line segment PP’. 


i 
In Figure 2.52, the parabola is symmetric with 
respect to the line L. The line ZL is called the axis 
of symmetry. The points P and P’ are reflections, 
or images of each other, with respect to the axis of 
symmetry. 

If b = Oandc = 0, then f(x) = ax? + bx +c 
simplifies to f(x) = ax’. The graph of f(x) = ax” 
(a # 0) is a parabola with vertex at the origin, and 
the y-axis is its axis of symmetry. The graph of 
f(x) = ax” can be constructed by plotting a few 
points and drawing a smooth curve that passes 
through these points, with the origin as the vertex 
and the y-axis as the axis of symmetry. The graphs 


1 
of f(x) = x’, g(x) = 2x7, and A(x) = 5 are 
shown in Figure 2.53. Figure 2.53 


Figure 2.52 
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Note 


The axis of symmetry is a line. 

When you are asked to determine 
the axis of symmetry, the answer 
is an equation, not just a number. 


(3, 1) 
Sa See 


g(x) = 2x? — 12x + 19 
Figure 2.54 


Standard Form of a Quadratic Function 


Every quadratic function f given by f(x) = ax” + bx + c can be written in the 
standard form of a quadratic function, 


fix) = a(x —hY +k, a #0 


The graph of fis a parabola with vertex (h, k). The parabola opens up if a > 0, and it 
opens down if a < 0. The vertical line x = h is the axis of symmetry of the parabola. 


EXAMPLE 
f~=@-3P-4 * a = 1 > 0; parabola opens up 
Vertex (3, —4); axis of symmetry x = 3 
f@) = =2@-4 17 +1 * a = —2 < 0; parabola opens down 
Vertex (—1, 1); axis of symmetry x = —1 


EXAMPLE 1 Find the Standard Form of a Quadratic Function 


Use the technique of completing the square to find the standard form of 
g(x) = 2x” — 12x + 19. Sketch the graph. 


Solution 
g(x) = 2x? — 12x + 19 
= 2(x? — 6x) + 19 + Factor 2 from the variable terms. 
= 2x7 — 6x + 9-9) + 19 * Complete the square. 
= 2(x? — 6x + 9) — 2(9) + 19 + Regroup. 
= Ax — 3 — 18 + 19 ¢ Factor and simplify. 
=2Ax—- 3 +1 * Use standard form. 


The vertex is (3, 1). The axis of symmetry is x = 3. Because a > 0, the parabola 
opens up. See Figure 2.54. 


Try Exercise 10, page 209 


® Vertex of a Parabola 


We can write f(x) = ax? + bx +c in standard form by completing the square of 
ax? + bx + c. This will allow us to derive a general expression for the x- and y-coordinates 
of the graph of f(x) = ax” + bx +c. 


f(x) = ax? + bx + 


b 
= a sp .) +e * Factor a from ax? + bx. 
a 
3.8 b? b? , 
=alx27+—-x+—])+e-— * Complete the square by adding 
4a? 4a 2 2 
; a b 
and subtracting | —-— } = —. 
2a 4a? 


b\? 4ac — b? vee? 
=alx+ a ¢ Factor and simplify. 


7 2, -5 
of Od 


f(x) = 2x? — 8x + 3 
Figure 2.55 
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4ac — b* 
4a 
Comparing this last expression with f(x) = a(x — hy’ + k, we see that the coordinates of 


Hieaed ( b 4ac — *) 
e€ vertex are | ——_, > i'fs—p 
2a 4a 


b 2 
Thus f(x) = ax? + bx + c written in standard form is f(x) = ala + 5 ) + 
a 


nm 4ac — b* 
a 
4a 


(-¢) (-2+2)+"* 
2a . 2a 2a 4a 


4ac — b* — 4ac — b 
4a 4a 


b\? b 
Note that by evaluating f(x) = a(x + 5 ) tx =— 5 we have 
a a 


= a(0) + 


b : : 
That is, the y-coordinate of the vertex is f (- 2) This result is summarized by the fol- 
a 


lowing formula. 


Vertex Formula 
b 


The vertex formula can be used to write the standard form of the equation of a parabola. 
We have 


EXAMPLE 2 _ Find the Vertex and Standard Form of a Quadratic 
Function 


Use the vertex formula to find the vertex and standard form of f(x) = 2x? — 8x + 3. 


Solution 
f(x) = 2x? — 8x + 3 ‘= 2,.b6==8<=3 
b —8 ; 
h=- = =2 * x-coordinate of the vertex 
2a 2(2) 
b 2 F 
=z =o 22)" — 82) +3 =—-5 * y-coordinate of the vertex 
a 


The vertex is (2, —5). Substituting into the standard form equation 
f(x) = a(x — hy + kyields the standard form f(x) = 2(x — 2) — 5. 


The graph of fis shown in Figure 2.55. 


# Try Exercise 20, page 210 
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® Maximum and Minimum of a Quadratic Function 


-4 -2 


fx) =x? + 4x -1 


Note from Example 2 that the graph of the parabola opens up and the vertex is the /owest 
point on the graph of the parabola. Therefore, the y-coordinate of the vertex is the mini- 
mum value of that function. This information can be used to determine the range of 
f(x) = 2x? — 8x + 3. The range is { y|y = —5}. Similarly, if the graph of a parabola 
opened down, the vertex would be the highest point on the graph and the y-coordinate of 
the vertex would be the maximum value of the function. For instance, the maximum value 
of f(x) = —x* + 4x — 1, graphed at the left, is 3, the y-coordinate of the vertex. The 
range of the function is { y|y = 3}. For the function in Example 2 and the function whose 


graph is shown at the left, the domain is the set of real numbers. 


EXAMPLE 3__ Find the Range of f(x) = ax? + bx + c 


Find the range of f(x) = —2x” — 6x — 1. Determine the values of x for which f(x) = 3. 


Algebraic Solution 
To find the range of f, determine the y-coordinate of the vertex of the graph of f 


{=F == 1 ¢a=-2,b = -6, 


c=-l1 
b —6 
2a 2(—2) 2 


rn A-5) = 005) -5) 193 


: 3.7 a : 
The vertex is (- >? 1). Because the parabola opens down, Fi is the maximum value 


¢ Find the x-coordinate of 
the vertex. 


h 


¢ Find the y-coordinate of 
the vertex. 


7 
of f Therefore, the range of fis {oly = a 


To determine the values of x for which f(x) = 3, replace f(x) with —2x” — 6x — 1 
and solve for x. 


Ff) = 3 
2x? — 6x — 1 = 3 * Replace f(x) with —2x? — 6x — 1. 
2x — 6x —-4=0 * Solve for x. 


—2(x + 1)\(x + 2) = 0 
x+1=0orx+2=0 


x=-—l 


¢ Factor. 
* Use the zero product principle to solve for x. 


x=-2 


The values of x for which f(x) = 3 are —1 and —2. 


@ Try Exercise 32, page 210 


The following theorem can be used to determine the maximum value or the minimum 


value of a quadratic function. 


Visualize the Solution 


The graph of fis shown below. 
The vertex of the graph is 


3 7 
(- 5 is 7) Note that the line 


y = 3 intersects the graph of f 
when x = —2 and whenx = —1. 
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Maximum or Minimum Value of a Quadratic Function 


If a > 0, then the vertex (h, k) is the lowest point on the graph of 
f(x) = a(x — hy + kand the y-coordinate k of the vertex is the minimum 
value of the function f- See Figure 2.56a. 


If a < 0, then the vertex (A, k) is the highest point on the graph of 
f(x) = a(x — hy + kand the y-coordinate k is the maximum value of the 
function f; See Figure 2.56b. 


In either case, the maximum or minimum value is achieved when x = h. 


a. kis the minimum value of f b. is the maximum value of f 


Figure 2.56 


EXAMPLE 4 __ Find the Maximum or Minimum of a Quadratic 
Function 


Find the maximum or minimum value of each quadratic function. State whether the 
value is a maximum or a minimum. 


a. F(x) = —2x* + 8x - 1 


TT, b G@) = - 3x41 


Solution 
The maximum or minimum value of a quadratic function is the y-coordinate of the 
vertex of the graph of the function. 
b 8 
=— =2 
2a 2(—2) 


¢ x-coordinate of the vertex 


b 
» k= r(- -) = -22/ + 82) -1=7 * y-coordinate of the vertex 
a 


Because a < 0, the function has a maximum value but no minimum value. 
The maximum value is 7. See Figure 2.57. 
Figure 2.57 (continued ) 


F(x) = —2x7 + 8x -— 1 
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b. h = * x-coordinate of the vertex 


= = * y-coordinate of the vertex 


Because a > 0, the function has a minimum value but no maximum value. 


5 
The minimum value is — ri See Figure 2.58. 


Figure 2.58 m Try Exercise 38, page 210 


® Applications of Quadratic Functions 


EXAMPLE 5 Calculate the Airtime for a Snowboarder’s Jump 


The height A(t), in feet, of a snowboarder t seconds after beginning a certain jump can 
be approximated by A(t) = —16t? + 22.9t + 9. If the snowboarder lands at a point 
that is 3 feet below the base of the jump, determine the airtime (the time the snow- 
boarder is in the air) for this jump. Round to the nearest tenth of a second. 


Solution 
Because A(t) represents the height of the snowboarder t seconds after the beginning of 
the jump, the snowboarder lands when A(t) = —3, 3 feet below the base of the jump. 
h(t) = —16t? + 22.91 + 9 
—3 = —16r? + 22.91 + 9 * Replace A(t) with —3. 
0 = —16¢? + 22.9¢ + 12 
—22.9 + 22.97 — 4(—16)(12) 


i= 2(—16) * Use the quadratic formula. 
22.9 + V1292.41 
7 —32 
= —-04 or 18 * Use a calculator. 


Because a negative time is not possible, the airtime for this jump is approximately 
1.8 seconds. 


Try Exercise 48, page 210 


A(x)4 


Be 20 — 2x —| 
Figure 2.59 


(5, 50) 


A(x) = 2x7 + 20x 
Figure 2.60 
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EXAMPLE 6 __ Find the Maximum of a Quadratic Function 


A long sheet of tin 20 inches wide is to be made into a trough by bending up two sides 
until they are perpendicular to the bottom. How many inches should be turned up so 
that the trough will achieve its maximum carrying capacity? 


Solution 

The trough is shown in Figure 2.59. If x is the number of inches to be turned up on each 
side, then the width of the base is 20 — 2x inches. The maximum carrying capacity of 
the trough will occur when the cross-sectional area is a maximum. The cross-sectional 
area A(x) is given by 


A(x) = x(20 — 2x) « Area = (length)(width) 
= —2x? + 20x 
To find the point at which A obtains its maximum value, find the x-coordinate of the 
vertex of the graph of A. Using the vertex formula with a = —2 and b = 20, we have 
b 20 
x 5 
2a 2(—2) 


Therefore, the maximum carrying capacity will be achieved when 5 inches are turned 
up. See Figure 2.60. 


# Try Exercise 50, page 210 


EXAMPLE 7 Solve a Business Application 


The owners of a travel agency have determined that they can sell all 160 tickets for a 
tour if they charge $8 (their cost) for each ticket. For each $0.25 increase in the price of 
a ticket, they estimate that they will sell one less ticket. A business manager determines 
that their cost function is C(x) = 8x and that the customer’s price per ticket is 


P(x) = 8 + 0.25(160 — x) = 48 — 0.25x 
where x represents the number of tickets sold. Determine the maximum profit and the 
cost per ticket that yields the maximum profit. 
Solution 
The profit from selling x tickets is Px) = R(x) — C(x), where P, R, and C are the 
profit function, the revenue function, and the cost function as defined on page 194 in 
Section 2.3. Thus 
P(x) = Rx) — C(x) 

= x[p(x)] — C(x) 

= x(48 — 0.25x) — 8x 

= 40x — 0.25x? 


The graph of the profit function is a parabola that opens down. Thus the maximum 
profit occurs when 
b 40 


x= = 


2a —«-2(—-0.25) 


80 


(continued ) 
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P(x) baa The maximum profit is determined by evaluating P(x) with x = 80. 


1600 + 
P(80) = 40(80) — 0.25(80)? = 1600 
all The maximum profit is $1600. 

To find the price per ticket that yields the maximum profit, we evaluate p(x) with x = 80. 


| p(80) = 48 — 0.25(80) = 28 


Thus the travel agency can expect a maximum profit of $1600 when 80 people take the 
tour at a ticket price of $28 per person. The graph of the profit function is shown in 
4 80 120 160 * Figure 2.61. 
P(x) = 40x — 0.25x? 
Figure 2.61 


Question ¢ In Figure 2.61, why have we shown only the portion of the graph that lies in quadrant I? 


@ Try Exercise 68, page 212 


EXAMPLE 8 Solve a Projectile Application 


In Figure 2.62, a ball is thrown vertically upward with 
an initial velocity of 48 feet per second. If the ball 
started its flight at a height of 8 feet, then its height s at 
time f can be determined by s(t) = —16t? + 48f + 8, 
where s(f) is measured in feet above ground level and t 
is the number of seconds of flight. 


Q 
a. Determine the time it takes the ball to attain its 
maximum height. 
b. Determine the maximum height the ball attains. | e 
8 ft 


c. Determine the time it takes the ball to hit the i 
a ee 


Solution 
s()4 a. The graph of s(t) = —16t? + 48¢ + 8 is a parabola 


Figure 2.62 


(1.5, 44) 


that opens downward. See Figure 2.63. Therefore, s will attain its maximum value at 
the vertex of its graph. Using the vertex formula with a = —16 and b = 48, we get 


6b 48 3 
2a 2(-16) 2 


1 
Therefore, the ball attains its maximum height LS seconds into its flight. 


3 
- b. When t = >? the height of the ball is 


i 2. 3 8 
s(t) = —16f? + 48 + 8 


(=) = -16(3) + 4s(5) + 8 = 44 feet 
Figure 2.63 S 2 2 2 ee 


Answer ¢@ Because x represents the number of tickets sold, x must be greater than or equal to 0 but 
less than or equal to 160. P(x) is nonnegative for 0 = x = 160. 


Quadratic Formula 
See page 101. 
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The ball will hit the ground when its height s(t) = 0. Therefore, solve 
—16t + 48¢ + 8 = 0 fort. 


—16 + 484+ 8=0 


-2° + 6r+1=0 * Divide each side by 8. 
—(6) + V@ — 4(-2)(1 
c= (©) ay) ¢ Use the quadratic formula. 
2(—2) 
-6+ V44 -3+VI11 
—4 =) 


Using a calculator to approximate the positive root, we find that the ball will hit 
the ground in ¢ © 3.16 seconds. This is also the value of the ¢-coordinate of the 
t-intercept in Figure 2.63. 


@ Try Exercise 70, page 212 


EXERCISE SET 2.4 


In Exercises 1 to 8, match each graph in a. through h. e. vA f. 
with the proper quadratic function. 
1. fx) =x? -— 3 2. f(x) = x7 +2 
3. fx) = (« — 49 4. f(x) = (x + 37 2 
1 
5. f(x) = -2x7 + 2 6. f(x) = —3e +3 Z 
7. f(x) = (x + 17 +3 8. f(x) = —2(x — 27° +2 g. h. 
a. 


ay 


In Exercises 9 to 18, use the method of completing the 
square to find the standard form of the quadratic 
function. State the vertex and axis of symmetry of the 


graph of the function and then sketch its graph. 

9. f(x) = x7 + 4x +1 m10. f(x) =x? + 6x — 1 
11. f(x) =x? — 8x +5 12. f(x) =x? — 10x + 3 
13. f(x) =x? + 3x41 14. fx) =x? + Ix +2 
15. f(x) = —x? + 4x + 2 16. f(x) = -x? — 2x + 5 
17. f(x) = —3x2 + 3x +7 18. f(x) = —2x7 — 4x + 5 
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In Exercises 19 to 28, use the vertex formula to determine 


the 


vertex of the graph of the function and write the 


function in standard form. 


19. 


21. 


23. 


25. 


27. 


29. 


30. 


31. 


m32. 


f(x) = x? — 10x 020. f(x) =x? — 6x 


f(x) =x? — 10 22. f(x) = 3° — 4 
f(x) = —x* + 6x + 1 24. f(x) = —x* + 4x + 1 
f(x) = 2x? — 3x +7 26. f(x) = 3x7 — 10x + 2 
f(x) = —4x7 +x 41 28. f(x) = —5x? — 6x + 3 


Find the range of f(x) = x* — 2x — 1. Determine the values 
of x in the domain of f for which f(x) = 2. 


Find the range of f(x) = —x* — 6x — 2. Determine the values 
of x in the domain of f for which f(x) = 3. 


Find the range of f(x) = —2x” + 5x — 1. Determine the values 
of x in the domain of f for which f(x) = 2. 


Find the range of f(x) = 2x? + 6x — 5. Determine the values 
of x in the domain of f for which f(x) = 15. 


In Exercises 33 to 36, find the real zeros of f and the 
x-intercepts of the graph of f. 


33. 


35. f(x) = 2x7 + lx + 12 


f(x) = x7? + 2x — 24 34. f(x) = x7 + 6x +7 


36. f(x) = 2x? — 9x + 10 


In Exercises 37 to 46, find the maximum or minimum 
value of the function. State whether this value is a 
maximum or a minimum. 


37 


39 


41 


43 


45 


46 


47. 


. f(x) = x? + 8x 038. f(x) = —x? — 6x 


fe) = -x? + 6x +2 © 40. f(x) = —x? + 10x - 3 


. fe) = 2x7 + 3x41 9 42. f(x) = 3x? +x-1 


. f(x) = 5x? - 11 44. f(x) = 3x? — 41 


1 
. f(x) = 5 + 6x + 17 


3 2 
. f(x) = Wage get 


Astronaut Training To prepare astronauts for the experience 
of zero gravity (technically, microgravity) in space, NASA uses 
a specially designed jet. A pilot accelerates the plane upward to 
an altitude of approximately 9000 meters and then reduces 
power. During the time of reduced power, the plane is in freefall 


048. 


49. 


050. 


and the astronauts experience microgravity. The altitude A(#), in 
meters, of the plane t seconds after power was reduced can be 
approximated by A(t) = —4.9t7 + 901 + 9000. The graph is 
shown below. 


@ 9500 ed 

Oo 

73) 

= 9000 AK \ 

& 'Microgravity ! 

8 8500 begins here 

£ ! Microgravity ! 

= 8000 ; ends here ~ | 
t T ; T 
0 10 20 
Time (in seconds) 


If the pilot increases power when the plane descends to 
9000 meters, ending microgravity, find the time the astronauts 
experience microgravity during one of these maneuvers. 
Round to the nearest tenth of a second. 


Soccer Ball Kick The height A(4), in meters, above the ground 
of a certain soccer ball kick ¢ seconds after the ball is kicked 
can be approximated by A(t) = —4.9t7 + 12.81. Determine the 
time for which the ball is in the air. Round to the nearest tenth 
of a second. 


Height of an Arch The height of an arch is given by 


3 
h(x) x4 
where |x| is the horizontal distance in feet from the center of 
the arch to the ground. 
a. What is the maximum height of the arch? 
b. What is the height of the arch 10 feet to the right of center? 


c. How far from the center is the arch 8 feet tall? 


Geometry The sum of the length / and the width w of a rec- 
tangular area is 240 meters. 


a. Write w as a function of /. 
b. Write the area 4 as a function of /. 


c. Find the dimensions that produce the greatest area. 


a51. 


52. 


53. 


34. 


Rectangular Enclosure A veterinarian uses 600 feet of chain- 
link fencing to enclose a rectangular region and to subdivide the 
region into two smaller rectangular regions by placing a fence 
parallel to one of the sides, as shown in the figure. 


a. Write the width w as a function of the length /. 
b. Write the total area A as a function of /. 


c. Find the dimensions that produce the greatest enclosed area. 


Rectangular Enclosure A farmer uses 1200 feet of fence to 
enclose a rectangular region and to subdivide the region into 
three smaller rectangular regions by placing fences parallel to 
one of the sides. Find the dimensions that produce the greatest 
enclosed area. 


Temperature Fluctuations The temperature 7(t), in degrees 
Fahrenheit, during the day can be modeled by the equation 
T(t) = —0.7t? + 9.4t + 59.3, where ¢ is the number of hours 
after 6:00 A.M. 


a. At what time is the temperature a maximum? Round to the 
nearest minute. 


b. What is the maximum temperature? Round to the nearest 
degree. 


Larvae Survival Soon after insect larvae are hatched, they 
must begin to search for food. The survival rate of the larvae 
depends on many factors, but the temperature of the environ- 
ment is one of the most important. For a certain species of 
insect, a model of the number of larvae, M(7), that survive this 
searching period is given by M(T) = —0.677 + 32.17 — 350 
where 7 is the temperature in degrees Celsius. 


a. At what temperature will the maximum number of larvae 
survive? Round to the nearest degree. 


b. What is the maximum number of surviving larvae? Round 
to the nearest integer. 


c. Find the x-intercepts, to the nearest integer, for the graph of 
this function. 


d. a Write a sentence that describes the meaning of the x- 
intercepts in the context of this problem. 


55. 


56. 


37. 


38. 


59. 
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Sports When a softball player swings a bat, the amount of 
energy E(t), in joules, that is transferred to the bat can be 
approximated by the function 


E(t) = —279.67t? + 82.86t 


where 0 = ¢ = 0.3 and ¢ is measured in seconds. According to 
this model, what is the maximum energy of the bat? Round to 
the nearest tenth of a joule. 


Geology In June 2001, Mt. Etna in Sicily, Italy, erupted, 

sending volcanic bombs (masses of molten lava ejected 
from the volcano) into the air. A model of the height A, in 
meters, of a volcanic bomb above the crater of the volcano 
t seconds after the eruption is given by A(t) = —9.8¢7 + 1007. 
Find the maximum height of a volcanic bomb above the crater 
for this eruption. Round to the nearest meter. 


> 
= 
x 
=< 
= 
x 
3 
= 
Oo 
© 
a] 
fa 
S 
£2 
a 
= 


Sports For a serve to be legal in tennis, the ball must be at 
least 3 feet high when it is 39 feet from the server and it must 
land in a spot that is less than 60 feet from the server. Does the 
path of a ball given by h(x) = —0.002x7 — 0.03x + 8, where 
A(x) is the height of the ball (in feet) x feet from the server, sat- 
isfy the conditions of a legal serve? 


Sports A pitcher releases a baseball 6 feet above the ground 
at a speed of 132 feet per second (90 miles per hour) toward 
home plate, which is 60.5 feet away. The height A(x), in feet, of 
the ball x feet from home plate can be approximated by 
h(x) = —0.0009x” + 6. To be considered a strike, the ball 
must cross home plate and be at least 2.5 feet high and less 
than 5.4 feet high. Assuming the ball crosses home plate, is this 
particular pitch a strike? 


Automotive Engineering The fuel efficiency for a certain 
midsize car is given by 


E(v) = —0.018v7 4 


1.476v + 3.4 


where E(v) is the fuel efficiency in miles per gallon for a car 
traveling v miles per hour. 


a. What speed will yield the maximum fuel efficiency? Round 
to the nearest mile per hour. 


b. What is the maximum fuel efficiency for this car? Round to 
the nearest mile per gallon. 
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60. Sports Some football fields are built in a parabolic mound 
shape so that water will drain off the field. A model for the 
shape of a certain field is given by 


h(x) = —0.0002348x? + 0.0375x 


where A(x) is the height, in feet, of the field at a distance of 
x feet from one sideline. Find the maximum height of the field. 
Round to the nearest tenth of a foot. 


0.0375x 


h(x) =-0. 


Business In Exercises 61 and 62, determine the number of 
units x that produce a maximum revenue, in dollars, for 
the given revenue function. Also determine the maximum 
revenue. 


61. R(x) = 296x — 0.2x? 
62. R(x) = 810x — 0.6x? 
Business In Exercises 63 and 64, determine the number of 


units x that produce a maximum profit, in dollars, for the 
given profit function. Also determine the maximum profit. 


63. P(x) = —0.01x? + 1.7x — 48 
x? 
64. P(x) = + 1,68x — 4000 
©) = ~ 74 000 : 


Business In Exercises 65 and 66, determine the profit 
function for the given revenue function and cost 
function. Also determine the break-even point or points. 


65. R(x) = x(102.50 — 0.1x); C(x) = 52.50x + 1840 
66. R(x) = x(210 — 0.25x); C(x) = 78x + 6399 


67. Tour Cost A charter bus company has determined that the 
cost, in dollars, of providing x people with a tour is 


C(x) = 180 + 2.50x 


A full tour consists of 60 people. The ticket price per person is 
$15 plus $0.25 for each unsold ticket. Determine 


a. The revenue function 
b. The profit function 
c. The company’s maximum profit 


d. The number of ticket sales that yields the maximum profit 


268. 


69. 


#70. 


71. 


72. 


73. 


Delivery Cost An air freight company has determined that the 
cost, in dollars, of delivering x parcels per flight is 


C(x) = 2025 + 7x 


The price per parcel, in dollars, the company charges to send 
x parcels is 


p(x) = 22 — 0.01x 
Determine 
a. The revenue function 
b. The profit function 
c. The company’s maximum profit 
d. The price per parcel that yields the maximum profit 


e. The minimum number of parcels the air freight company 
must ship to break even 


Projectile If the initial velocity of a projectile is 128 feet per 
second, then its height /, in feet, is a function of time ¢, in sec- 
onds, given by the equation A(f) = —16f? + 128t. 


a. Find the time ¢ when the projectile achieves its maximum 
height. 


b. Find the maximum height of the projectile. 
c. Find the time ¢ when the projectile hits the ground. 


Projectile The height in feet of a projectile with an initial 
velocity of 64 feet per second and an initial height of 80 feet is 
a function of time ¢ in seconds given by 


h(t) = —161? + 64¢ + 80 
a. Find the maximum height of the projectile. 


b. Find the time ¢ when the projectile achieves its maximum 
height. 


c. Find the time ¢ when the projectile has a height of 0 feet. 
Fire Management The height of a stream of water from the 


nozzle of a fire hose can be modeled by 


0.014x7 + 1.19x + 5 


yx) 
where (x) is the height, in feet, of the stream x feet from the 


firefighter. What is the maximum height that the stream of water 
from this nozzle can reach? Round to the nearest foot. 


Astronaut Training A weightless environment can be created 
in an airplane by flying in a series of parabolic paths. This is one 
method that NASA uses to train astronauts for the experience of 
weightlessness. Suppose the height h, in feet, of NASA’s air- 
plane is modeled by A(t) = —6.6t7 + 430¢ + 28,000, where ¢ 
is the number of seconds after the plane enters its parabolic 
path. Find the maximum height of the plane to the nearest 1000 
feet. 


Norman Window A Norman window has the shape of a rec- 
tangle surmounted by a semicircle. The exterior perimeter of the 
window shown in the figure on page 213 is 48 feet. Find the 
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height / and the radius r that will allow the maximum amount 74. Golden Gate Bridge The suspension cables of the main span 
of light to enter the window. (Hint: Write the area of the window of the Golden Gate Bridge are in the shape of a parabola. If a 
as a quadratic function of the radius r.) coordinate system is drawn as shown, find the quadratic func- 


tion that models a suspension cable for the main span of the 
bridge. 


ry 
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SECTION 2.5 Properties of Graphs 


Symmetry 


Even and Odd Functions 
Translations of Graphs 


Reflections 


Compressing and Stretching 


of Graphs 


of Graphs 


Figure 2.64 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A12. 


PS1. For the graph of the parabola whose equation is f(x) = x? + 4x — 6, what is the 
equation of the axis of symmetry? [2.4] 
3x7 


rt’ 


PS2. For f(x) = show that f(—3) = f(3). [2.2] 


PS3. For f(x) = 2x° — 5x, show that f(—2) = —f(2). [2.2] 
PS4. Let f(x) = x? and g(x) = x + 3. Find f(a) — g(a) fora = —2, -1, 0, 1, 2. [2.2] 
PSS. What is the midpoint of the line segment between P(—a, b) and O(a, b)? [2.1] 


PS6. What is the midpoint of the line segment between P(—a, —b) and O(a, b)? [2.1] 


® Symmetry 


The graph in Figure 2.64 is symmetric with respect to the line /. Note that the graph has 
the property that if the paper is folded along the dotted line / the point 4’ will coincide 
with the point A, the point B’ will coincide with the point B, and the point C’ will coincide 
with the point C. One part of the graph is a mirror image of the rest of the graph across 
the line /. 

A graph is symmetric with respect to the y-axis if whenever the point given by (x, y) 
is on the graph then (—x, y) is also on the graph. The graph in Figure 2.65 on page 214 is 
symmetric with respect to the y-axis. A graph is symmetric with respect to the x-axis if 
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whenever the point given by (x,y) is on the graph then (x, —y) is also on the graph. The 
graph in Figure 2.66 is symmetric with respect to the x-axis. 


Figure 2.65 Figure 2.66 
Symmetry with respect to the y-axis Symmetry with respect to the x-axis 


Tests for Symmetry with Respect to a Coordinate Axis 
The graph of an equation is symmetric with respect to 


= the y-axis if the replacement of x with —x leaves the equation unaltered. 


= the x-axis if the replacement of y with —y leaves the equation unaltered. 


Question ¢ Which of the graphs below, I, II, or II, is a. symmetric with respect to the x-axis? 
b. symmetric with respect to the y-axis? 


i] Yh Il vA Ill y 


EXAMPLE 1 Determine Symmetries of a Graph 


Determine whether the graph of the given equation has symmetry with respect to either 
the x- or the y-axis. 


a y=x?+2 b. x = |y| — 2 


Solution 

a. The equation y = x? + 2 is unaltered by the replacement of x with —x. That is, 
the simplification of y = (—x) + 2 yields the original equation y = x? + 2. Thus 
the graph of y = x? + 2 is symmetric with respect to the y-axis. However, the 


Answer ® a. III is symmetric with respect to the x-axis. 
b. I is symmetric with respect to the y-axis. 


2 a a: 
y=x +2 
Figure 2.67 


Figure 2.70 
Symmetry with respect to the origin 
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equation y = x* + 2 is altered by the replacement of y with —y. That is, the 
simplification of —y = x? + 2, which is y = —x* — 2, does not yield the original 
equation y = x* + 2. The graph of y = x? + 2 is not symmetric with respect to 
the x-axis. See Figure 2.67. 


b. The equation x = |y| — 2 is altered by the replace- 
ment of x with —x. That is, the simplification of 
—x = |y| — 2, whichis x = —|y| + 2, does not 
yield the original equation x = |y| — 2. This 
implies that the graph of x = |y| — 2 is not sym- 
metric with respect to the y-axis. However, the equa- 
tion x = |y| — 2 is unaltered by the replacement of 
y with —y. That is, the simplification of 


ml 


x = |—y| — 2 yields the original equation 
x = |y| — 2. The graph of x = |y| — 2 is symmet- 
ric with respect to the x-axis. See Figure 2.68. x= |y| —2 


@ Try Exercise 14, page 224 Figure 2.68 


Definition of Symmetry with Respect to a Point 


A graph is symmetric with respect to a point Q if for each point P on the graph 
there is a point P’ on the graph such that Q is the midpoint of the line segment PP’. 


The graph in Figure 2.69 is symmetric with respect to the point Q. For any point P on 
the graph, there exists a point P’ on the graph such that Q is the midpoint of P’P. 

When we discuss symmetry with respect to a point, we frequently use the origin. A 
graph is symmetric with respect to the origin if whenever the point given by (x, y) is on the 
graph then (—x, —y) is also on the graph. The graph in Figure 2.70 is symmetric with 
respect to the origin. 


Test for Symmetry with Respect to the Origin 


The graph of an equation is symmetric with respect to the origin if the replacement 


of x with —x and of y with —y leaves the equation unaltered. 


EXAMPLE 2 Determine Symmetry with Respect to the Origin 


Determine whether the graph of each equation has symmetry with respect to the origin. 
a xy=4 bh y=xtl 


Solution 

a. The equation xy = 4 is unaltered by the replacement of x with —x and y with 
—y. That is, the simplification of (—x)(—y) = 4 yields the original equation 
xy = 4. Thus the graph of xy = 4 is symmetric with respect to the origin. See 
Figure 2.71 on page 216. 


(continued ) 
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b. The equation y = x? + 1 is altered by the replacement of x with —x and y with 
—y, That is, the simplification of —y = (—x)> + 1, which is y = x° — 1, does not 
yield the original equation y = x° + 1. Thus the graph of y = x° + 1 is not sym- 
metric with respect to the origin. See Figure 2.72. 

yy: 
4 
2 
4 2 3 a: 
x 
=) 
-4 
xy=4 y=xr+t 
Figure 2.71 Figure 2.72 
@ Try Exercise 24, page 224 


Some graphs have more than one symmetry. For example, the graph of |x| + |y| = 2 
has symmetry with respect to the x-axis, the y-axis, and the origin. Figure 2.73 is the graph 
of |x| + |y| = 2. 


RY 


® Even and Odd Functions 


Some functions are classified as either even or odd. 
Ix] + [y] = 2 


Figure 2.73 
Definition of Even and Odd Functions 


The function fis an even function if 


f(—x) = f(x) _ for all x in the domain of f 


The function fis an odd function if 


i(—x) = —f(x) _ for all x in the domain of f 


EXAMPLE 3 Identify Even or Odd Functions 


Determine whether each function is even, odd, or neither. 
a fx)=x? b. F(X) = |x| ce. h(x) = x* + 2x 
Solution 


Replace x with —x and simplify. 


i. fl=a) = Cay = a = $67) = fia) 


Because f(—x) = —f(x), this function is an odd function. 
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b. F(-x) = |-x| = |x| = Fa) 
Because F(—x) = F(x), this function is an even function. 
e. A(—x) = (—x)t + 2(—x) = x4 - 2x 
This function is neither an even nor an odd function because 


h(—x) = x4 - 2x 
which is not equal to either A(x) or —h(x). 


@ Try Exercise 44, page 224 


The following properties are results of the tests for symmetry: 


= The graph of an even function is symmetric with respect to the y-axis. 
= The graph of an odd function is symmetric with respect to the origin. 


The graph of fin Figure 2.74 is symmetric with respect to the y-axis. It is the graph of an 
even function. The graph of g in Figure 2.75 is symmetric with respect to the origin. It is the 
graph of an odd function. The graph of / in Figure 2.76 is not symmetric with respect to the 
y-axis and is not symmetric with respect to the origin. It is neither an even nor an odd function. 


Va 
ui g 
* 7 
x 
x 
Figure 2.74 Figure 2.75 Figure 2.76 
The graph of an even function is The graph of an odd function is The graph of a function that is neither 
symmetric with respect to the y-axis. symmetric with respect to the origin. even nor odd is not symmetric with 
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yafx)+2 


Figure 2.77 


BY 


V=f@) 


y=f(x) —3 


respect to the y-axis or the origin. 


® Translations of Graphs 


The shape of a graph may be exactly the same as the shape of another graph; only their 
positions in the xy-plane may differ. For example, the graph of y = f(x) + 2 is the graph 
of y = f(x) with each point moved up vertically 2 units. The graph of y = f(x) — 3 is the 
graph of y = f(x) with each point moved down vertically 3 units. See Figure 2.77. 

The graphs of y = f(x) + 2 andy = f(x) — 3 in Figure 2.77 are called vertical trans- 
lations of the graph of y = f(x). 


Vertical Translation of a Graph 


If fis a function and c is a positive constant, then the graph of 


a y = f(x) + c isa vertical shift c units upward of the graph of y = f(x). 


= y = f(x) — cisa vertical shift c units downward of the graph of y = f(x). 
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Va 
y=h(x +3) al y=h(x- 3) 


ay 


yh) 7 


Figure 2.78 


In Figure 2.78, the graph of y = h(x + 3) is the graph of y = h(x) with each point 
shifted to the left horizontally 3 units. Similarly, the graph of y = h(x — 3) is the graph of 
y = h(x) with each point shifted to the right horizontally 3 units. 

The graphs of y = A(x + 3) and y = h(x — 3) in Figure 2.78 are called horizontal 
translations of the graph of y = h(x). 


Horizontal Translation of a Graph 


If fis a function and c is a positive constant, then the graph of 


= y = f(x + c) isa horizontal shift c units to the left of the graph of y = f(x). 
= y = f(x — c) isa horizontal shift c units to the right of the graph of y = f(x). 


a4 Integrating Technology 


ie 


TS 
4 


A graphing calculator can be used to draw the graphs of a family of functions. For 
instance, f(x) = x” + c constitutes a family of functions with parameter c. The only 
feature of the graph that changes is the value of c. 

A graphing calculator can be used to produce the graphs of a family of curves for 
specific values of the parameter. The LIST feature of the calculator can be used. For 
instance, to graph f(x) = x” + c forc = —2, 0, and 1, we will create a list and use 
that list to produce the family of curves. The keystrokes for a TI-83/TI-83 Plus/TI-84 
Plus calculator are given below. 


end { -e , O , 1 end } STO end UU 


Now use the | Y= | key to enter 


Y= X x® + end LI ZOOM 6 


Sample screens for the keystrokes and graphs are shown here. You can use similar 
keystrokes for Exercises 77 to 84 of this section. 


{-2,0,}>h Plot] Plot2 Plot3 


Figure 2.83 


VA 
64 


A(x) = f(x + 1) 
44+ 


8x) = fix — 2) 


Figure 2.84 
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EXAMPLE 4 Graph Using a Vertical Translation 


Use the graph of fin Figure 2.79 to sketch a graph of 
each function. 


a. g(x) = f(x) + 3 
b. A(x) = f(x) — 2 


Solution 


a. The graph of g is a vertical shift 3 units upward 
of the graph of f- See Figure 2.80. 


b. The graph of / is a vertical shift 2 units 
downward of the graph of f; See Figure 2.81. 


g(x) =f(a) + 3 


h(x) = f(x) — 2 


Figure 2.80 Figure 2.81 


@ Try Exercise 58a, page 224 


EXAMPLE 5 Graph Using a Horizontal Translation 


Use the graph in Figure 2.82 to sketch a graph of 
each function. 


a. g(x) = f(x — 2) 
b. A(x) = f(x + 1) 


Solution 
a. The graph of g is a horizontal shift 2 units to 
the right of the graph of f See Figure 2.83. 


b. The graph of / is a horizontal shift 1 unit to 
the left of the graph of f See Figure 2.84. 


Figure 2.82 


@ Try Exercise 58b, page 224 


It is possible to have both a vertical and horizontal translation of a graph. 
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Figure 2.85 


Figure 2.89 


EXAMPLE 6 Graph a Function Using a Horizontal and a Vertical 
Translation 


Given the graph of fin Figure 2.85, sketch a graph of g(x) = f(x + 1) — 3. 


Solution 

The graph of g is a horizontal shift 1 unit to 
the left and a vertical shift 3 units down of the 
graph of fas shown in Figure 2.86. 


M Try Exercise 62, page 225 Figure 2.86 


® Reflections of Graphs 


The graph of y = —f(x) cannot be obtained from the graph of y = f(x) by a combination 
of vertical and/or horizontal shifts. Figure 2.87 illustrates that the graph of y = —f(x) is 
the reflection of the graph of y = f(x) across the x-axis. 

The graph of y = f(—x) is the reflection of the graph of y = f(x) across the y-axis, as 
shown in Figure 2.88. 


The graph of 
= y = —f(x) is the graph of y = f(x) reflected across the x-axis. 


= y = f(—x) is the graph of y = f(x) reflected across the y-axis. 


EXAMPLE 7 Graph by Using Reflections 


Use reflections of the graph of y = f(x), shown in Figure 2.89, to graph the 
following. 


a. g(x) = f(x) ob. A(x) = f(-2) 


Y=fe) +3 


Figure 2.92 


Figure 2.93 


YF y= 2x 


44+ 


Figure 2.94 
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Solution 
a. Because g(x) = —f(x), the graph of g is the graph of freflected across the x-axis. 
See Figure 2.90. 


b. Because h(x) = f(—x), the graph of / is the graph of freflected across the y-axis. 
See Figure 2.91. 


3 i h 34 i 
: a re Pal a 
1 1+ 
3. kat 123 * 3 2 -1 123 2 
-1+ -1 
2+ —— -2 
3+ B 33 
Figure 2.90 Figure 2.91 


@ Try Exercise 70, page 225 


Some graphs of functions can be constructed by using a combination of translations 
and reflections. For instance, in Figure 2.92 the graph of y = —f(x) + 3 was obtained by 
reflecting the graph of y = f(x) across the x-axis and then shifting that graph up 3 units. 


™ Compressing and Stretching of Graphs 


The graph of the equation y = c:f(x) for c # 1 vertically compresses or stretches the 
graph of y = f(x). To determine the points on the graph of y = c+ f(x), multiply the y- 
coordinate of each point on the graph of y = f(x) by c. For example, Figure 2.93 shows 


that the graph of y = | can be obtained by plotting points that have a y-coordinate that 


2) 
is one-half of the y-coordinate of those points that make up the graph of y = |x|. 

If 0 < c < 1, then the graph of y = c°f(x) is obtained by compressing the graph of 
y = f(x). Figure 2.93 illustrates the vertical compressing of the graph of y = |x| toward 


1 
the x-axis to form the graph of y = % |x|. 


Ifc > 1, then the graph of y = c- f(x) is obtained by stretching the graph of y = f(x). 
For example, if f(x) = |x|, then we obtain the graph of 


y = 2f(x) = 2|x| 
by stretching the graph of faway from the x-axis. See Figure 2.94. 


Vertical Stretching and Compressing of Graphs 


Assume that fis a function and c is a positive constant. Then, 


a ifc > 1, the graph of y = c-/f(x) is the graph of y = f(x) stretched vertically 
away from the x-axis by a factor of c. 


# if0 <c < 1, the graph of y = c- f(x) is the graph of y = f(x) compressed 
vertically toward the x-axis by a factor of c. 
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yafe) 4} 


Figure 2.95 


y=f@) 


291 


Figure 2.98 


EXAMPLE 8_ Graph by Using Vertical Stretching or Compressing 


Use the graph of fin Figure 2.95 to sketch a graph of the following. 
1 
a. (x) = 2f@) be AG) = Bf) 


Solution 
a. The y-coordinates of the graph of g are twice the y-coordinates of the graph of f. 
Therefore, the graph of g is stretched away from the x-axis, as shown in Figure 2.96. 


b. The y-coordinates of the graph of / are one-half the y-coordinates of the graph of 
Therefore, the graph of is compressed toward the x-axis, as shown in Figure 2.97. 


Va - A 
B(x) = 2f(x) 
y=fix) 


au 
al A(x) = a fx) 
ae y=fir) e 
¥ y 
Figure 2.96 Figure 2.97 


@ Try Exercise 72, page 226 


Some functions can be graphed by using horizontal compressing or stretching of a 
given graph. The procedure uses the following concept. 


Horizontal Compressing and Stretching of Graphs 


Assume that fis a function and c is a positive constant. Then, 


m ifc > 1, the graph of y = f(c-x) is the graph of y = f(x) compressed 


horizontally toward the y-axis by a factor of —. 
c 


mif0 <c < 1, the graph of y = f(c-x) is the graph of y = f(x) stretched 


horizontally away from the y-axis by a factor of —. 
c 


If the point (x, vy) is on the graph of y = f(x), then the graph of y = f(cx) will contain 


1 
the point & y}. 
c 


EXAMPLE 9 Graph by Using Horizontal Compressing 
or Stretching 


Use the graph of y = f(x), shown in Figure 2.98, to graph the following. 


1 
a. y = f(2x) by = #(4:) 


Solution 
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a. Because 2 > 1, the graph of y = f(2x) is a horizontal compression of the graph 


1 
of y = f(x) by a factor of * For example, the point (2,0) on the graph of y = f(x) 


becomes the point (1, 0) on the graph of y = f(2x). See Figure 2.99. 


1 
b. Because 0 < 3 < 1, the graph of y = if 


1 
is) is a horizontal stretching of the graph 


of vy = f(x) by a factor of 3. For example, the point (1, 1) on the graph of y = f(x) 


1 
becomes the point (3, 1) on the graph of y = f (42). See Figure 2.100. 


Va 


Va 


y=f2x) 


ye 


Figure 2.99 


=9nk 


Figure 2.100 


Try Exercise 74, page 226 


EXERCISE SET 2.5 


In Exercises 1 to 6, plot the image of the given point with 


respect to 

a. the y-axis. Label this point A. 
b. the x-axis. Label this point B. 
c. the origin. Label this point C. 


1. P(5, -3) 2. O(-4, 1) 
3. R(—2,3) 4. S(—5,3) 
5. T(—4, -5) 6. U(S5, 1) 


In Exercises 7 and 8, sketch a graph that is symmetric to 
the given graph with respect to the x-axis. 


7. az 8. 


In Exercises 9 and 10, sketch a graph that is symmetric to 
the given graph with respect to the y-axis. 


9. vA 10. 


In Exercises 11 and 12, sketch a graph that is symmetric 
to the given graph with respect to the origin. 


11.00 12. 
4+ 
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In Exercises 13 to 21, determine whether the graph of 
each equation is symmetric with respect to the a. x-axis, 
b. y-axis. 


13. y=2x7-5 914. x = 3-7 15. y=x4+2 


16.y=x-3x 17° 4+y =9 18. x7 — y? = 10 


19. x? = y4 20. xy = 8 21. |x| — |y| = 6 


In Exercises 22 to 30, determine whether the graph of 


each equation is symmetric with respect to the origin. 
22. y=x+1 23. y= 3x = 2 m24,y=x>-x 


9 
25. y= —-x 26. yp=— 27. x7 + y? = 10 


x 


x 


28.x7-y=4 2.y 30. |y| = |x| 


In Exercises 31 to 42, graph the given equation. Label 
each intercept. Use the concept of symmetry to confirm 
that the graph is correct. 


31 yp=x-1 32.x=y'-1 
33. y=xe- x 34. p= —x3 

35. xy = 4 36. xy = -8 

37. y=2|x-4| 38. y= |x -2| - 1 
39. y=(x- 2-4 40. y=(x- 1% -4 
Al. y=x— |x| 42. |y| = |x| 


In Exercises 43 to 56, determine whether the given 
function is an even function, an odd function, or neither. 


43. g(x) =x? —7 m44, h(x) =x? + 1 


45. F(x) =x? +x? 46. G(x) = 2x° — 10 

47. H(x) = 3|x| 48. T(x) = |x| +2 

49. f(x) = 1 50. k(x) =x? + 4x + 8 

51. r(x) = V2 +4 52. u(x) = V3 — 2 

53. s(x) = 16x? 54. v(x) = 16x? + x 
3 

55. w(x) = 4 + Wx 56. 2(x) = 


x +1 


57. Use the graph of f to sketch the graph of 


a. y= f(x) +3 


b. y = fx — 3) 


ay 


= 58. Use the graph of g to sketch the graph of 


a. y = g(x) — 2 


b. y = g(x — 3) 


59. Use the graph of f'to sketch the graph of 


a. vy = f(x + 2) 


b. vy = f(x) + 2 


60. Use the graph of g to sketch the graph of 


a. y = gr - 1) 


b. y= g(x) - 1 
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61. Use the graph of f'to sketch a graph of 66. Use the graph of g to sketch the graph of 
a. y=f(x -2)+ 1 b. y= f(x + 3) - 2 a. y = —g(x) b. y = g(x) 
Va 
Va 4 


67. Let fbe a function such that f(—1) = 3 and f(2) = —4. Give 
the coordinates of two points on the graph of 


a. y = f(-x) b. y = —f(x) 


68. Let g be a function such that g(4) = —5 and g(—3) = 2. Give 
the coordinates of two points on the graph of 


a. y = —g(x) b. y = g(-x) 


62. Use the graph of g to sketch a graph of 
a. v= g(x + 3) +2 b. y= g(x — 2)- 1 


69. Use the graph of F to sketch the graph of 
a. vy = —F(x) b. y = F(-x) 


-44 
6 
= 70. Use the graph of E to sketch the graph of 
63. Let f be a function such that f(—2) = 5, f(0) = —2, and a. y = —E(x) b. y = E(—x) 
f(1) = 0. Give the coordinates of three points on the graph of 
a. vy = f(x + 3) b. y= f(x) + 1 


64. Let g be a function such that g(—3) = —1, g(1) = —3, and 
g(4) = 2. Give the coordinates of three points on the graph of 


a. y = gx — 2) b. y = g(x) — 2 


65. Use the graph of f'to sketch the graph of 
a. y = f(—x) b. y = —f(x) 
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1 
u 72. Use the graph of 7 to sketch the graph of y = ane) +1. 


73. Use the graph of y = f(x) to sketch the graph of 


a. vy = f(2x) b. y - (4x) 


a. y = g(2x) 


75. Use the graph of y = A(x) to sketch the graph of 


b ale 
y= Me 


a. vy = h(2x) 


76. Use the graph of y = j(x) to sketch the graph of 


1 
a. y = j(2x) b. y = (>) 


| In Exercises 77 to 84, use a graphing utility. 


Hit 
ant 


77. On the same coordinate axes, graph 
G(x) = Vx + 
for c = 0, —1, and 3. 


78. On the same coordinate axes, graph 
A(x) = Vx + 
for c = 0, —1, and 3. 


79. On the same coordinate axes, graph 


J(x) |2(x + ¢) 3| |x + c| 
for c = 0, —1, and 2. 


80. On the same coordinate axes, graph 
K(x) = |x - 1| - |x] +e 
for c = 0, —1, and 2. 


81. On the same coordinate axes, graph 


L(x) = ex? 


1 
forc = 1, =, and 2. 
2 


82. On the same coordinate axes, graph 


M(x) = cV x7 — 4 


i 
forc = 1, 3 and 3. 


83. On the same coordinate axes, graph 
S(x) = e(|x — 1| -— |x|) 


1 
fe = 1,-, and 4. 
orc 4? an 


84. On the same coordinate axes, graph 


T(x) = e 


2 
forc = 1,5, and >. 


x 


a 


) 
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85. Graph V(x) = [cx], 0 S x S 6, for each value of c. 


1 
ae Sa | b. ¢=— .e=2 
ac aes cc 


86. Graph W(x) = [cx] — cx, 0 S x S 6, for each value of c. 
1 


oe eae | b c= > .c=3 
ac ae cc 


SECTION 2.6 Algebra of Functions 


Operations on Functions 
Difference Quotient 
Composition of Functions 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A14. 


PS1. Subtract: (2x7 + 3x — 4) — (x? + 3x — 5) [P3] 
PS2. Multiply: (3x7 — x + 2)(2x — 3) [P3] 
In Exercises PS3 and PS4, find each of the following for f(x) = 2x? — 5x + 2. 


PS3. f(3a) [2.2] PS4. f(2 + h) [2.2] 


In Exercises PS5 and PS6, find the domain of each function. 


PS5. F(x) = =F [2.2] PS6. r(x) = V2x — 8 [2.2] 
x 


® Operations on Functions 


Functions can be defined in terms of other functions. For example, the function defined by 
h(x) = x? + 8x is the sum of 


fx) = x7 and g(x) = 8x 
Thus, if we are given any two functions fand g, we can define the four new functions f + g, 


St — g, fg, and f as follows. 
& 


Definitions of Operations on Functions 


If fand g are functions with domains D, and D,, then we define the sum, differ- 
ence, product, and quotient of fand g as 


Sum (f + g\(x) = f(x) + g(x) = Domain: D/ M D, 
Difference (f— g)(x) = f(x) — g(x) ~~ Domain: Dp M Dy 


Product (f° g(x) = f(x)* g@) Domain: Dy 1 Dg 
Quotient (Ze = fe) Domain: Dy M Dg, g(x) # 0 
: g(x) 


(continued ) 
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EXAMPLE 

Let f(x) = 3x — 2 and g(x) = x? + 6. Then, 

Cf + g(x) = f@) + a(x) = Gx — 2) + G7? + 6) =x? + 3x44 
(f - a)x) = f@) — a) = Gx -— 2) - @ + 6) = -x? + 3x-8 
(f+ g(x) = fx) + g(x) = Bx — 2)(x? + 6) = 3x? — 2x? + 18x — 12 


(L)e0 SG) 3 =2 
g(x) x74 6 


& 


EXAMPLE 1. Determine the Domain of a Function 


If f(x) = Vx — Land g(x) = x? — 4, find the domains of f + g, f — g, fg, and f 
& 


Solution 
Note that fhas the domain {x|x = 1} and g has the domain of all real numbers. 
Therefore, the domain of f + g, f — g, and fg is {x|x = 1}. Because g(x) = 0 when 


x = —2 orx = 2, neither —2 nor 2 is in the domain of f The domain of f is 
& g 

{x|x = Landx 4 2}. 

@ Try Exercise 10, page 234 


EXAMPLE 2 _~ Evaluate Functions 


Let f(x) = x? — 9 and g(x) = 2x + 6. Find the following. 
a. 


b. 
c. 


Solution 
a. 


@ Try Exercise 14, page 234 


(f+ g)(5) 
(fg(-D) 


(J 


(f+ g)@) = f@) + e@) = @ - 9+ Cxt 6) =x? + 2x - 3 
Therefore, (f + g)(5) = (5 + 2(5) — 3 = 25 + 10 — 3 = 32. 
(fax) = f&) > g(x) = (7 — 9)(2x + 6) = 2x* + 6x? — 18x — 54 
Therefore, (fg)(—1) = 2(—1)° + 6(—1)* — 18(—1) — 54 
=-2+6+ 18 — 54 = —32. 

(4) fe) x -9 Ge +3x-3) x -3 

os) es ey 
Therefore, (L) ane ae 

gZ 2 


x #-3 


z 


CALCULUS 
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Figure 2.101 
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® Difference Quotient 


The expression 


fix + A) — fe) 


h#0 
h 


is called the difference quotient of f It enables us to study the manner in which a func- 


tion changes in value as the independent variable changes. 


EXAMPLE 3 ‘Determine a Difference Quotient 


Determine the difference quotient of f(x) = x* + 7. 


Solution 
i x+hyP +7) —[x2+7 
a . me 7 : u * Apply the difference quotient. 
Be #2 he te 7) = [x 7] 
7 h 
_F Pe STH = 7 
h 
+h hQxth 
wee Lp ee 


# Try Exercise 30, page 235 


The difference quotient 2x + h of f(x) = x? + 7 from Example 3 is the slope of the 
secant line through the points 


(x, f(x)) and (x + h, f(x + h)) 
For instance, let x = | and = |. Then the difference quotient is 
Qx+h=2(1)+1=3 


This is the slope of the secant line /, through (1, 8) and (2, 11), as shown in Figure 2.101. 
If we let x = | and h = 0.1, then the difference quotient is 


x +h =2(1) +01 =21 


This is the slope of the secant line /,; through (1, 8) and (1.1, 8.21). 
The difference quotient 


fix + A) — fe) 
h 


can be used to compute average velocities. In such cases, it is traditional to replace f with 
s (for distance), the variable x with the variable a (for the time at the start of an observed 
interval), and the variable / with At (read as “delta ?’), where At is the difference between 
the time at the end of an interval and the time at the start of the interval. For example, if 
an experiment is observed over the time interval from ¢ = 3 seconds to t = 5 seconds, 
then the time interval is denoted as [3,5] with a = 3 and At = 5 — 3 = 2. Thus if the 
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i 


s(t) 


Figure 2.102 


= 
—— 
om! 
= 
Lame 
= 
oe) 
= 
| 
i 


distance traveled by a ball that rolls down a ramp is given by s(t), where ¢ is the time in 
seconds after the ball is released (see Figure 2.102), then the average velocity of the ball 
over the interval t = atot = a + Atis the difference quotient 
s(a + At) — s(a) 
At 


EXAMPLE 4 _ Evaluate Average Velocities 


The distance traveled by a ball rolling down a ramp is given by s(t) = 4t7, where f is 
the time in seconds after the ball is released and s(f) is measured in feet. Evaluate the 
average velocity of the ball for each time interval. 

a. [3,5] b. [3,4] ce. [3,3.5] d. [3,3.01] 


Solution 
a. In this case, a = 3 and At = 5 — 3 = 2. Thus the average velocity over this 
interval is 
s(a'+ At)=s(a)  s(3+2)— 53) s(5)—s@) 100 — 36 
At 2 2 2 


= 32 feet per second 


b. Leta = 3andArt=4-3=1. 


s(a + At)—s(a)_ s3 + 1)—s(3)__ s(4)— 5G) _ 64 — 36 
At 1 1 1 


= 28 feet per second 


c. Leta = 3 and At = 3.5 —3 = 0.5. 


s(a + At) — s(a) s(3 + 0.5) — s(3) 49 — 36 
At 0.5 0.5 


= 26 feet per second 


d. Let a = 3 and At = 3.01 — 3 = 0.01. 


s(a + At) — s(a) _ s(3 + 0.01) — 5(3) _ 36.2404 — 36 
At 0.01 0.01 
= 24.04 feet per second 


@ Try Exercise 80, page 237 


™ Composition of Functions 


Composition of functions is another way in which functions can be combined. This 
method of combining functions uses the output of one function as the input for a second 
function. 

Suppose that the spread of oil from a leak in a tanker can be approximated by a cir- 
cle, with the tanker at its center. The radius r (in feet) of the spill ¢ hours after the leak 
began is given by r(#) = 150‘. The area of the spill is the area of a circle and is given by 
the formula A(r) = ar’. To find the area of the spill 4 hours after the leak began, we first 
find the radius of the spill and then use that number to find the area of the spill. 


Note 


The requirement in the definition 
of the composition of two func- 
tions that g(x) be in the domain 
of f for all x in the domain of g is 
important. For instance, let 


f(x) = and 
x-— 1 
g(x) = 3x -—5 
When x = 2, 


g(2) = 32) -3=1 
f[g(2)] = f1) 
1 


aA 
1 . 
=— ¢ Undefined 


In this case, g(2) is not in the 
domain of f. Thus the composition 
(f © g)(x) is not defined at 2. 
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r(t) = 150V1t A(r) = ar’ 

r(4) = 150V4 *t = 4 hours A(300) = 7(3007) *r = 300 feet 
= 150(2) = 90,0007 
= 300 = 283,000 


The area of the spill after 4 hours is approximately 283,000 square feet. 

There is an alternative way to solve this problem. Because the area of the spill depends 
on the radius and the radius depends on the time, there is a relationship between area and 
time. We can determine this relationship by evaluating the formula for the area of a circle 
using 7(f) = 150‘. This will give the area of the spill as a function of time. 


A(r) = wr’ 
A[r()] = a[r(pP * Replace r with r(#). 
= n(150Vi) + r(t) = 150Vi 


A(t) = 22,5007 * Simplify. 


The area of the spill as a function of time is A(f) = 22,5007. To find the area of the oil 
spill after 4 hours, evaluate this function at ¢ = 4. 
A(t) = 22,5007t 
A(4) = 22,50077(4) 
= 90,0007 
= 283,000 


¢t=4 hours 


This is the same as the result we calculated earlier. 
The function A(t) = 22,5007 is referred to as the composition of A with r. The nota- 
tion A ° ris used to denote this composition of functions. That is, 


(A © r)(t) = 22,5007 


Definition of the Composition of Two Functions 


Let fand g be two functions such that g(x) is in the domain of ffor all x in the 
domain of g. Then the composition of the two functions, denoted by f © g, is the 
function whose value at x is given by (f° g)(x) = f[ g(x)]. 


The function defined by (f ° g)(x) is also called the composite of fand g. We read (f ° g)(x) 
as “f circle g of x” and f[ g(x)] as “fof g of x.” 

Consider the functions f(x) = 2x — 1 and g(x) = x* — 3. The expression (f° g)(—1) 
—or, equivalently, f[ g(—1)]—means to evaluate the function fat g(—1). 


g(x) = x? — 3 
g(-1) = (-1)? - 3 + Evaluate g at —1. 
etl) —"=2 

f(x) = 2x - 1 


flg(-1)] = 2[g(-)] - 1 
JC2) = 262). — l= 5 


¢ Replace x with g(—1). 
eCpS= 
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=a 
Subtract 3 ) 
cecal 
Multiply by 2 


Subtract 1 
F@)=2x-1 


(fe g(-l) =f[g(-D] =-5 


Figure 2.103 


A graphical depiction of the composition (f ° g)(—1) would look something like Figure 2.103. 
We can find a general expression for f| g(x) | by evaluating fat g(x). 


f(x) = 2x - 1 
FS ( g)] = 2[ g@)] - 1 * Replace x with g(x). 
= 2[x? —3)-1 * Replace g(x) with x? — 3. 
= Ox 7 * Simplify. 


Thus f[g(x)] = 2x? — 7. If we evaluate this function at —1, we have 


f[g@)] = 2x? - 7 
fla(-1)] = 2-1 -7=2-7=-5 
This is the same as the result that was obtained in Figure 2.103. 


In general, the composition of functions is not a commutative operation. That is, 


(f° g\(x) # (g ° f)(x). To verify this, we will compute (g ° f)(x) = g{ f(x)], again 
using the functions f(x) = 2x — 1 and g(x) = x7 — 3. 


2G) =27-3 
el Ax) = [f@)/ =3 * Replace x with f(x). 
= [2x — 1? = 3 * Replace f(x) with 2x — 1. 
= 4x7 — 4y — 2 * Simplify. 


Thus g[ f(x)] = 4x? — 4x — 2, which is not equal to f[.g(x)] = 2x? — 7. Therefore, 
(f° g)(x) # (g ° f)(x) and composition is not a commutative operation. 


Question ¢ Let f(x) = x — 1 and g(x) = x + 1. Then f[ g(x)] = g{ f(x)]. (You should verify this 
statement.) Does this contradict the statement we made that composition is not a com- 
mutative operation? 


EXAMPLE 5 Form Composite Functions 
If f(x) = x* — 3x and g(x) = 2x + 1, find the following. 
a (gefyx) b (f° gi(x) 


Solution 

a. (g ° f(x) = g[f@)] = 2Uf@)) + 1 + Substitute f(x) for x in g. 
= 2(x* — 3x) + 1 * f(x) = x? — 3x 
= 2x? — 6x + 1 

b. (f° g(x) = fle] = (g(x)? — 3(g() + Substitute g(x) for x in f 
= (2x + 1% — 3(2x + 1) g(x) = 2x +1 
= 4x7 -— 2x — 2 


Try Exercise 38, page 235 


Answer ®@ No. When we say that composition is not a commutative operation, we mean that gener- 
ally, given any two functions, (f° g)(x) # (g ° f)(x). However, there may be particular 
instances in which (f° g)(x) = (g ° f)(x). It turns out that these particular instances 
are quite important, as we shall see later. 


Study tip 

In Example 6, both Method 1 and 
Method 2 produce the same 
result. Method 2 is the better 
method if you must evaluate 

(f © g)(X) for several values of x. 
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Some care must be used when forming the composition of functions. For instance, if 


fix) = x + Land g(x) = Vx — 4, then 
(g ° f\2) = ef f2)] = 23) = V3 —-4 = V-1 


which is not a real number. We can avoid this problem by imposing suitable restrictions on 
the domain of f so that the range of fis part of the domain of g. If the domain of fis 
restricted to [3, 00), then the range of fis [4, 00). But this is precisely the domain of g. Note 
that 2 € [3, 00). Thus we avoid the problem of (g ° f)(2) not being a real number. 


To evaluate (f © g)(c) for some constant c, you can use either of the following methods. 


Method 1 First evaluate g(c). Then substitute this result for x in f(x). 
Method 2 First determine f[ g(x)]. Then substitute c for x. 


EXAMPLE 6_ Evaluate a Composite Function 


Evaluate (f ° g)(3), where f(x) = 2x — 7 and g(x) = x7 + 4. 


Solution 
Method 1 (f° g)(3) = f[g@)] 

= f[GBy + 4] + Evaluate g(3). 

= fU13) 

= 2013) -7 = 19 + Substitute 13 for x inf. 
Method 2 (f° g\(x) = 2[g@)] —7 ‘etait 

= 2[x? +4] -7 

= 2x7 + | 

(f° g)3) = 23% +1=19 * Substitute 3 for x. 


H Try Exercise 50, page 235 


EXAMPLE 7_ Use a Composite Function to Solve an Application 


es A graphic artist has drawn a 3-inch by 2-inch rectangle on a computer screen. The 
~* artist has been scaling the size of the rectangle for ¢t seconds in such a way that the 
upper right corner of the original rectangle is moving to the right at the rate of 0.5 inch 
per second and downward at the rate of 0.2 inch per second. See Figure 2.104. 


t=0s t=3s t=6s 


Figure 2.104 


(continued ) 
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Area (in square inches) 


a. Write the length / and the width w of the scaled rectangles as functions of t. 
b. Write the area A of the scaled rectangle as a function of f. 
c. Find the intervals on which 4 is an increasing function for 0 = ¢ = 14. Also find 
the intervals on which A is a decreasing function. 
d. Find the value of ¢ (where 0 = ¢ = 14) that maximizes A(?). 
Solution 
10 a. Because distance = rate - time, we see that the change in / is given by 0.5¢. 
Therefore, the length at any time tis / = 3 + 0.5¢. For0 = ¢ = 10, the width is 
20 04) given by w = 2 — 0.2. For 10 < ¢ <= 14, the width is w = —2 + 0.21. In either 
case, the width can be determined by finding w = |2 — 0.27|. (The absolute value 
symbol is needed to keep the width positive for 10 < ¢ = 14.) 
b. A =lw= (3 + 0.5f|2 — 0.21 
c. Use a graphing utility to determine that 4 is increasing on [0,2] and on [ 10, 14] 
Tanah asennaln and that A is decreasing on [2, 10]. See Figure 2.105. 
A= (3 + 0.5/)|2 — 0.22| d. The highest point on the graph of A occurs when ¢ = 14 seconds. See Figure 2.105. 
Flours 2 105 m@ Try Exercise 74, page 236 


You may be inclined to think that if the area of a rectangle is decreasing then its 


perimeter is also decreasing, but this is not always the case. For example, the area of the 
scaled rectangle in Example 7 was shown to decrease on [2, 10] even though its perimeter 


was 


always increasing. 


EXERCISE SET 2.6 


In Exercises 1 to 12, use the given functions f and g to V1. f@) = V4—x2, ox) = 24x 


f 
find f + g, f — g, fg, and c State the domain of each. 


1 


2 


3 


A 


5 


6 


7 


8 


9 


#10 


fe) =x? — 2x - 15, g(x) =x +3 
fe) =x? — 25, g(x) =x-5 

. fe) = 2x + 8 ga) =xt4 

. fx) = 5x — 15, gx) =x -3 

. f(x) =x — 2x7 + Tx, g(x) = x 
fe) =x? — 5x — 8, g(x) = —x 

. fx) = 4x — 7, g(x) = 2x? + 3x - 5 
. f(x) = 6x + 10, g(x) = 3x7 +x — 10 
.fG) = Ve—3, g@) =x 

. f@) = Vx—4, 26) = —x 


12. fx) = Vx? - 9, g(x) =x -3 


In Exercises 13 to 28, evaluate the indicated function, 
where f(x) = x2 — 3x + 2 and g(x) = 2x — 4. 


13. (f+ g)(5) m14. (f+ g\(-7) 
1. + 0(2) 16. r+ @(2) 

. (f+ g) 5 . (f+) 3 
17. (f - g)(-3) 18. (f — g)(24) 
19. (f- g\-1) 20. (f — g)(0) 
21. (fe\(7) 22. (fg)(—3) 

2 

23. c49( 2) 24. (fg)(—100) 


In Exercises 29 to 36, find the difference quotient of the 
given function. 


29 


31 


33 


35 


In Exercises 37 to 48, find (g © f)(x) and (f © g)(x) for the 


. f(x) = 2x +4 m30. f(x) = 4x — 5 

. fx) =x? — 6 32. f(x) =x? + 11 

. fix) = 2x? + 4x — 3 34, fix) = 2x? — 5x +7 
. f(x) = —4x? + 6 36. f(x) = —5x? — 4x 


given functions f and g. 


37 


538 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


. fx) = 3x +5, g(x) =2x-7 

. fx) = 2x — 7, g(x) = 3x +2 
fx) =x7+4x-1, gx) =x+2 
f(x) = x7 -— Ilx, g(x) = 2x +3 
f(x) = x3 + 2x, g(x) = —5x 


f(x) = —x3 — 7, g(x) =x+1 


I(x) = » g(x) = 3x-5 


x+1 


1 
fe) = VEF4, ge) =~ 


1 
fx) = oe eee 


6 3 
f(x) = er g(x) = oy 


2 
f(x) = 7, gx) = - = 
| x 


3 
[5 =x 


f(x) = |2x + 1], g(x) = 3x? - 1 
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In Exercises 49 to 64, evaluate each composite function, 
where f(x) = 2x + 3, g(x) = x? — 5x, and h(x) = 4 — 3x?, 


49. (g ° f\(4) m50. (f° g)(4) 

51. (f° g)(—3) 52. (g ° f\(-1) 
53. (g ° A)(0) 54. (h ° g)(0) 

55. (f° f)(8) 56. (f° f)(—8) 
57. (he 9(2) 58. (g° n(—4) 
59. (g ° f(V3) 60. (f° g)V2) 
61. (g ° f)(2c) 62. (f° g)(3k) 
63. (g ° hyk + 1) 64. (ho gk — 1) 


In Exercises 65 to 68, show that (f ° g)(x) = (g ° f)(x). 
65. f(x) = 2x + 3; g(x) = 5x + 12 


66. f(x) = 4x — 2; g(x) = 7x - 4 


6 5 
c.f =p == 

=) py, 
SINHA 5, soy 


In Exercises 69 to 72, show that 


(g° f\(x)=x and (fe g)(x) =x 


gS 3 
69. f(x) = 2x + 3, (x) = 
70. f(x) = 4x — 5, eo) == 
4-x 
71. fo) =——, gta) = 


2 


2 = 
72: {= ——, 3@)= 


73. Water Tank A water tank has the shape of a right circular cone 
with height 16 feet and radius 8 feet. Water is running into the 
tank so that the radius r (in feet) of the surface of the water is 
given by r = 1.5¢, where ¢ is the time (in minutes) that the water 
has been running. See the diagram at the top of page 236. 
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a74, 


75. 


a. The area A of the surface of the water is A = ar’. Find A(2) 
and use it to determine the area of the surface of the water 
when t = 2 minutes. 


1 
b. The volume V of the water is given by V = yarn. Find 


V(t) and use it to determine the volume of the water when 
t = 3 minutes. (Hint: The height of the water in the cone is 
always twice the radius of the surface of the water.) 


4 Scaling a Rectangle Rework Example 7 of this section 
with the scaling as follows: The upper right corner of the 
original rectangle is pulled to the /eft at 0.5 inch per second and 
downward at 0.2 inch per second. 


Towing a Boat A boat is towed by a rope that runs through a 
pulley that is 4 feet above the point where the rope is tied to the 
boat. The length (in feet) of the rope from the boat to the pul- 
ley is given by s = 48 — ¢, where f is the time in seconds that 
the boat has been in tow. The horizontal distance from the pul- 
ley to the boat is d. 


76. 


a. Find d(/). 


b. Evaluate s(35) and d(35). 


Shadow Position The light from a lamppost casts a shadow 
from a ball that was dropped from a height of 22 feet above the 
ground, as shown in the diagram at the top of the right column. 
The distance d, in feet, the ball has dropped ¢ seconds after it is 
released is given by d = 1617. Find the distance x, in feet, of the 
shadow from the base of the lamppost as a function of time ¢. 


77. Conversion Functions The function F(x) = 7 converts x 


; . x 
inches to feet. The function Y(x) = 3 converts x feet to yards. 


Explain the meaning of (Y © F)(x). 


78. Conversion Functions The function F(x) = 3x converts x 


yards to feet. The function (x) = 12x converts x feet to inches. 
Explain the meaning of (J ° F)(x). 


79. Concentration of a Medication The concentration 


C(t) (in milligrams per liter) of a medication in a patient’s 
blood is given by the data in the following table. 


Concentration of Medication in Patient's Blood 


C(t) (mg/L) 


Concentration (in milligrams per liter) 


1 2 


Time (in hours) 


The average rate of change of the concentration over the time 
interval from t = atot =a+t Atis 
C(a + At) — C(a) 
At 


Use the data in the table on page 236 to evaluate the average 
rate of change for each of the following time intervals. 


a. [0, 1] (Hint: In this case, a = 0 and At = 1.) Compare this 
result to the slope of the line through (0, C(0)) and (1, C(1)). 


b. [0,05] «. [1,2] d. [1,15] e [1,125] 


f. The data in the table can be modeled by the function 
Con(t) = 25° — 1501? + 225t. Use Con(t) to verify that 
the average rate of change over [1,1 + Af] is given by 
—75(At) + 25(At)’. What does the average rate of change 
over [1,1 + At] seem to approach as At approaches 0? 
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#80. Ball Rolling on a Ramp The distance traveled by a ball rolling 


down a ramp is given by s(t) = 6¢?, where f is the time in sec- 
onds after the ball is released and s(t) is measured in feet. The 
ball travels 6 feet in 1 second and 24 feet in 2 seconds. Use the 
difference quotient for average velocity given on page 230 to 
evaluate the average velocity for each of the following time 
intervals. 


a. [2,3] (Hint: In this case, a = 2 and At = 1.) Compare this 
result to the slope of the line through (2, s(2)) and (3, s(3)). 


b. [2,2.5] [2,21]  d. [2,201] e. [2,2.001] 
f. Verify that the average velocity over [2,2 + Af] is 


24 + 6(At). What does the average velocity seem to 
approach as At approaches 0? 


|SECTION 2.7 _| Modeling Data Using Regression 


Linear Regression Models 
Correlation Coefficient 
Quadratic Regression Models 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A15. 


PS1. Find the slope and the y-intercept of the graph of y = — + 4, [2.3] 


PS2. Find the slope and the y-intercept of the graph of 3x — 4y = 12. [2.3] 


PS3. Find the equation of the line that has a slope of —0.45 and a y-intercept of 
(0, 2.3). [2.3] 
PS4. Find the equation of the line that passes through the point P(3, —4) and has 
2 
a slope of - [2.3] 


PSS. If f(x) = 3x + 4x — 1, find f(2). [2.2] 


PS6. You are given P,(2, —1) and P,(4, 14). If f(x) = x° — 3, find 
| f@) — i] + | f@2) — ye). [2.2] 


™ Linear Regression Models 


The data in the table on page 238 show the population of selected states and the num- 

ber of professional sports teams (Major League Baseball, National Football League, 
National Basketball Association, Women’s National Basketball Association, National 
Hockey League) in those states. A scatter diagram of the data is shown in Figure 2.106 
on page 238. 
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Number of Professional Sports Teams for Selected States 


Arizona 6.5 5 Minnesota 5.2. 

California 36.8 17 New Jersey 8.7 2 
Colorado 4.9 4 New York 19.5 10 
Florida 18.3 11 North Carolina 9.2 3 
Illinois 12.9 5 Ohio 11.5 7 
Indiana 6.4 3 Pennsylvania 12.4 7 
Michigan 10.0 5 Texas 24.3 9 


Although there is no one line that passes through every point, we could find an 
approximate linear model for these data. For instance, the line shown in Figure 2.107 in 
blue approximates the data better than the line shown in red. However, as Figure 2.108 
shows, there are many other lines we could draw that seem to approximate the data. 


5 
= 
‘= 
a 
aa 


= 
os 


Fe a cl Sa 


= 
os 
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Number of teams 
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Number of teams 
S 
H+ +t+-+-+H+ 
e 
e 
Number of teams 
S 
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Figure 2.106 Figure 2.107 Figure 2.108 


o 


To find the line that “best” approximates the data, regression analysis is used. This 
type of analysis produces the linear function whose graph is called the line of best fit or 
the least-squares regression line.' 


Definition of the Least-Squares Regression Line 


The least-squares regression line is the line that minimizes the sum of the squares 


of the vertical deviations of all data points from the line. 


To help understand this definition, consider the data set 
S= {(, 2), 2, 3), G, 3),4,4), 6, 2} 


as shown in Figure 2.109 on page 239. As we will show later, the least-squares regression 
line for this data set is y = 1.1x + 0.5, also shown in Figure 2.109. If we evaluate this lin- 
ear function at the x-coordinates of the data set S, we obtain the set of ordered pairs 
T = {(L, 1.6), (2, 2.7), (3, 3.8),(4, 4.9), (5, 6)}. The vertical deviations are the differences 
between the y-coordinates in S and the y-coordinates in 7. From the definition, we must 
calculate the sum of the squares of these deviations. 


(2 — 1.6 + 3 — 2.7% + GB — 3.8) + (4 -— 4.97 + (7 — 6P = 2.7 


'The least-squares regression line is also called the /east-squares line or the regression line. 
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Because y = 1.1x + 0.5 is the least-squares regression line, for no other line is the sum of 
the squares of the deviations less than 2.7. For instance, if we consider the equation 
y = 1.25x + 0.75, which is the equation of the line through the two points P)(1,2) and 
P,(5, 7) of the data set, the sum of the squared deviations is larger than 2.7. See Figure 2.110. 


(2 — 27 + 3 — 3.25" + (3 — 4.57 + (4 — 5.75 + (7 — 79 = 5.375 


Figure 2.109 Figure 2.110 


Toh<Se le \ dlate MK Le ulate) The equations used to calculate a regression line are somewhat cumbersome. Fortunately, 
these equations are preprogrammed into most graphing calculators. We will now illus- 
trate the technique for a TI-83/TI-83 Plus/TI-84 Plus calculator using data set S given 
on page 238. 


Press| STAT |. Select CALC. 


Press| STAT |. Select EDIT. If necessary, delete any Select 4, LinReg(ax+). 


data in L1 and L2. 
Press | ENTER |. Enter the given data. Press | ENTER |. Press | VARS |. 
EC a TESTS: EDIT TESTS LinReg(ax+b) 
gEcit... 1 :1-Var Stats 
2: SortAl 2:1-Var Stats 
3 : SortD( 3:Med—Med 
4:Cirlist_ PBLinReglax+b) 
5: SetUpEditor 5: QuadReg 
6: CubicReg 
7vQuartReg 
Select Y-VARS. 
Press | ENTER |. Select 1. Press | ENTER |. Press| ENTER |. View the results. 


VARS LinReglax+b) Yi LinReg 
MBFunction... y=ax+b 
2: Parametric... : a=1.1 
3:Polar... : b=35 


4: On/Off... : r°=.8175675676 
r=.9041944302 


From the last screen, the equation of the regression line is y = 1.1x + 0.5. Your last 
screen may not look exactly like ours. The information provided on our screen requires 
that DiagnosticOn be enabled. This is accomplished using the following keystrokes. 


CATALOG (Scroll to DiagnosticOn) | ENTER || ENTER 


(continued ) 
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With DiagnosticOn enabled, in addition to the values for the regression equation, two 
other values, 7° and r, are given. We will discuss these values later in this section. 

If you used the keystrokes we have shown here, the regression line will be stored in 
Y1. This is helpful if you wish to graph the regression line. However, if it is not 


necessary to graph the regression line, then instead of pressing | VARS | at step 4, 


just press | ENTER |. The result will be the last screen showing the results of the 
regression calculations. 


EXAMPLE 1_ Find a Regression Equation 


Find the regression equation for the data on the population of a state and the 

number of professional sports teams in that state. How many sports teams are 
predicted for Indiana, whose population is approximately 6.4 million? Round to the 
nearest whole number. 


Solution 

Using your calculator, enter the data from the table. LinReg 

Then have the calculator produce the values for the nays 
regression equation. Your results should be similar to b=1.086158204 
those shown in Figure 2.111. The equation of the r2=.8471821848 
regression line is r=.9204250023 


Ga Integrating Technology 


y = 0.4169013137x + 1.086158204 


Figure 2.111 
| ee eee ery ne To find the number of professional sports teams the 


: ; regression equation predicts for Indiana, evaluate the regression equation for x = 6.4. 
| stored the regression equation 


| from Example 1 in Yi, then you y = 0.4169013137x + 1.086158204 

can evaluate the regression = 0.4169013137(6.4) + 1.086158204 
| equation nae the following ~ 3.754326612 

keystrokes: 

VARS |> |} ENTER |} ENTER The equation predicts that Indiana should have four sports teams. 
[tjo4[) |[ENTER ll Try Exercise 18, page 245 


® Correlation Coefficient 


The scatter diagram of a state’s population and the 

corresponding number of professional sports 
teams is shown in Figure 2.112, along with the graph 
of the regression line. Note that the slope of the regres- 
sion line is positive. This indicates that as a state’s pop- 
ulation increases the number of teams increases. Note 
also that for these data the value of r on the regression 
calculation screen was positive, r ~ 0.9204. 

Now consider the data in the table on the next page, 
which shows the trade-in value of a 2006 Corvette for 
various odometer readings. The graph in Figure 2.113 shows the scatter diagram and the 
regression line. 


Figure 2.112 
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Trade-in Value of 2006 Corvette Coupe, 
January 2009 


Odometer Reading | 


Note 


The data for the Corvette were 


created assuming that the condi- 
tion of the car was excellent. The 
only variable that changed was 


(thousands of mi) il Trade-in Value ($) 


the odometer reading. 25 29,975 
30 29,650 

40 27,650 

LinReg 45 26,800 
y=ax+b 55 24,675 


a="181.1403509 


b=34814.47368 Source: Kelley Blue Book, http://www.kbb.com, 


January 2009. 


re=.9880600266 
r=".9940120857 


Figure 2.113 


In this case, the slope of the regression line is negative. This means that as the odome- 
ter reading increases the trade-in value of the car decreases. Note also that the value of r 


Figure 2.114 is negative, with r ~ —0.9940. See Figure 2.114. 
Linear Correlation Coefficient 
The linear correlation coefficient r is a measure of how close the points of a data 
set can be modeled by a straight line. If ry = —1, then the points of the data set can 
be modeled exactly by a straight line with negative slope. If r = 1, then the data 
set can be modeled exactly by a straight line with positive slope. For all data sets, 
-lsre<tl. 
VA VA e Va VA Va 
7 . + +e e 
Pig . . e®? e 
: e 4 e . ‘ ee ‘ 4 e ‘< 
- ‘i °*. wee. . é os 7 ° * _ 
-° 4 : c ee 4 * eee . 
e . e bd e "6 
7 e e 7 e e e 
7 T e e 
an =e —T or 
r=1 r is close to 1. r is close to 0. r is close to -1. r=-l 


Ifr # lorr # —1, then the data set cannot be modeled exactly by a straight line. The fur- 
ther the value of r is from | or —1 (or in other words, the closer the value of 7 to zero), the 
more the ordered pairs of the data set deviate from a straight line. 

The graphs below show the points of the data sets and the graphs of the regression 
lines for the state population and sports teams data and the odometer reading and trade-in 
data. Note the values of r and the closeness of the data points to the regression lines. 


20 32,000 


r = 0.9204 
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A researcher calculates a regression line to determine the relationship between two 
variables. The researcher wants to know whether a change in one variable produces a pre- 
dictable change in the second variable. The value of r” tells the researcher the extent of that 
relationship. 


Coefficient of Determination 


The coefficient of determination r” measures the proportion of the variation in 
the dependent variable that is explained by the regression equation. 


For the population and sports team data, r? ~ 0.85. This means that approximately 85% 
of the total variation in the dependent variable (number of teams) can be attributed to the 
state population. This also means that population alone does not predict with certainty the 
number of sports teams. Other factors, such as climate, are involved in the number of 
sports teams. 


Question ¢ What is the coefficient of determination for the odometer reading and trade-in value 
data (see page 241), and what is its significance? 


™ Quadratic Regression Models 


To this point our focus has been on /inear regression equations. However, there may be a 
nonlinear relationship between two quantities. The scatter diagram to the left suggests that 
a quadratic function might be a better model of the data than a linear model. As we pro- 
ceed through this text, various function models will be discussed. 


EXAMPLE 2_ Find a Quadratic Regression Model 


The data in the table below were collected on five successive Saturdays. They show the 
average number of cars entering a shopping center parking lot. The value of t is the num- 
ber of minutes after 9:00 A.M. The value of N is the number of cars that entered the park- 
ing lot in the 10 minutes prior to the value of ¢. Find a regression model for this data. 


Average Number of Cars Entering a 
Shopping Center Parking Lot 


Ene GSE 
20 70 140 301 
40 135 160 | 298 
60178 180 | 284 
80 210 200 286 
100 (260 220 260 
120-280 240 | 195 


Answer ® 7? © 0.988. This means that 98.8% of the total variation in trade-in value can be 
attributed to the odometer reading. 
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Solution 


1. Construct a scatter diagram for these data. Enter the data into your calculator 
as explained on page 239. 


From the scatter diagram, it appears that there is a nonlinear relationship 
among the variables. 


2. Find the regression equation. Try a quadratic regression model. For a 
TI-83/TI-83 Plus/T 1-84 Plus calculator, press | STAT |> 5 | ENTER }. 


Note QuadReg 

: : 7 y=ax?+bx+c 
For nonlinear regression calcula 5 012U881369 
tions, the value of ris not shown b=3.904433067 
on a TI-83/T1-83 Plus/T1-84 Plus Bee Canaaelinl 
graphing calculator. In such cases, i 


the coefficient of determination is 
used to determine how well the 
data fit the model. 


3. Examine the coefficient of determination. The coefficient of determination is 
approximately 0.984. Because this number is fairly close to 1, the regression 
equation y = —0.0124881369x7 + 3.904433067x — 7.25 provides a good model 
of the data. The following calculator screen shows the scatter diagram and the 
parabola that is the graph of the regression equation. 


400 


@ Try Exercise 32, page 247 


MGREG In Example 2, we could have calculated the /inear regression model for the data. The 
y=axtb results are shown at the left. Note that the coefficient of determination for this calculation 
Sr eoees is approximately 0.419. Because this number is less than the coefficient of determination 
r2=,.4193509866 for the quadratic model, we choose a quadratic model of the data rather than a linear model. 
fe Bu7S/alai5 A final note: The regression line equation does not prove that the changes in the 
dependent variable are caused by the independent variable. For instance, suppose various 
cities throughout the United States were randomly selected and the numbers of gas stations 
(independent variable) and restaurants (dependent variable) were recorded in a table. If we 
calculated the regression equation for these data, we would find that r would be close to 1. 
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However, this does not mean that gas stations cause restaurants to be built. The primary 
cause is that there are fewer gas stations and restaurants in cities with small populations 
and greater numbers of gas stations and restaurants in cities with large populations. 


EXERCISE SET 2.7 


ea Use a graphing calculator for this Exercise Set. In Exercises 7 to 12, find the linear regression equation 
& for the given set. 

In Exercises 1 to 4, determine whether the scatter 
diagram suggests a linear relationship between x and y, a 
nonlinear relationship between x and y, or no 
relationship between x and y. 


7. {(2, 6), (3, 6), (4, 8), (6, 11), (8, 18)} 


8. {(2, —3), (3, —4), (4, -9), (5, 10), (7, -12)} 


1 oy 2. ya 9. {(—3, 11.8), (—1, 9.5), (0, 8.6), (2, 8.7), (5, 5.4)} 
J eee T . 10. {(—7, -11.7), (—5, —9.8), (—3, —8.1), (1, —5.9), (2, -5.7)} 
T - a T 20 tee ge! 11. {(1.3, —4.1), (2.6, —0.9), (5.4, 1.2), (6.2, 7.6), (7.5, 10.5)} 
y i 12. {(—1.5, 8.1), (—0.5, 6.2), (3.0, —2.3), (5.4, -7.1), (6.1, —9.6)} 
—_— +H 
3. <2 Ae. igi In Exercises 13 to 16, find a quadratic model for the 
Al 4 given data. 
T i y os 13. {(1,—1), (2, D, (4, 8), (5, 14), (6, 25)} 
J 08s ‘ese ™ 14. {(—2, —5), (1, 0), (0, 1), (1, 4), (2, 4)} 
T T 15. {(1.5, —2.2), (2.2, —4.8), (3.4, -11.2), (5.1, —20.6), 
a ae ae Se ae (6.3, —28.7)} 


16. {(—2,—1), (-1, 3.1), (0, —2.9), (1, 0.8), (2, 6.8), (3, 15.9)} 


In Exercises 5 and 6, determine for which scatter diagram, 


A or B, the coefficient of determination is closer to 1. 17. 2 Archeology The data below show the length of the 
5S. yh vA humerus and the total wingspan, in centimeters, of sev- 
al, Tie eral pterosaurs, which are extinct flying reptiles of the order 
7 e lee . a Pterosauria. (Source: Southwest Educational Development 
— .° ime Laboratory.) 
T « @e ,e Ty *. e 
le all = * Pterosaur Data 
e 
Figure A Figure B 24 600 20 500 
6. ya Ya 32 750 27 570 
in i % 22 430 15 300 
ees 1 eee 17 370 15 310 
o° ee e e 
1 ve, Te « * 13 270 9 240 
Z J 4.4 68 4.4 55 
a . 3.2 53 2.9 50 
Figure A Figure B 1.5 24 


018. 


19. 


20. 


a. Compute the linear regression equation for these data. 


b. On the basis of this model, what is the projected wingspan of 
the pterosaur Quetzalcoatlus northropi, which is thought to 
have been the largest of the prehistoric birds, if its humerus 
is 54 centimeters? Round to the nearest centimeter. 


2 Sports The data in the table below show the distance, in 
feet, a ball travels for various bat speeds, in miles per hour. 


40 200 
45 213 
50 242 
60 275 
70 297 
75 326 
80 335 


a. Find the linear regression equation for these data. 


b. Using the regression model, what is the expected distance a 
ball will travel when the bat speed is 58 miles per hour? 
Round to the nearest foot. 


P.] Sports The table below shows the number of strokes per 
minute that a rower makes and the speed of the boat in 
meters per second. 


30 4.1 
31 4.2 
33 44 
34 4.5 
36 4.7 
39 5.1 


a. Find the linear regression equation for these data. 


b. Using the regression model, what is the expected speed of 
the boat when the rowing rate is 32 strokes per minute? 
Round to the nearest tenth of a meter per second. 


P.) Biology A medical researcher wants to determine the 

effect of pH (a measure of alkalinity or acidity, with pure 
water having a pH of 7) on the growth of a bacteria culture. 
The following table gives the measurements of different cul- 
tures, in thousands of bacteria, after 8 hours. 
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4 116 
5 120 
6 131 
7 136 
8 141 
9 151 
10 148 
11 163 


a. Find the linear regression equation for these data. 


b. Using the regression model, what is the expected number of 
bacteria when the pH is 7.5? Round to the nearest thousand 
bacteria. 


21. P) Health The body mass index (BMI) of a person is a meas- 
ure of the person’s ideal body weight. The table below shows 
the BMI for different weights for a person 5 feet 6 inches tall. 


BMI Data for Person 5’ 6” Tall 


110 17 160 25 
120 19 170 27 
125 20 180 29 
135 21 190 30 
140 22 200 32 
145 23 205 33 
150 24 215 34 


a. Compute the linear regression equation for these data. 


b. On the basis of the model, what is the estimated BMI for a 
person 5 feet 6 inches tall whose weight is 158 pounds? 


22. P) Health The BMI (see Exercise 21) of a person depends on 
height, as well as weight. The table below shows the changes 
in BMI for a 150-pound person as height, in inches, changes. 


BMI Data for 150-Pound Person 


60 29 71 21 
62 27 72 20 
64 25 73 19 
66 24 74 19 
67 23 75 18 
68 23 76 18 
70 21 
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a. Compute the linear regression equation for these data. 


b. On the basis of the model, what is the estimated BMI for a 
150-pound person who is 5 feet 8 inches tall? 


23. Industrial Engineering Permanent-magnet direct-current 
motors are used in a variety of industrial applications. For 
these motors to be effective, there must be a strong linear 
relationship between the current (in amps, A) supplied to the 
motor and the resulting torque (in newton-centimeters, 
N-cm) produced by the motor. A randomly selected motor is 
chosen from a production line and tested, with the following 
results. 


Direct-Current Motor Data at 12 Volts 


73 9.4 85 (86 
11.9 2.8 7.9 43 
5.6 56 14.5 9.5 
14.2 4.9 12.7 8.3 
7.9 7.0 10.6 4.7 


Based on the data in this table, is the chosen motor effec- 
tive? Explain. 


24. P.) Health Sciences The average remaining lifetime for 
men in the United States is given in the following table. 


(Source: National Institutes of Health.) 


Average Remaining Lifetime for Men 


0 74.8 65 16.7 
15 60.6 75 10.2 
35 41.9 


i Based on the data in this table, is there a strong correlation 
between a man’s age and the average remaining lifetime 
for that man? Explain. 


25. P.) Health Sciences The average remaining lifetime for 
women in the United States is given in the following 
table. (Source: National Institutes of Health.) 


Average Remaining Lifetime for Women 


0 80.0 


15 65.6 
35 46.2 


26. 


a. | Based on the data in this table, is there a strong corre- 
lation between a woman’s age and the average remain- 
ing lifetime for that woman? 


b. Compute the linear regression equation for these data. 
c. On the basis of the model, what is the estimated remaining 


lifetime of a woman of age 25? Round to the nearest num- 
ber of years. 


P.) Biology The table below gives the body lengths, in cen- 
timeters, and the highest observed flying speeds, in 
meters per second, of various animals. 


Horsefly 1.3: 6.6 
Hummingbird 8.1 11.2 
Dragonfly 8.5 10.0 
Willow warbler 11.0 12.0 
Common pintail 56.0 22.8 


27. 


Based on these data, what is the flying speed of a whimbrel 
whose length is 41 centimeters? Round to the nearest meter per 
second. (Source: Based on data from Leiva, Algebra 2: 
Explorations and Applications, p. 76, McDougall Littell, 
Boston; copyright 1997.) 


Health The table below shows the number of calories burned 
in | hour when running at various speeds. 


10 1126 
10.9 1267 
5 563 
5.2 633 
6 704 
6.7 774 
7 809 
8 950 
8.6 985 
9 1056 
7.5 880 


a. Are the data positively or negatively correlated? 


b. How many calories does this model predict a person who 
runs at 9.5 mph for | hour will burn? Round to the nearest 
number of calories. 
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28. Traffic Safety A traffic safety institute measured the braking dis- a. Find a quadratic model for these data. 
tance, in feet, of a car traveling at certain speeds in miles per hour. 
The data from one of those tests are given in the following table. b. Use the model to predict the temperature at 1:00 pM. Round 


to the nearest tenth of a degree. 


d (mpl Breaking Distanc 
, ; 31. Automotive Engineering The fuel efficiency, in miles per 
20 23.9 aor ; bos 
gallon, for a certain midsize car at various speeds, in miles per 
30 33.7 hour, is given in the table below. 
“0 ae Fuel Efficiency of a Midsize Car 
50 41.7 
60 46.8 
70 48.9 
80 49.0 


a. Find the quadratic regression equation for these data. 


b. Using the regression model, what is the expected braking 
distance when a car is traveling at 65 mph? Round to the 
nearest tenth of a foot. 


a. Find a quadratic model for these data. 
29. Biology The survival of certain larvae after hatching depends on 


the temperature (in degrees Celsius) of the surrounding environ- b. Use the model to predict the fuel efficiency of this car when 
ment. The following table shows the number of larvae that survive it is traveling at a speed of 50 mph. Round to the nearest 
at various temperatures. Find a quadratic model for these data. tenth miles per gallon. 

Larvae Surviving for Various Temperatures 32. Biology The data in the following table show the oxygen con- 


sumption, in milliliters per minute, of a bird flying level at var- 
ious speeds, in kilometers per hour. 


40 26 Oxygen Consumption 
21 47 27 67 Se ETD 
22 52 28 64 
23 61 29 62 cau = 
24 64 30 61 25 27 
25 64 28 22 
35 21 
30. Meteorology The temperature at various times on a summer 42 26 
day at a resort in southern California is given in the following 50 34 
table. The variable ¢ is the number of minutes after 6:00 A.M., 


and the variable T is the temperature in degrees Fahrenheit. 
a. Find a quadratic model for these data. 


b. Use the model to determine the speed at which the bird has 
eas ees | minimum oxygen consumption 


Temperatures at a Resort 


20 59 240 86 

40 65 280 88 33. Physics Galileo (1564-1642) studied acceleration due to 
=——_j gravity by allowing balls of various weights to roll down an 
80 v1 320 86 incline. This allowed him to time the descent of a ball more 
120 78 360 85 accurately than by just dropping the ball. The data in the fol- 
160 8] 400 80 lowing table on page 248 show some results of such an exper- 
iment using balls of different masses. Time ¢ is measured in 

200 83 seconds; distance s is measured in centimeters. 
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Distance Traveled for Balls of Various Weights 


2 2 5 3 5 
4 10 22 5 15 
6 22 49 7 30 
8 39 12 87 9 49 
10 61 15 137 11 75 
12 86 18 197 13 103 
14 120 15 137 
16 156 


34. 


a. Find a quadratic model for each of the balls. 


b. me On the basis of a similar experiment, Galileo con- 
cluded that, if air resistance is excluded, all falling 

objects fall with the same acceleration. Explain how one 
could make such a conclusion from the regression equations. 


P.) Astronomy In 1929, Edwin Hubble published a paper that 

revolutionized astronomy (“A Relationship Between 
Distance and Radial Velocity Among Extra-Galactic Nebulae,” 
Proceedings of the National Academy of Science, page 168). His 
paper dealt with the distance an extragalactic nebula was from 
the Milky Way galaxy and the nebula’s velocity with respect to 
the Milky Way. The data are given in the following table. 
Distance is measured in megaparsecs (1 megaparsec equals 


ot 


Recession Velocities 


1.918 X 10!° miles), and velocity (called the recession veloc- 
ity) is measured in kilometers per second. A negative velocity 
means the nebula is moving toward the Milky Way; a positive 
velocity means the nebula is moving away from the Milky Way. 


| 
0.032 170 0.9 650 
0.034 290 0.9 150 
0.214 —130 0.9 500 
0.263 —70 1.0 920 
0.275 —185 1.1 450 
0.275 —220 1.1 500 
0.45 200 1.4 500 
0.5 290 1:7 960 
0.5 270 2.0 500 
0.63 200 2.0 850 
0.8 300 2.0 800 
0.9 —30 2.0 1090 


a” Exploring Concepts with Technology 


Graphing Piecewise Functions with a Graphing Calculator 


a. Find the linear regression model for these data. 


b. On the basis of this model, what is the recession velocity of 
a nebula that is 1.5 megaparsecs from the Milky Way? 


3>X 
X>Y 


A graphing calculator can be used to graph a piecewise function by including as part of 
the function the interval on which each piece of the function is defined. The method is 
based on the fact that a graphing calculator “evaluates” inequalities. For purposes of 
this exploration, we will use keystrokes for a TI-83/TI-83 Plus/TI-84 Plus calculator. 


For instance, store 3 in X by pressing 3 | STOP || X,T,0,|| ENTER], Now enter 


the inequality x > 4 by pressing | X,T,0,} |2ND| TEST3 4 |ENTER}. Your screen 
should look like the one at the left. Note that the value of the inequality is 0. This occurs 
because the calculator replaces X with 3 and then determines whether the inequality 
3 > 4 is true or false. The calculator expresses that the inequality is false by placing a 
zero on the screen. If we repeat the sequence of steps above, except that we store 5 in 
X instead of 3, the calculator will determine that the inequality is true and place a 1 on 
the screen. 

This property of calculators is used to graph piecewise functions. Graphs of these 
functions work best when Dot mode rather than Connected mode is used. To switch to Dot 
mode, select | MODE |, use the arrow keys to highlight | DOT |, and then press | ENTER |. 
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Now we will graph the piecewise function defined by 


x, x= -2 
y= es x >-2 
10 Enter the function” as Yi=X*(XS-2)+X°*(X>-2] and graph it in the standard viewing 


window. Note that you are multiplying each piece of the function by its domain. The 
graph will appear as shown at the left. 

To understand how the graph is drawn, we will consider two values of x, —8 and 2, 
and evaluate Yi for each of these values. 
Yi=X*(XS-2)+X°*(X>-2) 

St Say tyes eS 2) 
—8(1) + 64(0) = —8 ¢ When x = —8, the value assigned to -8 = —2 
is 1; the value assigned to —8 > —2 is 0. 


Yi=X*(XS-2]+X°*(X>-2] 
= 2(2 = —2) + 2°22 > —2) 
= 2(0) + 41) = 4 ¢ When x = 2, the value assigned to 2 = —2 
is 0; the value assigned to 2 > —2 is 1. 

In a similar manner, for any value x = —2, the value assigned to (XS-2) is 1 and 
the value assigned to (X>-2) is 0. Thus Yi=X*1+X°*O=X on that interval. This means that 
only the f(x) = x piece of the function is graphed. When x > —2, the value assigned to 
(X<-2) is 0 and the value assigned to (X>-2) is 1. Thus Yi=X*0+X°*1=X° on that inter- 
val. This means that only the f(x) = x” piece of the function is graphed on that interval. 
x2 - x * 2 
—x +4, x22 


SD 
=x; w= 2 


1. Graph: f(x) = { 2. Graph: f(x) = { 


x? — 4x, x<l 
x—x +2, x21 


—x* +1, x<0 


fad, eG 4. Graph: f(x) = { 


3. Graph: f(x) = { 


Note that pressing | 2ND | TEST will display the inequality menu. 
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The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


2.1 Two-Dimensional Coordinate System and Graphs 


= Distance Formula The distance d between two points P,(x,, y,) and See Example 1, page 156, and then try 
P3(X7, 2) is d = V (x) —x) + (» - y). Exercise 2, page 253. 


= Midpoint Formula The coordinates of the midpoint of the line segment See Example 1, page 156, and then try 
x +x V+ Exercise 4, page 253. 


from P\(x1, 1) to P2(x2, yz) are ( 7 oS 


= Graph of an Equation The graph of an equation in the two variables x See Examples 2 and 3, pages 157 and 159, 
and y is the graph of all ordered pairs that satisfy the equation. and then try Exercise 7, page 253. 
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x-Intercepts and y-Intercepts If (x,, 0) satisfies an equation in two 
variables, then the point P(x, 0) is an x-intercept of the graph of the 
equation. If (0, y,) satisfies an equation in two variables, then the point 
P(0, y,) is a y-intercept of the graph of the equation. 


See Example 5, page 160, and then try 
Exercise 9, page 253. 


= Equation of a Circle The standard form of the equation of a circle with 
center (h, k) and radius r is (x — A)? + (vy — ky? =r’. 


2.2 Introduction to Functions 


See Examples 6 and 7, pages 162 and 163, 
and then try Exercises 14 and 16, page 253. 


= Definition of a Function A function is a set of ordered pairs in which no 
two ordered pairs have the same first coordinate and different second 
coordinates. 


See Example |, page 168, and then try 
Exercises 18 and 20, page 253. 


= Evaluate a Function To evaluate a function, replace the independent 
variable with a number in the domain of the function and then simplify 
the resulting numerical expression. 


See Example 2, page 168, and then try 
Exercise 22, page 253. 


= Piecewise-Defined Function A piecewise-defined function is 
represented by more than one expression. 


See Example 3, page 169, and then try 
Exercise 23, page 253. 


Domain and Range of a Function The domain of a function is the set of all 
first coordinates of the ordered pairs of the function. The range of a function 
is the set of all second coordinates of the ordered pairs of the function. 


See Example 4, page 170, and then try 
Exercise 26, page 254. See Example 6, 
page 172, and then try Exercise 29, page 254. 


= Graph a Function The graph of a function is the graph of all ordered 
pairs of the function. 


See Example 5, page 170, and then try 
Exercise 31, page 254. 


= Zero of a Function A value a in the domain of a function f for which 
f(a) = 0 is called a zero of the function. 


See Example 7, page 173, and then try 
Exercise 34, page 254. 


= Greatest Integer Function (Floor Function) The value of the greatest 
integer function at the real number x is the greatest integer that is less 
than or equal to x. 


2.3 Linear Functions 


See Example 9, page 177, and then try 
Exercise 36, page 254. 


= Slope of a Line If P)(x,,,) and P3(x,, y2) are two points on a line, then 
the slope m of the line between the two points is given by m = a 
x2 ~ *1 
xX, # X>. If x; = xX, the line is vertical and the slope is undefined. 


See Example 1, page 187, and then try 
Exercise 40, page 254. 


= Slope—Intercept Form of the Equation of a Line The equation 
f(x) = mx + bis called the slope—intercept form of a linear function 
because the graph of the function is a straight line. The slope is m, and 
the y-intercept is (0, b). 


See Example 2, page 189, and then try 
Exercise 42, page 254. 


= General Form of a Linear Equation in Two Variables An equation of 
the form Ax + By = C, where A, B, and C are real numbers and both 
A and B are not zero, is called the general form of a linear equation in 
two variables. 


See Example 3, page 189, and then try 
Exercise 43, page 254. 


= Point—Slope Form The equation y — y,; = m(x — x) is called the 
point—-slope form of the equation of a line. This equation is frequently 
used to find the equation of a line. 


See Examples 4 and 5, pages 190 and 191, 
and then try Exercises 45 and 48, page 254. 
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= Parallel Lines If m, and mp, are the slopes of two lines in the plane, then 
the graphs of the lines are parallel if and only if m, = my. That is, parallel 
lines have the same slope. Vertical lines are parallel. 


See Example 6a, page 192, and then try 
Exercise 50, page 254. 


= Perpendicular Lines If m, and m, are the slopes of two lines in the plane, 


1 
then the graphs of the lines are perpendicular if and only if m, = ——. 
mM 


That is, the slopes of perpendicular lines are negative reciprocals of each 
other. A vertical line is perpendicular to a horizontal line. 


See Example 6b, page 192, and then try 
Exercise 52, page 254. 


= Applications 


2.4 Quadratic Functions 


= Quadratic Function A quadratic function fcan be represented by the 
equation f(x) = ax? + bx + c, where a, b, and c are real numbers and 
a # 0. Every quadratic function given by f(x) = ax? + bx + c,a # 0, 
can be written in standard form as f(x) = a(x — h) + k. The graph of f 
is a parabola with vertex (A, x). 


See Example 7, page 193, and then try 
Exercise 53, page 254. 


See Example 1, page 202, and then try 
Exercise 56, page 255. 


= Parabola The graph of a quadratic function given by f(x) = ax’ + bx + ¢, 
a # 0, 1s a parabola. The coordinates of the vertex of the parabola are 


b b b 
(- = 3h (- >)) The equation of the axis of symmetry is x = ——. 
2a 2a 2a 


The parabola opens up when a > 0 and opens down when a < 0. 


See Example 2, page 203, and then try 
Exercise 61, page 255. 


= Minimum or Maximum of a Quadratic Function If a > 0, then the 


b 


b 
graph of f(x) = ax” + bx + c opens up and the vertex (- 2a" f (- 2)) 


b 

is the lowest point on the graph; f (- 2) is the minimum value of the 
a 

function. If a < 0, then the graph of f(x) = ax” + bx + c opens 


b 
down and the vertex |—-—, f 


b 
5 = )) is the highest point on the graph; 
a 


2a 


b 
f € 2) is the maximum value of the function. 
a 


See Example 4, page 205, and then try 
Exercise 66, page 255. 


Applications of Quadratic Functions 


2.5 Properties of Graphs 


= Symmetry of a Graph with Respect to 

* the x-axis The graph of an equation is symmetric with respect to the x-axis 
if the replacement of y with —y leaves the equation unaltered. 

* the y-axis The graph of an equation is symmetric with respect to the 
y-axis if the replacement of x with —x leaves the equation unaltered. 

¢ the origin The graph of an equation is symmetric with respect to the 
origin if the replacement of x with —x and the replacement of y with —y 
leaves the equation unaltered. 


See Examples 5 through 8, pages 206-209, 
and then try Exercises 67 through 69, 
page 255. 


See Examples | and 2, pages 214 and 215, 
and then try Exercises 72, 73, and 77, 
page 255. 
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= Even and Odd Functions The function fis an even function if 
f(—x) = f(x) for all x in the domain of the function. The function fis an 
odd function if f(—x) = —f(x) for all x in the domain of the function. 


See Example 3, page 216, and then try 
Exercises 80 and 84, page 255. 


= Vertical Translation of a Graph If fis a function and c is a positive 
constant, then the graph of 
* y = f(x) + cis a vertical shift c units upward of the graph of y = f(x). 
* y= f(x) — cis a vertical shift c units downward of the graph of y = f(x). 


See Example 4, page 219, and then try 
Exercise 86, page 255. 


constant, then the graph of 
* y = f(x + c)1sa horizontal shift c units to the left of the graph of 


y = f(x). 
¢ y = f(& — c)1sa horizontal shift c units to the right of the graph of 
y =f). 


See Examples 5 and 6, pages 219 and 220, 
and then try Exercises 87 and 88, 
pages 255 and 256. 


= Reflections of a Graph The graph of 
* y = —f(x) is the graph of y = f(x) reflected across the x-axis. 
¢ y = f(—x) is the graph of y = f(x) reflected across the y-axis. 


See Example 7, page 220, and then try 
Exercises 90 and 91, page 256. 


= Vertical Stretching and Compressing of a Graph Assume that fis a 
function and c is a positive constant. Then 

ifc > 1, the graph of y = c+ f(x) is the graph of y = f(x) stretched 

vertically away from the x-axis by a factor of c. 

if0<c< 1, the graph of y = c-f(x) is the graph of y = f(x) 

compressed vertically toward the x-axis by a factor of c. 


= Horizontal Translation of a Graph If fis a function and c is a positive 


See Example 8, page 222, and then try 
Exercise 92, page 256. 


= Horizontal Stretching and Compressing of a Graph Assume that fis a 
function and c is a positive constant. Then 
¢ ifc> 1, the graph of y = f(c-x) is the graph of y = f(x) compressed 


1 
horizontally toward the y-axis by a factor of . 
° if0<c< 1, the graph of y = f(c:x) is the graph of y = f(x) stretched 


horizontally away from the y-axis by a factor of —. 
c 


See Example 9, page 222, and then try 
Exercise 95, page 256. 


2.6 Algebra of Functions 


= Operations on Functions If fand g are functions with domains 
Dyand Dg, then 


* (F+ gx) = f@) + g@) 
* F— g) = f@) — g@) 
* (F-g)(x) = f() g@) 


| (Be) =f 
@o a(x) 


Domain: D; 1 D, 
Domain: D; 1 Dg 
Domain: D; M Dz, 


Domain: D; 1 Dz, g(x) # 0 


See Example 2, page 228, and then try 
Exercise 96, page 256. 


= Difference Quotient For a given function f, the expression 
L(x + h) — f@) 


h ,h # 0, is called the difference quotient. 


See Examples 3 and 4, pages 229 and 230, 
and then try Exercises 97 and 99, page 256. 
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= Composition of Functions Let fand g be two functions such that g(x) is | See Examples 5 and 6, pages 232 and 233, 
in the domain of f for all x in the domain of g. Then the composition of and then try Exercises 100 and 101, 
the two functions, denoted by f° g, is the function whose value at x is page 256. 


given by (f° g)(x) = fg]. 
2.7 Modeling Data Using Regression 


= Linear Regression Linear regression is a method of fitting a linear See Example 1, page 240, and then try 
function to data. Exercise 102, page 256. 


= Quadratic Regression Quadratic regression is a method of fitting a See Example 2, page 242, and then try 
quadratic function to data. Exercise 103, page 256. 
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In Exercises 1 and 2, find the distance between the points In Exercises 17 to 20, determine whether the equation 
whose coordinates are given. defines y as a function of x. 
1. (—3,2) (7,11) 2. (5,-4) (-3, -8) 17.x-y=4 18. x +)? =4 
19. |x| + |yl =4 20. |x) +y =4 


In Exercises 3 and 4, find the midpoint of the line 


segment with the given endpoints. ‘ : 
21. If f(x) = 3x° + 4x — 5, find 


3. (2,8) (—3,12) 4. (-4,7) (8,-11) 
a. fC) b. f(-3) 
In Exercises 5 to 8, graph each equation by plotting points. c. fit) d. f(x + h) 
5. 2x y= -2 6. 2x? +y=4 
e. 3f(2) f. (GB) 
7 y= |x—-2| +1 8. y = —|2x| 
22. If g(x) = V64 — x’, find 
In Exercises 9 to 12, find the x- and y-intercepts of a. g(3) b. g(—5) 
the graph of each equation. Use the intercepts and some 
additional points as needed to draw the graph of the c. (8) d. g(x) 
equation. reli) f. 2(21) 
e. 29(t . g(2t 
9x =y?- 1 10. |x -—y| =4 o 
23. Let /f be a piecewise-defined function given by 
11. 3x + 4y = 12 12,.x=|y-1]/ +1 
3x +2, x <0 
fO=\ 23, x20 
In Exercises 13 and 14, determine the center and radius : — 
of the circle with the given equation. Find each of the following. 
13. (x — 3 + (y + 47 = 81 a. f(3) b. f(—2) c. (0) 
14. x7 + y? + 10x + 4y + 20=0 24. Let /f be a piecewise-defined function given by 


x+4, x<-—3 
In Exercises 15 and 16, find the equation in standard f@={Pt+1, 38x<5 
form of the circle that satisfies the given conditions. ; 


15. Center C = (2, —3), radius r = 5 


R= KES 


Find each of the following. 
16. Center C = (—5, 1), passing through (3, 1) a. f(0) b. f(-3) c. f(5) 
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In Exercises 25 to 28, determine the domain of the 
function represented by the given equation. 


25. f(x) = —2x7 + 3 26. f(x) = V6 — x 
27. fix) = V25 - x? 28. f(x) = _-— 
Xf Se —= 15 


29. Find the values of a in the domain of f(x) = x? + 2x — 4 for 
which f(a) = —1. 


30. Find the value of a in the domain of f(x) = 


f(a) = 2. 


for which 
x+1 


In Exercises 31 and 32, graph the given equation. 


31. f(x) = |x - 1] - 1 32. f(x) = 4 - Vx 


In Exercises 33 and 34, find the zero or zeros of the given 
function. 


33. f(x) = 2x + 6 34, f(x) = x7 — 4x - 12 


In Exercises 35 and 36, find each function value. 
35. Let g(x) = [2x]. 


a. g(7) b. s(- 2) c. g(—2) 
36. Let f(x) = [1 — x]. 
a. f(V2) b. f(0.5) c. f(—7) 


In Exercises 37 to 40, find the slope of the line between 
the points with the given coordinates. 


37. (—3, 6); (4, -1) 38. (—5, 2); (-5, 4) 


39. (4, —2); (-3, -2) 40. (6, —3); (—4, -1) 


3 
41. Graph f(x) = — "ha + 2 using the slope and y-intercept. 


42. Graph f(x) = 2 — x using the slope and y-intercept. 
43. Graph 3x — 4y = 8. 44. Graph 2x + 3y = 9 


45. Find the equation of the line that passes through the point with 


2 
coordinates (—3, 2) and whose slope is — 7 


46. Find the equation of the line that passes through the point with 
coordinates (1, —4) and whose slope is —2. 


47. Find the equation of the line that passes through the points with 
coordinates (—2, 3) and (1, 6). 


48. 


49. 


50. 


51. 


52. 


53. 


Measurement 


54. 


Find the equation of the line that passes through the points with 
coordinates (—4, —6) and (8, 15). 


Find the slope—intercept form of the equation of the line that 
passes through the point with coordinates (3, —5) and is parallel 


2 
to the graph of y = a7 = 1, 


Find the slope—intercept form of the equation of the line that 
passes through the point with coordinates (—1, —5) and is par- 
allel to the graph of 2x — 5y = 2. 


Find the slope—intercept form of the equation of the line that 
passes through the point with coordinates (3, —1) and is per- 


3 
pendicular to the graph of y = — ae 2. 


Find the slope—intercept form of the equation of the line that 
passes through the point with coordinates (2, 6) and is perpen- 
dicular to the graph of 2x — Sy = 10. 


Sports The speed of a professional golfer’s swing and the 
speed of the ball as it leaves the club are important factors in 
the distance the golf ball travels. The table below shows five 
measurements of clubhead speed and ball speed, each in miles 
per hour. 


Clubhead Ball 
Speed (mph) Speed (mph) 
1 6106 SS 
2 | 108 | 159 
3 114 | 165 
4 | 116 | 171 
5 | 118 175 


Use measurements | and 5 to find a linear function that could 
be used to determine ball speed for a given clubhead speed. 


Food Science Newer heating elements allow an oven to 
reach a normal baking temperature (350°F) more quickly. The 
table below shows the time, in minutes, since an oven was 
turned on and the temperature of the oven. 


Measurement 


Time (min) Temperature (°F) 


1 | 0 75 
122 


255 
300 
10 350 


2 

4 | 182 
P | 

8 


Nin!) HR) wld 


Use measurements 2 and 6 to find a linear function that could 
be used to determine the temperature of the oven as a function 
of time. 


In Exercises 55 to 60, use the method of completing the 
square to write each quadratic equation in its standard 
form. 


55. f(x) = x7 + 6x + 10 
56. f(x) = 2x7 + 4x +5 
57. f(x) = —x* — 8x + 3 
58. f(x) = 4x? — 6x + 1 
59. f(x) = —3x7 + 4x — 5 


60. f(x) =x? — 6x +9 


In Exercises 61 to 64, find the vertex of the graph of the 
quadratic function. 


61. f(x) = 3x? — 6x + 11 62. h(x) = 4x7 — 10 


63. k(x) = —6x* + 60x + 11 64. m(x) = 14 — 8x — x? 
In Exercises 65 and 66, find the requested value. 


65. The maximum value of f(x) = —x* + 6x — 3 
66. The minimum value of g(x) = 2x? + 3x — 4 


67. Height of a Ball A ball is thrown vertically upward with an 
initial velocity of 50 feet per second. The height h, in feet, of 
the ball ¢ seconds after it is released is given by the equation 
h(t) = —16t? + 50t+ 4. What is the maximum height 
reached by the ball? 


68. Delivery Cost A freight company has determined that its cost, 
in dollars, per delivery of x parcels is 
C(x) = 1050 + 0.5x 


The price it charges to send a parcel is $13.00 per parcel. 
Determine 


a. the revenue function 
b. the profit function 


c. the minimum number of parcels the company must ship to 
break even 


69. Agriculture A farmer wishes to enclose a rectangular region 
bordering a river using 700 feet of fencing. What is the maxi- 
mum area that can be enclosed with the fencing? 
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In Exercises 70 and 71, sketch a graph that is symmetric 
to the given graph with respect to the a. x-axis, b. y-axis, 
and c. origin. 


70. Yh 71. Yh 

6+ cS 

+ 4+ 

47 AE 

2+ 27 

64234 6% 4 2 2 4 8 

kal -2 

44 T 

te -4+ 

6 + + 


In Exercises 72 to 79, determine whether the graph of 
each equation is symmetric with respect to the a. x-axis, 
b. y-axis, and c. origin. 


72. y=x?-7 73.x=y? +3 

74. y=x3 - 4x 75. yy =x? +4 
x2 y? 

1g Gad 77. xy = 8 

78. |y| = |x| 79. |x + y| =4 


In Exercises 80 to 85, sketch the graph of g. a. Find the 
domain and the range of g. b. State whether g is even, 
odd, or neither. 


80. g(x) = -x7 + 4 81. g(x) = —2x — 4 
82. g(x) = |x — 2| + |x + 2| 83. g(x) = V16 - x? 


84. g(x) =x -— x 85. g(x) = 2[x] 


In Exercises 86 to 91, use the graph of f shown below to 
sketch a graph of g. 


-6 -4 -2 2 4 6* 
=2+ 
—-44 
-~6 


86. g(x) = f(x) — 2 87. g(x) = f(x + 3) 
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88. 


90. 
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g(x) = f(x — 1) - 3 89. g(x) = f(x + 2) - 1 


g(x) = f(-x) 91. g(x) = —f@) 


In Exercises 92 to 95, use the graph of f shown below to 
sketch a graph of g. 


92. 


94. 


96. 


97. 


98. 


22. 


100. 


=4 4 
-6 t 
etx) = 2/0) 98. a(x) = 5ftv) 
1 
g(x) = f(2x) 95. g(x) =f G x) 
Let f(x) = x7 + x — 2 and g(x) = 3x + 1. Find each of the 
following. 
a. (f + g)(2) b. Ga 
c. (f— g)(x) d. (f+ g)(x) 
If f(x) = 4x? — 3x — 1, find the difference quotient 


Sf + h) — fe) 
h 


If g(x) = x° — x, find the difference quotient 


g(x + h) — g(x) 
h 


Ball Rolling on a Ramp The distance traveled by a ball 
rolling down a ramp is given by s(t) = 3¢, where f is the time 
in seconds after the ball is released and s(¢) is measured in feet. 
Evaluate the average velocity of the ball for each of the follow- 
ing time intervals. 

a. [2,4] b. [2, 3] c. [2,25] d. [2, 2.01] 

e. What appears to be the average velocity of the ball for the 

time interval [2,2 + Ar] as At approaches 0? 


If f(x) = x° + 4x and g(x) = x — 8, find 
a. (f° g)(3) b. (g ° f\(—3) 
c. (f° gy(x) d. (g ° f)() 


101. If f(x) = 2x? + 7 and g(x) = |x — 1], find 
a. (f° g)(—5) b. (g ° f)(—5) 
c. (f° gy(x) d. (g ° f)) 


102. 


Sports A soccer coach examined the relationship 

= between the speed, in meters per second, of a soccer 
player’s foot when it strikes the ball and the initial speed, in 
meters per second, of the ball. The table below shows the val- 
ues obtained by the coach. 


Foot Speed (m/s) Initial Ball Speed (m/s) 
5 12 
8 13 
11 18 
14 22 
17 26 
20 28 


a. Find a linear regression equation for these data. 


103. 


b. Using the regression model, what is the expected initial 
speed of a ball that is struck with a foot speed of 12 meters 
per second? Round to the nearest meter per second. 


Physics The rate at which water will escape from the bot- 
= tom of a ruptured can depends on a number of factors, 
including the height of the water, the size of the hole, and the 


diameter of the can. The table below shows the height / (in 


millimeters) of water in a can after ¢ seconds. 


Water Escaping a Ruptured Can 


Time (0) Height (h) Time (4) Height (1) 
180 0 93 60 
163 10 81 70 
147 20 70 80 
133 30 60 90 
118 40 50 100 
105 50 48 110 


a. Find the quadratic regression model for these data. 


b. On the basis of this model, will the can ever empty? 


“ & 


will eventually run out of water. 


Explain why there seems to be a contradiction between 
the model and reality, in that we know that the can 
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1. Find the midpoint and the length of the line segment with end- In Exercises 14 to 18, sketch the graph of g given the 
points (—2, 3) and (4, —1). graph of f below. 


2. Determine the x- and y-intercepts of the equation x = 2y? — 4. 
Then graph the equation. 


3. Graph the equation y = |x + 2| + 1. 


4. Find the center and radius of the circle that has the general 
form x? — 4x + y> + 2yv-—4=0. 


5. Determine the domain of the function 


fx) = —V x — 16 =61 


6. Find the elements a in the domain of f(x) = x7 + 6x — 17 for 14. g(x) = 2f(x) 
which f(a) = —1. 


1 
7. Find the slope of the line that passes through the points with 15. g@) =f (35) 
coordinates (5, —2) and (—1, 3). 
16. g(x) = —f(x) 
8. Find the slope—intercept form of the equation of the line that 
passes through the point with coordinates (5, —3) and whose 17. gx) =f@-— 1) +3 
slope is —2. 
18. g(x) = f(—x) 


9. Find the slope—intercept form of the equation of the line that 


passes through the point with coordinates (4, —2) and is per- 19. Let f(x) = x7 — x + 2 and g(x) = 2x — 1. Find 

pendicular to the graph of 3x — 2y = 4. a. (f— g\(x) b. (f+ 2)(—2) 
10. Write the equation of the parabola f(x) = x? + 6x — 2 in c. (f° g)(3) d. (g ° f\(x) 

standard form. What are the coordinates of the vertex, and 

what is the equation of the axis of symmetry? 20. Find the difference quotient of the function f(x) = x? + 1. 
11. Find the maximum or minimum value of the function 21. Dog Run A homeowner has 80 feet of fencing to make a rec- 

f(x) = x? — 4x — 8. State whether this value is a maximum or tangular dog run alongside a house as shown below. 

a minimum. 


12. Classify each of the following as an even function, an odd 
function, or neither. 


a. fix) = x4 — x? 
b. fix) = x - x 
« fx)=x-1 


13. Classify the graph of each equation as being symmetric with 
respect to the x-axis, the y-axis, or the origin. 


a y=xt1 


b. y = 2x7 + 3x 
What dimensions x and y of the rectangle will produce the 
c y= 3x7 -2 maximum area? 
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22. Ball Rolling on a Ramp The distance traveled by a ball 
rolling down a ramp is given by s(t) = 5t*, where f is the time 
in seconds after the ball is released and s(t) is measured in feet. 


Evaluate the average velocity of the ball for each of the follow- Percentage of 7 
ing time intervals. Water in SOUP 
a. [2,3] b. [2, 2.5] c. [2, 2.01] 


23. Calorie Content The table to the right shows the percentage 
of water and the number of calories in various canned soups to 
which 100 grams of water are added. 

a. Find the equation of the linear regression line for these data. 


b. Using the linear model from part a., find the expected num- 
ber of calories in a soup that is 89% water. Round to the 
nearest calorie. 


CUMULATIVE REVIEW EXERCISES 


1. What property of real numbers is demonstrated by the equation 15. Find the distance between the points P,(—2, —4) and P,(2, —3). 
3(a + b) = 3(6 + a)? 


16. Given G(x) = 2x° — 4x — 7, find G(—2). 
2 6 _ 
30 7’ 0, V16, and V2 are not 17. Find the equation of the line that passes through the points 
rational numbers? P,(2, —3) and P,(—2, —1). 


2. Which of the numbers —3, — 


18. Chemistry How many ounces of pure water must be added to 


In Exercises 3 to 8, simplify the expression. : 
plity P 60 ounces of an 8% salt solution to make a 3% salt solution? 


3. 3 + 4(2x — 9) 4. (—4xy’)'(—2x7 y4) 
i 19. Tennis The path of a tennis ball during a serve is given by 
ee 6. (2x + 3)3x — 7) h(x) = —0.002x? — 0.03x + 8, where h(x) is the height of the 
18a'b° ball in feet x feet from the server. For a serve to be legal in ten- 
nis, the ball must be at least 3 feet high when it is 39 feet from 
x + 6x — 27 4 2 the server, and it must land in a spot that is less than 60 feet 
7. eo — 9 8. m%-1 x-1 from the server. Does the path of the ball satisfy the conditions 


of a legal serve? 


In Exercises 9 to 14, solve for x. 20. Medicine A patient with a fever is given a medication to 


9. 6 — 2(2x — 4) = 14 10. x -x-1=0 reduce the fever. The equation T = —0.04t + 104 models the 
patient’s temperature 7, in degrees Fahrenheit, t minutes after 
11. Qx — Iw + 3) = 4 12. 3x + 2y = 15 taking the medication. What is the rate, in degrees Fahrenheit 


per minute, at which the patient’s temperature is decreasing? 
i= = f= 0 14. 3x —1< 5x +7 
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Shutterstock 


Applications of Polynomial Functions 
and Rational Functions 


In this chapter, you will study polynomial functions and rational functions. 
A polynomial function is a function defined by a polynomial. For instance, 
f(x) =x + 4x7 —x +1 


is a polynomial function. It is a third-degree, or cubic, polynomial function 
because the largest exponent of the variable x is 3. A rational function is a 


function defined by the quotient of two polynomials. For instance, 
tps 

2 ae ee 

um) ye oe 


is a rational function. 


Polynomial and rational functions have many practical applications. In 
Exercise 67, page 285, a cubic polynomial function is used to model the 
power generated by a wind turbine at various wind speeds. 


In Exercise 74, page 322, a rational function is used to model the amount 
of medication in the bloodstream of a patient ¢ hours after an injection. 
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SECTION 3.1 Remainder Theorem and Factor Theorem 


Division of Polynomials 
Synthetic Division 
Remainder Theorem 
Factor Theorem 
Reduced Polynomials 


Recall 


A fraction bar acts as a grouping 
symbol. Division of a polynomial 
by a monomial is an application 
of the distributive property. 


If P is a polynomial function, then the values of x for which P(x) is equal to 0 are called 
the zeros of P. For instance, —1 is a zero of P(x) = 2x> — x + 1 because 


P(-1) = 2-1 - (-1) + 1 
=-2+1+1 
=0 


Question ° Is 0 a zero of P(x) = 2x3 — x + 19 


Much of this chapter concerns finding the zeros of polynomial functions. Sometimes 
the zeros of a polynomial function are determined by dividing one polynomial by another. 


® Division of Polynomials 


To divide a polynomial by a monomial, divide each term of the polynomial by the mono- 
mial. For instance, 


16x? — 8x? + 12x 16x? 8x? 12x * Divide each term in the numerator 
4x ede ee Ae by the denominator. 
= 4y° — 2x + 3 + Simplify. 


To divide a polynomial by a binomial, we use a method similar to that used to divide nat- 
ural numbers. For instance, consider (6x> — 16x” + 23x — 5) + (3x — 2). 


3x — 2)6x? — 16x? + 23x — 5 


2x? ee 
° Think — = 2x? 
3x — 2)6x3 — 16x? + 23x — 5 tn 
6x> — 4x? + Multiply: 2x2(3x — 2) = 6x3 — 4x? 
—12x? + 23x ¢ Subtract and bring down the next term, 23x. 
2x* — Ax 
3x — 2)6x3 — 16x? + 23x — 5 
6x° = 4x? =f 2 
ee * Think ——— = —4x. 
= 2" + 23x an 
—12x7 + 8x * Multiply: —4x(3x — 2) = —12x? + 8x 
lSx= 5 * Subtract and bring down the next term, —5. 


2x? — 4x + 5 —— Quotient 


Divisor ——> 3x — 2)6x2 — 16x2 + 23x — 5 ——— Dividend 


6x> — 4x? 
—12x? + 23x 
—12x? + &x 9) 158 
isan —- 5 i 
15x — 10 * Multiply: 5(3x — 2) = 15x — 10 
5 ¢ Subtract to produce the remainder, 5. 


Answer ® No. P(0) = 2(0)? — 0 + 1 = 1. Because P(0) # 0, we know that 0 is not a zero of P. 


Note 


20... ‘ . 
37 written as a mixed number is 


6 Recall, however, that 


3 3 
2 sci a 
means 6 + 3° which is in the form 
uetant =: remainder 
q divisor 
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The division process ends when the expression in the bottom row is of lesser degree than 
the divisor. The expression in the bottom row is the remainder, and the polynomial in the 
top row is the quotient. Thus (6x°> — 16x” + 23x — 5) + (3x — 2) = 2x7 — 4x + 5 
with a remainder of 5. 

Although there is nothing wrong with writing the answer as we did above, it is more 
common to write the answer as the quotient plus the remainder divided by the divisor. (See 
the note at the left.) Using this method, we write 


Dividend Quotient 
ole". 
6x? — 16x? + 23x — 5 > 5  <—— Remainder 
= 2x* — 4x + 5 + ——— ig 
3x S22 3x — 2 <—— Divisor 
ase 
Divisor 


In every division, the dividend is equal to the product of the divisor and quotient, plus 
the remainder. That is, 


6x? — 16x? + 23x — 5 = (3x — 2) + (2x7 — 4x + 5) + 5 
EE ee FE EE oar 
Dividend = Divisor * Quotient + Remainder 


The preceding polynomial division concepts are summarized by the following theorem. 


Division Algorithm for Polynomials 


Let P(x) and D(x) be polynomials, with D(x) of lower degree than P(x) and D(x) 
of degree | or more. Then there exist unique polynomials Q(x) and R(x) such that 
P(x) = D(x)+ O(x) + RO) 


where R(x) is either 0 or of degree less than the degree of D(x). The polynomial 
P(x) is called the dividend, D(x) is the divisor, Q(x) is the quotient, and R(x) is 
the remainder. 


Before dividing polynomials, make sure that each polynomial is written in descend- 
ing order. In some cases, it is helpful to insert a 0 in the dividend for a missing term (one 
whose coefficient is 0) so that like terms align in the same column. This is demonstrated 
in Example 1. 


Question ® What is the first step you should perform to find the quotient of 
(2x + 1+ 2°) +(x - 1) 


EXAMPLE 1 __ Divide Polynomials 


—5x7 — 8x +x4 43 
x3 


Divide: 
Solution 


Write the numerator in descending order. Then divide. 


= = kee se Hae = 8 
v= 3 x= 3 


| 
(continued) | 


Answer @ Write the dividend in descending order as x7 + 2x + 1. 


262 CHAPTER 3 POLYNOMIAL AND RATIONAL FUNCTIONS 


x3 + 3x7 + 4x +4 


= 3)x4 + Ox? — 5x? — 8x + 3 + Inserting Ox° for the missing term helps align 
x* — 3x3 like terms in the same column. 
3x3 — 5x? 
3x3 — 9x? 
4x? — 8x 
Ax? — 12x 
4x + 3 
4x — 12 
15 
—5x? — 8x + xt +3 15 
Thus —— a= =x 4+ 3x7 +4 +44 ; 
x= 3 x =3 


@ Try Exercise 8, page 268 


® Synthetic Division 


A procedure called synthetic division can expedite the division process. To apply the syn- 
thetic division procedure, the divisor must be a polynomial of the form x — c, where c is 
a constant. In the synthetic division procedure, the variables that occur in the polynomials 
are not listed. To understand how synthetic division is performed, examine the following 
long division on the left and the related synthetic division on the right. 


Long Division Synthetic Division 
Coefficients of 
the quotient 


4x? + 3x+ 8 
x — 2)4x3 — 5x? + 2x — 10 2/4 -5 2 -10+— First row 
Ax? — 8x? 8 6 16 ——— Second row 
2 
A + 2x 4 3 8 6 —— Third row 
3x = 6x ——— 
Coefficients of —_= Remainder 
8x — 10 : 
the quotient 
8x — 16 
6 
Remainder ——! 


In the long division, the dividend is 4x7 — 5x” + 2x — 10 and the divisor is x — 2. 
Because the divisor is of the form x — c, with c = 2, the division can be performed by the 
synthetic division procedure. Observe that in the above synthetic division: 


1. The constant c is listed as the first number in the first row, followed by the 
coefficients of the dividend. 
. The first number in the third row is the leading coefficient of the dividend. 
3. Each number in the second row is determined by computing the product of c and the 
number in the third row of the preceding column. 
4. Each of the numbers in the third row, other than the first number, is determined by 
adding the numbers directly above it. 


N 


Note 


2x? 


can also be written as 


2x? 


eo —— 
x+3 
6x + 10 2s 
x+3 
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The following explanation illustrates the steps used to find the quotient and remain- 
der of (2x3 — 8x + 7) + (x + 3) using synthetic division. The divisor x + 3 is written in 
x — c form as x — (—3), which indicates that c = —3. The dividend 2x? — 8x + 7 is 
missing an x* term. If we insert Ox? for the missing term, the dividend becomes 
oe te = Be 7, 


Coefficients of the dividend 
_————— == 


—3/2 0 -8 7 ¢ Write the constant c, —3, followed by the coefficients of the 
| dividend. Bring down the first coefficient in the first row, 2, 
5) as the first number of the third row. 
= 31.2 0 -8 7 * Multiply c times the first number in the third row, 2, to produce 
=6 the first number of the second row, —6. Add the 0 and the —6 to 
rs produce the next number of the third row, —6. 
2" =6 
=3.|2 0 -8 7 * Multiply c times the second number in the third row, —6, to 
-~6 18 produce the next number of the second row, 18. Add the —8 and 
5 6 a 10 the 18 to produce the next number of the third row, 10. 
(eee 
—3)2 0 -8 7 * Multiply c times the third number in the third row, 10, to 
~6 18 —30 produce the next number of the second row, —30. Add the 7 and 
7 the —30 to produce the last number of the third row, —23. 
2 -6 10°-23 


= 


—— = 
Coefficients of Remainder 


the quotient 


The last number in the bottom row, —23, is the remainder. The other numbers in the 
bottom row are the coefficients of the quotient. The quotient of a synthetic division always 
has a degree that is one Jess than the degree of the dividend. Thus the quotient in this exam- 
ple is 2x” — 6x + 10. The results of the synthetic division can be expressed in fractional 
form as 


23 — &x +7 —23 
aE = 2x? — 6x + 10 + 
x+3 x+3 


or as 
2x3 — 8x + 7 = (x + 3)(2x? — 6x + 10) — 23 


In Example 2, we illustrate the compact form of synthetic division, obtained by con- 
densing the process explained here. 


EXAMPLE 2 Use Synthetic Division to Divide Polynomials 


Use synthetic division to divide x4 — 4x? + 7x + 15 by x + 4. 
Solution 
Because the divisor is x + 4, we perform synthetic division with c = —4. 
-4/1 O -4 7 15 
—-4 16 —48 164 


1 -4 12 -41 179 


(continued ) 
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The quotient is x? — 4x? + 12x — 41, and the remainder is 179. 


4 2 

=H 4 9% 16 179 
—— GN ede (dy + 
x+4 x+ 4 


@ Try Exercise 12, page 268 


~PeleisSe le ilar ic euleteCelepas =A TI-83/TI-83 Plus/TI-84 Plus synthetic division program called SYDIV is available 
on the Internet at http://www.cengage.com/math/aufmann/algtrig7e. The program 
prompts you to enter the degree of the dividend, the coefficients of the dividend, and 
the constant c from the divisor x — c. For instance, to perform the synthetic division 
in Example 2, enter 4 for the degree of the dividend, followed by the coefficients 
1, O, -4, 7, and 15. See Figure 3.1. Press followed by -4 to produce the 


display in Figure 3.2. Press |ENTER | to produce the display in Figure 3.3. Press [ENTER 
again to produce the display in Figure 3.4. 


prgmSYDIV [ee sc COEF OF QUOTIENT REMAINDER 
DEGREE? UY 
DIVIDEND COEF 
Pl 


QUIS PRESS 

NEWIErsPRESSie) 
?0 
e-Y 
?7 
15 


Figure 3.1 Figure 3.2 Figure 3.3 Figure 3.4 


® Remainder Theorem 


The following theorem shows that synthetic division can be used to determine the value 
P(c) for a given polynomial P(x) and constant c. 


Proof of the Remainder Theorem 


Because the degree of the remainder must be less than the degree of the divisor (x — c), 
we know that the remainder must be a constant. If we call the constant remainder r, then 
by the division algorithm we have 


Px) =a - c):O@) + 4r 
Setting x = c produces 
P(c) = (ec — c)*O(e) + r 
P(c)=O0+4r 
Pc) =r od 
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The following example shows that the remainder of P(x) = x? + 9x — 16 divided by 
x — 3 is the same as P(3). 


x +12 Let x = 3 and P(x) = x7 + 9x — 16. 


x—3)x2 + 9x — 16 Then P(3) = 37 + 9(3) — 16 


x? — 3x =9+27- 16 
12x — 16 = 20 
12x — 36 

20 


The remainder of P(x) divided by x — 3 is equal to P(3). 


In Example 3, we use synthetic division and the Remainder Theorem to evaluate a 
polynomial function. 


EXAMPLE 3__ Use the Remainder Theorem to Evaluate a Polynomial Function 


Let P(x) = 2x7 + 3x* + 2x — 2. Use the Remainder Theorem to find P(c) 


1 
forc = —2andc = 5. 


Algebraic Solution Visualize the Solution 

1 1 
Perform synthetic division with c = —2 andc = 3 and examine the The points (—2, —10) and (3. 0) 
remainders. are on the graph of P. 
=2°| 2 3°20 =2 


-4 2 -8 


2 -1 4 —10 
The remainder is —10. Therefore, P(—2) = —10. 


tio 302 -2 
2 
12 2 


24 4 0 P(x) = 2x3 + 3x2 + 2x -2 
1 
The remainder is 0. Therefore, (5) = 0. 


@ Try Exercise 26, page 268 


Using the Remainder Theorem to evaluate a polynomial function is often faster 
than evaluating the polynomial function by direct substitution. For instance, evaluating 
P(x) = x° — 10x* + 35x3 — 50x” + 24x by substituting 7 for x requires the following 
work. 

PCT) = (79 — 10(7)* + 35(7)° — 50(7)? + 24(7) 
= 16,807 — 10(2401) + 35(343) — 50(49) + 24(7) 
= 16,807 — 24,010 + 12,005 — 2450 + 168 
= 2520 
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Caution Using the Remainder Theorem to evaluate P(7) requires only the following work. 


Because P has a constant term of 0, 
we must include 0 as the last 
number in the first row of the 
synthetic division at the right. 


7/1 -10 35 —-S50 24 0 
¢ =2) 98 336 2520 


lL =3 14 48 360 2520<— P(7) 


® Factor Theorem 


1 1 
Note from Example 3 that (3) = 0. Recall that 5 is a zero of P because P(x) = 0 when 


The following theorem shows the important relationship between a zero of a given 
polynomial function and a factor of the polynomial. 


Factor Theorem 


A polynomial P(x) has a factor (x — c) if and only if P(c) = 0. That is, (x — c) is 
a factor of P(x) if and only if c is a zero of P. 


Proof of the Factor Theorem 


If (x — c) 1s a factor of P(x), then 
P(x) = (« — €)* O(}) 
and 


PC) = (¢ — ©) OC) 
= 0° Oc) 
=0 


Conversely, if P(c) = 0, then, by the Remainder Theorem, R(x) = 0 and 
P(x) = (x — ce): Ox) + 0 = (x — c)* OR) 


This result indicates that (x — c) is a factor of P(x). od 


EXAMPLE 4 Apply the Factor Theorem 


Use synthetic division and the Factor Theorem to determine whether (x + 5) or (x — 2) 
is a factor of P(x) = x* + x° — 21x? — x + 20. 


Solution 


The remainder of 0 indicates that (x + 5) is a factor of P(x). 
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2) --= 2° 1 20 
2 6 —30 —62 


1 3 -15 -31 —42 
The remainder of —42 indicates that (x — 2) is not a factor of P(x). 


@ Try Exercise 36, page 268 


Question ¢ Is —5 a zero of the function P as given in Example 4? 


Here is a summary of the important role played by the remainder in the division of a 
polynomial by (x — c). 


Remainder of a Polynomial Division 


In the division of the polynomial P(x) by (x — c), the remainder is 
= equal to P(c). 
= 0 if and only if (x — c) isa factor of P(x). 


= 0 if and only if c is a zero of P. 


If c is a real number, then the remainder of P(x) + (x — c) is 0 if and only if (c, 0) 
is an x-intercept of the graph of P. 


l™ Reduced Polynomials 


In Example 4 we showed that (x + 5) is a factor of P(x) = x* + x37 — 21x? — x + 20 
and that the quotient of P(x) divided by (x + 5) is x7 — 4x? — x + 4. Thus 
P(x) = (« + 5)Q3 - 4x7? —x + 4) 


The quotient x? — 4x? — x + 4 is called a reduced polynomial, or a depressed polyno- 
mial, of P(x) because it is a factor of P(x) and its degree is 1 less than the degree of P(x). 
Reduced polynomials play an important role in Sections 3.3 and 3.4. 


EXAMPLE 5 __ Find a Reduced Polynomial 


Verify that (x — 3) is a factor of P(x) = 2x? — 3x? — 4x — 15, and write P(x) as the 
product of (x — 3) and the reduced polynomial Q(x). 


3/2 -3 -4 —15 
6 9 15 __ This 0 indicates that (x — 3) 


is a factor of P(x). 
2 3 5 O— 


1______ Coefficients of the 
reduced polynomial Q(x) 


Solution 


(continued ) 


Answer ® Yes. Because (x + 5) is a factor of P(x), the Factor Theorem states that P(—5) = 0. 
Thus —5S is a zero of P. 
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Thus (x — 3) and the reduced polynomial 2x? + 3x + 5 are both factors of P. That is, 
P(x) = 2x3 — 3x7 — 4x — 15 = (x — 3)(2 + 3x + 5) 


m@ Try Exercise 54, page 269 


EXERCISE SET 3.1 


In Exercises 1 to 10, use long division to divide the first 21. 8 +35 +344372 +4 x-2 
polynomial by the second. 
1. 5x3 + 6x? — 17x + 20, x +3 22, -x1 -W -x-x-5, x41 
2. 6x? + 15x? — Br +2, x +4 23. x°+x- 10, x +3 
3. x4 - 5x7 +3x-1, x-2 24, 2x° — 3x4 — 5x? - 10, x -—4 


In Exercises 25 to 34, use synthetic division and the 
Remainder Theorem to find P(c). 


25. P(x) = 3x7 +x74+x-5, c=2 
Gag oe ae = a, eS 2 m26. P(x) = 2x3 — 2x7? + 3x-1, c=3 
7. 2x* + 5x> — 6x7 + 4x +3, 2x7 —x 41 27. P(x) = 4x4 — 6x7 +5, ¢ 2 
m8. 3x0 +247 -5x4+2, x? -2x +2 28. P(x) = 6x3 — x7 + 4x, 3 
9. 2x7 — x3 + 5x7 -— 9x +6, 2x7 + 2x -3 29. P(x) 2x3 — 2x7 —x— 20, c= 10 
10. x° + 3x4 — 2x3 -— Tx? —x +4, x2 41 30. P(x) x? + 3x7 + 5x + 30, c=8 
. Hoek - 31. P(x) = -x4 +1, ¢=3 
In Exercises 11 to 24, use synthetic division to divide the 
first polynomial by the second. 32. Px) =x —-1, c=1 
11. 4x3 — 5x? + 6x — 7, x -2 
33. P(x) =x* -— 10x73 +2, c=3 
m12. 5x° + 6x? — 8x +1, x—-5 
34, P(x) =x + 20x7- 1, ¢ 4 


13. 443 — 2x +3, xt+1 


In Exercises 35 to 44, use synthetic division and the 
Factor Theorem to determine whether the given 
binomial is a factor of P(x). 


14. 6° — 4x7 +17, x43 


15. x — 10x? + 5x 1, x-4 35. P(x) x3 + 2x2 — 5x 6, x—-2 
16: 6 = 2 =F om eS m36. P(x) = x3 + 4x? — 27x — 90, x +6 
721, gl 37. P(x) = 2x3 +x? -—3x-1, x41 
18. x¢+1, x41 38. P(x) = 3x? + 4x? — 27x — 36, x -—4 
ee a ae ; 39. P(x) = x* — 25x* + 144, x +3 

: 40. P(x) = x4 — 25x? + 144, x - 3 
20, 125? Se" + See, e4 z A P= e PERO AME TE. HHS 


42. 


43. 


AA. 


P(x) = 9x* — 6x3 — 23x? — 4y + 4, x +1 


P(x) = 16x* — 8x3 + 9x? + 14x +4, x 


P(x) = 10x4 + 9x3 — 4x? + 9x +6, x4 


In Exercises 45 to 52, use synthetic division to show that 
cis a zero of P. 


45. 


46. 


47. 


48. 


49. 


50. 


31. 


52. 


P(x) = 3x° — 8x? — 10x + 28, c=2 


P(x) = 4x3 — 10x? — 8 + 6, c =3 
P(x) =x4- 1, c=1 


Px) =x +8, c=-2 


P(x) = 3x4 + 8x3 + 10x? + 2x — 20, c 2 


P(x) = x4 — 2x? — 100x — 75, c= 5 


P(x) = 2x3 — 18x? — 50x + 66, c= 11 


P(x) = 2x4 — 34x73 + 70x? — 153x + 45, c = 15 


In Exercises 53 to 56, verify that the given binomial is a 
factor of P(x), and write P(x) as the product of the 
binomial and its reduced polynomial Q(x). 


53. 


a54. 


55. 


56. 


37. 


58. 


Px) =x +27 +x- 14, x-2 


P(x) = x4 + 5x3 + 3x? — 5x - 4, x +1 


P(x) = x4 — x — 9x? — IIx — 4, x — 4 


P(x) = 2 — x4 — 7x8 +x? 4+ 7x — 10, x - 2 


Selection of Cards The number of ways you can select three 
cards from a stack of n cards, in which the order of selection is 
important, is given by 


P(n) = 1 — 3n? + 2n, n= 3 


a. Use the Remainder Theorem to determine the number of ways 
you can select three cards from a stack of n = 8 cards. 


b. Evaluate P(n) for n = 8 by substituting 8 for n. How does 
this result compare with the result obtained in a.? 


Selection of Bridesmaids A bride-to-be has many girlfriends, 
but she has decided to have only five bridesmaids, including the 
maid of honor. The number of different ways n girlfriends can be 
chosen and assigned a position, such as maid of honor, first 
bridesmaid, second bridesmaid, and so on, is given by the poly- 
nomial function 


P(n) = n° — 10n* + 35n> — 50n* + 24n, n= 5 
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a. Use the Remainder Theorem to determine the number of 
ways the bride can select her bridesmaids if she chooses 
from n = 7 girlfriends. 


b. Evaluate P(n) for n = 7 by substituting 7 for n. How does 
this result compare with the result obtained in a.? 


59. House of Cards The number of cards C needed to build a 
house of cards with r rows (levels) is given by the function 
C(r) = 1.5r? + 0.5r. 


Topham/The Image Works 


Use the Remainder Theorem to determine the number of cards 
needed to build a house of cards with 


a. r = 8 rows 


b. r = 20 rows 


60. Display of Soda Cans The number of soda cans S' needed to 
build a square pyramid display with 7 levels is given by the 
function 


1 1 1 
S(n) = =n + =n? + =n 
3 2 6 


x——— Level | 


1? = 1 soda can 


\\ «—— Level 2 
2? = 4 soda cans 


zz ~— Level 3 
37 = 9 soda cans 


— Level 4 
4 = 16 soda cans 


A square pyramid display with n° soda cans in level n 
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61. 


62. 


63. 
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Use the Remainder Theorem to determine the number of soda 
cans needed to build a square pyramid display with 


a. n = 6 levels 


b. n = 12 levels 


Election of Class Officers The number of ways a class of 
n students can elect a president, a vice president, a secretary, 
and a treasurer is given by P(n) = n* — 6n> + 11n? — 6n, 
where n = 4. Use the Remainder Theorem to determine the 


number of ways the class can elect officers if the class consists 
of 


a. n = 12 students 
24 students 


= 
ll 


Volume of a Solid The volume, in cubic inches, of the fol- 
lowing solid is given by V(x) = x° + 32°. 


“we “SN 


a 
| 


SS | 
aL x $1 


Use the Remainder Theorem to determine the volume of the 
solid if 


a. x = 7 inches 


b. x = 11 inches 


Volume of a Solid The volume, in cubic inches, of the fol- 
lowing solid is given by V(x) = x° + x7 + 10x — 8. 


Use the Remainder Theorem to determine the volume of the 
solid if 


a. x = 6 inches 


b. x = 9 inches 


64. Volume of a Box A rectangular box has a volume of 
Vix) = x3 + 10x? + 31x + 30 cubic inches. The height of 
the box is x + 2 inches. The width of the box is x + 3 inches. 
Find the length of the box in terms of x. 


| 
x+2 
| 


7 x+3 


65. Use synthetic division to divide each of the following polyno- 
muials by x — 1. 


xe—-1, »*-1, x7-1 


Use the pattern suggested by these quotients to write the quo- 
tient of (x? — 1) + (x — 1). 


In Exercises 66 to 69, determine the value of k so that the 
divisor is a factor of the dividend. 


66. (x — x? — 14x + k) + (x — 2) 


67. (2x° + x? — 25x + k) + (x — 3) 


68. (3x7 


69. (x* + 3x3 — 8x2 + kx + 16) + (x + 4) 


70. Use the Factor Theorem to show that for any positive integer n 
P(x) = x" - 1 
has x — 1 as a factor. 
71. Find the remainder of 


5x48 + 6x!9 — 5x + 7 


divided by x — 1. 


72. Find the remainder of 
18x89 — 6x59 + 4x79 — 2 


divided by x + 1. 


73. Determine whether i is a zero of 


PQ) =x -— 3x7 +x -3 


74. Determine whether —2i is a zero of 


P(x) = x4 — 2x3 +? — 8x - 12 


SECTION 3.2 | 


Far-Left and Far-Right Behavior 
Maximum and Minimum Values 


Real Zeros of a Polynomial 
Function 

Intermediate Value Theorem 

Real Zeros, x-Intercepts, and 
Factors of a Polynomial 
Function 

Even and Odd Powers of (x — c) 
Theorem 

Procedure for Graphing 
Polynomial Functions 

Cubic and Quartic Regression 
Models 


CALCULUS 
CONNECTION 


Note 
The general form of a polynomial 
is given by 


GyX" + Ap yX™ 1 + «+ + ay 


In this text, the coefficients 

An, An—1,+++, Ag are all real 
numbers unless specifically stated 
otherwise. 
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Polynomial Functions of Higher Degree 
PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A119. 


PS1. Find the minimum value of P(x) = x* — 4x + 6. [2.4] 

PS2. Find the maximum value of P(x) = —2x? — x + 1. [2.4] 

PS3. Find the interval on which P(x) = x? + 2x + 7 is increasing. [2.4] 
PS4. Find the interval on which P(x) = —2x? + 4x + 5 is decreasing. [2.4] 
PSS. Factor: x4 — 5x? + 4 [P4] 

PS6. Find the x-intercepts of the graph of P(x) = 6x” — x — 2. [2.4] 


Table 3.1 summarizes information developed in Chapter 2 about graphs of polynomial 
functions of degree 0, 1, or 2. 


Table 3.1 

| Polynomial Function P(x) | 
P(x) = a (degree 0) 
P(x) = ax + b (degree 1), a # 0 


Graph 
Horizontal line through (0, a) 


Line with y-intercept (0, b) and slope a 


Parabola with vertex (- = ; o( _ )) 
2a 2a 


In this section, we will focus on polynomial functions of degree 3 or higher. These functions 
can be graphed by the technique of plotting points; however, some additional knowledge 
about polynomial functions will make graphing easier. 

All polynomial functions have graphs that are smooth continuous curves. The terms 
smooth and continuous are defined rigorously in calculus, but for the present, a smooth 
curve is a curve that does not have sharp corners, like the graph shown in Figure 3.5a. A 
continuous curve does not have a break or hole, like the graph shown in Figure 3.5b. 


P(x) = ax? + bx + c (degree 2), a # 0 


yf Va 


Hole 


Sharp corner 


RY 
tad 


a. Continuous, but not smooth b. Not continuous 


Figure 3.5 
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Note 


The leading term of a polynomial 
function in x is the nonzero term 
that contains the largest power of 


x. The leading coefficient of a 


polynomial function is the coeffi- 


cient of the leading term. 


Table 3.2 The Leading Term Test 


If a, > 0 and v7 is even, then the graph of P goes up 


®@ Far-Left and Far-Right Behavior 


The graph of a polynomial function may have several up and down fluctuations; however, the 
graph of every polynomial function eventually will increase or decrease without bound as 
|x| becomes larger. The leading term a,x” is said to be the dominant term of the polyno- 
mial function P(x) = a,x" + a,—\x" | +++++ ayx + ap because, as |x| becomes larger, 
the absolute value of a,x” will be much larger than the absolute value of any of the other 
terms. Because of this condition, you can determine the far-left and far-right behavior of 
the polynomial by examining the leading coefficient a, and the degree n of the polynomial. 

Table 3.2 shows the far-left and far-right behavior of a polynomial function P with 
leading term a,x". 


If a, > 0 and n is odd, then the graph of P goes 


a, >0 
to the far left and up to the far right. down to the far left and up to the far right. 
AS x 4-09, OY ayy ty “ 
P(x) > P(x) > © As x > 0, 
P(x) 3 
| 
i H re fl 
\ ® i Ps ¢ Nd 
—-—___— _ + 7 > 
1 \ i x a: x 
\ \ os 
\v 
Asx > -©, 
P(x) > -© 
a, <0 Ifa, < 0 and n is even, then the graph of P goes Ifa, < 0 and n is odd, then the graph of P goes up 


down to the far left and down to the far right. 


to the far left and down to the far right. 


VA Asx ——00, V4 
P(x) > © 
“N 
i rik: z ‘ 
i Nol oe ON 
! = \ / \ 
— dp. — 
i) x Nol : x 
As x > ©, 
Asx >, As x > 0, P(x) > -% 
P(x) > 20 P(x) 3 —00 
EXAMPLE 1_ Determine the Far-Left and Far-Right Behavior 


of a Polynomial Function 


Examine the leading term to determine the far-left and far-right behavior of the graph 
of each polynomial function. 


1 5 
a. P(x) =x? -— x b. S(x) = a _ at +2 


e x= -2x +27 4+ 7xr-6 de UX =9 + 8x? -— x4 


Up to 
far right 


Down to 
far left 


Up to 
far left 


P(x) =x3-x 


Figure 3.6 


vt Up to 


far right 


Sx) = 5 - 


5.2 
ax +2 


Figure 3.7 


Turning 
point 


—-10+ 


P(x) = 2x3 + 5x2 -x-—5 
Figure 3.10 


BY 
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Solution 
a. Because a, = | is positive and n = 3 is odd, the graph of P goes down to the far 


left and up to the far right. See Figure 3.6. 
1, oe : 
b. Because a, = 5 is positive and n = 4 is even, the graph of S goes up to the far left 


and up to the far right. See Figure 3.7. 


c. Because a, = —2 is negative and n = 3 is odd, the graph of T goes up to the far 
left and down to the far right. See Figure 3.8. 


d. The leading term of U is —x* and the leading coefficient is —1. Because a, = —1 
is negative and n = 4 is even, the graph of U goes down to the far left and down to 
the far right. See Figure 3.9. 


3 


Down to 
far left 


> + + + - 


T(x) = —2x3 + x2 + 7x — 6 U(x) = x4 + 8x2 + 9 


Figure 3.8 Figure 3.9 


@ Try Exercise 2, page 282 


® Maximum and Minimum Values 


Figure 3.10 illustrates the graph of a polynomial function of degree 3 with two turning 
points, points at which the function changes from an increasing function to a decreasing 
function, or vice versa. In general, the graph of a polynomial function of degree n has at 
most n — | turning points. 

Turning points can be related to the concepts of maximum and minimum values of 
a function. These concepts were introduced in the discussion of graphs of second-degree 
equations in two variables earlier in the text. Recall that the minimum value of a func- 
tion f is the smallest range value of f It is often called the absolute minimum. The 
maximum value of a function fis the largest range value of f- The maximum value of a 
function is also called the absolute maximum. For the function whose graph is shown 
in Figure 3.11, on page 274, the y value of point E is the absolute minimum. There are 
no y values less than ys. 
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Relative | 


Relative maximum Relative Relative 
minimum en maximum Absa tate 
minimum el 
minimum 
“1 a mg 4 5 
Figure 3.11 


Now consider yj, the y value of turning point A in Figure 3.11. It is not the smallest 
y value of every point on the graph of f, however, it is the smallest y value if we localize 
our field of view to a small open interval containing x,. It is for this reason that we refer 
to y, as a local minimum, or relative minimum, of / The y value of point C is also a rel- 
ative minimum of f- 

The function does not have an absolute maximum because it goes up both to the far 
left and to the far right. The y value of point B is a relative maximum, as is the y value of 
point D. The formal definitions of relative maximum and relative minimum are pre- 
sented below. 


Definition of Relative Minimum and Relative Maximum 


If there is an open interval / containing c on which 


= f(c) = f() for all x in J, then f(c) is a relative minimum of /- 


= f(c) = f() for all x in /, then f(c) is a relative maximum of /. 


Question @ Is the absolute minimum y; shown in Figure 3.11 also a relative minimum of f? 


Integrating Technology A graphing utility can estimate the minimum and maximum values of a function. To 
use a TI-83/TI-83 Plus/TI-84 Plus calculator to estimate the relative maximum of 


P(x) = 0.3x° — 2.8x? + 6.4x + 2 
follow these steps: 


1. Enter the function in the Y= menu. Choose your window settings. 

2. Select 4: maximum from the |CALC| menu, which is located above the | TRACE | key. 
The graph of Y1 is displayed. 

3. Press < or P repeatedly to select an x-value that is to the left of the relative 


maximum point. Press |ENTER|]. A left bound is displayed in the bottom left corner. 
4. Press P repeatedly to select an x-value that is to the right of the relative maximum 


point. Press |ENTER]. A right bound is displayed in the bottom left corner. 
5. The word Guess? is now displayed in the bottom left corner. Press € repeatedly 
to move to a point near the maximum point. Press | ENTER]. 


Answer ® Yes, the absolute minimum ys also satisfies the requirements of a relative minimum. 
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6. The cursor appears on the relative maximum point, and the coordinates of the 
relative maximum point are displayed. In this example, the y value 6.312608 is the 
approximate relative maximum of the function P. (Note: If your window settings, 
bounds, or guess are different from those shown here, then your final results may 
differ slightly from the final results shown in step 6.) 


Plot! Plote Plots 
\W1 .3X434+-2.8X42+6.UX+2 


Yi=.3X434+-2.8X%24+6.UX+2 
1: value 

2: zero 

3: minimum 


ER maximum 
5: intersect ——— 
6: dy/dx Left Bound? 
7: Sfoddx X=.85106383 Y=5.6036716 


Step 2 Step 3 


L 
Guess? 
X=1.7021277  Y=6.26079 X=1.50864Y48 Y=6.312608 


L 
Right Bound? 
X=2.5531915 Y=5.0809358 


Step 4 Step 5 Step 6 


The following example illustrates the role a maximum may play in an application. 


EXAMPLE 2 Solve an Application 


A rectangular piece of cardboard measures 12 inches by 16 inches. An open box is 
formed by cutting squares that measure x inches by x inches from each of the corners 
of the cardboard and folding up the sides, as shown below. 


r == 


12 in. < 


12 -2x 


16- 2x —_ re 


16 in. >| 


a. Express the volume V of the box as a function of x. 


b. “4 Determine (to the nearest tenth of an inch) the x value that maximizes the volume. 


Solution 
a. The height, width, and length of the open box are x, 12 — 2x, and 16 — 2x. The 
volume is given by 
V(x) = x(12 — 2x)(16 — 2x) 
V(x) = 4x? — 56x* + 192x (continued) 
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-100 
y = 4x3 — 56x? + 192x 


Figure 3.12 


A TI graphing calculator program 
is available that simulates the 
construction of a box by cutting 
out squares from each corner of a 
rectangular piece of cardboard. 
This program, CUTOUT, can be 
found at the online study center 
at http://www.cengage.com/math/ 
aufmann/algtrig7e. 


EXAMPLE 3 


Ga Integrating Technology 
izes | 


POLYNOMIAL AND RATIONAL FUNCTIONS 


b. Use a graphing utility to graph y = V(x). The graph is shown in Figure 3.12. 
Note that we are interested only in the part of the graph for which 
0 < x < 6. This is because the length of each side of the box must be positive. 


In other words, 
x>0, 12-2x>0, and 


x<6 


16 — 2x > 0 
x <8 


The domain of V is the intersection of the solution sets of the three inequalities. 
Thus the domain is {x|0 < x < 6}. 250 

Now use a graphing utility to find that V 
attains its maximum of about 194.06736 cubic 
inches when x ~ 2.3 inches. See Figure 3.13. 


0 ||[Maximum 
IX=2.262967 Y=194.06736 


—40 
y =4x3 — 56x? + 192x,0 x 6 
Figure 3.13 
@ Try Exercise 66, page 285 


® Real Zeros of a Polynomial Function 


Sometimes the real zeros of a polynomial function can be determined by using the fac- 
toring procedures developed in previous chapters. We illustrate this concept in the next 


example. 


Factor to Find the Real Zeros of a Polynomial Function 


Factor to find the three real zeros of P(x) = x° + 3x? — 4x. 


Algebraic Solution 


P can be factored as shown below. 
P(x) = x3 + 3x? — 4x 
= we + 3x — 4) 
x(x — 1) + 4) 


The real zeros of P(x) are x = 0,x = 1, andx = —4. 


@ Try Exercise 18, page 283 


Visualize the Solution 


The graph of P has x-intercepts at (0, 0), 
(1, 0), and (—4, 0). 


¢ Factor out the common factor x. 


+ Factor the trinomial x? + 3x — 4. 


P(x) = 2° + 3x? — 4x 


® Intermediate Value Theorem 


The following theorem states an important property of polynomial functions. 
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Intermediate Value Theorem 


If P is a polynomial function and P(a) # P(b) for a < 5, then P takes on every 
value between P(a) and P(d) in the interval [a, 5]. 


The Intermediate Value Theorem is often used to verify the existence of a zero of a 
polynomial function in an interval. The essential idea is to find two values a and b such 
that the polynomial function is positive at one of the values and negative at the other. Then 
you can conclude by the Intermediate Value Theorem that the function has a zero between 
a and b. Stated in geometric terms, if the points (a, P(a)) and (b, P(b)) are on opposite 
sides of the x-axis, then the graph of the polynomial function P must cross the x-axis at 
least once between a and b. See Figure 3.14. 


VA Va 


P(b) + P(a) 
P(a)+ P(b) + ees 
P(a) < 0, P(b) > 0 P(b) < 0, P(a) > 0 
Figure 3.14 
EXAMPLE 4 Apply the Intermediate Value Theorem 
Use the Intermediate Value Theorem to verify that P(x) = x° — x — 2 
has a real zero between | and 2. 
Algebraic Solution Visualize the Solution 
Use substitution or synthetic division to evaluate P(1) and P(2). The graph of P crosses the x-axis 
3 between x = | and x = 2. Thus P has 
PO)=x-—x-2 


a real zero between | and 2. 
P(1) = (13 — (1) - 2 


=1-1-2 
=-2 
and 
P(x) =x? —x-2 
PQ) = Gy) =@)=2 
=8-2-2 
=4 


Because P(1) and P(2) have opposite signs, we know by the Intermediate Value 
Theorem that the polynomial function P has at least one real zero between | and 2. 


P(x) =x3-x-2 


@ Try Exercise 24, page 283 


278 CHAPTER 3 POLYNOMIAL AND RATIONAL FUNCTIONS 


S(x) = x3 — 2x2 — 5x +6 
Figure 3.15 


—20 
y=(x+3)x—4" 
Figure 3.16 


™ Real Zeros, x-Intercepts, and Factors of a Polynomial 
Function 


The following theorem summarizes important relationships among the real zeros of a poly- 
nomial function, the x-intercepts of its graph, and its factors; this theorem can be written 
in the form (x — c), where c is a real number. 


Polynomial Functions, Real Zeros, Graphs, and Factors (x — c) 


If P is a polynomial function and c is a real number, then all of the following state- 
ments are equivalent in the following sense: If any one statement is true, then they 
are all true, and if any one statement is false, then they are all false. 


= (x — c) isa factor of P. 


=™ x = cis areal solution of P(x) = 0. 
= x = cis areal zero of P. 


= (c, 0) is an x-intercept of the graph of y = P(x). 


Sometimes it is possible to make use of the preceding theorem and a graph of a poly- 
nomial function to find factors of the function. For example, the graph of 


S(x) = x3 — 2x? — 5x + 6 


is shown in Figure 3.15. The x-intercepts are (—2, 0), (1,0), and (3, 0). Hence —2, 1, and 
3 are zeros of S, and [x — (—2)], (x — 1), and (x — 3) are all factors of S. 


m™ Even and Odd Powers of (x — c) Theorem 


Use a graphing utility to graph P(x) = (x + 3)(x — 4)?. Compare your graph with 
Figure 3.16. Examine the graph near the x-intercepts (—3, 0) and (4, 0). Observe that the 
graph of P 


= crosses the x-axis at (—3, 0). 
= intersects but does not cross the x-axis at (4, 0). 


The following theorem can be used to determine at which x-intercepts the graph of a 
polynomial function will cross the x-axis and at which x-intercepts the graph will intersect 
but not cross the x-axis. 


Even and Odd Powers of (x — c) Theorem 


If c is a real number and the polynomial function P has (x — c) as a factor exactly 
k times, then the graph of P will 


™ intersect but not cross the x-axis at (c, 0), provided k is an even positive integer. 


= cross the x-axis at (c, 0), provided k is an odd positive integer. 
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EXAMPLE 5 Apply the Even and Odd Powers of (x — c) Theorem 


Determine where the graph of P(x) = (x + 3)(x — 2)*(x — 4)° crosses the x-axis and 
where the graph intersects but does not cross the x-axis. 


Solution 


The exponents of the factors (x + 3) and (x — 4) are odd integers. Therefore, the graph 
of P will cross the x-axis at the x-intercepts (—3, 0) and (4, 0). 

The exponent of the factor (x — 2) is an even integer. Therefore, the graph of P 
will intersect but not cross the x-axis at (2, 0). 

Use a graphing utility to check these results. 


H# Try Exercise 34, page 283 


® Procedure for Graphing Polynomial Functions 


You may find that you can sketch the graph of a polynomial function just by plotting sev- 
eral points; however, the following procedure will help you sketch the graph of many 
polynomial functions in an efficient manner. 


Procedure for Graphing Polynomial Functions 


P(x) = a,x" + Hix? + +++ taxtd, a, #0 


To graph P, follow these steps. 


. Determine the far-left and far-right behavior Examine the leading coefficient 
a,x" to determine the far-left and far-right behavior of the graph. 


. Find the y-intercept Determine the y-intercept by evaluating P(0). 


. Find the x-intercept or x-intercepts and determine the behavior of the graph 
near the x-intercept or x-intercepts If possible, find the x-intercepts by 
factoring. If (x — c), where c is a real number, is a factor of P, then (c, 0) is an 
x-intercept of the graph. Use the Even and Odd Powers of (x — c) Theorem to 


determine where the graph crosses the x-axis and where the graph intersects 
but does not cross the x-axis. 


Factoring of Polynomials 
See Section P.4. 


. Find additional points on the graph Find a few additional points (in addition 
to the intercepts). 


. Check for symmetry 
a. The graph of an even function is symmetric with respect to the y-axis. 
b. The graph of an odd function is symmetric with respect to the origin. 


. Sketch the graph Use all the information previously obtained to sketch the 
graph of the polynomial function. The graph should be a smooth continuous 
curve that passes through the points determined in steps 2 through 4. The 
graph should have a maximum of n — | turning points. 
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EXAMPLE 6 Graph a Polynomial Function 


Sketch the graph of P(x) = x° — 4x” + 4x. 


Solution 


1. Determine the far-left and far-right behavior The leading term is 1x°. Because 
the leading coefficient, 1, is positive and the degree of the polynomial, 3, is odd, 
the graph of P goes down to the far left and up to the far right. 


2. Find the y-intercept P(0) = 0° — 4(0)? + 4(0) = 0. The y-intercept is (0, 0). 
3. Find the x-intercept or x-intercepts and determine the behavior of the graph 
near the x-intercept or x-intercepts Try to factor x7 — 4x? + 4x. 
x? — 4x? + dx = x(x? — 4x + 4) 
= x — 2) — 2) 
= x(x — ay 
Because (x — 2) is a factor of P, the point (2, 0) is an x-intercept of the graph of P. 
Because x is a factor of P (think of x as x — 0), the point (0, 0) is an x-intercept of 
the graph of P. Applying the Even and Odd Powers of (x — c) Theorem allows us 


to determine that the graph of P crosses the x-axis at (0, 0) and intersects but does 
not cross the x-axis at (2, 0). 


4. Find additional points on the graph 


7 i x | Fe) | 
= ~9 
0.5 1.125 
1 1 
3 | 3 


5. Check for symmetry The function P is neither an even nor an odd function, so 


P(x) =33 — 4x2 + 4x the graph of P is not symmetric to either the y-axis or the origin. 
Figures. 17 6. Sketch the graph See Figure 3.17. 


@ Try Exercise 42, page 284 


® Cubic and Quartic Regression Models 


In Section 2.7, we used linear and quadratic functions to model several data sets. In 
many applications, data can be modeled more closely using cubic and quartic functions. 


EXAMPLE 7 Model an Application with a Cubic Function 


ea The table on the next page lists the number of U.S. indoor movie screens from 1992 
~ to 2007. Find the cubic regression function that models the data and use the func- 
tion to predict the number of indoor movie screens in 2013. 
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Note Number of U.S. Indoor Movie Screens 
Number of Number of 
Year Screens Year Screens 
1992 24,344 2000 35,567 
1993 24,789 2001 34,490 
1994 25,830 2002 35,170 
1995 26,995 2003 35,361 
; ; 1996 28,905 2004 36,012 

During recent years, many cinema 

sites have been replaced with 1997 31,050 2005 37,092 

multiscreen complexes, or multi- 1998 33,418 2006 37,776 

plexes. Thus there is an upward 

trend in the number of movie 1999 36,448 2007 38,159 

screens and a downward trend in Source: National Association of Theatre Owners. 

the number of cinema sites. In 

Exercise 69, on page 285, you will Solution 


model this downward trend in 


L ’ 1. Construct a scatter diagram for these data 
the number of cinema sites. 


Enter the data and construct a scatter diagram as 
explained on pages 237-243. We have used x = | 
to represent 1992 and x = 16 to represent 2007. 
The upward, downward, upward trends shown in 
the scatter diagram suggest that we may be able to 
closely model the data with a cubic or a quartic 


function. 
2. Find the regression equation To find the cubic CubicReg 
regression function on a TI-83/TI-83 Plus/TI-84 y=ax3+bx2+cx4d 
Plus calculator, select 6: CubicReg in the STAT a=.9201794078 
CALC menu. The cubic model is b=-88.152e95025 
c=2218.870794 
f(x) = 0.9201794078x? — 88.15295025x? d=20906.0467 
+ 2218.870794x + 20906.0467 Re=.9430e17124 
Recall 3. Examine the coefficient of determination The 45,000 
Tieviali@eak the caecenket coefficient of determination, R’, is 0.9430217124, — |- 
determination will not be dis- which is relatively close to 1. Thus the cubic 
played unless the DiagnosticOn function provides a fairly good model of the data, 
command is enabled. The as shown by the graph at the right. 


DiagnosticOn command is in the 
CATALOG menu. 


4. Use the model to make a prediction Use the 
value command, in the CALCULATE menu, to 
predict the number of movie screens in 2013 
(represented by x = 22). Press 2ND (CALC) 


ENTER| 22|ENTER| to produce the screen at 
the right. The cubic model predicts about 36,853 
indoor movie screens in 2013. 


24,000 


@ Try Exercise 68, page 285 
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Cubic and quartic regression models often yield poor predictions. For instance, you 
may have noticed that in Example 7 the cubic model predicts there will be fewer movie 
screens in 2013 than in 2007. This scenario is unlikely because the number of screens has 
been increasing every year since 2001. 

A quartic regression model will always model an application at least as well as a cubic 
regression model. To illustrate this, find the quartic regression model for the data in 
Example 7. This can be accomplished by choosing 7: QuartReg in the STAT CALC menu 
(keystrokes | STAT] 7 | ENTER)). 


QuarticReg 
y=ax"4+bx3+...+2 
a=2.732416448 
b=-91.98197984 


QuarticReg 
y=ax"4+bx3+...4+2 

Tb=-91.9819798Y 
c=948.99426U5 


c=948.9942645 
d=-1988.26984U6 
Je=2544Y,.98077 


d=-1988.2698U6 
e=25444.98077 
R°=.9721649195 


The coefficients of the R’ is the coefficient of 
quartic regression model determination. 


The quartic model is 


f(x) = 2.732416448x* — 91.98197984x7 + 948.9942645x7 — 
1988.269846x + 25444.98077 


The coefficient of determination (R? = 0.9721649195) and the graph of the quartic 
model shown on the left below both confirm that this quartic model does provide a better 
fit to the data in Example 7 than does the cubic model. 


45,000 45,000 
~ Y2=2.7324164483655XAU+-_ 


24,000 24,000 


A graph of the quartic regression The quartic model predicts about 
model and the data 101,677 indoor movie screens in 2013. 


If you use the quartic model to predict the number of indoor movie screens in 2013, 
you get 101,677 screens, as shown by the graph on the right above. This huge increase 
(from 38,159 in 2007) is highly unlikely. 


EXERCISE SET 3.2 


In Exercises 1 to 8, examine the leading term and 3. P(x) = 5x5 — 4x3 — 17x? +2 

determine the far-left and far-right behavior of the graph 

of the polynomial function. 4. P(x) 6x4 — 3x3 + 5x2 — 2x + 5 
1 PQS 38 = 2x" =e 1 5. P(x) = 2 — 3x — 4x? 


m2. P(x) 2x3 — 6x? + 5x - 1 6. P(x) = -16 + x4 


7. P(x) = J? + 5x? — 2) 
; 2 


1 
8. P(x) = rica + 3x? — 2x + 6) 


9. The following graph is the graph of a third-degree (cubic) poly- 
nomial function. What does the far-left and far-right behavior 
of the graph say about the leading coefficient a? 


P(x) = ax? + bx* +ex+d 


10. The following graph is the graph of a fourth-degree (quartic) 
polynomial function. What does the far-left and far-right 
behavior of the graph say about the leading coefficient a? 


-5 


P(x) =axt+ bx tox? +dxte 


f&) In Exercises 11 to 16, use a graphing utility to graph 

* each polynomial. Use the maximum and minimum 
features of the graphing utility to estimate, to the 
nearest tenth, the coordinates of the points where P(x) 
has a relative maximum or a relative minimum. For each 
point, indicate whether the y value is a relative maximum 
or a relative minimum. The number in parentheses to the 
right of the polynomial is the total number of relative 
maxima and minima. 


WW. PQ) =x +x7-9%-9 (2) 


12. P(x) = 29° + 4x7 — 4x - 16 (2) 


13. P(x) = 2° — 3x7 -— 24x +3 (2) 


14. P(x) = -2x3 
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15. P(x) = x4 — 4x3 -— 2x7 + 12x - 5 (3) 


16. P(x) =x'- 10x7 +9 = (3) 
In Exercises 17 to 22, find the real zeros of each polynomial 
function by factoring. The number in parentheses to the 


right of each polynomial indicates the number of real zeros 
of the given polynomial function. 


17. P(x) =x — 2x7 - 15x (3) 
w18. P(x) =2x° — 6x7 + 8x (3) 
19. P(x) = x4 — 13x? +36 = (4) 
20. P(x) = 4x4 — 37x° +9 ~~ (4) 
21. P(x) = — 5x7 + 4x (5) 


22. P(x) =x — 25° + 144x (5) 


In Exercises 23 to 32, use the Intermediate Value 
Theorem to verify that P has a zero between a and b. 


23. P(x) = 2x3 + 3x7 — 23x — 42; a=3,b=4 
m24. P(x) = 4 - x? -6x +1; a=0,b=1 
25. P(x) = 3x7 + 7x? + 3x47; a= -3,b = -2 


26. P(x) = 2x? — 21x? 


27. P(x) = 4x4 + 7x9 — 11x? + 7x — 15; 


1 
28. P(x) = 5x? — 16x? — 20x + 64; a =3,b= 35 


29. P(x) = xt - VP -x-4, a=17,b=18 


a=2.1,b=22 


30. P(x) =x —x- 8; 


a=0.1,b= 0.2 


31. P(x) = —x4 + 8 + 5x - 1; 


32. P(x) = —x° — 2x? +x- 3; a= —-2.8,b = -2.7 


In Exercises 33 to 40, determine the x-intercepts of the 
graph of P. For each x-intercept, use the Even and Odd 
Powers of (x — c) Theorem to determine whether the 
graph of P crosses the x-axis or intersects but does not 
cross the x-axis. 


33. Px) =(& 


1y(x + 1) — 3) 


634. P(x) = (x + 2)(x — 6) 


284 CHAPTER 3 POLYNOMIAL AND RATIONAL FUNCTIONS 


35. P(x) = —(x — 3°(x — 7p 55. P(x) =x — xt - Sx +7 4+ Bx + 4 
(In factored form, P(x) = (x + 1)(x — 2)7.) 


36. P(x) = (x + 2x — 6)! 


56. P(x) = 2x° — 3x4 — 4x3 + 3x? + 2x 
37. P(x) = (2x — 34@ -— 1) 
In Exercises 57 to 62, use translation, reflection, or both 


concepts to explain how the graph of P can be used to 
produce the graph of Q. 


57. Px) = +x Anr=xvrt+x4+2 


38. P(x) = (5x + 10)%(x — 2.7) 


39. P(x) = x° — 6x? + 9x 


40. P(x) = x4 + 3x? + 4x? r 
58. P&®) =x"; QO@) =x" -3 


In Exercises 41 to 56, sketch the graph of the polynomial 59. P(x) = x4; O(%) = (x — 194 

function. Do not use a graphing calculator. 

Al. P(x) = 8 — x? — 2x 60, Pa) =; 0G) = @+ 3) 
mA2, P(x) = x2 + 2x? — 3x 61. Px) =x; O@)=—-—@- 2P +3 

43. P(x) = —x3 — 2x? + Sx + 6 62. Px) =x°; OW) = + 4)°-5 

(In factored form, P(x) = —(x + 3) + I) — 2).) 
63. = Medication Level Pseudoephedrine hydrochloride is 
| = 


44, P(x) = -x° — 3x7 +x 43 an allergy medication. The function 


(In factored form, P(x) = —(x + 3) + 1) — 1).) 


L(t) = 0.03¢4 + 0.402 — 7.307 + 23.14 


A5. P(x) = x4 — 4x3 + 2x? + 4x -— 3 where 0 = ¢=5, models the level of pseudoephedrine 
(In factored form, P(x) = (x + 1)(x — 1)°(x — 3).) hydrochloride, in milligrams, in the bloodstream of a patient ¢ 
hours after 30 milligrams of the medication have been taken. 


46. P(x) = x‘ — 6x? + 8x7 a. Use a graphing utility and the function L(t) to determine 

the maximum level of pseudoephedrine hydrochloride in 

A7. P(x) = x9 + 6x7 + 5x — 12 the patient’s bloodstream. Round your result to the nearest 
(In factored form, P(x) = (x — 1) + 3)(x + 4).) 0.01 milligram. 


48. P(x) = —x° + 4x7 +x - 4 


tN 
oh 
$< 


49. P(x) = -x° + Tx — 6 


50. P(x) = x° — 6x? + 9x 
(In factored form, P(x) = x(x — 3)*.) 


51, P(x) = —x? + 4x? — Ax 2345 


(In factored form, P(x) = —x(x — 2)°.) 


Pseudoephedrine hydrochloride 
in the bloodstream (in milligrams) 


Time (in hours) 


52. P(x) = —x* + 2x3 + 3x? — 4x — 4 
(In factored form, P(x) = —(x — 2)°(x + 1)?.) 


b. At what time ¢, to the nearest minute, is this maximum level 
of pseudoephedrine hydrochloride reached? 


etd 3 2 
53. P(x) * 3x" + x 3x 64. © Profit A software company produces a computer game. 
~* The company has determined that its profit P, in dollars, 
1 3 is gi 
54, P(x) = =H a oF a ed 5 from the manufacture and sale of x games is given by 


P(x) = —0.000001x7 + 96x — 98,000 


= 1 2 1 4 
(In factored form, P(x) 5 (x — 1h (x + 1) + 3).) en eee 


65. 


"66. 


a. What is the maximum profit, to the nearest thousand dollars, 
the company can expect from the sale of its game? 


b. How many games, to the nearest unit, does the company 
need to produce and sell to obtain the maximum profit? 


=) Construction of a Box A company constructs boxes from 
~* rectangular pieces of cardboard that measure 10 inches by 
15 inches. An open box is formed by cutting squares that meas- 
ure x inches by x inches from each corner of the cardboard and 
folding up the sides, as shown in the following figure. 


a. Express the volume V of the box as a function of x. 


b. Determine (to the nearest hundredth of an inch) the x value 
that maximizes the volume of the box. 


Maximizing Volume A closed box is to be constructed 
“= from a rectangular sheet of cardboard that measures 18 
inches by 42 inches. The box is made by cutting rectangles that 
measure x inches by 2x inches from two of the corners and by 
cutting two squares that measure x inches by x inches from the 
top and from the bottom of the rectangle, as shown in the fol- 
lowing figure. What value of x (to the nearest thousandth of an 
inch) will produce a box with maximum volume? 


8 in. 


3 
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67. Wind Turbine Power The power P, in watts, generated by a 
particular wind turbine with winds blowing at v meters per sec- 
ond is given by the cubic polynomial function 


68. 
a 


P(v) = 4.95v° 


. Find the power generated, to the nearest 10 watts, when the 


wind speed is 8 meters per second. 


. What wind speed, in meters per second, is required to gen- 


erate 10,000 watts? Round to the nearest tenth. 


If the wind speed is doubled, what effect does this have on 
the power generated by the turbine? 


. Ifthe wind speed is tripled, what effect does this have on the 


power generated by the turbine? 


Vehicle Sales The following table shows the approxi- 
mate sales of U.S. sport/cross utility vehicles from 1988 


to 2006. 


U.S. Sport/Cross Utility Vehicle Sales 


1988 1.0 1998 2.8 
1989 1.0 1999 3.2 
1990 0.9 2000 3.5 
1991 0.9 2001 3.9 
1992 1.1 2002 4.1 
1993 1.4 2003 4.5 
1994 1.5 2004 4.7 
1995 1.8 2005 4.6 
1996 2.2 2006 4.5 
1997 2.4 


Source: The World Almanac and Book of Facts, 2008. 


a. 


b. 


69. 


the 


Find the cubic regression function that models the data. Use 
x = 1 to represent 1988 and x = 19 to represent 2006. 


Use the cubic regression function to predict the sales of 
these vehicles in 2011 (x = 24). Round to the nearest tenth 
of a million vehicles. 


ea Number of Cinema Sites The number of U.S. cin- 
ema sites from 1996 to 2007 are given in the table on 
next page. 
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Number of U.S. Cinema Sites 


Source: National Association of Theatre Owners. 


a. Find a cubic and a quartic model for the data. Use x = 1 to 
represent 1996 and x = 12 to represent 2007. 


b. Do you think either of the models will accurately predict the 
number of cinema sites in 2011? 


70. ea] ie Box Office Grosses The total movie theater box 
= office grosses in the United States and Canada, for the 
years 1994 to 2007, are given in the following table. 


Box Office Grosses 


1994 5.184 2001 8.125 
1995 5.269 2002 9.272 
1996 5.817 2003 9.165 
1997 6.216 2004 9.215 
1998 6.760 2005 8.832 
1999 7.314 2006 9.138 
2000 7.468 2007 9.629 


Source: National Association of Theatre Owners. 


a. Find a quartic regression function for the data. Use x = 1 to 
represent 1994 and x = 14 to represent 2007. 


b. Graph the quartic regression function and the scatter dia- 
gram of the data in the same window. 


c. Use the quartic regression function to predict the box 
office gross for 2010. Round to the nearest tenth of a bil- 
lion dollars. 


71. z Fuel Efficiency The fuel efficiency, in miles per gallon, for 
~* a midsize car at various speeds, in miles per hour, is given 
in the following table. 


Fuel Efficiency of a Midsize Car 


5 11.1 45 30.6 
10 172 50 i yi 
15 22.4 55 30.8 
20 26.2 60 29.5 
25 27.1 65 28.2 
30 28.3 70 26.3 
35 29.4 75 24.1 


a. Find a cubic and a quartic model for the data. Let x repre- 
sent the speed of the car in miles per hour. 


b. Use the cubic and the quartic models to predict the fuel effi- 
ciency, in miles per gallon, of the car traveling at a speed of 
80 miles per hour. Round to the nearest tenth. 


c. Which of the fuel efficiency values from b. is the more real- 
istic value? 


12: Use a graph of P(x) = 4x4 —12x3 + 13x7 — 12x + 9 to 
~* determine between which two consecutive integers P has a 
real zero. 


73. The point (2, 0) is on the graph of P. What point must be on the 
graph of P(x — 3)? 


74. The point (3, 5) is on the graph of P. What point must be on the 
graph of P(x + 1) — 2? 


75. wy Explain how to use the graph of y = x° to produce the 
graph of P(x) = (x — 2 + 1. 


76. Consider the following conjecture. Let P be a polynomial 

function. If a and b are real numbers such that a < b, 

P(a) > 0, and P(b) > 0, then P(x) does not have a real zero 

between a and b. Is this conjecture true or false? Support your 
answer. 
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SECTION 3.3 | Zeros of Polynomial Functions 


Multiple Zeros of a Polynomial 
Function 


Rational Zero Theorem 


Upper and Lower Bounds for 
Real Zeros PS1. Find the zeros of P(x) = 6x” — 25x + 14. [1.3, 2.4] 


Descartes’ Rule of Signs 
Zeros of a Polynomial Function 


Sa cy aioe. PS3. Use synthetic division to divide 3x? — 21x? — 3x — 5 by x — 3. [3.1] 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A20. 


PS2. Use synthetic division to divide 2x7 + 3x7 + 4x — 7 by x + 2. [3.1] 


PS4. List all natural numbers that are factors of 12. [P.1] 
PS5. List all integers that are factors of 27. [P.1] 


PS6. Given P(x) = 4x° — 3x” — 2x + 5, find P(—x). [2.5] 


® Multiple Zeros of a Polynomial Function 


Recall that if P is a polynomial function then the values of x for which P(x) is equal to 0 
are called the zeros of P or the roots of the equation P(x) = 0. A zero of a polynomial 
function may be a multiple zero. For example, P(x) = x° + 6x + 9 can be expressed in 
factored form as (x + 3)(x + 3). Setting each factor equal to zero yields x = —3 in both 
cases. Thus P(x) = x* + 6x + 9 has a zero of —3 that occurs twice. The following defi- 
nition will be most useful when we are discussing multiple zeros. 


Definition of Multiple Zeros of a Polynomial Function 


If a polynomial function P has (x — r) as a factor exactly k times, then r is a zero 
of multiplicity & of the polynomial function P. 


EXAMPLE 
The graph of the polynomial function 


_ 2 3 
P(x) = (x — 5)°(x + 2)3(x + 4) P(x) = (« — 5) + 2)" + 4) 
Figure 3.18 is shown in Figure 3.18. This polynomial function has 
= 5 asa zero of multiplicity 2. 


= —2 as a zero of multiplicity 3. 


= —4 asa zero of multiplicity 1. 


A zero of multiplicity 1 is generally referred to as a simple zero. 

When searching for the zeros of a polynomial function, it is important that we know 
how many zeros to expect. This question is answered completely in Section 3.4. For the 
work in this section, the following result is valuable. 
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Study tip 


The Rational Zero Theorem is one 
of the most important theorems 
of this chapter. It enables us to 
narrow the search for rational 
zeros to a finite list. 


Caution 


The Rational Zero Theorem gives 
the possible rational zeros of a 
polynomial function. That is, if P 
has a rational zero, then it must 
be one indicated by the theorem. 
However, P may not have any 
rational zeros. In the case of the 
polynomial function in Example 1, 


. 1 
the only rational zeros are “a and 


2. The remaining rational numbers 
in the list are not zeros of P. 


Number of Zeros of a Polynomial Function 


A polynomial function P of degree n has at most n zeros, where each zero of 
multiplicity & is counted k times. 


Rational Zero Theorem 


The rational zeros of polynomial functions with integer coefficients can be found with the 
aid of the following theorem. 


Rational Zero Theorem 
If P(x) = a,x" + a,x" | + +++ + ayx + ag has integer coefficients (a, # 0) 


and . is a rational zero (in simplest form) of P, then 
q 


= p isa factor of the constant term ag. 


= q isa factor of the leading coefficient a,,. 


The Rational Zero Theorem often is used to make a list of all possible rational zeros 
of a polynomial function. The list consists of all rational numbers of the form a where p 
q 


is an integer factor of the constant term ag and qg is an integer factor of the leading 
coefficient a,. 


EXAMPLE 1 Apply the Rational Zero Theorem 


Use the Rational Zero Theorem to list all possible rational zeros of 


P(x) = 4x* + x3 — 40x? + 38x + 12 


Solution 
List all integers p that are factors of 12 and all integers q that are factors of 4. 


p: #£1,+2,+3,+4,+6,+12 
gq. +#1,42, +44 
Form all possible rational numbers using +1, +2, +3, +4, +6, and +12 for the 


numerator and +1, +2, and +4 for the denominator. By the Rational Zero Theorem, 
the possible rational zeros are 


1 1 3 3 
#1,4—,+—, +2,+3,+—,+-—, +4, +6, +12 


ed] 


It is not necessary to list a factor that is already listed in reduced form. For 


6. . _ 3 
example, + a0 not listed because it is equal to + 5° 


@ Try Exercise 12, page 296 
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Question ° If P(x) = a,x” + a,—jx" | + ++» + a,x + ag has integer coefficients and a leading 
coefficient of a, = 1, must all the rational zeros of P be integers? 


l™ Upper and Lower Bounds for Real Zeros 


A real number 3 is called an upper bound of the zeros of the polynomial function P if no 
zero 1s greater than b. A real number 5 is called a lower bound of the zeros of P if no zero 
is less than b. The following theorem is often used to find positive upper bounds and nega- 
tive lower bounds for the real zeros of a polynomial function. 


Upper- and Lower-Bound Theorem 


Let P be a polynomial function with real coefficients. Use synthetic division to 
divide P by x — b, where b is a nonzero real number. 


Upper bound a. If b > 0 and the leading coefficient of P is positive, then 
b is an upper bound for the real zeros of P provided none 
of the numbers in the bottom row of the synthetic 
division are negative. 


. If b > 0 and the leading coefficient of P is negative, 
then 5 is an upper bound for the real zeros of P provided 
none of the numbers in the bottom row of the synthetic 
division are positive. 


Lower bound If b < 0 and the numbers in the bottom row of the 
synthetic division alternate in sign (the number zero can 
be considered positive or negative as needed to produce an 
alternating sign pattern), then b is a lower bound for the 
real zeros of P. 


Upper and lower bounds are not unique. For example, if b is an upper bound for 
the real zeros of P, then any number greater than 5 is also an upper bound. Likewise, 
if a is a lower bound for the real zeros of P, then any number less than a is also a 
lower bound. 


EXAMPLE 2 Find Upper and Lower Bounds 


According to the Upper- and Lower-Bound Theorem, what is the smallest positive inte- 
ger that is an upper bound and the largest negative integer that is a lower bound of the 
real zeros of P(x) = 2x? + 7x? — 4x — 14? 


(continued ) 


Answer ® Yes. By the Rational Zero Theorem, the rational zeros of P are of the form e where p is 


an integer factor of a, and q is an integer factor of a,. Thus g = +1 and a = =p. 
q o£ 
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Study tip 


When you check for bounds, you 
do not need to limit your choices 
to the possible zeros given by the 
Rational Zero Theorem. For 
instance, in Example 2 the integer 
—4 is a lower bound; however, 
—A4 is not one of the possible 
zeros of P as given by the Rational 
Zero Theorem. 


| Integrating Technology 


Note in Figure 3.19 that the 
zeros of 


P(x) = 2x3 + 7x? — 4x — 14 


are between —4 (a lower bound) 
and 2 (an upper bound). 

You can use the Upper- and 
Lower-Bound Theorem to help 
determine Xmin and Xmax for 
the viewing window of a graph- 
ing utility. This will ensure that 
all the x-intercepts of the poly- 
nomial function will be shown. 


20 


P(x) = 2x3 + 7x2 — 4x - 14 
Figure 3.19 


To find the smallest positive-integer upper bound, use synthetic division with 1, 2,..., 
as test values. 


1/2 7 -4 —-14 2/2 7 —-4 —-14 
pL 9 5 4 22 36 
2 9 >. =9 » Mil Iles 2D) ¢ No negative numbers 


According to the Upper- and Lower-Bound Theorem, 2 is the smallest positive-integer 
upper bound. 
Now find the largest negative-integer lower bound. 


—-1|2 7 —-4 -14 =2 | 2 7 —-4 -14 
=2 =5 9 -4 -6 20 
2 5 =9  =5 2 3 -10 6 
= 3: |,2 7 —-4 —-14 —4/2 -4 -14 
=6 -=3 21 —8 4 0 

2 1 =7 7 2 al 0 -14 ¢ Alternating signs 


According to the Upper- and Lower-Bound Theorem, —4 is the largest negative-integer 
lower bound. 


@ Try Exercise 20, page 296 


™ Descartes’ Rule of Signs 


Descartes’ Rule of Signs is another theorem that is often used to obtain information about 
the zeros of a polynomial function. In Descartes’ Rule of Signs, the number of variations 
in sign of the coefficients of P(x) or P(—x) refers to sign changes of the coefficients from 
positive to negative or from negative to positive that we find when we examine successive 
terms of the function. The terms are assumed to appear in order of descending powers of 
x. For example, the polynomial function 
P(x) = +3x4 — 5x3 — 7x? +x -—7 
Se Be 
1 2 3 


has three variations in sign. The polynomial function 


P(—x) = +3(—x)t — 5(—x)? — 7(-x + (-x) - 7 
=+ 3x4 + 5° - 7? - x -7 
ee 


1 


has one variation in sign. 
Terms that have a coefficient of 0 are not counted as variations in sign and may be 
ignored. For example, 


P(x) = —x° + 4x7 + 1 
al 
il 


has one variation in sign. 


Math Matters 


The Granger Collection 


Descartes’ Rule of Signs first 
appeared in his La Géométrie 
(1673). Although a proof of 
Descartes’ Rule of Signs is beyond 
the scope of this course, we can 
see that a polynomial function 
with no variations in sign cannot 
have a positive zero. For instance, 
consider P(x) = x? + x2 +x+ 1. 
Each term of P is positive for any 
positive value of x. Thus P is 
never zero for x > 0. 
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Descartes’ Rule of Signs 


Let P be a polynomial function with real coefficients and with the terms arranged 
in order of decreasing powers of x. 


= The number of positive real zeros of P is equal to the number of variations in 
sign of P(x) or to that number decreased by an even integer. 


= The number of negative real zeros of P is equal to the number of variations in 
sign of P(—x) or to that number decreased by an even integer. 


EXAMPLE 3 Apply Descartes’ Rule of Signs 


Use Descartes’ Rule of Signs to determine both the number of possible positive and the 
number of possible negative real zeros of each polynomial function. 


a. P(x) =x — 5x° + 5x7 +5x—6 Db. P(x) = 2x° + 3x? + 5x7 4+ BX +7 


Solution 
a. P(x) = +x* — 5x3 + 5x? + 5x — 6 
it Nee 
1 2 3 


There are three variations in sign. By Descartes’ Rule of Signs, there are either 
three or one positive real zeros. Now examine the variations in sign of P(—x). 


P(—x) = x* + 5x3 + 5x? — 5x — 6 
Se oe 
1 


There is one variation in sign of P(—x). By Descartes’ Rule of Signs, there is one 
negative real zero. 


b. P(x) = 2x + 3x? + 5x7 + 8x + 7 has no variations in sign, so there are no 
positive real zeros. 


1 2 3 


P(—x) has three variations in sign, so there are either three or one negative real zeros. 


@ Try Exercise 30, page 296 


Question © If P(x) = ax” + bx + c has two variations in sign, must P have two positive real zeros? 


In applying Descartes’ Rule of Signs, we count each zero of multiplicity k as k zeros. 
For instance, 


P(x) = x° — 10x + 25 
has two variations in sign. Thus, by Descartes’ Rule of Signs, P must have either two or no 


positive real zeros. Factoring P produces (x — 5)*, from which we can observe that 5 is a 
positive zero of multiplicity 2. 


Answer ® No. According to Descartes’ Rule of Signs, P will have either two positive real zeros or 
no positive real zeros. 
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Integrating Technology 


If you have a graphing utility, 
you can produce a graph similar 
to the one below. By looking at 
the x-intercepts of the graph, you 
can reject as possible zeros some 
of the values suggested by the 
Rational Zero Theorem. This 
will reduce the amount of work 
that is necessary to find the 
zeros of the polynomial function. 


30 


—20 
P(x) = 3x4 + 23x° + 56x* + 52x + 16 


a 


® Zeros of a Polynomial Function 


Guidelines for Finding the Zeros of a Polynomial Function with 
Integer Coefficients 


1. Gather general information Determine the degree n of the polynomial 
function. The number of distinct zeros of the polynomial function is at most n. 
Apply Descartes’ Rule of Signs to find the possible number of positive zeros 
and possible number of negative zeros. 


. Check suspects Apply the Rational Zero Theorem to list rational numbers 
that are possible zeros. Use synthetic division to test numbers in your list. If 
you find an upper or a lower bound, then eliminate from your list any number 
that is greater than the upper bound or less than the lower bound. 


. Work with the reduced polynomials Each time a zero is found, you obtain a 
reduced polynomial. 


= Ifa reduced polynomial is of degree 2, find its zeros either by factoring or 
by applying the quadratic formula. 


= If the degree of a reduced polynomial is 3 or greater, repeat the preceding 
steps for this polynomial. 


Example 4 illustrates the procedure discussed in the preceding guidelines. 


EXAMPLE 4 Find the Zeros of a Polynomial Function 


Find the zeros of P(x) = 3x* + 23x° + 56x* + 52x + 16. 


Solution 
1. Gather general information The degree of P is 4. Thus the number of zeros of P 
is at most 4. By Descartes’ Rule of Signs, there are no positive zeros and there are 
four, two, or no negative zeros. 


2. Check suspects By the Rational Zero Theorem, the possible negative rational 
zeros of P are 
Pp 1 2 4 8 16 


7 a ce 4, 8, 16, ? > ’ ? 
q . 3 oF ar 3 


Use synthetic division to test the possible rational zeros. The following work shows 
that —4 is a zero of P. 


-4/3 23 56 52 16 
-12 -44 -48 -16 


3 iil 12 4 0 


t Coefficients of the first 
reduced polynomial 
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3. Work with the reduced polynomials Because —4 is a zero, (x + 4) and the first 
reduced polynomial (3x° + 11x* + 12x + 4) are both factors of P. Thus 
P(x) = (x + 4)(3x7 + 11x? + 12x + 4) 


All remaining zeros of P must be zeros of 3x° + 11x* + 12x + 4. The Rational 
Zero Theorem indicates that the only possible negative rational zeros of 
3° + 11x’ + 12e + 4 are 
1 2 4 
Po =1,-2,-4,-2,-5 
q 3) OS 8 


Synthetic division is again used to test possible zeros. 


-—2/3 11 12 4 
—-6 —-10 —4 


3 5 a 0 
{Coefficients of the second 


reduced polynomial 
Because —2 is a zero, (x + 2) is also a factor of P. Thus 
P(x) = (« + 4)(x + 2)(3x? + 5x + 2) 
The remaining zeros of P must be zeros of 3x7 + 5x + 2. 
3x? + 5x +2=0 
(3x + 2x + 1) =0 


i = and x=~-l 


2 
The zeros of P(x) = 3x4 + 23x3 + 56x? + 52x + 16 are —4, —2, =3) and —1. 


Try Exercise 44, page 296 


® Applications of Polynomial Functions 


In the following example we use an upper bound to eliminate several of the possible zeros 
that are given by the Rational Zero Theorem. 


EXAMPLE 5 Solve an Application 


Glasses can be stacked to form a triangular pyramid. The total number of glasses in 
one of these pyramids is given by 


1 
T= acs + 3k* + 2k) 
where k is the number of levels in the pyramid. If 220 glasses are used to form a trian- 
gular pyramid, how many levels are in the pyramid? 
Solution 


1 
We need to solve 220 = ge + 3k? + 2k) for k. Multiplying each side of the 
equation by 6 produces 1320 = k°? + 3k? + 2k, which can be written as 


(continued ) 
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Note 


The reduced polynomial 
k? + 13k + 132 has zeros of 

= + [VU 
k= ee These zeros 
are not solutions of this 
application because the number of 
levels must be a natural number. 
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ke + 3k? + 2k — 1320 = 0. The number 1320 has many natural number divisors, but 
we can eliminate many of these by showing that 12 is an upper bound. 


12 |1 3 2 —1320 
12 180 2184 No number in the bottom 
row is negative. Thus 12 is 
LS Tees 864 an upper bound. 


The only natural number divisors of 1320 that are less than 12 are 1, 2, 3, 4, 5, 6, 8, 10, and 
11. The following synthetic division shows that 10 is a zero of k° + 3k? + 2k — 1320. 


10 }1 3 2 —1320 
10 130 1320 
1 13 132 0 


The pyramid has 10 levels. There is no need to seek additional solutions, because the 
number of levels is uniquely determined by the number of glasses. 


H Try Exercise 76, page 298 


The procedures developed in this section will not find all solutions of every polyno- 
mial equation. However, a graphing utility can be used to estimate the real solutions of any 
polynomial equation. In Example 6 we utilize a graphing utility to solve an application. 


EXAMPLE 6 Use a Graphing Utility to Solve an Application 


f=) A carbon dioxide cartridge for a paintball rifle has the shape of a right circular 

“= cylinder with a hemisphere at each end. The cylinder is 4 inches long, and the vol- 
ume of the cartridge is 277 cubic inches (approximately 6.3 cubic inches). In the figure 
at the left, the common interior radius of the cylinder and the hemispheres is denoted 
by x. Use a graphing utility to estimate, to the nearest hundredth of an inch, the length 
of the radius x. 


Solution 
The volume of the cartridge is equal to the volume of the two hemispheres plus the 
volume of the cylinder. Recall that the volume of a sphere of radius x is given by 


4 1/4 
3m Therefore, the volume of a hemisphere is 3 (3 nx) The volume of a right 


circular cylinder is 7x7h, where x is the radius of the base and h is the height of the 
cylinder. Thus the volume V of the cartridge is given by 


1/4 1/4 
V= ($nx°) + (44x?) + ax*h 
2\3 2\3 
4 
= 37 + xh 


Replacing V with 27 and hA with 4 yields 


are 2 
27 = gue + 47x 
4 2 fs . 
2= ae + 4x * Divide each side by 7. 
3 
3 = 2x? + 6x? * Multiply each side by 2 
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Here are two methods that can be used to solve 
3 = 2x? + 6x? (1) 
for x with the aid of a graphing utility. 


1. Intersection method Use a graphing utility to graph y = 2x° + 6x’ and y = 3 
on the same screen, with x > 0. The x-coordinate of the point of intersection of 
the two graphs is the desired solution. The graphs intersect at x ~ 0.64 inch. See 
the following figures. 


CALCULATE 


1: value 
y=3 2: zero 
3: minimum 


4: maximum 

El intersect 

6: du/dx j 
Intersection 

7: Sfoddx X=.64178353 Y=3 


y = 2x3 + 6x? 


The length of the radius is approximately 0.64 inch. 


2. Intercept method Rewrite Equation (1) as 2x* + 6x? — 3 = 0. Graph 
y = 2x3 + 6x” — 3 with > 0. Use a graphing utility to find the x-intercept of 
the graph. This method also shows that x ~ 0.64 inch. 


2 


1: value 
eq zero 
3: minimum 
: maximum 
y= 2x3 + 6x23 : intersect 
: dy/dx 
7: Sfoddx 


Zero 
X=.64178353 Y=0 


The length of the radius is approximately 0.64 inch. 
Try Exercise 80, page 298 


EXERCISE SET 3.3 


In Exercises 1 to 8, find the zeros of the polynomial 7. P(x) = Bx — 5)°(2x — 7) 
function and state the multiplicity of each zero. 
1. P(x) = (« — 32x + 5) 8. P(x) = (Sx — 2)(@ + 3) 


2. P(x) = (x + 4x — 17 
In Exercises 9 to 18, use the Rational Zero Theorem to list 


a PH a Gx + 5) possible rational zeros for each polynomial function. 


4, P(x) = x3(2x + 1)3x — 127 9. P(x) = x? + 3x? — 6x — 8 
5. P(x) = (x? — 4x + 3y 10. P(x) = x° — 19x — 30 


6. P(x) = (x + 4x? — 97° 11. P(x) = 2x3 + x? — 25x + 12 
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m12. P(x) = 3x° + 11x? — 6x — 8 38. P(x) = x4 - 1 

13. P(x) = 6x4 + 23x3 + 19x? — 8x — 4 39. P(x) = 10x° — 9x° — 14x4 — 8x9 — 187 +x 4+ 6 

14. P(x) = 2x3 + 9x? - 2x -9 40. P(x) = 2x° — 5x° — 26x* + 76x? — 60x — 255x + 700 
15. P(x) = 4x4 — 12x35 — 3x7 + 12x — 7 Al. P(x) = 12x’ — 112x° + 421x° — 840x* + 1038x3 


— 938x7 + 629x — 210 
16. P(x) = x9 — x4 — 7x9 + 7x? — 12x — 12 


42. P(x) =x’ + 2 + 3x7 +x 


17. P(x) = x° — 32 
In Exercises 43 to 66, find the zeros of each polynomial 


of 
18. Pa) =x — 1 function. If a zero is a multiple zero, state its multiplicity. 


In Exercises 19 to 28, find the smallest positive integer AB PU) =H FB = GE = 8B 
and the largest negative integer that, by the Upper- and 
Lower-Bound Theorem, are upper and lower bounds for 
the real zeros of each polynomial function. 


19. P(x) = x° + 3x7 — 6x — 6 


m44, P(x) = x° — 19x — 30 


45. P(x) = 2x3 + x? — 25x + 12 


46. P(x) = 3x° + 11x? — 6x — 8 
m20. P(x) = x° — 19x — 28 


47. P(x) = 6x4 + 23x37 + 19x? — 8x — 4 
21. P(x) = 2x3 + x? — 25x + 10 


48. P(x) = 2x3 + 9x7 — 2x - 9 


22. P(x) = 3x° + 11x? — 6x — 9 


A9. P(x) = 2x4 — 9x3 — 2x? + 27x - 12 


23. P(x) = 6x1 + 23x37 + 19x? — 8x — 4 


50. P(x) = 3x° — x? — 6x +2 
24. P(x) = —2x° — 9x7 + 2x + 9 


51. P(x) = x3 — 8x? + 8x + 24 


25. P(x) = —4x4 + 12x3 + 3x7 — 12x +7 


52. P(x) = x3 — Tx? — Tx + 69 


peers 4 3 4 2 
Oe NAY a i 53. P(x) = 2x4 — 19x3 + 51x? — 31x +5 


27. P(x) = x° — 32 


54. P(x) = 4x4 — 35x37 + 71x? — 4x — 6 


= y_ 

28. P(x) =x — 1 55. P(x) = 3x° — 10x° — 29x4 + 34x3 + 50x? — 24x — 24 
In Exercises 29 to 42, use Descartes’ Rule of Signs to 56. P(x) = 2x4 + 3x3 — 4x? — 3x +2 

state the number of possible positive and negative real 

zeros of each polynomial function. 57. P(x) = x3 —3x-2 


29. P(x) = x3 + 3x — 6x — 8 


58. P(x) = 3x* — 4x3 — 11x? + lox — 4 


m30. P(x) = x* — 19x — 30 59. Pa) = x = Se — 25 


31. P(x) = 2x7 + x? — 25x + 12 6 Fey Se oe ei 

$2. PQ) a 3s + lle = ee= 8 6 Pa ee Sa Sas 

33. P(x) = 6x* + 23x3 + 19x? — 8x — 4 62: PO Hb = TY St ee 

34, P(x) = 2x? + 9x7 — 2x - 9 63. P(x) = 2x4 — 17x93 + 4x? + 35x — 24 
35. P(x) = 4x4 — 12x35 — 3x? + 12x — 7 64, P(x) = x° + 5x4 + 10x37 + 10x? + 5x 4+ 1 
36. P(x) =~ — x4 = 7x? + 7x? — 12x — 12 65. P(x) = x° — 16x 


37. P(x) = x° — 32 66. P(x) = x3 — 4x? — 3x 


67. 


68. 


69. 


70. 


71. 


Find the Dimensions A cube measures n inches on each 
edge. Ifa slice 2 inches thick is cut from one face of the cube, 
the resulting solid has a volume of 567 cubic inches. Find n. 


Find the Dimensions A cube 
measures 7 inches on each edge. 
Ifa slice | inch thick is cut from 
one face of the cube and then a 
slice 3 inches thick is cut from 
another face of the cube as 
shown, the resulting solid has a A 
volume of 1560 cubic inches. 

Find the dimensions of the original cube. 


Second cut _ 


n 


First cut 


Dimensions of a Solid For what value of x will the volume 
of the following solid be 112 cubic inches? 


(nel 


"Nxt 


Dimensions of a Box The length ofa rectangular box is 1 inch 
more than twice the height of the box, and the width is 3 inches 
more than the height. If the volume of the box is 126 cubic 
inches, find the dimensions of the box. 


2x+1 


Pieces and Cuts One straight cut through a thick piece of 
cheese produces two pieces. Two straight cuts can produce a 
maximum of four pieces. Three straight cuts can produce a 
maximum of eight pieces. 


Cut 2 


You might be inclined to think that every additional cut dou- 
bles the previous number of pieces. However, for four straight 
cuts, you get a maximum of 15 pieces. The maximum number 
of pieces P that can be produced by n straight cuts is given by 


72. 


73. 


74. 


75. Ez 
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a. Use the function in the preceding column to determine the 
maximum number of pieces that can be produced by five 
straight cuts. 


» 


Inscribed Quadrilateral Isaac Newton discovered that if 

= a quadrilateral with sides of lengths a, b, c, and x is 

inscribed in a semicircle with diameter x, then the lengths of 
the sides are related by the following equation. 


What is the fewest number of straight cuts that are 
needed to produce 64 pieces? 


2abc = 0 


i 


c)x 


Given a = 6, b = 5, and c = 4, find x. Round to the nearest 
hundredth. 


Cannonball Stacks Cannonballs can be stacked to form a 
pyramid with a square base. The total number of cannonballs 7 
in one of these square pyramids is 


1 ag 2 
P= Qn + 3n° +n) 


where n is the number of rows (levels). If 140 cannonballs are 
used to form a square pyramid, how many rows are in the 
pyramid? 


ea Advertising Expenses A company manufactures digital 
= cameras. The company estimates that the profit from 
camera sales is 


0.02x? + 0.01x? 4 


P(x) 12 11 


where P is the profit in millions of dollars and x is the amount, in 
hundred-thousands of dollars, spent on advertising. Determine 
the minimum amount, rounded to the nearest thousand dollars, 
the company needs to spend on advertising if it is to earn a 
profit of $2 million. 


Profit 
(in millions of dollars) 


Advertising expenses 
(in hundred-thousands of dollars) 


Cost Cutting A nutrition bar in the shape of a rectangu- 
lar solid measures 0.75 inch by 1 inch by 5 inches. 
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To reduce costs, the manufacturer has decided to decrease 280. E Propane Tank Dimensions A propane tank has the 
each of the dimensions of the nutrition bar by x inches. What = shape ofa circular cylinder with a hemisphere at each end. 
value of x, rounded to the nearest thousandth of an inch, will The cylinder is 6 feet long and the volume of the tank is 97 
produce a new nutrition bar with a volume that is 0.75 cubic cubic feet. Find, to the nearest thousandth of a foot, the length 
inch less than the present bar’s volume? of the radius x. 


0.75 0.75 —x 


: = The mathematician Augustin Louis Cauchy proved a 


theorem that can be used to quickly establish a bound B 
for all the absolute values of the zeros (real and 
complex) of a given polynomial function. In Exercises 81 
to 84, a polynomial function and its zeros are given. For 
each polynomial, apply Cauchy’s Bound Theorem (shown 
below) to determine the bound B for the polynomial and 
verify that the absolute value of each of the given zeros 
is less than B. (Hint: |a + bi| = Va? + b?) 


Cauchy’s Bound Theorem 


Let P(x) = a,x" + a,x"! +--+ + a, + ag be a polyno- 
mial function with complex coefficients. The absolute value 
of each zero of P is less than 
maximum of (|a,-1|, |a,-2|. my |a; |, |ao|) 
B + | 
|a,,| 


Original New 


"76. Selection of Cards The number of ways one can select three 
cards from a group of n cards (the order of the selection mat- 
ters), where n = 3, is given by P(n) = nm — 3n* + 2n. Fora 
certain card trick, a magician has determined that there are 
exactly 504 ways to choose three cards from a given group. 
How many cards are in the group? 


77. es Dimensions of a Box 
~= A rectangular box is 
square on two ends and has 
length plus girth of 81 inches. 
(The girth of a box is the 
shortest distance “around” 
the box.) Determine the pos- 
sible lengths / of the box if its 
volume is 4900 cubic inches. Round approximate values to the 


nearest hundredth of an inch. In the above figure, assume that 1 
inset 81. P(x) = 2x° — 5x? — 28x + 15, zeros: —3, ai 5 
3 Died \ . 
78. Medication Level Pseudoephedrine hydrochloride is an 82. P(x) = x — Sx” + 2x + 8, zeros: —1, 2,4 


“= allergy medication. The polynomial function 


83. P(x) = x4— 2x3 + 9x7 + 2x — 10, zeros: 1 + 3i, 1 — 3i,1,—1 


L(t) = 0.0344 + 0.40 — 7.307 + 23.1¢ 


84. P(x) = x1 — 4° + 14x° — 4x + 13, 


h 4 Is the level of hedri 
where 0 5, models the level of pseudoephedrine sete 2+ 3.2 — 30 7- =i 


hydrochloride, in milligrams, in the bloodstream of a patient t 
hours after 30 milligrams of the medication have been taken. 

At what times, to the nearest minute, does the level of pseu- 
doephedrine hydrochloride in the bloodstream reach 12 mil- 
ligrams? 


79. es Weight and Height of Giraffes A veterinarian at a wild 
~= animal park has determined that the average weight w, in 
pounds, of an adult male giraffe is closely approximated by the 
function 


w = 8.3h° — 307.5h? + 3914h — 15,230 


Bettmann/CORBIS 


where h is the giraffe’s height in feet, and 15 = h = 18. Use 
the above function to estimate the height of a giraffe that weighs Augustin Louis Cauchy 
3150 pounds. Round to the nearest tenth of a foot. (1789-1857) 
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MID-CHAPTER 3 QUIZ 


1. Use the Remainder Theorem to find P(5) for the function 6. Use the Rational Zero Theorem to list all possible rational 


P(x) = 3x3 + 7x? — 2x — 5. 


2. Use the Factor Theorem to determine whether (x — 5) is a factor 7. ee 


of P(x) = x° — 6x? + 3x 4 


zeros of P(x) = 3x° + 7x? — 18x + 8. 


Use a graphing utility to estimate, to the nearest hun- 
dredth, the coordinates of the point where the function 
P(x) x? + 10x? — 27x + 25 has a relative minimum. 


3. Determine the far-left and the far-right behavior of the graph of 


P(x) = 4x9 — 3x? — 6x — 1. 


8. Find the zeros of P(x) = 2x4 — 19x37 + 57x? — 64x + 20. If 
7x + 18 a zero is a multiple zero, state its multiplicity. 


4. Find the zeros of P(x) = 3x? 


5. Use the Intermediate Value Theorem to verify that 


P(x) = 2x* — 5x3 + x? — 20x 


and 4. 


28 has a zero between 3 


SECTION 3.4 Fundamental Theorem of Algebra 


Fundamental Theorem of 
Algebra 


Number of Zeros of a 
Polynomial Function 


Conjugate Pair Theorem 


Finding a Polynomial Function 
with Given Zeros 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A21. 


PS1. What is the conjugate of 3 — 27? [P.6] 

PS2. What is the conjugate of 2 + iV5? [P.6] 

PS3. Multiply: (x — l@ — 3) — 4) [P3] 

PS4. Multiply: [x — (2 + i)][x — (2 — i] [P3/P.6] 
PSS. Solve: x? + 9 = 0[1.3] 


PS6. Solve: x? — x + 5 = 0[1.3] 


™ Fundamental Theorem of Algebra 


The German mathematician Carl Friedrich Gauss (1777-1855) was the first to prove that 
every polynomial function has at least one complex zero. This concept is so basic to the 
study of algebra that it is called the Fundamental Theorem of Algebra. The proof of 
the Fundamental Theorem is beyond the scope of this text; however, it is important to 
understand the theorem and its consequences. As you consider each of the following the- 
orems, keep in mind that the terms complex coefficients and complex zeros include real 
coefficients and real zeros because the set of real numbers is a subset of the set of com- 
plex numbers. 


Fundamental Theorem of Algebra 


If P is a polynomial function of degree n = | with complex coefficients, then P 
has at least one complex zero. 
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Math Matters 


Bettmann/CORBIS 


Carl Friedrich Gauss (1777-1855) 
has often been referred to as the 
Prince of Mathematics. His work 
covered topics in algebra, calcu- 
lus, analysis, probability, number 
theory, non-Euclidean geometry, 
astronomy, and physics, to name 
but a few. The following quote by 
Eric Temple Bell gives credence to 
the fact that Gauss was one of the 
greatest mathematicians of all 
time. “Archimedes, Newton, and 
Gauss, these three, are in a class 
by themselves among the great 
mathematicians, and it is not for 
ordinary mortals to attempt to 
range them in order of merit.”* 


*Men of Mathematics, by E. T. Bell, 
New York, Simon and Schuster, 1937. 


POLYNOMIAL AND RATIONAL FUNCTIONS 


m Number of Zeros of a Polynomial Function 


Let P be a polynomial function of degree n = 1 with complex coefficients. The Fundamental 
Theorem implies that P has a complex zero—say, c,. The Factor Theorem implies that 


P(x) = (« — €/)Q() 


where Q(x) is a polynomial of degree one less than the degree of P. Recall that the poly- 
nomial Q(x) is called a reduced polynomial. Assuming that the degree of Q(x) is | or more, 
the Fundamental Theorem implies that it also must have a zero. A continuation of this rea- 
soning process leads to the following theorem. 


Linear Factor Theorem 


If P is a polynomial function of degree n = | with leading coefficient a, # 0, 


P(x) = a,x" + Gy—yx" 1 + ++: 


F aja! + ag 


then P has exactly n linear factors 
P(x) = age — €,)(% — €2)+** (& — Ey) 


where c), Cy,...,C, are complex numbers. 


The following theorem follows directly from the Linear Factor Theorem. 


Number of Zeros of a Polynomial Function Theorem 


If P is a polynomial function of degree n = 1, then P has exactly n complex zeros, 
provided each zero is counted according to its multiplicity. 


The Linear Factor Theorem and the Number of Zeros of a Polynomial Function 
Theorem are referred to as existence theorems. They state that an nth-degree polynomial 
will have n linear factors and 2 complex zeros, but they do not provide any information on 
how to determine the linear factors or the zeros. In Example 1, we use previously devel- 
oped methods to actually find the linear factors and zeros of some polynomial functions. 


EXAMPLE 1 Find the Zeros and Linear Factors of 


a Polynomial Function 
Find all the zeros of each of the following polynomial functions, and write each func- 
tion as a product of its leading coefficient and its linear factors. 
a. P(x) = x* — 4x° + 8x° — lox + 16 
b. S(x) = 2x4 + x3 + 39x? + 136x — 78 


Solution 


a. By the Linear Factor Theorem, P will have four linear factors and thus four zeros. 
The possible rational zeros are +1, +2, +4, +8, and +16. Use synthetic divi- 
sion to show that 2 is a zero of multiplicity 2. 
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1. -=2 4 -8 0 


The final reduced polynomial is x” + 4. Solve x” + 4 = 0 to find the remaining zeros. 


1 0 4 0 


vr~+4=0 

x? = —4 

x= +V-4 

x= +21 

The four zeros of P are 2, 2, —2i, and 27. The leading coefficient of P is 1. Thus 
the linear factored form of P is P(x) = l(x — 2)(x — 2)(x — (—21))( — 2) or, 
: after simplifying, 

Concepts Involving 
Complex Numbers P(x) = (x — 2)°(« + 21% — 23) 


See Section P.6. 


b. By the Linear Factor Theorem, S will have four linear factors and thus four zeros. 


The possible rational zeros are 
1 


’ 


13 39 
+2 41,45, +2, 43,46, +, +13, +26, +, +39, and +78 
2 2 2 2 


1 
Use synthetic division to show that —3 and 5 are zeros of S. 


—3|2 1 39 136 —78 
—-6 15 —-162 78 


2 -5 54 —26 0 


2 -5 54 —26 
1 =2 26 


2 -4 52 0 


The final reduced polynomial is 2x” — 4x + 52. The remaining zeros can be 


found by using the quadratic formula to solve 


2x? — 4x + 552 =0 
x? — 2x + 26=0 


_ 2) = V2? = 426) 


2 
_ 2+ V—=100 
2 
2+ 10 
== 7 =1 + 5 


¢ Divide each side by 2. 


| 
The four zeros are —3, 3? 1 + 5i, and | — Si. The leading coefficient of S is 2. 


Thus the linear factored form of S is 


1 
2 


S(x) = 2[x — ( 3y(« 


or, after simplifying, 


pe (1 + 5/][x -— d — 5i)] 


S(x) = 2(x + a(2 AG 1 


@ Try Exercise 2, page 305 


5i)(x — 1 + Si) 
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® Conjugate Pair Theorem 


You may have noticed that the complex zeros of the polynomial function in Example 1 
were complex conjugates. The following theorem shows that this is not a coincidence. 


Conjugate Pair Theorem 


Ifa + bi (b # 0) is a complex zero of a polynomial function with real coefficients, 
then the conjugate a — bi is also a complex zero of the polynomial function. 


Complex Conjugates 
See page 63. 


EXAMPLE 2_ Use the Conjugate Pair Theorem to Find Zeros 


Find all the zeros of P(x) = x* — 4x3 + 14x” — 36x + 45, given that 2 + iis a zero. 


Solution 

Because the coefficients are real numbers and 2 + i is a zero, the Conjugate Pair 
Theorem implies that 2 — i also must be a zero. Using synthetic division with 2 + i 
and 2 — i, we have 


2+i|1 -4 14. —36 45 
247 =§ 18 + 9i —45 
WL = 2 SP ff Go = se Oy 0 * The coefficients of the 
reduced polynomial 
2-i/1l -2+i 9 -18 + 9 


2=1 0 18 — 9i 


1 0 9 0 * The coefficients of the next 
reduced polynomial 


The resulting reduced polynomial is x7 + 9, which has 3i and —3i as zeros. Therefore, 
the four zeros of x* — 4x° + 14x* — 36x + 45 are 2 + i, 2 = 4,31, and =31. 


@ Try Exercise 18, page 305 


A graph of P(x) = x* — 4x7 + 14x? — 36x + 45 is shown in Figure 3.20. Because 
the polynomial in Example 2 is a fourth-degree polynomial and because we have verified 
P(x) = x4 — 4x3 + 14x? — 36x + 45 that P has four nonreal solutions, it comes as no surprise that the graph does not intersect 

Figure 3.20 the x-axis. 


When performing synthetic division with complex numbers, it is helpful to write the 
coefficients of the given polynomial as complex coefficients. For instance, —10 can be 
written as —10 + Oi. This technique is illustrated in the next example. 


EXAMPLE 3 Apply the Conjugate Pair Theorem 


Find all the zeros of P(x) = x° — 10x* + 65x? — 184x* + 274x — 204, given that 
3 — Siis a zero. 


Ga Integrating Technology 


Many graphing calculators can 
be used to do computations with 
complex numbers. The follow- 
ing TI-83/TI-83 Plus/TI-84 Plus 
screen display shows that the 
product of 3 — 5iand —7 — Si 
is —46 + 20i. The i symbol 

is located above the decimal 
point key. 
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Solution 
Because the coefficients are real numbers and 3 — Si is a zero, 3 + Si also must be a 
zero. Use synthetic division to produce 

3-—S5i|1 -10+ 07 65+ Oi —-184+ Of 274+ OF —204 
3—5i —46 + 207 157 — 35i —256+ 30i 204 


3431/1 -7— si 19 + 20i 9 —27 — 35i 18 + 30: 0 
3 Si = 12. = 201 21 335i. =18 = 30i 


1 —-4 7 —6 0 


Descartes’ Rule of Signs can be used to show that the reduced polynomial 
x° — 4x? + 7x — 6 has three or one positive zeros and no negative zeros. Using 
the Rational Zero Theorem, we have 


f= 1,9,3,6 
q 


Use synthetic division to determine that 2 is a zero. 


Use the quadratic formula to solve x7 — 2x + 3 = 0. 


—(-2) + V(-2P -— 443) 2+ V-8 2+2iV2 
— 2(1) > ~~ & 


=l1+iv2 


The zeros of P(x) = x° — 10x* + 65x? — 184x? + 274x — 204 are 3 — 5i,3 + 5i, 
2,1 + V2i, and 1 — V2i. 


@ Try Exercise 22, page 305 


Question ° Is it possible for a third-degree polynomial function with real coefficients to have two 
real zeros and one nonreal complex zero? 


Recall that the real zeros of a polynomial function P are the x-coordinates of the x- 
intercepts of the graph of P. This important connection between the real zeros of a poly- 
nomial function and the x-intercepts of the graph of the polynomial function is the basis 
for using a graphing utility to solve equations. Careful analysis of the graph of a polyno- 
mial function and your knowledge of the properties of polynomial functions can be used 
to solve many polynomial equations. 


Answer ® No. Because the coefficients of the polynomial are real numbers, the nonreal complex 
zeros of the polynomial function must occur as conjugate pairs. 
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P(x) 


xt 5x3 44x? + 3x49 


Figure 3.21 


EXAMPLE 4 Solve a Polynomial Equation 


ea Solve: x* — 5x3 + 4x? + 3x +9 =0 


Solution 
Let P(x) = x4 — 5x3 + 4x? + 3x + 9. The real zeros of P are the real solutions of the 
equation. Use a graphing utility to graph P. See Figure 3.21. 

From the graph, it appears that (3, 0) is an x-intercept and the only x-intercept. 
Because the graph of P intersects but does not cross the x-axis at (3, 0), we know that 3 
is a multiple zero of P with an even multiplicity. 


3°) a) = 5 4 3 9 * Coefficients of P 
3 -6 -6 —9 


] =e 2 3 0 ¢ The remainder is 0. Thus 3 is a zero. 


By the Number of Zeros Theorem, there are three more zeros of P. Use synthetic 
division to show that 3 is also a zero of the reduced polynomial x7 — 2x” — 2x — 3. 


S| dt 2, 2 3 * Coefficients of reduced polynomial 
3 3 3 
1 1 1 0 * The remainder is 0. Thus 3 is a zero of 
multiplicity 2. 


We now have 3 as a double root of the original equation, and from the last line of 
the preceding synthetic division, the remaining solutions must be solutions of 
x’ + x + 1 = 0. Use the quadratic formula to solve this equation. 
-1+ VI?-40)0) -1+ V3 -12+iv3 


y= = — 


2(1) 2 2 


1 - Aa 
The solutions of x* — 5x? + 4x? + 3x + 9 = Oare 3, 3, a ae a and 
1 V3. 
tS ae 


2 2 
Try Exercise 30, page 306 


&® Finding a Polynomial Function with Given Zeros 


Many of the problems in this section and in Section 3.3 dealt with the process of finding 
the zeros of a given polynomial function. Example 5 considers the reverse process: find- 
ing a polynomial function when the zeros are given. 


EXAMPLE 5_ Determine a Polynomial Function Given Its Zeros 


Find each polynomial function. 
a. A polynomial function of degree 3 that has 1, 2, and —3 as zeros 


b. A polynomial function of degree 4 that has real coefficients and zeros 2i and 3 — 7i 


P(x) =x? -7x+6 


In Exercises 1 to 16, find all the zeros of the polynomial 


1. 


a2. 


11. 


P(x) 
P(x) 
P(x) 
P(x) 
P(x) 
P(x) 
P(x) 
P(x) 


P(x) 


. P(x) 


P(x) 


mY 


Figure 3.22 


EXERCISE SET 3.4 
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Solution 
a. Because 1, 2, and —3 are zeros, (x — 1), (x — 2), and (x + 3) are factors. The 
product of these factors produces a polynomial function with the indicated zeros. 
P(x) = (x — I(x — 2)(x + 3) = 0? — 3x + 2x + 3) = x? — Tx + 6 


b. By the Conjugate Pair Theorem, the polynomial function also must have —2i and 
3 + 7ias zeros. The product of the factors x — 2i, x — (—2i), x — (3 — 7i), and 
x — (3 + 71) produces the desired polynomial function. 
P(x) = & — 2) + 2i1)[x — 3 — 7i)|[x — B + 7i] 
= (x? + 4)(x* — 6x + 58) 
= x" = Gx? + 2x? = 249 + 232 


Try Exercise 48, page 306 


A polynomial function that has a given set of zeros is not unique. For example, 
P(x) = x3 — 7x + 6has zeros 1, 2, and —3, but so does any nonzero multiple of P, such 
as S(x) = 2x? — 14x + 12. This concept is illustrated in Figure 3.22. The graphs of the 
two polynomial functions are different, but they have the same zeros. 


13. P(x) = 2x4 — x9 — 2x7 + 13x — 6 
function and write the polynomial as a product of its 
leading coefficient and its linear factors. (Hint: First dh PeR dae 4 iS es 
determine the rational zeros.) , 
44 3 2 4 
wt x = 2x" + Ax — 24 15. P(x) = 3x5 + 2x4 + 10x3 + 6x? — 25x — 20 
3 24 
a ie ea 16. P(x) = 2x® — 11x5 + 5x4 + 60x? — 62x? — 64x + 40 
2x4 — x3 — 4x? + 10x — 4 
In Exercises 17 to 28, use the given zero to find the 
x? — 13x? + 65x — 125 remaining zeros of each polynomial function. 
3 24 ° ees 
G20 4 tae = 5a ae = 3 17. P(x) = 2x Sx° 6x = 220 Led 
3 2 
— 43 + 53x? — 196x + 196 m18. P(x) = 3x 29x* + 92x + 34; 5 + 3i 
2x4 — x3 — 15x? + 23x + 15 1% PQ) = + Be e+ By 
ax4 — 173 — 30x? + 33% + 116 20. P(x) = x4 — 6x? + 71x? — 146x + 530; 2+ 7i 
2x* — 14x3 + 33x? — 46x + 40 21. P(x) = x4 — 4x3 + 142 — 4x + 13; 2 - 33 
3x4 — 10x3 + 15x2 + 20x — 8 m22. P(x) = x° — 6x4 + 22x3 — 64x? + 117% — 90; 3i 
it 6 9 sigs,.2'56 23. P(x) = x4 — 4x3 + 19x? — 30x + 50; 1 + 37 
xX IX X 
24, P(x) = x9 — x4 — 4x3 — 4x? — 5x — 3; 
Sx = 19x" + 50x? — 79x + 36 


12. 


P(x) 
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25. P(x) = x° — 3x4 + 7x3 — 13x? + 12x — 4; —2i 


26. P(x) = x4 — 8x7 + 18x? — 8x +17; i 


27. P(x) = x4 — 17x9 + 112x? — 333x + 377; 542i 


28. P(x) = 2x? — 8x4 + 61x? — 99x? + 12x + 182; 1 — Si 


In Exercises 29 to 36, use a graph and your knowledge 
~* of the zeros of polynomial functions to determine the 
exact values of all the solutions of each equation. 


29. 2x3 — x7 +x-6=0 


m30. 4x° + 3x7 + 16x 4 


12.=0 


31. 24x37 — 62x? — 7x + 30 = 0 


32. 12x? — 52x? + 27x + 28 = 0 


33. xt — 4x7 + 5x7 - 4x + 4=0 


34. xt + 4x7 + 8x7 + l6x + 16=0 


35. xt + 4x7 — 2x7 — 12x +9 =0 


36. x* + 3x? — 6x* — 28x — 24=0 


In Exercises 37 to 46, find a polynomial function of 
lowest degree with integer coefficients that has the 
given zeros. 


37, 4-32 
36, —1,1,-3 
39. 3, 2i, —2i 


40. 0,i,-i 


41. 3 +73 — 1,2 + 54,2 => 3i 


42, 2. + 31,2 = 31, —5,2 


43. 6 + 5i,6 — Si,2,3,5 


1 
44.—,4-i,44+i 
2 
3 ; : 
45. 7,2 + 71,2 -7i 


46. —,- 


In Exercises 47 to 52, find a polynomial function P, with 
real coefficients, that has the indicated zeros and satisfies 
the given conditions. 


47. 


048. 


49. 


50. 


51. 


52. 


Zeros: 2 — Si, —4; degree 3 


Zeros: 3 + 2i,7; degree 3 


Zeros: 4 + 31,5 — i; degree 4 


Zeros: i, 3 — 5i; degree 4 
Zeros: —2,1,3, 1 + 47, 1 — 47; degree 5 


Zeros: —5,3 (multiplicity 2), 2 + i, 2 — i; degree 5 


In Exercises 53 to 56, find a polynomial function P with 
real coefficients that has the indicated zeros and satisfies 
the given conditions. 


53. 


54. 


55. 


56. 


57. 


58. 


Zeros: —1,2,3; degree 3; P(1) = 12 [Hint: First find a third- 
degree polynomial function 7(x) with real coefficients that has 
—1, 2, and 3 as zeros. Now evaluate 7(1). If 71) = P(1) = 12, 
then 7(x) is the desired ipa function. If 7(1) # 12, then 
you need to multiply T(x) by —— a to produce the polynomial 
function that has the given zeros os whose graph passes 


aay L@).] 


through (1, 12). That is, P(x) = a 


Zeros: 3i, 2; degree 3; P(3) = 27 (See the hint in Exercise 53.) 
Zeros: 3,—5,2 + i; degree 4; P(1) = 48 (See the hint in 
Exercise 53.) 


1 
Zeros: gi — i; degree 3; P(4) = 140 (See the hint in 


Exercise 53.) 
| Conjugnte Pair Theorem Verify that the function 
P(x) = x3 — x? — ix? — 9x +9 + 97 has 1 +i as a zero 


and that its conjugate 1 — is not a zero. Explain why this does 
not contradict the Conjugate Pair Theorem. 


Polynomial Function Give an example of a polynomial func- 
tion that has the given properties, or explain why no such poly- 
nomial function exists. 


a. A polynomial function of degree 3 that has one rational 


zero and two irrational zeros 


b. A polynomial function of degree 4 that has four irrational 
Zeros 


c. A polynomial function of degree 3, with real coefficients, 
that has no real zeros 


d. A polynomial function of degree 4, with real coefficients, 
that has no real zeros 
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SECTION 3.5 Graphs of Rational Functions and 


Vertical and Horizontal 
Asymptotes 


Sign Property of Rational 
Functions 


General Graphing Procedure 
Slant Asymptotes 


Graphing Rational Functions 
That Have a Common Factor 


Applications of Rational 
Functions 


_xt1 
G(x) = aa 
Figure 3.23 


Their Applications 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A21. 


2_ 9 


Xx 
PS1. Simplify: ~————— [P.5 
e Wi Fa Gps | 
PS2. Evaluate — forx = —1. [P1] 
x= 2 =5 
2x* + 4x — 5 
PS3. Evaluate e ae forx = —3. [P.1] 
x +6 
. x—x— 5 
PS4. For what values of x does the denominator of -,.——,— equal zero? [1.4] 
26° Se x= Lx 
PSS. Determine the degree of the numerator and the degree of the denominator of 
x + 3x0 = 5 
—.——. [P.3 
2g PSI 
we +27?-x- 11, R(x) 
PS6. Write 7 mn. OW) > — form. [3.1] 
x 2x x 2X 


® Vertical and Horizontal Asymptotes 


If P(x) and Q(x) are polynomials, then the function F’ given by 


F(x) PQ) 
pe 
O(x) 
is called a rational function. The domain of F is the set of all real numbers except those 
for which Q(x) = 0. For example, let 


x—x—-5 


2x3 + x* — 15x 


F(x) = 


Setting the denominator equal to zero, we have 
2x3 + x7 — 15x =0 
x(2x — 5\(x + 3) = 0 


5 
The denominator is 0 for x = 0, x = > and x = —3. Thus the domain of F is the set of 


5 
all real numbers except 0, > and —3. 


x+]1 


The graph of G(x) = 
KHZ 


is given in Figure 3.23. The graph shows that G has the 
following properties: 

1 
= The graph has an x-intercept at (—1, 0) and a y-intercept at (0, -4) 


= The graph does not exist when x = 2. 
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Va 


Va 


BY 


\ 7 f ih 

} } 

} } 

} } 

| | 

| I 

| | 

} | 

a x a 

| | 

| | 

| | 

a. f(x) > o b. f(x) > © 
asx—a asx a_ 

Va } V4 } 

| 

! fy 

i I 

| | 

| | 

| | 

| | 

| | 

a x a 

} } 

} I 

} } 

| | 
ce. f(x) > —c° d. f(x) > —c0 
asx a axa 

Figure 3.24 
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Note the behavior of the graph as x takes on values that are close to 2 but Jess than 2. 
Mathematically, we say that “‘x approaches 2 from the left.” 


| x } 19 1.95 1.99 1.995 1.999 

| Ge) = -29 —59 —299 —599 —2999 
From this table and the graph, it appears that as x approaches 2 from the left, the functional 
values G(x) decrease without bound. 
= In this case, we say that “G(x) approaches negative infinity.” 


Now observe the behavior of the graph as x takes on values that are close to 2 but 
greater than 2. Mathematically, we say that “‘x approaches 2 from the right.” 


| x | 2.1 2.05 2.01 2.005 2.001 
Gx) 31 61 301 601 3001 


From this table and the graph, it appears that as x approaches 2 from the right, the func- 
tional values G(x) increase without bound. 


= In this case, we say that “G(x) approaches positive infinity.” 


Now consider the values of G(x) as x increases without bound. The following table 
gives values of G(x) for selected values of x. 


ao | 1000 5000 10,000 50,000 | 100,000 
Gx) 1.00301 1.00060 1.00030 1.00006 | 1.00003 


= As x increases without bound, the values of G(x) become closer to 1. 


Now let the values of x decrease without bound. The following table gives the values 
of G(x) for selected values of x. 


x —1000 —5000 —10,000 —50,000 —100,000 
GX) __9.997006 0.999400 0.999700 0.999940 0.999970 


= As x decreases without bound, the values of G(x) become closer to 1. 


When we are discussing functional values that increase or decrease without bound, it 
is convenient to use mathematical notation. The notation 


f@)— 00 as x—at 


means that the functional values f(x) increase without bound as x approaches a from the 
right. Recall that the symbol ©© does not represent a real number but is used merely to 
describe the concept of a variable taking on larger and larger values without bound. See 
Figure 3.24a. 

The notation 


fx%)7> © as xa 


means that the function values f(x) increase without bound as x approaches a from the left. 
See Figure 3.24b. 
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The notation 
fa%)—--% as xa 


means that the functional values f(x) decrease without bound as x approaches a from the 
right. See Figure 3.24c. 
The notation 


f(x)7>-% as xa 


means that the functional values f(x) decrease without bound as x approaches a from the 
left. See Figure 3.24d. 

Each graph in Figure 3.24 approaches a vertical line through (a,0) as x > a* ora’. 
The line is said to be a vertical asymptote of the graph. 


Definition of a Vertical Asymptote 


The line x = a is a vertical asymptote of the graph of a function F provided 


F(x) co ~or ~=F(x) 00 


as x approaches a from either the left or right. 


In Figure 3.23 on page 307, the line x = 2 is a vertical asymptote of the graph of G. Note 
that the graph of G in Figure 3.23 also approaches the horizontal line y = 1 as x > © and 
as x — —00. The line y = 1 is a horizontal asymptote of the graph of G. 


Definition of a Horizontal Asymptote 


The line y = 5 is a horizontal asymptote of the graph of a function F provided 


F(Qx)2>b as x00 or x—>-0CO 


Figure 3.25 illustrates some of the ways in which the graph of a rational function may 
approach its horizontal asymptote. It is common practice to display the asymptotes of the 
graph of a rational function by using dashed lines. Although a rational function may have 
several vertical asymptotes, it can have at most one horizontal asymptote. The graph may 
intersect its horizontal asymptote. 


RY 
BY 
tay 


Figure 3.25 
f(x) > bas x — 00 
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Vertical 


asymptote: 
x=—2 


x3 
x2 +1 


fx) = 


Figure 3.26 


Figure 3.27 


Vertical 


asymptote: 
x=3 


Geometrically, a line is an asymptote of a curve if the distance between the line and a 
point P(x, y) on the curve approaches zero as the distance between the origin and the point 
P increases without bound. 

Vertical asymptotes of the graph of a rational function can be found by using the fol- 
lowing theorem. 


Theorem on Vertical Asymptotes 


If the real number a is a zero of the denominator O(x), then the graph of 
F(x) = P(x)/O(x), where P(x) and Q(x) have no common factors, has the vertical 
asymptote x = a. 


EXAMPLE 1 _ Find the Vertical Asymptotes of a Rational Function 


Find the vertical asymptotes of each rational function. 
3 


x 

me I 4+ 1 

b: gx) = — —— 2 
x =-x-—6 

Solution 


a. To find the vertical asymptotes, determine the real zeros of the denominator. The 
denominator x” + 1 has no real zeros, so the graph of f has no vertical asymp- 
totes. See Figure 3.26. 


b. The denominator x? — x — 6 = (x — 3)(x + 2) has zeros of 3 and —2. The 
numerator has no common factors with the denominator, so x = 3 and x = —2 are 
both vertical asymptotes of the graph of g, as shown in Figure 3.27. 


@ Try Exercise 10, page 320 


Question ® Can a graph of a rational function cross its vertical asymptote? 


If the denominator of a rational function is written as a product of linear factors, then 
the following theorem can be used to determine the manner in which the graph of the 
rational function approaches its vertical asymptotes. 


Behavior Near a Vertical Asymptote Theorem 


Let F be a function defined by a rational expression in simplest form. If (x — a)" is 
the largest power of (x — a) that is a factor of the denominator of F, then the 
graph of F will have a vertical asymptote at x = a, and its graph will approach the 
asymptote in the manner shown on page 311. 


Answer ® No. If x = a is a vertical asymptote of a rational function R, then R(a) is undefined. 


| 
| 
| 
| 
| 
| 
| 
| 
5 
| 
| 
| 
| 
| 


A x 
FQ)= GG 5p 
Figure 3.28 


Asx—72 ,F—7-o, 
Asx—2',F> ©, 
Asx—75,F>O, 
Asx 5',F> oo, 
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1. If is odd, F will approach 0° on one side of the vertical asymptote and —0co 
on the other side of the vertical asymptote. 


YR 


2. Ifn is even, F will approach © on both sides of the vertical asymptote or F 
will approach —co on both sides of the vertical asymptote. 


BY 
VR 


Here is a specific example of how we can use the Behavior Near a Vertical Asymptote 
Theorem. Consider the rational function 


x 
( — 2@ - 5? 

The exponent of (x — 2) is 1. Because | is an odd number, the graph of F will approach 
co on one side of the vertical asymptote x = 2 and it will approach — co on the other side. 
The exponent of (x — 5) is 2. Because 2 is an even number, the graph of F will approach co 
on both sides of the vertical asymptote x = 5 or it will approach — co on both sides of x = 5. 

We can examine the factors of F' to determine the exact manner in which F approaches 
its vertical asymptotes. For instance, as x > 2*, the factor (x — 2) approaches 0 through 
positive values and the factor (x — 5)? approaches (—3)’ = 9 through positive values. 
Thus, as x > 2*, the denominator of F approaches 0:9 = 0 through positive values and 
the numerator of F approaches 2 through positive values. From this analysis, we see that 
as x > 2* the quotient of x and (x — 2)(x — 5)? will be positive and that it will become 
larger and larger as x gets closer and closer to 2. That is, as x > 2*, F— 00. We could use 
a similar analysis to determine the behavior of F' as x 2°; however, we have already 
determined that F approaches © on one side of x = 2 and —©o on the other side. Thus 
we can conclude that as x > 2°, F > — oo. See Figure 3.28. 

As x 5”, the factor (x — 2) approaches 3 through positive values and the factor 
(x — 5) approaches (0)? = 0 through positive values. Thus, as x > 5*, the denominator 
of F approaches 3-0 = 0 through positive values and the numerator of F approaches 5 
through positive values. From this analysis, we see that as x > 5* the quotient of x and 
(x — 2)(x — 5)° will be positive and that it will become larger and larger as x gets closer 
and closer to 5. That is, as x > 5*, F— 00. We have already determined that F approaches 
co on both sides of x = 5 or F approaches —0o on both sides of x = 5. Thus we can con- 
clude that asx > 5°, F— ov. See Figure 3.28. 

The following theorem indicates that a horizontal asymptote can be determined by 
examining the leading terms of the numerator and the denominator of a rational function. 


F(x) = 
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Theorem on Horizontal Asymptotes 


AyX" + dy xT +e +axta 
Let Fe) = 5 n—1 1 0 


ae at: bg tg ele bx at bo 
be a rational function with numerator of degree n and denominator of degree m. 


1. Ifn < m, then the x-axis, which is the line given by y = 0, is the horizontal 
asymptote of the graph of F. 


. Ifn = m, then the line given by y = a,/b,, is the horizontal asymptote of the 
graph of F. 


. Ifn > m, then the graph of F has no horizontal asymptote. 


EXAMPLE 2 Find the Horizontal Asymptote of a Rational Function 


Find the horizontal asymptote of each rational function. 


pe 23 4° +1 rae 
2 4 ? a J), b. g(x) = 5 c. A(x) = —— 
aan p ocees| 3x Ko 2 
orizontal 
asymptote: x-axis Solution 
f)= a +3 a. The degree of the numerator 2x + 3 is less than the degree of the denominator 
act x’ + 1. By the Theorem on Horizontal Asymptotes, the x-axis is the horizontal 
Figure 3.29 asymptote of f See the graph of f in Figure 3.29. | 
va b. The numerator 4x? + 1 and the denominator 3x” of g are both of degree 2. By the | 
4 
cae Theorem on Horizontal Asymptotes, the line y = — is the horizontal asymptote of g. | 
orizontal 4 3 
i aaa ao See the graph of g in Figure 3.30. 
—————— cc. The degree of the numerator x* + 1 is larger than the degree of the denominator 
a x — 2, so by the Theorem on Horizontal Asymptotes, the graph of / has no hori- 
2 zontal asymptotes. | 
-2 2 - 
ral H Try Exercise 16, page 320 
eo) = 22th 
3x? The proof of the Theorem on Horizontal Asymptotes uses the technique employed in 
Figure 3.30 the following verification. To verify that 
_ 5x? + 4 
# 3x? + 8x + 7 


2 : 
has a horizontal asymptote of y = 3° divide the numerator and the denominator by the 


largest power of the variable x (x” in this case). 


5x7 + 4 4 
—— ae 
x x 
""3etet7 4,8,7°°"° 
ee 3+—-+5 
x2 x * 


Vertical 


asymptote: 
x=-3 


Vertical 


asymptote: 
x=1 
_ x+1 
BQ) = x2+2x-3 
Figure 3.31 


RY 
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7 


’ . . : 4 8 
As x increases without bound or decreases without bound, the fractions —, —, and oi 
x x x 


2 

approach zero. Thus 

: 5+0 5 
3+0+0 3 


as x— +0O 


y 


ean ast 5. ; 
Hence the line given by y = — is a horizontal asymptote of the graph. 
3 grap 


® Sign Property of Rational Functions 


The zeros and vertical asymptotes of a rational function F divide the x-axis into intervals. 
In each interval, F(x) is positive for all x in the interval or F(x) is negative for all x in the 
interval. For example, consider the rational function 


(x) x +1 

ee 

. x? + 2x -— 3 

which has vertical asymptotes of x = —3 and x = | and a zero of —1. These three num- 


bers divide the x-axis into the four intervals (—0o, —3), (—3, —1), (—1, 1), and (1, 00). 
Note in Figure 3.31 that the graph of g is negative for all x such that x < —3, positive for 
all x such that —3 < x < —1, negative for all x such that -1 < x < 1, and positive for 
all x such that x > 1. 


® General Graphing Procedure 


If F(x) = P(x)/O(x), where P(x) and Q(x) are polynomials that have no common factors, 
then the following general procedure offers useful guidelines for graphing F. 


General Procedure for Graphing Rational Functions That Have No 
Common Factors 


. Asymptotes Find the real zeros of the denominator Q(x). For each zero a, 
draw the dashed line x = a. Each line is a vertical asymptote of the graph of 
F. Also graph any horizontal asymptotes. 


. Intercepts Find the real zeros of the numerator P(x). For each real zero c, 
plot the point (c, 0). Each such point is an x-intercept of the graph of F. For 
each x-intercept, use the even and odd powers of (x — c) to determine whether 
the graph crosses the x-axis at the intercept or intersects but does not cross the 
x-axis. Also evaluate F(0). Plot (0, F(0)), the y-intercept of the graph of F. 


. Symmetry Use the tests for symmetry to determine whether the graph of the 
function has symmetry with respect to the y-axis or symmetry with respect to 
the origin. 


. Additional points Plot some points that lie in the intervals between and 
beyond the vertical asymptotes and the x-intercepts. 


. Behavior near asymptotes If x = a is a vertical asymptote, determine 
whether F(x) > 00 or F(x) > —0O asx—>a@ andasx— a’. 


. Sketch the graph Use all the information obtained in steps | through 5 to 
sketch the graph of F. 
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EXAMPLE 3_ Graph a Rational Function 


Sketch h of f(x) sea: 
etch a graph of f(x) = —>——_. 
aad x? +3 
Solution 
1. Asymptotes The denominator x” + 3 has no real zeros, so the graph of f has no 


vertical asymptotes. The numerator and denominator both are of degree 2. The 
leading coefficients are 2 and 1, respectively. By the Theorem on Horizontal 


2 
Asymptotes, the graph of f has a horizontal asymptote of y = 77 2 


Intercepts The zeros of the numerator occur when 2x” — 18 = 0 or, solving for 
x, when x = —3 and x = 3. Therefore, the x-intercepts are (—3, 0) and (3, 0). The 
factored numerator is 2(x + 3)(x — 3). Each linear factor has an exponent of 1, 
an odd number. Thus the graph crosses the x-axis at its x-intercepts. To find the 
y-intercept, evaluate fwhen x = 0. This gives y = —6. Therefore, the y-intercept 
is (0, —6). 


Symmetry Below we show that f(—x) = f(x), which means that fis an even func- 
tion and therefore its graph is symmetric with respect to the y-axis. 


2(-xy — 18 2x2 — 18 
(-x) + 3 x7 +3 


f(-x) = = f(x) 

Additional points The intervals determined by the x-intercepts are x < —3, 

—3 <x < 3,andx > 3. Generally, it is necessary to determine points in all inter- 
vals. However, because f is an even function, its graph is symmetric with respect to 
the y-axis. The following table lists a few points for x > 0. Symmetry can be used 
to locate corresponding points for x < 0. 


| x | 1 2 6 
10 18 

4 ~} — 
nAC3) = 1.43 a 1.38 


Behavior near asymptotes As x increases or decreases without bound, f(x) 
approaches the horizontal asymptote y = 2. 

To determine whether the graph of f intersects the horizontal asymptote at 
any point, solve the equation f(x) = 2. There are no solutions of f(x) = 2 
because 


2x”? — 18 bs ‘ ‘i bs 
73 = 2 «implies 2x — 18 = 2x° + 6 implies —18 = 6 

x + 3 
This is not possible. Thus the graph of f does not intersect the horizontal 
asymptote but approaches it from below as x increases or decreases without 
bound. 


Sketch the graph Use the summary in Table 3.3 to sketch the graph. The 
completed graph is shown in Figure 3.32. 


Table 3.3 


None 


y=2 


Crosses at (—3, 0) 
and (3, 0) 


(0, —6) 


(1, —4); (2;— 1.43), 
(6, 1.38) 
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Horizontal 
asymptote: y =2 


2x? — 18 
I@)= x2+3 
Figure 3.32 


@ Try Exercise 22, page 321 


EXAMPLE 4 Graph a Rational Function 


Sketch a graph of A(x) = ee . 
xe eb 2 
Solution 
1. Asymptotes The denominator x7 + x — 2 = (x + 2)(x — 1) has zeros —2 and 1; 


because there are no common factors of the numerator and the denominator, the 
lines x = —2 and x = | are vertical asymptotes. 
The numerator and denominator both are of degree 2. The leading coefficients 
of the numerator and denominator are both 1. Thus / has the horizontal asymptote 
1 
=—= 1], 
ay 
Intercepts The numerator x” + 1 has no real zeros, so the graph of h has no 
x-intercepts. Because h(0) = —0.5, h has the y-intercept (0, —0.5). 


Symmetry By applying the tests for symmetry, we can determine that the graph 
of h is not symmetric with respect to the origin or with respect to the y-axis. 


Additional points The intervals determined by the vertical asymptotes are 
(—0o, —2), (—2, 1), and (1,00). Plot a few points from each interval. 


5 3 1 | 05 | 2 | 3 4 
13 5 i ; | 3) 4) 2 
9 2 4 18 


The graph of / will intersect the horizontal asymptote y = | exactly once. This 
can be determined by solving the equation A(x) = 1. 


x +) 
Sie ee 
oe = 2D 
rtlaxrt+x-2 + Multiply both sides by x7 + x — 2. 
1l=x-2 


3=x (continued ) 
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The only solution is x = 3. Therefore, the graph of h intersects the horizontal 
asymptote at (3, 1). 


5. Behavior near asymptotes The manner in which h approaches its vertical asymptote 
x = —2asx—>-—2 can be determined by examining the numerator and the factors 
of the denominators as x > —2°. For instance, as x > —2”, the numerator x? + 1 
approaches (—2)? + 1 = 5 through positive values. As x > —2°, the (x + 2) 
factor in the denominator approaches 0 through negative values and the (x — 1) 
factor in the denominator approaches —3 through negative values. Thus, as x > —2 , 
the denominator of h approaches 0° (—3) = 0 through positive values. From this 
analysis, we see that as x > —2°, the quotient of the numerator and the denomina- 
tor will be positive, and it will become larger and larger as x — —2-. That is, 


h(x) > 00 asx > —-2- 


We could use a similiar analysis to determine the behavior of h as x > —2°*. 
However, the Behavior Near a Vertical Asymptote Theorem indicates that h 
approaches ©° on one side of the vertical asymptote x = —2, and h approaches 
—oo on the other side. Thus we know that 


h(x) > —00 asx —> —2* 
A similar analysis can be used to show that 
A(x) > -CO asx 1 


h(x) > 00 asx 17 


6. Sketch the graph Use the summary in Table 3.4 to sketch the graph. See 


Figure 3.33. 
Table 3.4 
"Vertical l mY Horizontal 
asymptote 1 x= —2,x =] 4 asymptote: 
a a | | ai | 
Horizontal Sa ae es OP en, Wee 
asymptote | yl (3, 1) 
x-intercepts | None -4 2 4 o 
y-intercept | (0, —0.5) Vertical Vertical 
t asymptote: asymptote: 
Additional (—5, 1.4), (3, 2.5), x=-2 eal 
points (=1.-1),05,-1), 
(2, 1.25), (3, 1), 
Caen Figure 3.33 


@ Try Exercise 38, page 321 


® Slant Asymptotes 


Some rational functions have an asymptote that is neither vertical nor horizontal but slanted. 


Definition of a Slant Asymptote 


The line given by y = mx + b,m # 0, is a slant asymptote of the graph of a 
function F provided F(x) > mx + bas x— Co orx—>-—00, 


— 2x3 4+ 5x2 41 
f= x24+x4+3 
Figure 3.34 
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The following theorem can be used to determine which rational functions have a slant 
asymptote. 


Theorem on Slant Asymptotes 


The rational function given by F(x) = P(x)/O(x), where P(x) and Q(x) have no 


common factors, has a slant asymptote if the degree of P(x) is one greater than the 
degree of O(x). 


To find the slant asymptote, divide P(x) by Q(x) and write F(x) in the form 


5 a. TQ) 
F(x) = On) = (mx + b) + O(n) 
where the degree of r(x) is less than the degree of O(x). Because 
a —>0 as x— +00 


we know that F(x) > mx + basx— +00, 
The line represented by y = mx + bis the slant asymptote of the graph of F. 


EXAMPLE 5 _ Find the Slant Asymptote of a Rational Function 


2x + 5x7 +1 
vetxt3 0 


Find the slant asymptote of f(x) = 


Solution 
Because the degree of the numerator 2x? + 5x? + 1 is exactly one larger than the 
degree of the denominator x” + x + 3 and fis in simplest form, fhas a slant asymp- 
tote. To find the asymptote, divide 2x? + 5x7 + 1 by x? + x + 3. 

2x + 3 


etx t+ 3)2x? + 5x2 + 0x +1 
2x? + 2x? + 6x 


3x? — 6x + 1 
3x7 + 3x + 9 
—9x — 8 
Therefore, 
2x3 + 5x7 + 1 9x — 8 
a =2x+3+ 
fe) wyr+xt3 xwr+x4t3 


and the line given by y = 2x + 3 is the slant asymptote for the graph of f Figure 3.34 
shows the graph of f and its slant asymptote. 


@ Try Exercise 44, page 321 


The function f in Example 5 does not have a vertical asymptote because the denomi- 
nator x? + x + 3 does not have any real zeros. However, the function 
2x? — 4x + 5 


= 
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va Vertical has both a slant asymptote and a vertical asymptote. The vertical asymptote is x = 3, and 
10+ ae the slant asymptote is y = —2x — 2. Figure 3.35 shows the graph of g and its asymptotes. 

= +++ li Graphing Rational Functions That Have a Common Factor 
-10 | a's pag If a rational function has a numerator and denominator that have a common factor, then 
hig you should reduce the rational function to simplest form before you apply the general pro- 


cedure for sketching the graph of a rational function. 


eo) = 2a Ae EXAMPLE 6 Graph a Rational Function That Has a Common Factor 
3=% 
2 
F —3x-4 
Figure 3.35 Sketch the graph of ee 
ai Fe) x? — 6x + 8 
Solution 


Factor the numerator and denominator to obtain 


x? — 3x -4 x + 1l)x -4 
fot) = x#2,x #4 
Thus for all x values other than x = 4, the graph of fis the same as the graph of 
Gx) = xt+1 
x= 2 


Figure 3.23 on page 307 shows a graph of G. The graph of f will be the same as this 
graph, except that it will have an open circle at (4, 2.5) to indicate that it is undefined 
at x = 4. See the graph of f in Figure 3.36. The height of the open circle was found by 


. . : ; xe 1 
od evaluating the resulting reduced rational function G(x) = —— 5 atx = 4, 
f(x)= — x 

x*- 6x +8 P 

@ Try Exercise 62, page 321 
Figure 3.36 

xr —x-—6 : 
Question @ Does F(x) = ; have a vertical asymptote at x = 3? 
a 


® Applications of Rational Functions 


EXAMPLE 7 _ Determine the Average Speed for a Trip 


Jordan averages 30 miles per hour during 12 miles of city driving. For the remain- 
der of the trip, she drives on a highway at a constant rate of 60 miles per hour. Her 
average speed for the entire trip is given by 


12 7EX 
s(x) = 5 i 


Te 
5 60 


where x is the number of miles she drives on the highway. 


2 
—-x-6 x — 3)\(x + 2 2 5 
Answer ® No. F(x) 7 * ¢ ut mes »x #3.Asx—3, Fa). 
x2 - 9 (= 3)G054,3) 3h 3 6 
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a. How far will she need to drive on the highway to bring her average speed for 
the entire trip up to 50 miles per hour? 


b. Determine the horizontal asymptote of the graph of s, and explain the meaning 
of the horizontal asymptote in the context of this application. 


Algebraic Solution Visualize the Solution 
12+x a. 


The following graph shows that 


a. oa i = 50 * Set s(x) equal to 50. 6) = 50-whenx = 48, 
5 60 80 
2 1 2 1 Yi=(l2+X)/[2/5+1/60X) 
— — + = ri ‘4 iH nas meal : 
2W+x so( 5 60 *) Multiply each side by (2 a *) 


5 
12+%x=20+ =e ¢ Simplify. 


¢ Solve for x. 


5 
easel Te 


1 Figure 3.37 


x = 48 


Jordan needs to drive 48 miles at 60 miles per hour to bring her average speed 
up to 50 miles per hour. See Figure 3.37. 


The numerator and denominator of s are both of degree |. The leading coeffi- 
cient of the numerator is 1, and the leading coefficient of the denominator is 
1/60. Thus the graph of s has a horizontal asymptote of 


b. The graphs of s and y = 60 are 


shown in the same window. 


80 


1 


The horizontal asymptote of the graph of s is the line y = 60. As Jordan con- 
tinues to drive at 60 miles per hour, her average speed for the entire trip will 
approach 60 miles per hour. See Figure 3.38. 


= 60 


Figure 3.38 
@ Try Exercise 68, page 322 


EXAMPLE 8 Solve an Application 


E A cylindrical soft drink can is to be constructed so that it 
will have a volume of 21.6 cubic inches. See Figure 3.39. 


a. Write the total surface area A of the can as a function of 
r, where r is the radius of the can in inches. 


b. Use a graphing utility to estimate the value of r (to the 
nearest tenth of an inch) that produces the minimum 
surface area. 


Figure 3.39 


(continued ) 
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= Integrating Technology [impagmbical 

| a. The formula for the volume of a cylinder is V = arh, where r is the radius and h 
A Web applet is available to is the height. Because we are given that the volume is 21.6 cubic inches, we have 
explore the relationship between 
the radius of a cylinder with a 
given volume and the surface 
area of the cylinder. This applet, Tr 
CYLINDER, can be found at 
http://www.cengage.com/math/ 


21.6 = ar*h 


21.6 


7 = h * Solve for h. 


The surface area of the cylinder is given by 


aufmann/algtrig7e. A = 2ar? + 2arh 
. 21.6 
A=2rr + 27r ; * Substitute for h. 
100 Tr 
2(21.6 
A =2ar? + 20h) * Simplify. 
r 
2ar? + 43.2 
hea Eee (1) 


r 


(aS SSS: b. Use Equation (1) with y = A and x = rand a graphing utility to determine that 4 


is aminimum when 7 ~ 1.5 inches. See Figure 3.40. 


= nx? + 43.2 
a @ Try Exercise 72, page 322 
Figure 3.40 
In Exercises 1 to 8, determine the domain of the rational 13. FS 5x2 — 3 14. Fe) 5x 
H a x 5 x)= 
function. 4x3 — 25x2 + 6x x4 - 81 
1 2 
1. F(x) =: 2. F(x) = fae 
i . In Exercises 15 to 20, find the horizontal asymptote of 
2 ; each rational function. 
x = 3 x + 4 
3. Fa) => 4. Fx) => 4x? + 1 
xt 1 Ke D5 15. FQ) = > 
XO sh ee fl 
2S 1 3% = 2 
5. F(x) = —————___ 6. Fx) = ——~_+~_ 3x3 — 29x? + Sx — 11 
ay? — 15x + 18 4x? — 27x + 18 m16. F(x) F ; 
= 2 eT 
ae a 15,000x3 + 500x — 2000 
7. FR) = SG - 8. F(x) = 5 17. F(x) - 
x — 4x" — 12x x5 700 + 500x? 


25 
18. F(x) = cooo( 1 - :) 
In Exercises 9 to 14, find all vertical asymptotes of each (x + 5) 


rational function. 


4x? — lIx + 6 
68 2x - 1 10. 3x? + 5 19. Fx) = ————— 
é = | 5 = 
®) x? + 3x @) x 4 A-x+ax 
x? +11 3x — 5 2x — 3)\(3x + 4 
11. FQ) = —— 12. F(x) = 20. F(x) = ( i ) 


6x? — 5x — 4 x — 8 (1 — 2x)(3 — 5x) 


In Exercises 21 to 42, determine the vertical and 
horizontal asymptotes and sketch the graph of the 
rational function F. Label all intercepts and asymptotes. 


1 1 
922. F(x) = 


21. F(x) = 


x+4 = 
23 ego 24. F(x) = = 
aes — 3 eae x+2 

=A 
25. F(x) = — 26. F(x) = — 
x 

27. F(x) = — 28. F(x) = — 
EON eed y= 2 

x+4 x + 3 
29. F(x) = 30. F(x) = 

22x l 3% 
31. F(x) : 32. F(x) ae 
‘ pS teed ei xy = 

x7 - 9 x? — 4 
33. F(x) : 34. F(x) : 
a ©, 5) eae i xy 

x? + 2x —3 x? — 2x — 8 
35. F(x) x 36. F(x) 2x? 
s x)= la xy 

x + 4x +4 aoe 
37. Fo) = —° 138. F(x) - 
3 9) ato A x) = 

+2 x? — 6x + 9 
39. F(x) an 2 40. F(x) Gi = 5 
L(x). = . Fx) = ——— 

x 9 2x? + 6 

xr+xt4 2x* — 14 
Al. F(x) = ————— 42. F(x) = 

x7 4+2x-1 x — 6x + 5 


In Exercises 43 to 48, find the slant asymptote of each 
rational function. 


ag ae 1 

ee 
x+ 4 
x3 — 2x7 + 3x44 
044, F(x) = 
x? -— 3x45 

e- 

45. F(x) = — 
x 

4000 + 20x + 0.0001x? 

46. F(x) = * * 


x 
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—4x? + 15x + 18 


47. F(x) = - 
= 


48. F(x) = 


In Exercises 49 to 58, determine the vertical and slant 
asymptotes and sketch the graph of the rational function F. 


7-4 x? + 10 
49. F(x) = 50. F(x) = ——— 
x 2x 
x? —3x-4 x7 — 4x —5 
51. F(x) = 52. F(x) = ————— 
x+3 2x +5 
2x? + 5x + 3 4x? — 9 
53. F(x) = 54. F(x) = 
x—-—4 Kae 3 
x? = 1X x? wr x. 
55. F(x) = 56. F(x) = 
© a ae x—1 
e+] e- 1 
57. FQ => 58. F(x) = 5 
xo = 4 3x 


In Exercises 59 to 66, sketch the graph of the rational 


function F. 
vtx x? — 3x 
59. F(x) = 60. F(x) = ——— 
+ 1 = 3 
2x3 + 4x? x>—x- 12 
61. F(x) = ———_ 262. F(x) = ——— 
2x+4 x? — 2x — 8 
—2x3 + 6x x3 + 3x? 
63. F(x) = 64. F(x) = ——— 
2x? — 6x x(x + 3)@ — 1) 
x? — 3x — 10 xr +x-3 
65. F(x) = ——_ 66. F(x) = ———— 
+ 4x44 x? —2x +1 


67. Electrical Current A variable resistor, an ammeter, and 
a 9-volt battery are connected as shown in the following 
diagram. 


Variable resistor 


9-V 
battery “7 


Ammeter 


The internal resistance of the ammeter is 4.5 ohms. The current 
I, in amperes, through the ammeter is given by 


9 
x + 45 


where x is the resistance, in ohms, provided by the variable 
resistor. 


I(x) = 


322 


268. 


69. 


70. 
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a. Find the current through the ammeter when the variable 
resistor has a resistance of 3 ohms. 


b. Determine the resistance of the variable resistor when the 
current through the ammeter is 0.24 amperes. 


c. Determine the horizontal asymptote of the graph of /, and 
explain the meaning of the horizontal asymptote in the con- 


text of this application. 
ie Average Speed During the first 30 miles of city driving, 
you average 40 miles per hour. For the remainder of the 
trip, you drive on a highway at a constant rate of 70 miles per 
hour. Your average speed for the entire trip is given by 


30 + x 
1 
—rx 
70 


r(x) = 
+ 


|W 


where x is the number of miles you have driven on the highway. 


a. How far will you need to drive on the highway to bring your 
average speed up to 60 miles per hour? 


b. Determine the horizontal asymptote of the graph of r, and 
write a sentence that explains the meaning of the horizontal 
asymptote in the context of this application. 


40 


Average Cost of Golf Balls The cost, in dollars, of 
producing x golf balls is given by 


C(x) = 0.43x + 76,000 
The average cost per golf ball is given by 
C(x) _ 0.43x + 76,000 


x 


C(x) = 


a. Find the average cost per golf ball of producing 1000, 
10,000, and 100,000 golf balls. 


b. What is the equation of the horizontal asymptote of the graph 
of C? Explain the significance of the horizontal asymptote 
as it relates to this application. 


es Average Cost of DVD Players The cost, in dollars, of 
* producing x DVD players is given by 


C(x) = 0.001x? + 54x + 175,000 
The average cost per DVD player is given by 
0.001x* + 54x + 175,000 


x 


C(x) ae 


a. Find the average cost per DVD player of producing 1000, 
10,000, and 100,000 DVD players. 


b. What is the minimum average cost per DVD player? How 
many DVD players should be produced to minimize the 
average cost per DVD player? 


71. 


072. 


73. 


74. 


75. 


) Desalinization The cost C, in dollars, to remove p% of 
* the salt in a tank of seawater is given by 


2000p 
C(p) = 1 


es ey! 2 100) 
00 — p . 


a. Find the cost of removing 40% of the salt. 
b. Find the cost of removing 80% of the salt. 
c. Sketch the graph of C. 


es Production Costs The cost, in dollars, of producing x 
* cell phones is given by 


C(x) = 0.0006x? + 9x + 401,000 


The average cost per cell phone is 


_ C(x) —0.0006x” + 9x + 401,000 
C(x) = = 
x 


x 


a. Find the average cost per cell phone when 1000, 10,000, and 
100,000 phones are produced. 


b. What is the minimum average cost per cell phone? How 
many cell phones should be produced to minimize the aver- 
age cost per phone? 


f= A Sales Model A music company expects that the monthly 
* sales S, in thousands, of a new music CD it has produced 
will be closely approximated by 


150t 

Ss) = ———— 
1.517 + 80 

where ¢ is the number of months after the CD is released. 


a. Find the monthly sales the company expects for ¢ = 2,4, and 
10 months. Round to the nearest 100 CDs. 


b. Use S to predict the month in which sales are expected to 
reach a maximum. 


c. What does the company expect the monthly sales will 
approach as the years go by? 


Medication Model The rational function 


0.5t + 400 


M(t) = 
0.0477 + 1 


models the number of milligrams of medication in the blood- 
stream of a patient ¢ hours after 400 milligrams of the medica- 
tion have been injected into the patient’s bloodstream. 


a. Find M(5) and (10). Round to the nearest milligram. 


b. What will M approach as t— co? 


ea Minimizing Surface Area A cylindrical soft drink can is 
* to be made so that it will have a volume of 354 milliliters. 


If 7 is the radius of the can in centimeters, then the total surface 
area A in square centimeters of the can is given by the rational 
function 
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One resistor has a resistance of R; ohms, and the other has a 
resistance of R, ohms. The total resistance for the circuit, 
measured in ohms, is given by the formula 


2ar? + 708 


RR 
5 a Rr 1X2 


Rt Ry 

Assume that R, has a fixed resistance of 10 ohms. 

a. Compute R; for R, = 2 ohms and for R, = 20 ohms. 
b. Find Ry when Rr = 6 ohms. 

c. What happens to Rr as Ry > 00? 


77. Determine the point at which the graph of 


2x7 + 3x44 


a. Graph A and use the graph to estimate (to the nearest tenth F(x) = 
xt ae + 7 


of a centimeter) the value of r that produces the minimum 


value of A. intersects its horizontal asymptote. 


b. Does the graph of A have a slant asymptote? 


In Exercises 78 to 80, create a rational function whose 


c. Explain the meaning of the following statement as it 
graph has the given characteristics. 


applies to the graph of A. 


Has a vertical asymptote at x = 2, has a horizontal asymptote 
at y = 5, and intersects the x-axis at (4, 0) 


Asr—> ©, A> 27’. 78. 


76. Resistors in Parallel The electronic circuit below shows two 
resistors connected in parallel. 79. Is symmetric to the y-axis, has vertical asymptotes at x = 3 
and x = —3, has a horizontal asymptote at y = 2, and passes 
R, ae : 
through the origin 
. Has a vertical asymptote at x = 5, has y = x — 3 as slant 
| asymptote, and intersects the x-axis at (4, 0) 


| Exploring Concepts with Technology 


Finding Zeros of a Polynomial Using Mathematica 


Computer algebra systems (CAS) are computer programs that are used to solve equa- 
tions, graph functions, simplify algebraic expressions, and help us perform many other 
mathematical tasks. In this exploration, we will demonstrate how to use one of these 
programs, Mathematica, to find the zeros of a polynomial function. 

Recall that a zero of a function P is a number x for which P(x) = 0. The idea 
behind finding a zero of a polynomial function by using a CAS is to solve the polyno- 
mial equation P(x) = 0 for x. 

Two commands in Mathematica that can be used to solve an equation are Salve 
and NSolve. (Mathematica is sensitive about syntax, or the way in which an expression 
is typed. You must use uppercase and lowercase letters as we indicate.) Solve will 
attempt to find an exact solution of the equation; NSolve will attempt to find approx- 
imate solutions. Here are some examples. 

To find the exact values of the zeros of P(x) = x° + 5x” + 11x + 15, input the 
following. (Note: The two equals signs are necessary.) 


Solve[k‘3+5x42+11x+15==0) 


(continued ) 
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Press | Enter |. The result should be 
{{x->-3}, {x->-l-2 I}, {x->-1+2 DT} 


Thus the three zeros of P are —3, —1 — 2i, and —1 + 2i. 
To find the approximate values of the zeros of P(x) = x* — 3x? + 4x? + x — 4, 
input the following. 


NSolve[x44-3x434+4x42+x-Y==0) 
Press | Enter |. The result should be 


{{x->-0.821746}, {x->1.2326}, {x->1.29457-1.50771 D, 
{x->1.29457+1.50771 I} 
The four zeros are (approximately) —0.821746, 1.2326, 1.29457 — 1.50771i, and 
1.29457 + 1.50771i. 
Not all polynomial equations can be solved exactly. This means that Salve will not 

always give solutions with Mathematica. Consider the two examples below. 

Input NSolve[x45-3x43+2x*2-5==0] 

Output = ({x->-1.80492}, {x->-1.12491}, {x->0.620319-1.03589 1}, 

{x->0.620319+1.03589 J}, {x->1.68919}} 


These are the approximate zeros of the polynomial. 
Input Solve[x45-3x43+ex42e-5==0] 
Output {ToRules[Roots[2x°-3x?+x°==5]]} 

In this case, no exact solution could be found. In general, there are no formulas 
(like the quadratic formula) that yield exact solutions for fifth-degree (or higher) poly- 
nomial equations. 

Use Mathematica (or another CAS) to find the zeros of each of the following poly- 
nomial functions. 

1. P(x) = x4 - 3x7 +x -5 2. P(x) = 3x7 — 4x7 +x - 3 
3. P(x) = 4x° — 3x? + 2x7 -— x +2 4, P(x) = —3x* — 6x7 + 2x — 8 


CHAPTER 3 TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


3.1 Remainder Theorem and Factor Theorem 


= Synthetic division Synthetic division is a procedure that can be used to See Example 2, page 263, and then try 
expedite the division of a polynomial by a binomial of the form x — c. Exercises | and 2, page 328. 


= Remainder Theorem Ifa polynomial P(x) is divided by x — c, then the See Example 3, page 265, and then try 
remainder equals P(c). Exercises 3 and 5, page 328. 


= Factor Theorem A polynomial P(x) has a factor (x — c) if and only if See Example 4, page 266, and then try 
P(c)=0. Exercises 11 and 12, page 328. 
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3.2 Polynomial Functions of Higher Degree 


Leading Term Test The far-left and far-right behavior of the graph of 
a polynomial function P can be determined by examining its leading 
term, a,x”. 


If a, > 0 and n is even, then the graph of P goes up to the far left and 
up to the far right. 


If a, > 0 and n is odd, then the graph of P goes down to the far left 
and up to the far right. 


If a, < 0 and n is even, then the graph of P goes down to the far left 
and down to the far right. 


If a, < 0 and n is odd, then the graph of P goes up to the far left and 
down to the far right. 


See Example |, page 272, and then try 
Exercises 13 and 14, page 329. 


Definition of Relative Minimum and Relative Maximum If there is 
an open interval / containing c on which 


° f(c) = f(x) for all x in J, then f(c) is a relative minimum of f- 


° f(c) = f(x) for all x in J, then f(c) is a relative maximum of f- 


See the Integrating Technology feature, 
page 274, and then try Exercises 15 and 16, 


page 329. 


Intermediate Value Theorem If P is a polynomial function and 
P(a) # P(b) for a< b, then P takes on every value between P(a) and 
P(b) in the interval [a, 5]. 

The following statement is a special case of the Intermediate Value 
Theorem. If P(a) and P(b) have opposite signs, then you can conclude 
by the Intermediate Value Theorem that P has a zero between a and b. 


See Example 4, page 277, and then try 


Exercises 17 and 18, page 329. 


Even and Odd Powers of (x — c) Theorem If c is a real number and the 
polynomial function P has (x — c) as a factor exactly k times, then the 
graph of P will intersect but not cross the x-axis at (c, 0), provided k is an 
even positive integer, and the graph of P will cross the x-axis at (c, 0), 
provided k is an odd positive integer. 


See Example 5, page 279, and then try 
Exercises 19 and 20, page 329. 


Procedure for Graphing Polynomial Functions 
To graph a polynomial function P 


1. Examine the leading coefficient of P to determine the far-left and 
far-right behavior of the graph. 


2. Find the y-intercept by evaluating P(0). 


3. Find the x-intercept(s). If (x — c), where c is a real number, is a factor 
of P, then (c, 0) is an x-intercept of the graph. Use the Even and Odd 
Powers of (x — c) Theorem to determine where the graph crosses the 
x-axis and where the graph intersects but does not cross the x-axis. 


4. Find additional points on the graph. 

5. Check for symmetry with respect to the y-axis and with respect to the 
origin. 

6. Use all of the information obtained to sketch the graph. The graph 
should be a smooth, continuous curve that passes through the points 


determined in steps 2 through 4. The graph should have a maximum of 
n— | turning points. 


See Example 6, page 280, and then try 
Exercises 22 and 25, page 329. 
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3.3 Zeros of Polynomial Functions 


Rational Zero Theorem If P(x) = a,x" + a,—yx" | +--+ + ayx + ag See Example |, page 288, and then try 
a Exercises 27 and 29, page 329. 
has integer coefficients (a, # 0) and f is a rational zero (in simplest form) ae 
of P then p is a factor of the constant term ap and q is a factor of the 
leading coefficient a,,. 


= Descartes’ Rule of Signs Let P be a polynomial function with real See Example 3, page 291, and then try 
coefficients and with the terms arranged in order of decreasing powers of x. | Exercises 33 and 36, page 329. 


The number of positive real zeros of P is equal to the number of 
variations in sign of P(x) or to that number decreased by an even 
integer. 


The number of negative real zeros of P is equal to the number of 
variations in sign of P(—x) or to that number decreased by an even 


integer. 
= Guidelines for Finding the Zeros of a Polynomial Function with See Example 4, page 292, and then try 
Integer Coefficients Exercises 37 and 39, page 329. 


1. Determine the degree of the function. The number of distinct zeros of 
the polynomial function is at most n. Apply Descartes’ Rule of Signs 
to find the possible number of positive zeros and the possible number 
of negative zeros. 


2. Apply the Rational Zero Theorem to list rational numbers that are 
possible zeros. Use synthetic division to test numbers in your list. If you 
find an upper bound or lower bound, then eliminate from your list any 
number that is greater than the upper bound or less than the lower bound. 


3. Work with the reduced polynomial. 


¢ If the reduced polynomial is of degree 2, find its zeros either by 
factoring or by applying the quadratic formula. 


¢ If the degree of the reduced polynomial is 3 or greater, repeat the 
preceding steps for this reduced polynomial. 


3.4 Fundamental Theorem of Algebra 


= Fundamental Theorem of Algebra If P is a polynomial function See Example 1, page 300, and then try 

of degree n = 1 with complex coefficients, then P has at least one Exercises 43 and 44, page 329. 

complex zero. 

The Fundamental Theorem of Algebra can be used to establish the 

following theorem. 

¢ Linear Factor Theorem If P is a polynomial function of degree 
n = | with leading coefficient a, # 0, then P has exactly n linear 
factors and can be written as 


P(X) = g(x — Cy )(X — €y)++* (% — Cy) 


where Cj, C2,...,C, are complex numbers. 


The Linear Factor Theorem can be used to establish the following 
theorem. 
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| ¢ Number of Zeros of a Polynomial Function Theorem If P is a 
polynomial function of degree n = 1, then P has exactly n complex 
zeros, provided each zero is counted according to its multiplicity. 


= Conjugate Pair Theorem Ifa + bi(b # 0) is a complex zero of a | See Example 3, page 302, and then try 
polynomial function with real coefficients, then the conjugate a — bi Exercises 45 and 46, page 329. 
is also a complex zero of the polynomial function. 


= Finding a Polynomial Function with Given Zeros If c,,c2,...,c, are See Example 5 page 304, and then try 
given as zeros, then the product (x — c,)(x — c)++*(« — c,) yields a Exercises 49 and 50, page 329. 
polynomial function that has the given zeros. 


3.5 Graphs of Rational Functions and Their Applications 


m= Vertical Asymptotes See Example 1, page 310, and then try 
¢ Definition of a Vertical Asymptote The line given by x =a isa Exercises 53 and 54, page 330. 
vertical asymptote of the graph of a function F’, provided F(x) > co 
or F(x) — —©o as x approaches a from either the left or the right. 
¢ Theorem on Vertical Asymptotes If the real number a is a zero of the 
denominator Q(x), then the graph of F(x) = P(x)/Q(x), where P(x) 
and Q(x) have no common factors, has the vertical asymptote x = a. 


= Horizontal Asymptotes See Example 2, page 312, and then try 


¢ Definition of a Horizontal Asymptote The line given by y= b is a Exercises 55 and 56, page 330. 
horizontal asymptote of the graph of a function F,, provided F(x) — b 
as x > 0O or x > — OO” 


Theorem on Horizontal Asymptotes See the Theorem on Horizontal 
Asymptotes on page 312. The method used to determine the horizontal 
asymptote of a rational function depends upon the relationship between 
the degree of the numerator and the degree of the denominator of the 
rational function. 


m= Slant Asymptotes See Example 5, page 317, and then try 
¢ Definition of a Slant Asymptote The line given by y = mx + 5, Exercises 57 and 58, page 330. 

m # 0, is a slant asymptote of the graph of a function F’, provided 

F(x) > mx + basx—> © orx 7-0,” 

Theorem on Slant Asymptotes The rational function F(x) = P(x)/O(x), 

where P(x) and O(x) have no common factors, has a slant asymptote if 

the degree of P(x) is one greater than the degree of O(x). The equation of 

the asymptote can be determined by setting y equal to the quotient of 


P(x) divided by O(x). 
= General Procedure for Graphing Rational Functions That Have See Examples 3 and 4, pages 314 and 315, 
No Common Factors and then try Exercises 60, 63, and 65, 
To graph a rational function F page 330. 


1. Find the real zeros of the denominator. For each real zero a, the 
vertical line x = a will be a vertical asymptote. Use the Theorem on 
Horizontal Asymptotes and the Theorem on Slant Asymptotes to 
determine whether F has a horizontal asymptote or a slant asymptote. 
Use dashed lines to graph all asymptotes. 
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2. Find the real zeros of the numerator. For each real zero c, plot (c, 0). 
These are the x-intercepts. The y-intercept of the graph is the point 
(0, F(0)), provided F(0) is a real number. 


3. Use the tests for symmetry to determine whether the graph has 
symmetry with respect to the y-axis or with respect to the origin. 


4. Find and plot additional points that lie in the intervals between and 
beyond the vertical asymptotes and the x-intercepts. 


5. Determine the behavior of the graph near asymptotes. 


6. Use all of the information obtained in steps 1 through 5 to sketch 


the graph. 
= General Procedure for Graphing Rational Functions That Have a See Example 6, page 318, and then try 
Common Linear Factor Exercise 61, page 330. 


To graph a rational function F that has a numerator and a denominator 
with (x — a) as a common factor 


1. Reduce the rational function to simplest form. Then use the general 
procedure for graphing rational functions that have no common 
factors. 


2. If the reduced rational function does not have (x — a) as a factor of the 
denominator, then the graph produced in step | is the graph of F 
provided you place an open circle on the graph at x = a. The height of 
the open circle can be determined by evaluating the reduced rational 
function at x = a. 

If (x — a) is a factor of the denominator of the reduced rational 
function, then the graph produced in step 1 is the graph of F and it will 
have a vertical asymptote at x =a. 
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In Exercises 1 and 2, use synthetic division to divide the In Exercises 7 to 10, use synthetic division to show that 
first polynomial by the second. cis a zero of the given polynomial function. 

1. 4x? — 11x? + Sx — 2, x —3 7. P(x) = x3 + 2x? — 26x + 33, ¢ =3 

2. x4 + 9x3 + 6x? — 65x — 63, x +7 8. P(x) = 2x4 + 8x3 — 8x7 — 3lx + 4, 4 


9. P(x) = xP — xt - 2x? + e411, c= 1 
In Exercises 3 to 6, use the Remainder Theorem to 


find P(c). ; : 1 
3. P(x) _ x3 2x2 5x 4 1, c=4 10. P(x) = 2x° + 3x 8x 4 35 c= 2 
4. P(x) = —4x7 - 10x + 8, c=-1 In Exercises 11 and 12, use the Factor Theorem to 
determine whether the given binomial is a factor of P. 
5. P(x) = 6x4 — 12x7 + Bk +1, 2 11. P(x) = x3 — 11x? + 39x — 45, (x — 5) 


6. P(x) = 5x° — 8x4 + 2x3 — 6x7 - 9, c =3 12. P(x) = 2x4 — 11x? + 11x? — 33x + 15, (x + 2) 


In Exercises 13 and 14, determine the far-left and the 
far-right behavior of the graph of the function. 


13. P(x) = —2x3 — 5x? + 6x — 3 


14. P(x) x4 + 3x3 — 2x? +x — 5 


In Exercises 15 and 16, use the maximum and minimum 


~* features of a graphing utility to estimate, to the 
nearest thousandth, the x and y coordinates of the points 
where P has a relative maximum or a relative minimum. 


15. P(x) = 2x3 — x7 - 3x41 


16. P(x) =xt- 2x7 +x4+1 


In Exercises 17 and 18, use the Intermediate Value 
Theorem to verify that P has a zero between a and b. 


17. P(x) = 3x9 — 7x? — 3x + 7;a = 2,b = 3 


18. P(x) = 3x4 — 5x° — 6x? — 10x — 24; a4 2,b 1 


In Exercises 19 and 20, determine the x-intercepts of the 
graph of P. For each x-intercept, use the Even and Odd 
Powers of (x — c) Theorem to determine whether the 
graph of P crosses the x-axis or intersects but does not 
cross the x-axis. 


19. P(x) = (x + 3)(x — 5)? 


20. P(x) = (x — 4)4@ + 1) 


In Exercises 21 to 26, graph the polynomial function. 
21. P(x) = x3 — x 


22. P(x) = —x3 — x7 + 8x + 12 
23. P(x) = x1 - 6 24. P(x) =x - x 


25. P(x) = x*— 10x? + 9 26. P(x) = x — 5x3 


In Exercises 27 to 32, use the Rational Zero Theorem to list 
all possible rational zeros for each polynomial function. 


27. P(x) = x3 — Ix — 6 


28. P(x) 


29. P(x) = 15x? — 91x? + 4x + 12 


30. P(x) = x* — 12x° + 52x? — 96x + 64 
31. Px) =x t+x?-x-1 


32. P(x) = 6x° + 3x — 2 
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In Exercises 33 to 36, use Descartes’ Rule of Signs to 
state the number of possible positive and negative real 
zeros of each polynomial function. 


33. P(x) =x + 3x7 + x43 


34, P(x) = x* — 6x3 — 5x7 + 74x — 120 
35. P(x) =xt-x-1 


36. Pix) =x — 4x4 4+ 2x7 - x? +x -8 


In Exercises 37 to 42, find the zeros of the polynomial 
function. 


37. P(x) = x° + 6x? + 3x — 10 


38. P(x) = x° — 10x? + 31x — 30 


39, P(x) = 6x* + 35x + 72x? + 60x + 16 


AO. P(x) = 2x* + 7x3 + 5x7 + Tx + 3 


Al. P(x) = x4 — 4x9 + 6x? -— 4x + 1 


42. P(x) = 2x3 — 7x? + 22x + 13 


In Exercises 43 and 44, find all the zeros of P and write P as 
a product of its leading coefficient and its linear factors. 


43. P(x) = 2x4 — 9x7 + 22x? — 29x + 10 


44. P(x) = x* — 6x? + 21x? — 46x + 30 


In Exercises 45 and 46, use the given zero to find the 
remaining zeros of each polynomial function. 


45. P(x) = x4 — 4x° + 6x? — 4x — 15; 1 - 2i 


46. P(x) = x4 — x3 — 17x? + 55x — 50; 24+ i 


In Exercises 47 to 50, find the requested polynomial 
function. 


47. Find a third-degree polynomial function with integer 


1 
coefficients and zeros of 4, —3, and re 


48. Find a fourth-degree polynomial function with zeros of 2, —3, 
i, and —i. 


49. Find a fourth-degree polynomial function with real coeffi- 
cients that has zeros of 1, 2, and 5i. 


50. Find a fourth-degree polynomial function with real coefficients 
that has —2 as a zero of multiplicity 2 and has 1 + 3i asa zero. 
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In Exercises 51 and 52, determine the domain of the 
rational function. 


x 3x7 + 2x — 5 


51. F(x) = 52. F(x) = 
) +7 t 6x" — 25x + 4 


In Exercises 53 and 54, determine the vertical asymptotes 
for the graph of each rational function. 
y= = 5 
53. f(x) = =—>——— 54. fx) = ; 
yee: 


eS eS 1D 


In Exercises 55 and 56, determine the horizontal 
asymptote for the graph of each rational function. 


3x7 — x x7 -—2 
55. f(x) = 7, 56. f(x) = Wi ed 
eS x x 


In Exercises 57 and 58, determine the slant asymptote for 
the graph of each rational function. 
2x3 — 3x7 —x 45 


3x? + 7 
57. f(x) Fr aera 58. f(x) = rae 


In Exercises 59 to 66, graph each rational function. 


-2 +4 
Ce ee 60. f(x) == 
x= 2 
12x — 24 4x? 
61. f(x) = ——— 62. f(x) = 
Fe) x2 - 4 Fe) +1 
2x3 — 4x + 6 x 
63. f(x) = = 64. f(x) = 
a =a / yo 
3x? — 6 — +6 
65. jG) =—, 66. {@) =—,— 
x7 — 9 x 


67. Average Cost of Skateboards The cost, in dollars, of pro- 
ducing x skateboards is given by 


C(x) = 5.75x + 34,200 
The average cost per skateboard is given by 


C(x) —5.75x + 34,200 


x 


C(x) = 


a. Find the average cost per skateboard, to the nearest cent, of 
producing 5000 and 50,000 skateboards. 


b. What is the equation of the horizontal asymptote of the graph 
of C? Explain the significance of the horizontal asymptote as 
it relates to this application. 


68. Food Temperature The temperature F, in degrees Fahrenheit, 
of a dessert placed in a freezer for ¢ hours is given by the 
rational function 

60 
F(t) = ————.,, t=0 
e+ 2t+1 


a. Find the temperature of the dessert after it has been in the 
freezer for 1 hour. 


b. What temperature will the dessert approach as t—> co? 


69. ea Motor Vehicle Thefts The following table lists the number 
* of motor vehicle thefts in the United States for each year 
from 1992 to 2007. 


U. S. Motor Vehicle Thefts, in thousands 


| Year Thefts | Year —s Thefts 


19921611 2000 1160 
1993 1563 2001 | 1228 
1994 1539 | 2002 1247 
1995 1472 2003 1261 
1996 1394 2004 1238 
1997 1354 2005 1236 
1998 1243 2006 1193 
1999 1152 2007 1096 


Source: Federal Bureau of Investigation. 
a. Find a cubic regression model for the data. Use x = 1 to rep- 


resent 1992 and x = 16 to represent 2007. 


b. Use the cubic model to predict the number of motor vehicle 
thefts for the year 2012. Round to the nearest thousand. 


c. Do you think the above prediction is reliable? 


70. Fa Physiology One of Poiseuille’s laws states that the resist- 
ance R encountered by blood flowing through a blood ves- 
sel is given by 


L 
R(r) = Cc] 
r 


where C is a positive constant determined by the viscosity of 
the blood, L is the length of the blood vessel, and r is its radius. 


—— 


I i -| 


a. Explain the meaning of R(r) > co asr— 0. 


b. Explain the meaning of R(r) > 0 as r—> 00, 


10. 


11. 


12. 


13. 


14. 


Use synthetic division to divide 
(3x3 + 5x? + 4x — 1) + (x + 2) 
Use the Remainder Theorem to find P(—2) if 


P(x) = —3x° + 7x? + 2x -— 5 


Use the Factor Theorem to show that x — 1 is a factor of 


xt — 4x3 + 7x7 — 6x +2 


Determine the far-left and far-right behavior of the graph of 
P(x) = —3x3 + 2x? — 5x + 2. 


Find the real zeros of P(x) = 3x° + 7x? — 6x. 


Use the Intermediate Value Theorem to verify that 
P(x) = 2x37 — 3x7 —x +1 


has a zero between | and 2. 


Find the zeros of 


P(x) = (x? 


42x — 3)(x + 1) 


and state the multiplicity of each. 
Use the Rational Zero Theorem to list the possible rational 
zeros of 


3x? + 2x — 3 


P(x) = 6x° 


Use Descartes’ Rule of Signs to state the number of possible 
positive and negative real zeros of 


P(x) = x4 — 3x3 + 2x? — 5x +1 
Find the zeros of P(x) = 2x? — 3x7 — llx + 6. 
Given that 2 + 3i is a zero of 
P(x) = 6x4 — 5x3 + 12x? + 207x + 130 
find the remaining zeros. 
Find all the zeros of 
P(x) = x° — 6x4 + 14x3 — 14x? + 5x 


Find a polynomial function of smallest degree that has real 
coefficients and zeros 1 + i, 3, and 0. 


Find the vertical asymptotes and the horizontal asymptotes of 
the graph of 
ae Sed 


f@) = x? — 5x + 6 


15 


16 


17 


18 
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. Graph: P(x) = x° — 6x7 + 9x + 1 
2 
x= 
. Graph: f(x) = =< 
ph: J) x? — 2x —3 
2x* + 2x +1 
. Graph: fe) = 2— = — 
x 
Burglaries The following table lists the number of 


4 burglaries in the United States for each year from 1992 
to 2007. 


U. S. Burglaries, in thousands 


1992 2980 2000 2051 
1993 2835 2001 2117 
1994 2713 2002 2151 
1995 2594 2003 2155 
1996 2506 2004 2144 
1997 2461 2005 2155 
1998 2333 2006 2184 
1999 2101 2007 2179 


Source: Federal Bureau of Investigation. 


19 


a. Find a quartic regression model for the data. Use x = 1 to 
represent 1992 and x = 16 to represent 2007. 


b. Use the quartic model to predict the number of burglaries in 
2010. Round to the nearest ten thousand. 


. Typing Speed The rational function 
70t + 120 
i) = ———_., t= 
We ea ag. ee 


models Rene’s typing speed, in words per minute, after ¢ hours 
of typing lessons. 


a. Find w(1), w(10), and w(20). Round to the nearest word per 
minute. 


b. How many hours of typing lessons will be needed before 
Rene can expect to type at 60 words per minute? 


c. What will Rene’s typing speed approach as t—> 00? 
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20. 


10. 


11. 


3+ 
. Write 


4 Maximizing Volume You are to construct an open box 
from a rectangular sheet of cardboard that measures 18 
inches by 25 inches. To assemble the box, you make the four 
cuts shown in the figure below and then fold on the dashed 
lines. What value of x (to the nearest 0.01 inch) will produce a 
box with maximum volume? What is the maximum volume (to 
the nearest 0.1 cubic inch)? 


a 25 in. -| 


CUMULATIVE REVIEW EXERCISES 


di. 
ina + bi form. 


. Use the quadratic formula to solve x* — x — 1 = 0. 

. Solve: V2x +5 —- Vx —1=2 

. Solve: |x — 3| = 11 

. Find the distance between the points (2, 5) and (7, —11). 


. Explain how to use the graph of y = x? to produce the graph 


ofy =(x — 2° +4. 


. Find the difference quotient for the function 


P(x) = x? — 2x - 3. 


. Given f(x) = 2x? + 5x — 3 and g(x) = 4x — 7, 


find (f° g)(a). 


. Given f(x) = x? — 2x + 7and g(x) = x7 — 3x — 4, 


find (f — g)(x). 


Use synthetic division to divide (4x4 — 2x? — 4x — 5) by 
(x + 2). 


Use the Remainder Theorem to find P(3) for 
P(x) = 2x4 — 3x7 + 4x - 6. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Determine the far-right behavior of the graph of 
P(x) = -3x4 — x? + 7x - 6. 


Determine the relative maximum of the polynomial function 
P(x) = —3x3 — x7 + 4x — 1. Round to the nearest ten- 
thousandth. 


Use the Rational Zero Theorem to list all possible rational 
zeros of P(x) = 3x4 — 4x3 — 11x? + l6x — 4. 


Use Descartes’ Rule of Signs to state the number of possible 
positive and negative real zeros of 


Pax) =e +x? + 2n4+4 
Find all zeros of P(x) = x° + x + 10. 


Find a polynomial function of smallest degree that has real 
coefficients and —2 and 3 + i as zeros. 


Write P(x) = x3 — 2x? + 9x — 18 asa product of linear factors. 


Determine the vertical and horizontal asymptotes of the 
4x? 


graph of F(x) = =———_.. 
KX = 6 


Find the equation of the slant asymptote for the graph of 
a ea 


FQ) = 
oa wr+4 


EXPONENTIAL AND 
CHAPTER 4 LOGARITHMIC FUNCTIONS 


4.1 Inverse Functions 


4.2 Exponential Functions 
and Their Applications 

4.3 Logarithmic Functions 
and Their Applications 

4.4 Properties of Logarithms 
and Logarithmic Scales 

4.5 Exponential and 
Logarithmic Equations 

4.6 Exponential Growth and 
Decay 

4.7 Modeling Data with 
Exponential and 
Logarithmic Functions 


Lori Adamski Peek/Getty Images 


Applications of Exponential 
and Logarithmic Functions 


Exponential and logarithmic functions are often used to model data and 
make predictions. For instance in Exercise 19, page 412, an exponential 
function is used to model the price of a lift ticket at a ski resort for recent 
years. The function is also used to predict the price of a lift ticket in 2014. 


Logarithmic functions canbe SP 
used to scale very large (or ci ROS pa 
very small) numbers so that 
they are easier to comprehend. 
In Exercise 67, page 379, a 
logarithmic function is used to 
determine the Richter scale 
magnitude of an earthquake. 


The photo to the right shows 
some of the damage caused by = : 
the San Francisco—Oakland earthquake, which struck during the pregame 
warm-up for the third game of the 1989 World Series. It was the first 
powerful earthquake in the United States to be broadcast live by a major 
television network. This earthquake measured 7.1 on the Richter scale and 
was responsible for 67 deaths. 


AP Photo/Paul Sakuma 
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SECTION 4.1 


Introduction to Inverse 
Functions 


Graphs of Inverse Functions 


Composition of a Function and 
Its Inverse 


Finding an Inverse Function 


Note 


In this section, our primary interest 
is finding the inverse of a function; 
however, we can also find the 
inverse of a relation. Recall that a 
relation ris any set of ordered 
pairs. The inverse of ris the set of 
ordered pairs formed by reversing 
the order of the coordinates of the 
ordered pairs in r. 


Inverse Functions 


® Introduction to Inverse Functions 


Consider the “doubling function” f(x) = 2x that doubles every input. Some of the ordered 
pairs of this function are 


{4 =§)3(— 1.5, —3).,C1,,2); (2.2), (7, 14} 


1 
Now consider the “halving function” g(x) = 3% that takes one-half of every input. Some of 


the ordered pairs of this function are 


{cs —4), (-3, —1.5), (2, 1), (2. >) (14, n} 


Observe that the ordered pairs of g are the ordered pairs of f with the order of the coordi- 
nates reversed. The following two examples illustrate this concept. 


1 
g(10) = 3 (10) =5 
Ordered pair: (10, 5) 
i 


f(5) = 2(5) = 10 
Ordered pair: (5, yp 


1 
g(2a) = 5 (2a) = a 


Ordered pair: Ca, a) 


f(a) = 2(a) = 2a 
Ordered pair: (a, a) 


The function g is said to be the inverse function of f. 


Definition of an Inverse Function 


If the ordered pairs of a function g are the ordered pairs of a function f with the 
order of the coordinates reversed, then g is the inverse function of / 


Consider a function f and its inverse function g. Because the ordered pairs of g are the 
ordered pairs of f with the order of the coordinates reversed, the domain of the inverse 
function g is the range of f, and the range of g is the domain of f- 

Not all functions have an inverse that is a function. Consider, for instance, the “square 
function” S(x) = x*. Some of the ordered pairs of S are 


{(~3, 9),(—1, 1), 0, 0), 1, 1), 3, 9), (5, 25)} 


If we reverse the coordinates of the ordered pairs, we have 


{(9, —3), 1, 1), 0, 0), 1, 1), 9, 3), (25, 5)} 


Figure 4.1 


Horizontal Line Test 
See page 175. 


Caution 
1 
ra a”. 
f'(x) does not mean Aa: For 
f(x) = 2x, f-\(x) = aK but 
ee 
f(x) 2x 
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This set of ordered pairs is not a function because there are ordered pairs, for instance 
(9, —3) and (9, 3), with the same first coordinate and different second coordinates. In this 
case, S has an inverse relation but not an inverse function. 

A graph of S is shown in Figure 4.1. Note that x = —3 and x = 3 produce the same 
value of y. Thus the graph of S fails the horizontal line test; therefore, S is not a one-to-one 
function. This observation is used in the following theorem. 


Condition for an Inverse Function 


A function fhas an inverse function if and only if fis a one-to-one function. 


Recall that increasing functions and decreasing functions are one-to-one functions. Thus 
we can state the following theorem. 


Alternative Condition for an Inverse Function 


If fis an increasing function or a decreasing function, then fhas an inverse function. 


Question ¢ Which of the functions graphed below has an inverse function? 


VA Va Yh 


Sy 
By 
ay 


If a function g is the inverse of a function f, we usually denote the inverse function by 
f | rather than g. For the doubling and halving functions f and g discussed on page 334, 
we write 


1 
fix) =2x fe) = 5% 


™ Graphs of Inverse Functions 


Because the coordinates of the ordered pairs of the inverse of a function fare the ordered 
pairs of f with the order of the coordinates reversed, we can use them to create a graph 


of ft. 


Answer ® The graph of fis the graph of an increasing function. Therefore, fis a one-to-one func- 
tion and has an inverse function. The graph of h is the graph of a decreasing function. 
Therefore, 4 is a one-to-one function and has an inverse function. The graph of g is not 
the graph of a one-to-one function. g does not have an inverse function. 
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Figure 4.2 


EXAMPLE 1 Sketch the Graph of the Inverse of a Function 


Sketch the graph of f~! given that fis the function shown in Figure 4.2. 


Solution 

Because the graph of f passes through (—1, 0.5), (0, 1), (1, 2), and (2, 4), the graph of 
f | must pass through (0.5, —1), (1, 0), (2, 1), and (4, 2). Plot the points and then draw 
a smooth curve through the points, as shown in Figure 4.3. 


Figure 4.3 


@ Try Exercise 10, page 342 
Question ¢ If fis a one-to-one function and f(4) = 5, what is f'(5)? 


The graph from the solution to Example | is shown again in Figure 4.4. Note that the 
graph of f~! is symmetric to the graph of f with respect to the graph of y = x. If the graph 
were folded along the dashed line, the graph of f would lie on top of the graph of f~!. This 
is a characteristic of all graphs of functions and their inverses. In Figure 4.5, although S does 
not have an inverse that is a function, the graph of the inverse relation S~' is symmetric to 
S' with respect to the graph of y = x. 


Figure 4.4 Figure 4.5 


Answer ¢ Because (4, 5) is an ordered pair of f, (5, 4) must be an ordered pair of f ~! Therefore, 


I7"8) = 4. 


Study tip 


If we think of a function as a 
machine, then the composition of 
inverse functions property can be 
represented as shown below. Take 
any input x for f. Use the output 
of f as the input for f-'. The result 
is the original input, x. 


J function 


tf ' function i 
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™ Composition of a Function and Its Inverse 


1 
Observe the effect of forming the composition of f(x) = 2x and g(x) = 3* 


f(x) = 2x g(x) = 5x 


1 * Replace x 1 * Replace x 
fle] = aft. Me i). sl f0)] = 5 [2] . JO). 
S(gQ)] =x al f)] =x 


This property of the composition of inverse functions always holds true. When taking the 
composition of inverse functions, the inverse function reverses the effect of the original 
function. For the two functions above, f doubles a number, and g halves a number. If you 
double a number and then take one-half of the result, you are back to the original number. 


Composition of Inverse Functions Property 


If fis a one-to-one function, then f! is the inverse function of f if and only if 
(fe f'\x) =f[f'Q)] =x forall x in the domain of f! 


and 


(7 ° @ =f" [/@] =x for all x in the domain of f- 


EXAMPLE 2. Use the Composition of Inverse Functions Property 


Use composition of functions to show that f~!(x) = 3x — 6 is the inverse function 


of f(x) = 3 4.9) 


Solution 
We must show that f[ f'(x)] = x and f7'[ fQx)] = x. 


fe) = 5x42 f'@) = 3x - 6 
fL@]=5Bx-6)+2 0 PL) = [ts 4 2| = 
fIF"@)] = x f LQ] = x 


@ Try Exercise 20, page 343 


) Integrating Technology 


| as 
| = 


In the standard viewing window of a calculator, the distance between two tick marks 
on the x-axis is not equal to the distance between two tick marks on the y-axis. As a 
result, the graph of y = x does not appear to bisect the first and third quadrants. 


(continued ) 
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See Figure 4.6. This anomaly is important if a graphing calculator is being used to 
check whether two functions are inverses of one another. Because the graph of y = x 
does not appear to bisect the first and third quadrants, the graphs of fand f! will not 


1 
appear to be symmetric about the graph of y = x. The graphs of f(x) = 3 + 2 and 


f \(x) = 3x — 6 from Example 2 are shown in Figure 4.7. Notice that the graphs do 
not appear to be quite symmetric about the graph of y = x. 


Distances 
between 

tick marks 
are not equal. 


-10 


y =x in the standard viewing Sf, f7', and y =x in the standard 
window viewing window 
Figure 4.6 Figure 4.7 


To get a better view of a function and its inverse, : 
it is necessary to use the SQUARE viewing win- Distances 
dow, as in Figure 4.8. In this window, the dis- pera 
tance between two tick marks on the x-axis is 
equal to the distance between two tick marks on 
the y-axis. 


Sf, f7|, and y =x ina square 
viewing window 


Figure 4.8 


® Finding an Inverse Function 


If a one-to-one function fis defined by an equation, then we can use the following method 
to find the equation for f—. 


Study tip Steps for Finding the Inverse of a Function 


If the ordered pairs of f are given To find the equation of the inverse f! of the one-to-one function f, follow these 
by (x, y), then the ordered pairs steps. 


of f-' are given by (y, x). That is, 
x and y are interchanged. This is . Substitute y for f(x). 


the reason for Step 2 at the right. 
. Interchange x and y. 


. Solve, if possible, for y in terms of x. 


. Substitute f~!(x) for y. 


4.1. INVERSEFUNCTIONS 339 


EXAMPLE 3 __ Find the Inverse of a Function 


Find the inverse of f(x) = 3x + 8. 


Solution 
f(x) = 3x + 8 
y=3x+ 8 * Replace f(x) with y. 
x=3y+ 8 * Interchange x and y. 
x— 8 =3y * Solve for y. 
0 ee 
3 y 
1 8 oy el 
Pd ae =f '(x) * Replace y with f™’. 


1 8 
The inverse function is given by f!(x) = 3° 3° 


Try Exercise 32, page 343 


In the next example, we find the inverse of a rational function. 


EXAMPLE 4 Find the Inverse of a Function 


. ; 2x + 1 
Find the inverse of f(x) = ———,x # 0. 
x 
Solution 
2x + 1 
ff) = 
x 
2x 1 . 
y= * Replace f(x) with y. 
x 
2y+1 
x = — ¢ Interchange x and y. 
y 
xy=2y+ 1 * Solve for y. 
xy-2y=1 
Wx — 2) = 1 * Factor the left side. 
1 
- x—-—2 
1 I a el 
f (= = #2 * Replace y with f°. 
= 


H Try Exercise 38, page 343 


The graph of f(x) = x? + 4x + 3 is shown in Figure 4.9a on the next page. The func- 
tion f is not a one-to-one function and therefore does not have an inverse function. 
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However, the function given by G(x) = x* + 4x + 3, shown in Figure 4.9b, for which the 
domain is restricted to {x|x = —2}, is a one-to-one function and has an inverse function 
G"!. This is shown in Example 5. 


G 
oe oe rarar 
-4+ ee 
Figure 4.9a Figure 4.9b 


EXAMPLE 5 __ Find the Inverse of a Function with 
a Restricted Domain 


Find the inverse of G(x) = x* + 4x + 3, where the domain of G is {x|x = —2}. 


Recall Solution 
The range of a function fis the G(x) = x? + 4x + 3 
Fi = Fi 
domain of f, ae the domain of y= oie 3 * Replace G(x) with y. 
fis the range of f-'. : 
x=y+4y +3 * Interchange x and y. 
x=( + 4+ 4-443 * Solve for y by completing the 
square of y? + 4y. 
x=(yt+2~r-1 * Factor. 
x+1=(y+2/y * Add 1 to each side of the 
equation. 
Vx +1 = V(y + 27 * Take the square root of each side 
of the equation. 
EVxt+1l=y+2 * Recall that if a* = 6, then 
a= +vVb. 
+ViFl-2=y 
Because the domain of G is {x|x = —2}, the range of G! is {y|y = —2}. This means 


that we must choose the positive value of + Vx + 1. Thus G1(x) = Vx + I — 2. See 
Figure 4.10 Figure 4.10. 


H Try Exercise 44, page 343 


In Example 6, we use an inverse function to determine the wholesale price of a gold 
bracelet for which we know the retail price. 
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EXAMPLE 6 Solve an Application 


A merchant uses the function 
4 
S@) = 3% + 100 
to determine the retail selling price S, in dollars, of a gold bracelet for which she has 


paid a wholesale price of x dollars. 


a. The merchant paid a wholesale price of $672 for a gold bracelet. Use S to deter- 
mine the retail selling price of this bracelet. 


b. Find S~! and use it to determine the merchant’s wholesale price for a gold bracelet 
that retails at $1596. 


Solution 
a. S(672) = 567) + 100 = 896 + 100 = 996 

The merchant charges $996 for a bracelet that has a wholesale price of $672. 
b. To find S“', begin by substituting y for S(x). 


4 
S(x) = an + 100 


4 
y= 3% + 100 * Replace S(x) with y. 
4 
x= 37 + 100 ¢ Interchange x and y. 
4 
x — 100 = ae * Solve for y. 
es) 
4% — 100) = y 
3 
—x—-T5=y 


4 


Using inverse notation, the above equation can be written as 
Sx) 3 ns 
x) =—x- 
4 
Substitute 1596 for x to determine the wholesale price. 


3 
511596) = (1596) — 75 


= 1197 — 75 
= 1122 


A gold bracelet that the merchant retails at $1596 has a wholesale price of $1122. 


H Try Exercise 52, page 344 
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Integrating Technology 


Some graphing utilities can be used to draw the graph of the inverse of a function 
without the user having to find the inverse function. For instance, Figure 4.11 shows 
the graph of f(x) = 0.1x> — 4. The graphs of fand f! are both shown in Figure 
4.12, along with the graph of y = x. Note that the graph of f~! is the reflection of the 
graph of f with respect to the graph of y = x. The display shown in Figure 4.12 was 
produced on a TI-83/TI-83 Plus/TI-84 Plus graphing calculator by using the DrawInv 
command, which is in the DRAW menu. 

10 10 


—]S Pert ririririiriifiisiiiiiiiiris§ 15 —]5 Pu4srtriiitirigis PitLitiriiis§ 15 


f(x) = 0.1% — 4 f@)=0.122 —4 


~10 =10 
Figure 4.11 Figure 4.12 


EXERCISE SET 4.1 


In Exercises 1 to 4, assume that the given function has an 
inverse function. 


1. 


3. 


6. 


7. 


8. 


Given f(3) = 7, 2. Given g(—3) = 5, 
find f—'(7). find g 1(5). 


. Given h7\(—3) = —4, 4. Given f1(7) = 0, 


find h(—4). find f(0). 
If 3 is in the domain of f~', find f[ f~1(3)]. 


If f is a one-to-one function and f(0) = 5, f(1) = 2, and 
f(2) = 7, find the following. 


a. f-'(5) b. f'(2) 
The domain of the inverse function f! is the ____ of f 


The range of the inverse function f~' is the _______ of f, 


In Exercises 9 to 16, draw the graph of the inverse 
relation. Is the inverse relation a function? 


9. 


13. 


15. 


In Exercises 17 to 26, use composition of functions to 


determine whether f and g are inverses of one another. 


17. f(x) = 4x; g(x) = 5 
1 
18. fle) = 34 g@) = 5 


19. f(x) = 4x 


1 
1; = 
5 g(x) TG 


1 
020. f(x) = Fa = 580) =x +3 


21. f(x) 5180) =-2x +1 


2 


22. f(x) = 3x + 2; g(x) = : 


3 
5 5 
23. f(x) 33 8) a8 
= x 
24. fe) = > a = 
25. f(x) =x° + 2; 9(x) = Vx — 2 


26. f(x) = (x + 5); g(x) = Wx — 5 


In Exercises 27 to 30, find the inverse of the function. If 
the function does not have an inverse function, write “no 


inverse function.” 


27. {(—3, 1), (—2, 2), (1, 5), (4, -7)} 
28. {(—5,4),(—2, 3), (0, 1), (3,2), (7, 11)} 
29. {(0, 1), (1,2), (2,4), (3, 8), (4, 16)} 


30. {(1,0), (10, 1), (100, 2), (1000, 3), (10,000, 4)} 


In Exercises 31 to 48, find f—'(x). State any restrictions on 


the domain of f~ x). 


31. f(x) = 2x +4 
32. f(x) = 4x — 8 
33. fx) = 3x -7 
34. f(x) = -3x - 8 
35. f(x) = -2x + 5 


36. f(x) = —x +3 


37. 


038. 


39. 


40. 


41. 


42. 


43. 


044, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 
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ff) = =, x #1 
IQ) > 5! x#2 
fe) ==, xe -1 
Ft) ae x #-3 
fM=xr4+1, x20 


4-x, x=4 

fe) =x? + 4x, x = -2 

f(x) =x? — 6x, x =3 

fi) =x +4x-1, x= -2 

fx) =x? - 6x +1, x23 

Fahrenheit to Celsius The function 
5 

IG) = 4 — 32) 


is used to convert x degrees Fahrenheit to an equivalent Celsius 
temperature. Find f~! and explain how it is used. 


Retail Sales A clothing merchant uses the function 


S(x) = ox + 18 


to determine the retail selling price S, in dollars, of a winter 
coat for which she has paid a wholesale price of x dollars. 


a. The merchant paid a wholesale price of $96 for a winter 
coat. Use S to determine the retail selling price she will 
charge for this coat. 


b. Find S~! and use it to determine the merchant’s wholesale 
price for a coat that retails at $399. 


P.) Fashion The function 

s(x) = 2x + 24 can be 
used to convert a US. 
women’s shoe size into an 
Italian women’s shoe size. 
Determine the function s!(x) 
that can be used to convert an Italian women’s shoe size to its 
equivalent U.S. shoe size. 
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052. 


53. 


54. 


55. 


56. 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


P.) Fashion The function K(x) = 1.3x — 4.7 converts a 

men’s shoe size in the United States to the equivalent shoe 
size in the United Kingdom. Determine the function K'(x) that 
can be used to convert a U.K. men’s shoe size to its equivalent 
USS. shoe size. 


fa Catering A catering service uses the function 


300 + 12x 
es 


c(x) = 


to determine the amount, in dollars, it charges per person for a 
sit-down dinner, where x is the number of people in attendance. 


a. Find c(30) and explain what it represents. 
b. Find cl. 


c. Use c! to determine how many people attended a dinner 
for which the cost per person was $15.00. 


& Landscaping A landscaping company uses the function 


600 + 140x 


x 


C(x) 


to determine the amount, in dollars, it charges per tree to deliver 
and plant x palm trees. 


a. Find c(5) and explain what it represents. 
b. Find c!. 


c. Use c! to determine how many palm trees were delivered 
and planted if the cost per tree was $160. 


ei Compensation The monthly earnings E(s), in dollars, of 

a software sales executive are given by E(s) = 0.05s + 2500, 
where s is the value, in dollars, of the software sold by the 
executive during the month. Find E~|(s) and explain how the 


executive could use this function. 
Grading A professor uses the function defined by the 
following table to determine the grade a student receives 
on a test. Does this grading function have an inverse function? 
Explain your answer. 
Grading Scale 


Score | Grade 
90-100 A 
80-89 B 
70-79 Cc 
60-69 D 
0-59 F 


57. 


58. 


The Birthday Problem A famous problem called the birth- 
day problem goes like this: Suppose there is a randomly 
selected group of 7 people in a room. What is the probability 
that at least two of the people have a birthday on the same day 
of the year? It may surprise you that for a group of 23 people, 
the probability that at least two of the people share a birthday 
is about 50.7%. The following graph can be used to estimate 
shared birthday probabilities for 1 = n = 60. 


pA 
1.0 + — 
oot Pp) 
2 na 
S = 0.8 + - 
a8 2 
Se O7+ . 
3 2 0.6 + = 
3 2 td 
EBS 05+ * 
2 ; 
22 oat . 
ge ‘ 
es 037 ° 
ag : 
02+ : 
Oui. 
Last” n \ n es 


0 10 20 30 40 50 60 ” 


Number of people in the group 


a. Use the graph of p to estimate p(10) and p(30). 


b. Consider the function p with 1 = n = 60, as shown in the 
graph. Explain how you can tell that p has an inverse that is 
a function. 


C: Write a sentence that explains the meaning of p (0.223) 
in the context of this application. 


Medication Level The function Z shown in the following 
graph models the level of pseudoephedrine hydrochloride, in 
milligrams, in the bloodstream of a patient ¢ hours after 30 mil- 
ligrams of the medication have been administered. 


A 
“1 = 0.0314 + 0.4 — 7.372 +.23.1t 


20 4 


16+ 


12+ 


Pseudoephedrine hydrochloride in 
the bloodstream (in milligrams) 


0 1 2 3 4 t 
Time (in hours) 


a. Use the graph of L to estimate two different values of ¢ 
for which the pseudoephedrine hydrochloride levels are 
the same. 


b. Does L have an inverse that is a function? Explain. 


59. Cryptology Cryptology is the study of making and breaking 


secret codes. Secret codes are often used to send messages over 
the Internet. By devising a code that is difficult to break, the 
sender hopes to prevent the messages from being read by an 
unauthorized person. 

In practice, complicated one-to-one functions and their 
inverses are used to encode and decode messages. The follow- 
ing procedure uses the simple function f(x) = 2x — | to illus- 
trate the basic concepts that are involved. 

Assign to each letter of the alphabet, and a blank space, a 
two-digit numerical value, as shown below. 


A 10 H17 O 24 V 31 
B ll I 18 P 25 W 32 
C 12 J 19 Q 26 XK 33 
D 13. K 20 R 27. Y 34 
E 14 L 21 S 28 Z 35 
F 15 M22 T 29 36 
G 16 N 23. U 30 


Note: A blank space is represented by the 
numerical value 36. 


Using these numerical values, the message MEET YOU AT 
NOON would be represented by 


22 14 14 29 36 34 24 30 36 10 29 36 23 24 24 23 


Let f(x) = 2x — 1 define a coding function. The above 
message can be encoded by finding f(22), f(14), f(14), f(29), 
(36), f(34), f(24), ...,{(23), which yields 


43 27 27 57 71 67 47 59 71 19 57 71 45 47 47 45 
The inverse of f, which is 
X+1 
2 


yi 


is used by the receiver of the message to decode the message. 
For instance, 


a 4341 
f- (43) = = 22 
2 
which represents M, and 
27 + 1 
f 'Q2)= se 


which represents E. 


a. Use the above coding procedure to encode the message 
DO YOUR HOMEWORK. 


60. 
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b. Use f (x) to decode the message 

49 33 47 45 27 71 33 47 43 27 
c. Explain why it is important to use a one-to-one func- 


tion to encode a message. 


Cryptography A friend is using the letter-number correspon- 
dence in Exercise 59 and the coding function g(x) = 2x + 3. 
Your friend sends you the coded message 


59 31 39 73 31 75 61 37 31 75 29 23 71 


Use g |(x) to decode this message. 


In Exercises 61 to 66, answer the question without 
finding the equation of the linear function. 


61. 


62. 


63. 


64. 


Suppose that fis a linear function, f(2) = 7, and f(5) = 12. 
If f(4) = c, then is c less than 7, between 7 and 12, or 
greater than 12? Explain your answer. 


Suppose that fis a linear function, f(1) = 13, and (4) = 9. 
If f(3) = c, then is c less than 9, between 9 and 13, or 
greater than 13? Explain your answer. 


Suppose that f is a linear function, f(2) = 3, and f(5) = 9. 
Between which two numbers is f~!(6)? 


Suppose that fis a linear function, f(5) = —1, and f(9) = —3. 
Between which two numbers is f'(—2)? 


Only one-to-one functions have inverses that are 
functions. In Exercises 65 to 68, determine whether the 
given function is a one-to-one function. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


f(x) = x7 +1 
v(t) = V1l6+¢t 
F(x) = |x| +x 
T(x) = |x? - 6], x =0 
Consider the linear function f(x) = mx + b, m # 0. The 
graph of f has a slope of m and a y-intercept of (0, b). What are 
the slope and y-intercept of the graph of f~!? 

: : 2 b 
Find the inverse of f(x) = ax° + bx +c, a#0, x= = aa 

a 

Use a graph of f(x) = —x + 3 to explain why f is its own 
inverse. 
Use a graph of f(x) = V16 — x”, withO = x < 4, to explain 


why fis its own inverse. 
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SECTION 4.2 


Exponential Functions 
Graphs of Exponential Functions 
Natural Exponential Function 


Daily parking fee 


t + t t+ 
1968 1976 1984 1992 2000 2008 
Year 


Figure 4.13 


Concentration (in mg/L) 


1 2 3 4 5 
Time (in hours) 


Figure 4.14 


Exponential Functions and 
Their Applications 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A26. 


PS1. Evaluate: 2° [P2] 


PS2. Evaluate: 3~4 [P2] 
ae a 
PS3. Evaluate: a = [P.2/P.5] 


32 — 3-2 
PS4. Evaluate: ' [P.2/P.5] 


PS5. Evaluate f(x) = 10° forx = —1, 0, 1, and 2. [P2] 


1 x 
PS6. Evaluate f(x) = (+) for x = —1, 0, 1, and 2. [P.2] 


@ Exponential Functions 


When an airport parking facility opened in 1968, it charged $0.75 for all day parking. Since 
then it has doubled its daily parking fee every 8 years as shown in the following table. 


Table 4.1 


1968 1976 | 1984 1992 
$0.75 | $1.50 | $3.00 | $6.00 


$12.00 $24.00 


2000 2008 | 


In Figure 4.13, we have plotted the data in the above table and modeled the upward 
trend in the parking fee by a smooth curve. This model is based on an exponential func- 
tion, which is one of the major topics of this chapter. 

The effectiveness of a drug, which is used for sedation during a surgical procedure, 
depends on the concentration of the drug in the patient. Through natural body chemistry, 
the amount of this drug in the body decreases over time. The graph in Figure 4.14 models 
this decrease. This model is another example of an exponential model. 


Definition of an Exponential Function 


The exponential function with base b is defined by 


fx) = 


where b > 0,b # 1, and x is a real number. 


The base b of f(x) = b* is required to be positive. If the base were a negative number, the 
value of the function would be a complex number for some values of x. For instance, if 
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1 1 
b = —4 and x = 53 then (3) = (—4)'/2 = 2i. To avoid complex number values of a 


function, the base of any exponential function must be a positive number. Also, b is defined 
such that b # 1 because f(x) = 1* = 1 is a constant function. 

You may have noticed that in the definition of an exponential function the exponent x 
is a real number. We have already worked with expressions of the form b*, where b > 0 
and x is a rational number. For instance, 


Pape 8 
Ife aay =F =9 
3294 = 3277 = (W32~ = 2 =4 


To extend the meaning of b* to real numbers, we need to give meaning to b* when x 
is an irrational number. For example, what is the meaning of 5”? To completely answer 
this question requires concepts from calculus. However, for our purposes, we can think of 
5” as the unique real number that is approached by 5* as x takes on ever closer rational 
number approximations of 7. For instance, each successive number in the following list is 
a closer approximation of 5” than the number to its left. 

53, 534 53.14 53.142 53.1416 5314159 53.141593 53.1415927 5314159265 


A calculator can be used to show that 5” ~ 156.9925453. A computer algebra system, 
such as Mathematica, can produce even closer decimal approximations of 5” by using closer 
rational-number approximations of 7r. For instance, if you use 3.1415926535897932385 as 
your approximation of 77, then Mathematica produces 156.9925453088659076 as an approx- 
imation of 5”. 

In a similar manner, we can think of 7’3 as the number that is approached by ever 
closer rational-number approximations of V3. For instance, each successive number in the 
following list is a closer approximation of 7¥3 than the number to its left. 


7 oo . i itiea ans ca qe i cea poe 7 aaa a 


A calculator can be used to show that 7¥2 ~ 29.0906043. 
It can be shown that the properties of rational-number exponents, as stated in Section P.2, 
hold for real exponents. 


EXAMPLE 1_ Evaluate an Exponential Function 


Evaluate f(x) = 3° atx = 2,x = —4, and x = 7m. 
Solution 
fo =3°=6 


1 1 
A) = 4 _ = 
ee i a 


fi) = 37 = 37? we 3154428 + Evaluate with the aid of a calculator. 


@ Try Exercise 2, page 354 


™ Graphs of Exponential Functions 


The graph of f(x) = 2* is shown in Figure 4.15 on page 348. The coordinates of some of 
the points on the curve are given in Table 4.2. 
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Table 4.2 
v4 d= 
y 1 1 
8+ —2 ee Ne 
eae 
6 
1 1 
ne — = =i => 
The graph approaches at ! A= 2 2 ( i +) 
the negative x-axis, but 
it does not intersect T 0 f(0) = 2 = 1 (0, 1) 
the axis. 
1 f0j=2'=2 (1, 2) 
——F ++ — =? = 
-4 3 2-1 toa 4 8 2 f(2) = 2° = 4 (2,4) 
—_~ 32 
Figure 4.15 2 AS ecb! 358) 


Note the following properties of the graph of the exponential function f(x) = 2”. 


= The y-intercept is (0, 1). 

= The graph passes through (1, 2). 

= As x decreases without bound (that is, as x — —oo), f(x) > 0. 
= The graph is a smooth, continuous increasing curve. 


Now consider the graph of an exponential function for which the base is between 0 
1 x 
and 1. The graph of f(x) = Fi is shown in Figure 4.16. The coordinates of some of the 


points on the curve are given in Table 4.3. 


Table 4.3 
YA 
8+ 
1 me 
° —3 H-3)= (3) =8 (3, 8) 
4 | The graph approaches 
the positive x-axis, but 5 ; (3) F - 
x Ty it d i _ _ of - 2, 
fx)=(3) / aoe. ea intersect f( ) ( ) 
J re 
+—+—}—} —— =| aie) ay 12 
-4 -3 -2 -1 1234 * KC ) (3) ( ) 
Figure 4.16 iT 0 
' 0 S(O) = (3) = if (0, 1) 
{4 ‘) 
1 =f =) a d= 
w= ()=3 | Os 
i ‘) 
— = =. Ss 2,- 
2 | so-(3)-9 |G: 


1 x 
Note the following properties of the graph of f(x) = (3) ‘ 


= The y-intercept is (0, 1). 
1 
= The graph passes through (1 a) 
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= As x increases without bound (that is, as x > ©), f(x) > 0. 
= The graph is a smooth, continuous decreasing curve. 


The basic properties of exponential functions are provided in the following summary. 


Properties of f(x) = b* 


For positive real numbers b, b # 1, the exponential function defined by f(x) = b* 
has the following properties: 


= The function / is a one-to-one function. It has the set of real numbers as its 
domain and the set of positive real numbers as its range. 


The graph of f is a smooth, continuous curve with a y-intercept of (0, 1), and the 
graph passes through (1, 5). 


If b > 1, fis an increasing function and the graph of fis asymptotic to the nega- 
tive x-axis. [As x > 00, f(x) > ©, and as x > — 00, f(x) = 0.] See Figure 4.17a. 


If0 <6 < 1, fis a decreasing function and the graph of fis asymptotic to the posi- 
tive x-axis. [As x > —00, f(x) > ©, and as x — 00, f(x) > 0.] See Figure 4.17b. 


a. f(x) =b*, b> 1 b. f(x) =b*,0<b<1 
Figure 4.17 


1 & 
Question ¢ What is the x-intercept of the graph of f(x) = (2) ? 


EXAMPLE 2. Graph an Exponential Function 
3 x 
Graph: g(x) = (2) 


Solution 
Because the base ri is less than 1, we know that the graph of g is a decreasing function 


that is asymptotic to the positive x-axis. The y-intercept of the graph is the point (0, 1), 


(continued ) 


Answer ® The graph does not have an x-intercept. As x increases without bound, the graph 
approaches, but does not intersect, the x-axis. 
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3 
and the graph passes through (1 >) Plot a few additional points (see Table 4.4), and 


then draw a smooth curve through the points, as in Figure 4.18. 


Table 4.4 
4 3\? _ 64 (-3.$) 
4 27 27 
=2 
tert (Gs) 
4 9 9 
=I 
1 3 (-1.2) 
4 3 3 
2 
Cre 6 
4 16 16 ai 
3 2 
OE | 68) 
4) 64 64 Figure 4.18 


@ Try Exercise 22, page 355 


Consider the functions F(x) = 2° — 3 and G(x) = 2*~3. You can construct the graphs 
of these functions by plotting points; however, it is easier to construct their graphs by using 
translations of the graph of f(x) = 2*, as shown in Example 3. 


EXAMPLE 3_ Use a Translation to Produce a Graph 


a. Explain how to use the graph of f(x) = 2* to produce the graph of F(x) = 2* — 3. 
b. Explain how to use the graph of f(x) = 2* to produce the graph of G(x) = 2°. 
Solution 


a. F(x) = 2* — 3 = f(x) — 3. The graph of F is a vertical translation of f down 3 
units, as shown in Figure 4.19. 


b. G(x) = 2*3 = f(x — 3). The graph of G is a horizontal translation of f to the 
right 3 units, as shown in Figure 4.20. 


F@)=27=3 
Figure 4.19 Figure 4.20 


Try Exercise 28, page 355 


Math Matters 


Bettmann/CORBIS 


Leonhard Euler (1707-1783) 


Some mathematicians consider 
Euler to be the greatest mathe- 
matician of all time. He certainly 
was the most prolific writer of 
mathematics of all time. He made 
substantial contributions in the 
areas of number theory, geometry, 
calculus, differential equations, dif- 
ferential geometry, topology, com- 
plex variables, and analysis, to 
name but a few. Euler was the first 
to introduce many of the mathe- 
matical notations that we use 
today. For instance, he introduced 
the symbol j for the square root of 
—1, the symbol 7 for pi, the func- 
tional notation f(x), and the letter 
e for the base of the natural expo- 
nential function. Euler’s computa- 
tional skills were truly amazing. 
The mathematician Frangois Arago 
remarked, “Euler calculated with- 
out apparent effort, as men 
breathe, or as eagles sustain them- 
selves in the wind.” 


Source: wikiquote.org/wiki/leonhard_ 
Euler. 
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The graphs of some functions can be constructed by stretching, compressing, or 
reflecting the graph of an exponential function. 


EXAMPLE 4 Use Stretching or Reflecting Procedures to 
Produce a Graph 


a. Explain how to use the graph of f(x) = 2* to produce the graph of M(x) = 2(2”). 
b. Explain how to use the graph of f(x) = 2* to produce the graph of M(x) = 2. 


Solution 

a. M(x) = 2(2*) = 2/(x). The graph of M is a vertical stretching of faway from the 
x-axis by a factor of 2, as shown in Figure 4.21. (Note: If (x, y) is a point on the 
graph of f(x) = 2*, then (x, 2y) is a point on the graph of M7.) 


b. Max) = 2* = f(—x). The graph of N is the graph of f reflected across the y-axis, 
as shown in Figure 4.22. (Note: If (x, y) is a point on the graph of f(x) = 2*, then 
(—x, y) is a point on the graph of N.) 


fx) =2° 


M(x) = 2(2”) 


Figure 4.21 Figure 4.22 


@ Try Exercise 30, page 355 


® Natural Exponential Function 


The irrational number 7 is often used in applications that involve circles. Another irra- 
tional number, denoted by the letter e, is useful in many applications that involve growth 
or decay. 


Definition of e 


The letter e represents the number that 


approaches as n increases without bound. 


The letter e was chosen in honor of the Swiss mathematician Leonhard Euler. He was able 


to compute the value of e to several decimal places by evaluating ( + —) for large 
values of n, as shown in Table 4.5 on page 352. o 
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CALCULUS 
CONNECTION 


Integrating Technology 


The graph of f(x) = e* below 
was produced on a TI-83/TI-83 
Plus/ TI-84 Plus graphing 
calculator by entering e* in the 
Y= menu. 


Plot! Plot2 Plot3 
Wi B ef (X) 


Table 4.5 


1 2 

10 2.59374246 
100 2.7048 13829 
1000 2.716923932 
10,000 2.718145927 
100,000 2.718268237 
1,000,000 2.718280469 
10,000,000 2.718281693 


The value of e accurate to eight decimal places is 2.71828183. 

The base of an exponential function can be any positive real number other than 1. The 
number 10 is a convenient base to use for some situations, but we will see that the number 
e is often the best base to use in real-life applications. The exponential function with e as 
the base is known as the natural exponential function. 


Definition of the Natural Exponential Function 


For all real numbers x, the function defined by 


fa) =e 


is called the natural exponential function. 


A calculator can be used to evaluate e* for specific values of x. For instance, 


e = 7.389056, e°° © 33.115452, and e !4 = 0.246597 


On a TI-83/TI-83 Plus/TI-84 Plus calculator, the e* function is located above the | LN | key. 
To graph f(x) = e*, use a calculator to find the range values for a few domain values. 
The range values in Table 4.6 have been rounded to the nearest tenth. 


Table 4.6 


0.1 0.4 1.0 2.7 74 


Plot the points given in Table 4.6, and then connect the points with a smooth curve. Because 
e > 1, we know that the graph is an increasing function. To the far left, the graph will 
approach the x-axis. The y-intercept is (0, 1). See Figure 4.23. Note in Figure 4.24 how the 
graph of f(x) = e* compares with the graphs of g(x) = 2* and A(x) = 3*. You may have 
anticipated that the graph of f(x) = e* would lie between the two other graphs because e is 
between 2 and 3. 


Note 


In Example 5b, we use a graphing 
utility to solve the equation 

90 = 70 + 906-485", Analytic 
methods of solving this type of 
equation without the use of a 
graphing utility will be developed 
in Section 4.5. 
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ve 


h(x) =3* 


rae g(x) =2" 


fix)=e* 


=4.3 22 123 4% -l 1 2 
Figure 4.23 Figure 4.24 
Many applications can be modeled effectively by functions that involve an exponen- 


tial function. For instance, in Example 5 we use a function that involves an exponential 
function to model the temperature of a cup of coffee. 


EXAMPLE 5 Use a Mathematical Model 


A cup of coffee is heated to 160°F and placed in a room that maintains a temperature of 
70°F. The temperature 7 of the coffee, in degrees Fahrenheit, after ¢ minutes is given by 


T = 70 + 90e 08 


a. Find the temperature of the coffee, to the nearest degree, 20 minutes after it is 
placed in the room. 


b. » Use a graphing utility to determine when the temperature of the coffee will 
“= reach 90°F. 
Solution 
a. T= 70 + 90¢0™8* 
= 90 + 90g ren * Substitute 20 for t. 
70 + 34.1 
104.1 
After 20 minutes the temperature of the coffee is about 104°F. 
b. Graph T = 70 + 90e °8* and T = 90. See the following figure. 


170 


2 


2 


Intersection ae 
X=31.011905 Y=90 


Xscl=5 Yscl=20 


The graphs intersect near (31.01, 90). It takes the coffee about 31 minutes to cool 
to 90°F. 


@ Try Exercise 48, page 356 
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EXAMPLE 6 _ Use a Mathematical Model 


The weekly revenue R, in dollars, from the sale of a product varies with time according 
to the function 


where x is the number of weeks that have passed since the product was put on the mar- 
ket. What will the weekly revenue approach as time goes by? 


Solution 
es Method 1 Use a graphing utility to graph zu 
~ R(x), and use the TRACE feature to see what Vast anal ae) 


happens to the revenue as the time increases. The 
graph on the right shows that as the weeks go by, 
the weekly revenue will increase and approach 


$220 per week. | ; M400 
X=400 Y=219.99763 
Method 2 Write the revenue function in the 
following form. Xscl=100 Yscl=100 
1760 re 14 
RQ) = i4 * 14e 00% 
8 + 
003x 

As x increases without bound, e®?* increases without bound, and the fraction 

14 1760 
—,~ approaches 0. Therefore, as x — 00, R(x) > ———~ = 220. Both methods 
03x 8+ 0 


indicate that, as the number of weeks increases, the revenue approaches $220 per week. 


@ Try Exercise 54, page 357 


EXERCISE SET 4.2 


In Exercises 1 to 8, evaluate the exponential function for ; 
the given x-values. 7. j(x) 


1. f(x) = 35x = Oandx = 4 


N 


m2. f(x) = 5*;x = 3 andx = —2 8. j(x) (3 


3. g(x) = 10; x 2andx = 3 


In Exercises 9 to 14, use a calculator to evaluate the 
~* exponential function for the given x-value. Round to 
the nearest hundredth. 


4. g(x) = 3x = Oandx 1 


Pea ($):x=2ande = =a 9. fa) = 25x = 3.2 10. f(x) = 33x = -1.5 
V1. g(x) = ex = 2.2 12. g(x) = esx = -13 
») x 
A : 1 = 
6 (x) (2) 3x and x 8 13. h(x) = Sox = V2 14. h(x) = 0.5%: x = bp 


4.2 EXPONENTIAL FUNCTIONS AND THEIR APPLICATIONS 355 


In Exercises 15 and 16, examine the four functions and In Exercises 25 to 38, explain how to use the graph of 
the graphs labeled a, b, c, and d. For each graph, the first function f to produce the graph of the second 
determine which function has been graphed. function F. 

1s. f= 3" gx) =14+5% 25. f(x) = 3°, F(x) = 3* +2 


hax) = S33 kx) = 5S +3 
26. f(x) = 4, F(x) = 4 - 3 


27. f(x) = 10°, F(x) = 10°? 


028. f(x) = 6, F(x) = o* 


29. 0) = (3), Feo = (5) 
w20. po) = (2). = -[(3)) 
a1. p= (er =a(J] 
22.10) = (2).m9 = Y(2)) 


33. Ax) = oe, FQ) = e* +2 


34. f(x) =e, FQ) =e +1 

35. f(x) = 2, F(x) = -(2°) 

36. f(x) = 2*, F(x) = —(2) 

37. f(x) = 0.55, F(x) = 3 + 0.5% 

38. f(x) = 0.5*, F(x) = 3(0.5°*7) — 1 

In Exercises 39 to 46, use a graphing utility to graph 


each function. If the function has a horizontal 
asymptote, state the equation of the horizontal 


fay) 
(oe 


asymptote. 
+37 - 
In Exercises 17 to 24, sketch the graph of each function. 39. f@) =; 40. f(x) = 4°3 
e~-—e* ee 
19. f(x) = 10° 20. fx) = 6 41. fl) = FZ 42. fx) = 
) \" 2) = —et-4) = 3 
21. /@)= (3) 022. f(x) = (3) 43. f(x) = —e 44. f(x) = 0.5¢ 
10 10 
’ x 45. f®) = ——_ 46. f(x) = ————,, 
: 1 + 0.4e°>* Lise 
23. =(- 24. aVs 
r= (3) r= (3) i _ 
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47. 


248. 


49. 


50. 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


es P.) E. Coli Infection Escherichia coli (E. coli) is a bac- 

tertum that can reproduce at an exponential rate. The 
E. coli reproduce by dividing. A small number of E. coli bacte- 
ria in the large intestine of a human can trigger a serious infec- 
tion within a few hours. Consider a particular E. coli infection 
that starts with 100 E. coli bacteria. Each bacterium splits into 
two parts every half hour. Assuming none of the bacteria die, 
the size of the £. coli population after ¢ hours is given by 
P(t) = 100-2”, where 0 = ¢ = 16. 


Charles O'Rear/CORBIS 


a. Find P(3) and P(6). 


b. Use a graphing utility to find the time, to the nearest tenth 
of an hour, it takes for the E£. coli population to number 
1 billion. 


ea) Medication in the Bloodstream The exponential function 
A(t) = 200e °°!" 


gives the amount of medication, in milligrams, in a patient’s 
bloodstream ¢ minutes after the medication has been injected into 
the patient’s bloodstream. 


a. Find the amount of medication, to the nearest milligram, in 
the patient’s bloodstream after 45 minutes. 


b. Use a graphing utility to determine how long it will take, to 
the nearest minute, for the amount of medication in the 
patient’s bloodstream to reach 50 milligrams. 


Demand for a Product The demand d for a specific product, 
in items per month, is given by 


d(p) = 880¢e 18? 


where p is the price, in dollars, of the product. 


a. What will be the monthly demand, to the nearest unit, when 
the price of the product is $10 and when the price is $18? 


b. What will happen to the demand as the price increases with- 
out bound? 
Sales The monthly income /, in dollars, from a new product is 
given by 
I(t) = 8600 — 5500¢ °° 


where ¢ is the time, in months, since the product was first put 
on the market. 


a. What was the monthly income after the 10th month and 
after the 100th month? 


a1. 


52. 


53. 


b. What will the monthly income from the product approach 
as the time increases without bound? 


@4 Photochromatic Eyeglass Lenses Photochromatic eye- 
= glass lenses contain molecules of silver chloride or silver 
halide. These molecules are transparent in the absence of ultra- 
violet (UV) rays. UV rays are normally absent in artificial 
lighting. However, when the lenses are exposed to UV rays, as 
in direct sunlight, the molecules take on a new molecular struc- 
ture, which causes the lenses to darken. The number of mole- 
cules affected varies with the intensity of the UV rays. The 
intensity of UV rays is measured using a scale called the UV 
index. On this scale, a value near 0 indicates a low UV inten- 
sity and a value near 10 indicates a high UV intensity. 

For the photochromatic lenses shown below, the function 
P(x) = (0.9) models the transparency P of the lenses as a 
function of the UV index x. 


UV index, 0 
Lens transparency, 100% 


UV index, 5 
Lens transparency, 59.0% 


UV index, 9 
Lens transparency, 38.7% 


a. Find the transparency of these lenses, to the nearest tenth of 
a percent, when they are exposed to light rays with a UV 
index of 3.5. 


b. What is the UV index of light rays that cause these pho- 
tochromatic lenses to have a transparency of 45%? Round 
to the nearest tenth. 


e Radiation Lead shielding is used to contain radiation. The 
* percentage of a certain radiation that can penetrate x mil- 
limeters of lead shielding is given by (x) = 100e7}*. 


a. What percentage of radiation, to the nearest tenth of a percent, 
will penetrate a lead shield that is 1 millimeter thick? 


b. How many millimeters of lead shielding are required so that 
less than 0.05% of the radiation penetrates the shielding? 
Round to the nearest millimeter. 


e The Pay It Forward Model In the movie Pay It Forward, 

Trevor McKinney, played by Haley Joel Osment, is given a 
school assignment to “think of an idea to change the world— 
and then put it into action.” In response to this assignment, 
Trevor develops a pay it forward project. In this project, any- 
one who benefits from another person’s good deed must do a 
good deed for three additional people. Each of these three peo- 
ple is then obligated to do a good deed for another three peo- 
ple, and so on. 


David James/Getty Images 


~ ——— 


The following diagram shows the number of people who 
have been a beneficiary of a good deed after one round and 
after two rounds of this project. 


a a 


Three beneficiaries 
after one round 


A total of 12 
beneficiaries 
after two rounds 
(34+9=12) 


A mathematical model for the number of pay-it-forward 
n+l 
—=3 


beneficiaries after n rounds is given by B(n) = — 7 Use 


this model to determine 


a. the number of beneficiaries after 5 rounds and after 
10 rounds. Assume that no person is a beneficiary of more 
than one good deed. 


b. how many rounds are required to produce at least 2 million 
beneficiaries. 


054. e Fish Population The number of bass in a lake is given by 


3600 
PO) = —0.051 
1+ 7e™ 


where ¢ is the number of months that have passed since the lake 
was stocked with bass. 


a. How many bass were in the lake immediately after it was 
stocked? 


b. How many bass were in the lake | year after the lake was 
stocked? Round to the nearest bass. 


c. What will happen to the bass population as ¢ increases with- 
out bound? 
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55. A Temperature Model A cup of coffee is heated to 
~* 180°F and placed in a room that maintains a temperature of 
65°F. The temperature of the coffee after ¢ minutes is given 

by T(t) = 65 + 115e°%47", 


a. Find the temperature, to the nearest degree, of the coffee 
10 minutes after it is placed in the room. 


b. Use a graphing utility to determine when, to the nearest 
tenth of a minute, the temperature of the coffee will reach 
100°F. 


56. Intensity of Light The percent /(x) of the original inten- 

* sity of light striking the surface of a lake that is available 

x feet below the surface of the lake is given by the equation 
I(x) = 100e°°?*. 


a. What percentage of the light, to the nearest tenth of a percent, 
is available 2 feet below the surface of the lake? 


b. At what depth, to the nearest hundredth of a foot, is the 
intensity of the light one-half the intensity at the surface? 


57. Musical Scales Starting on the left side of a standard 
88-key piano, the frequency, in vibrations per second, of 
the nth note is given by f(n) = (27.5)2° 2. 


ZZZZZZu MA dS SS 


a. Using this formula, determine the frequency, to the nearest 
hundredth of a vibration per second, of middle C, key num- 
ber 40 on an 88-key piano. 


b. Is the difference in frequency between middle C (key num- 
ber 40) and D (key number 42) the same as the difference in 
frequency between D (key number 42) and E (key number 
44)? Explain. 


In Exercises 58 and 59, verify that the given function is 
odd or even as requested. 


x x 


58. Verify that f(x) = is an even function. 


Ms pk 


59. Verify that f(x) = is an odd function. 
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In Exercises 60 and 61, draw the graphs as indicated. 64. f(x) = 1 res 65. f(x) = A/ at = oe 
60. Graph g(x) = 10°, and then sketch the graph of g reflected 

across the line given by y = x. 66. & Average Height Explain why the graph of 
61. Graph f(x) = e*, and then sketch the graph of f reflected f(x) = ere 


across the line given by y = x. 2 


can be produced by plotting the average height of g(x) = e& 


In Exercises 62 to 65, determine the domain of the given and h(x) = e* for each value of x. 


function. Write the domain using interval notation. 


ex = et ell 

62. F(x) = a: 63. F() = tae 
SECTION 4.3 Logarithmic Functions and 
Logarithmic Functions Their Applications 
Graphs of Logarithmic Functions 
Domains of Logarithmic PREPARE FOR THIS SECTION 

Functions Prepare for this section by completing the following exercises. The answers can be found 
Common and Natural on page A27. 

Logarithms 


PS1. If2* = 16, determine the value of x. [4.2] 


: 1 
PS2. If 3 * = —, determine the value of x. [4.2] 


27 
PS3. Ifx* = 625, determine the value of x. [4.2] 
, . 2x 
PS4. Find the inverse of f(x) = . [4.1] 
x +3 


PS5. State the domain of g(x) = Vx — 2. [2.2] 


PS6. If the range of h(x) is the set of all positive real numbers, then what is the domain 
of h(x)? [4.1] 


® Logarithmic Functions 


Every exponential function of the form g(x) = b* is a one-to-one function and therefore 
has an inverse function. Sometimes we can determine the inverse of a function represented 
by an equation by interchanging the variables of its equation and then solving for the 
dependent variable. If we attempt to use this procedure for g(x) = b*, we obtain 


g(x) = B* 
yar 
x = b * Interchange the variables. 


None of our previous methods can be used to solve the equation x = b” for the exponent 
y. Thus we need to develop a new procedure. One method would be to merely write 


y = the power of b that produces x 


Although this would work, it is not concise. We need a compact notation to represent “‘y 
is the power of b that produces x.” This more compact notation is given in the following 
definition. 


Math Matters 


Logarithms were developed by 
John Napier (1550-1617) as a 
means of simplifying the calcula- 
tions of astronomers. One of his 
ideas was to devise a method by 
which the product of two num- 
bers could be determined by 
performing an addition. 


Study tip 


The notation log, x replaces the 
phrase “the power of b that 
produces x.” For instance, “3 is 
the power of 2 that produces 8” 
is abbreviated 3 = log> 8. In your 
work with logarithms, remember 
that a logarithm is an exponent. 
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Definition of a Logarithm and a Logarithmic Function 


If x > 0 and b is a positive constant (b # 1), then 


y = log,x if and only if by = x 


The notation log, x is read “the logarithm (or log) base 6 of x.” The function 
defined by f(x) = log, x is a logarithmic function with base b. This function is 
the inverse of the exponential function g(x) = b*. 


It is essential to remember that f(x) = log,.x is the inverse function of g(x) = b’. 
Because these functions are inverses and because functions that are inverses have the prop- 
erty that f(g(x)) = x and g( f(x)) = x, we have the following important relationships. 


Composition of Logarithmic and Exponential Functions 


Let g(x) = b* and f(x) = log, x (x > 0,b > 0,b # 1). Then 
S(g(x)) = log, b* = x 


g( f(x) = bI%* =x and 


As an example of these relationships, let g(x) = 2* and f(x) = log) x. Then 
ithe = ¥ and log, 2° = x 

The equations 
y = log,x and by =x 


are different ways of expressing the same concept. 


Definition of Exponential Form and Logarithmic Form 


The exponential form of y = log, x is b” = x. 


The logarithmic form of b” = x is y = log, x. 


These concepts are illustrated in the next two examples. 


EXAMPLE 1 Change from Logarithmic to Exponential Form 
Write each equation in its exponential form. 

a. 3=log8 b. 2=logi(x +5) ec logx=4 #d. log,b> =3 
Solution 


Use the definition y = log, x if and only if b” = x. 
y g 
[ _Legarithms are exponents. | 
if and only if = 


a. 3 = log,8 


Base 


(continued) | 
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b. 2 = logjo(x + 5) if and only if 10? = x + 5. 
ce. log.x = 4 if and only if e* = x. 

d. log, b°* = 3 if and only if b? = b’. 

Try Exercise 4, page 366 


EXAMPLE 2 Change from Exponential to Logarithmic Form 


Write each equation in its logarithmic form. 
a 3 =9 b S=x 
ce ab’=c dad. bh = 5 


Solution 
The logarithmic form of b” = x is y = log, x. 


: Exponent —i 


a. =9 if and only if 2 = log39 


b. 5° =x if and only if 3 = log; x. 


Base | 


ce. a’ = cifand only if b = log, c. 
d. 5'°%° = 5 if and only if log, 5 = log, 5. 


@ Try Exercise 14, page 366 


The definition of a logarithm and the definition of an inverse function can be used to 
establish many properties of logarithms. For instance, 


= log, b = 1 because b = 5!. 
= log, 1 = 0 because 1 = 5°. 
= log,(b*) = x because b* = b*. 


m ple = x because f(x) = log, x and g(x) = b* are inverse functions. Thus g[ f(x)] = 


We will refer to the preceding properties as the basic logarithmic properties. 


Basic Logarithmic Properties 


1. loggb=1 2 log, l=0 3. log) =x 4, BoH* =x 


EXAMPLE 3 Apply the Basic Logarithmic Properties 


Evaluate each of the following logarithms. 
a. logs | b. logs 5 
ec. log(2*) = d. 3/0837 
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Solution 
a. By property 2, logg 1 = 0. 
b. By property 1, logs 5 = 1. 


c. By property 3, log,(2") = 4. 
d. By property 4, 3'°837 = 7. 


H@ Try Exercise 32, page 366 


Some logarithms can be evaluated just by remembering that a logarithm is an exponent. 
For instance, logs; 25 equals 2 because the base 5 raised to the second power equals 25. 


= logi) 100 = 2 because 107 = 100. 
= log, 64 = 3 because 4° = 64. 


! l 
ed logy 75 = —2 because 7* = 7 at 


Question ¢ What is the value of log; 625? 


® Graphs of Logarithmic Functions 


Because f(x) = log,.x is the inverse function of g(x) = b*, the graph of fis a reflection 
of the graph of g across the line given by y = x. The graph of g(x) = 2* is shown in 
Figure 4.25. Table 4.7 shows some of the ordered pairs of the graph of g. 


Table 4.7 


J(x) = log, x —3 =) —1 0 1 2 3 
-————_}— 1 1 1 

6 8s* 1 2 4 8 
8 4 2 


The graph of the inverse of g, which is f(x) = log, x, is also shown in Figure 4.25. Some 
Figure 4.25 of the ordered pairs of f are shown in Table 4.8. Note that if (x, y) is a point on the graph 
of g, then (y, x) is a point on the graph of f Also notice that the graph of fis a reflection 
of the graph of g across the line given by y = x. 


Table 4.8 


NR 


z z 
8 4 
3 2 


The graph of a logarithmic function can be drawn by first rewriting the function in its 
exponential form. This procedure is illustrated in Example 4. 


Answer ® log; 625 = 4 because 5* = 625. 
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Ax) = log; x 
Figure 4.26 


y=log, 3% 
Figure 4.27 


EXAMPLE 4 Graph a Logarithmic Function 


Graph f(x) = log; x. 


Solution 

To graph f(x) = log3 x, consider the equivalent exponential equation x = 3”. Because 
this equation is solved for x, choose values of y and calculate the corresponding values 
of x, as shown in Table 4.9. 


Table 4.9 


Ol FR 
wWlR 


Now plot the ordered pairs and connect the points with a smooth curve, as shown in 
Figure 4.26. 


Try Exercise 44, page 366 


We can use a similar procedure to draw the graph of a logarithmic function with a frac- 
tional base. For instance, consider y = log/3 x. Rewriting this in exponential form gives us 


2\r 
(2) = x. Choose values of y and calculate the corresponding x values. See Table 4.10. 


Plot the points corresponding to the ordered pairs (x,y), and then draw a smooth curve 
through the points, as shown in Figure 4.27. 


Table 4.10 


Properties of f(x) = log, x 


For all positive real numbers 6, b # 1, the function f(x) = log; x has the following 
properties. 


= The domain of f consists of the set of positive real numbers, and its range consists 
of the set of all real numbers. 


= The graph of f has an x-intercept of (1, 0) and passes through (8, 1). 


= Ifb > 1, fis an increasing function and its graph is asymptotic to the negative 
y-axis. [As x — ©, f(x) — 0°, and as x — 0 from the right, f(x) —~ —©©.] See 
Figure 4.28a on page 363. 


= If0 < 5 < 1, fis a decreasing function and its graph is asymptotic to the positive 
y-axis. [As x — 00, f(x) — —00, and as x > 0 from the right, f(x) — ©0.] See 
Figure 4.28b on page 363. 
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@ -2) 


a. f(x) =log, x, b>1 b. f(x) = log, x,0<b<1 
Figure 4.28 


® Domains of Logarithmic Functions 


The function f(x) = log, x has as its domain the set of positive real numbers. The function 
(x) = log,(g(x)) has as its domain the set of all x for which g(x) > 0. To determine the 
domain of a function such as f(x) = log;,(g(x)), we must determine the values of x that 
make g(x) positive. This process is illustrated in Example 5. 


EXAMPLE 5 __ Find the Domain of a Logarithmic Function 


_ — — = —= — — 


Find the domain of each of the following logarithmic functions. 


a. f(x) = logs(x — 3) 
b. F(x) = log, |x + 2| 


ce. R(x) = tozs( 7) 


Solution 
a. Solving (x — 3) > 0 for x gives us x > 3. The domain of f consists of all real 
numbers greater than 3. In interval notation, the domain is (3, 00). 


b. The solution set of |x + 2| > 0 consists of all real numbers x except x = —2. 
The domain of F consists of all real numbers x # —2. In interval notation, the 
domain is (—°0, —2) U(—2, ©), 


ce. Solving (=) > 0 yields the set of all real numbers x between 0 and 8. 
x 


The domain of R is all real numbers x such that 0 < x < 8. In interval notation, 
the domain is (0, 8). 


@ Try Exercise 52, page 367 


Some logarithmic functions can be graphed by using horizontal or vertical translations 
of a previously drawn graph. 
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EXAMPLE 6 Use Translations to Graph Logarithmic Functions 


Graph. a. f(x) = logy(x + 3) 
b. f(x) = logyx + 3 


Solution 


a. The graph of f(x) = logy(x + 3) can be obtained by shifting the graph of 
g(x) = log, x to the left 3 units. See Figure 4.29. Note that the domain of f consists 
of all real numbers x greater than —3 because x + 3 > 0 forx > —3. The graph 
of fis asymptotic to the vertical line x = —3. 


b. The graph of f(x) = log, x + 3 can be obtained by shifting the graph of 
g(x) = log, x upward 3 units. See Figure 4.30. 


yh 


T fx) = log (x +3) 


2 4 
g(x) =log, x 


Figure 4.29 Figure 4.30 


@ Try Exercise 66, page 367 


lm Common and Natural Logarithms 


Two of the most frequently used logarithmic functions are common logarithms, which 
have base 10, and natural logarithms, which have base e (the base of the natural exponen- 
tial function). 


Definition of Common and Natural Logarithms 


The function defined by f(x) = logj9 x is called the common logarithmic function. 
It is customarily written as f(x) = log x, without stating the base. 


The function defined by f(x) = log, x is called the natural logarithmic function. 
It is customarily written as f(x) = Inx. 


Most scientific or graphing calculators have a key for evaluating common logarithms 
and an|LN| key to evaluate natural logarithms. For instance, using a graphing calculator, 


log 24 © 1.3802112 and In81 ~ 4.3944492 


The graphs of f(x) = log x and f(x) = In x can be drawn using the same techniques we used 
to draw the graphs in the preceding examples. However, these graphs also can be produced 


Math Matters 


Although logarithms were 
originally developed to assist 
with computations, logarithmic 
functions have a much broader 
use today. They are often used in 
such disciplines as geology, 
acoustics, chemistry, physics, and 
economics, to name a few. 


Jan Halaska/Index Stock Imagery/ 


Jupiter Images 


» 
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with a graphing calculator by entering log x and In x into the Y = menu. See Figure 4.31 and 
Figure 4.32. 


Plot! Plote Plots 
\Y: BloglX) 


f(x) = log x 


Figure 4.31 Figure 4.32 


Observe that each graph passes through (1, 0). Also note that as x — 0 from the right, 
the functional values f(x) — —0co. Thus the y-axis is a vertical asymptote for each of the 
graphs. The domain of both f(x) = log x and f(x) = In x is the set of positive real num- 
bers. Each of these functions has a range consisting of the set of real numbers. 

Many applications can be modeled by logarithmic functions. 


EXAMPLE 7 Applied Physiology 


In the study The Pace of Life, M. H. Bornstein and H. G. Bornstein (Nature, Vol. 259, 
pp. 557-558, 1976) reported that as the population of a city increases, the average 
walking speed of a pedestrian also increases. An approximate relation between the 
average pedestrian walking speed s, in miles per hour, and the population x, in thou- 
sands, of a city is given by the function 


s(x) = 0.37 Inx + 0.05 


Determine the average walking speed, to the nearest tenth of a mile per hour, in 
San Francisco, which has a population of 765,000, and in Round Rock, Texas, 
which has a population of 86,000. 


b. Estimate the population of a city for which the average pedestrian walking speed is 
3.1 miles per hour. Round to the nearest hundred-thousand. 


Solution 
a. The population of San Francisco, in thousands, is 765. 
s(x) = 0.37 Inx + 0.05 
s(765) = 0.37 In 765 + 0.05 + Substitute 765 for x. 
= 2.5 * Use a calculator to evaluate. 
The average walking speed in San Francisco is about 2.5 miles per hour. 
The population of Round Rock, in thousands, is 86. 
s(x) = 0.37 Inx + 0.05 
5(86) = 0.37 In 86 + 0.05 ¢ Substitute 86 for x. 


= 1.7 * Use a calculator to evaluate. 


The average walking speed in Round Rock is about 1.7 miles per hour. 


(continued ) 
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b. Graph s(x) = 0.37 Inx + 0.05 and s = 3.1 in the same viewing window. 


5 


10,000 


Intersection 
X=3801.8507 Y=3.1 


-15 


Xscl= 1000 Yscl=1 


The x value of the intersection point represents the population in thousands. The 
function indicates that a city with an average pedestrian walking speed of 3.1 miles 
per hour should have a population of about 3,800,000. 


@ Try Exercise 86, page 367 


EXERCISE SET 4.3 


In Exercises 1 to 12, write each equation in its exponential In Exercises 25 to 42, evaluate each logarithm. Do not 
form. use a calculator. 
1. 1 = log 10 2. 4 = log 10,000 8 
ue ae 25. log, 16 26. logs5- 
3. 2 = logs 64 m4. 3 = log, 64 
1 
1 27. logs 73 28. log, | 
5. 0 = log7x 6. —4= logs 37 
29. Ine? 30. log,b 
7. Inx = 4 8. Ine = 1 
31. 108 S00 ™32. log)o(10°) 
9. Inl =0 10. Inx = —3 
100 
1 +1 33. logos 16 34. logy 3;—— 
11. 2 = log(3x + 1) 12, == A? ) rue BS 9 
3 x? 
35. 4 log 1000 36. logs 1257 
In Exercises 13 to 24, write each equation in its 
logarithmic form. Assume y > 0 and b > 0. 37. 2 log, 2401 38. 3 log,, 161,051 
= 3 
13,3759 m14. 5° = 125 39. log, V9 40. logs W736 
l d Vv : VW34 
ee eo a ae 41. 5 logy3;V169 42. 2 log, W343 
16 
a a In Exercises 43 to 50, graph each function by using its 
Ory ae exponential form. 
19. y=e 20. 5' =5 43. f(x) = logax m44. f(x) = logex 
1 45. f(x) = logj.x 46. f(x) = loggx 
21. 100 = 10° 22, 2“ = 7 
47. f(x) = logy2x 48. f(x) = logy4x 


23. P=x+5 24, 3° = 47 49. f(x) = logsjox 50. f(x) = log73x 
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In Exercises 51 to 64, find the domain of the function. 74. f(x) = Inx + 3 g(x) = In@& — 3) 
Write the domain using interval notation. eae Goes ie =e 
51. f(x) = logs(x — 3) 52. k(x) = logy(S5 — x) 
a. 
53. A(x) = logs/3(11 — x) 54. A(x) = logy/a(x* + 1) 
= 9 = 3 
55. P(x) = In(x? — 4) 56. J(x) = In 
a 4_ 2 
57. h(x) = In ji 58. R(x) = In(x* — x’) 2 
x= . 
59. N(x) = log,(x? — x) 60. s(x) = log,(x? + 7x + 10) 


61. g(x) = log V2x — 11 62. m(x) = log|4x — 8| 


63. A(x) = 2 In(3x — 7) 64. v(x) = In(x — 4)? 


In Exercises 75 to 84, use a graphing utility to graph 
the function. 


i) 


In Exercises 65 to 72, use translations of the graphs in 


Exercises 43 to 50 to produce the graph of the given a i aa a ca 
mance, 77. f(x) = |Inx| 78. f(x) = In |x| 
65. f(x) = logy(x — 3) m66. f(x) = log(x + 3) 

79. f(x) = log Wx 80. f(x) = In Vx 
67. f(x) = logi,x + 2 68. f(x) = logex — 4 

81. f(x) = log(x + 10) 82. f(x) = In(x + 3) 
69. f(x) =3 4+ logy/2x 70. f(x) = 2 + logij4x 


83. f(x) =3log|2x + 10] 84. feet |x — 4| 
71. f(x) = 1 + logsn(x — 4) 72. fla) = logy3(x — 3) — 1 2 


85. =) Money Market Rates The function 


In Exercises 73 and 74, examine the four functions and = r(t) = 0.69607 + 0.60781 Int 
the graphs labeled a, b, c, and d. For each graph, . ; . 
determine which function has been graphed. gives the annual interest rate r, as a percent, a bank will pay on 


its money market accounts, where ¢ is the term (the time the 


73. f(x) = logs(x — 2) g(x) = 2 + logsx money is invested) in months. 


h(x) = logs(—x) A(x) = —logs(x + 3) a. What interest rate, to the nearest tenth of a percent, will the 


bank pay on a money market account with a term of 9 
months? 


b. What is the minimum number of complete months during 
which a person must invest to receive an interest rate of at 
least 3%? 


™86. Average Typing Speed The following function models the 
average typing speed S, in words per minute, of a student who 
has been typing for t months. 


St) =5 + 29In(t+ 1), OS t= 16 


a. What was the student’s average typing speed, to the nearest 
word per minute, when the student first started to type? What 
was the student’s average typing speed, to the nearest word 
per minute, after 3 months? 
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b. z Use a graph of S to determine how long, to the nearest 
= tenth of a month, it will take the student to achieve an 
average typing speed of 65 words per minute. 


87. Advertising Costs and Sales The function 


Xi 
N(x) = 2750 + 1801 et 
(x) = 2750 + 180 (= ) 


models the relationship between the dollar amount x spent on 
advertising a product and the number of units NV that a com- 
pany can sell. 


a. Find the number of units that will be sold with advertising 
expenditures of $20,000, $40,000, and $60,000. 


b. How many units will be sold if the company does not pay 
to advertise the product? 


a Medicine In 

= anesthesiology it is 
necessary to accurately 
estimate the body surface 
area of a patient. One formula ee 
for estimating body surface > \ 
area (BSA) was developed by a 
Edith Boyd (University of 
Minnesota Press, 1935). Her formula for the BSA (in 
square meters) of a patient of height H (in centimeters) 
and weight W (in grams) is 


BSA = 0.0003207- H°3 . W (0.7285 — 0.0188 log W) 


In Exercises 88 and 89, use Boyd’s formula to estimate 
the body surface area of a patient with the given 
weight and height. Round to the nearest hundredth of 
a square meter. 


88. W = 110 pounds (49,895.2 grams) 
H = 5 feet 4 inches (162.56 centimeters) 


89. W = 180 pounds (81,646.6 grams) 
H = 6 feet 1 inch (185.42 centimeters) 


90. ea é Astronomy Astronomers measure the apparent 
= brightness of a star by a unit called the apparent 
magnitude. This unit was created in the second century B.c. 
when the Greek astronomer Hipparchus classified the relative 
brightness of several stars. In his list, he assigned the number 
1 to the stars that appeared to be the brightest (Sirius, Vega, and 
Deneb). They are first-magnitude stars. Hipparchus assigned 
the number 2 to all the stars in the Big Dipper. They are second- 
magnitude stars. The following table shows the relationship 
between a star’s brightness relative to a first-magnitude star 
and the star’s apparent magnitude. Notice from the table that a 
first-magnitude star appears to be about 2.51 times as bright as 
a second-magnitude star. 


91. 


Brightness x, Apparent 
relative to a magnitude 
first-magnitude star | M(x) 
1 1 
== , 
2.51 
t-.. 4 3 
631. 951" 
1 1 4 
15.85 351 
1 1 
Sn oA 5 
39.82 2.514 
Heed : 
LOO.” 3.517 


The following logarithmic function gives the apparent magni- 
tude M(x) of a star as a function of its brightness x. 


M(x) = -25llogx +1, 0<x<1 


a. Use M(x) to find the apparent magnitude of a star that is 
1 
io 38 bright as a first-magnitude star. Round to the nearest 


hundredth. 


1 
b. Find the apparent magnitude of a star that is 400 as bright 


as a first-magnitude star. Round to the nearest hundredth. 


c. Which star appears brighter: a star with an apparent mag- 
nitude of 12 or a star with an apparent magnitude of 15? 


d. Is M(x) an increasing function or a decreasing function? 


) Number of Digits in b* An engineer has determined 
~= that the number of digits NV in the expansion of b*, where 
both 6 and x are positive integers, is N = int(x log b) + 1, 
where int(x log b) denotes the greatest integer of x log b. 
(Note: See pages 175-176 for information on the greatest inte- 
ger function.) 


a. Because 2!” = 1024, we know that 2!° has four digits. Use 
the equation N = int(x log b) + 1 to verify this result. 


b. Find the number of digits in 37°, 


c. Find the number of digits in 74. 
d. ee The largest known prime number as of August 23, 
2008 was 2*3!!2:699 — 1. Find the number of digits in 
this prime number. (Hint: Because 2**!'2 is not a power 
of 10, both 2431!7-609 and 273:1!7.609 _— 1 have the same 
number of digits.) 


92. =) Number of Digits in 9°” A science teacher has offered 
= 10 points extra credit to any student who will write out all 
the digits in the expansion of 9°). 
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x —x 


ete 
94. & Use a graphing utility to graph f(x) = a. forx = 0 


~ and g(x) = In(x + Vx* — 1) for x = 1 on the same 


a. Use the formula from Exercise 91 to determine the number screen. Use a square viewing window. What appears to be the 


of digits in this number. 


b. Assume that you can write 1000 digits per page and that 
500 pages of paper are in a ream of paper. How many reams 95. The functions f(x) = & 
of paper, to the nearest tenth of a ream, are required to write 
out the expansion of 9°)? Assume that you write on only 
one side of each page. 


relationship between fand g? 
*—e~* l+x 

er ts @* 1 — 
inverse functions. The domain of fis the set of all real numbers. 
The domain of g is {x | —1 < x < 1}. Use this information to 
determine the range of f and the range of g. 


1 
and g(x) = 5 are 


In Exercises 93 and 94, use a graphing utility to determine 


the relationship between f and g. 


2 
96. (=) Use a graph of f(x) = Piet to determine the domain 


ti pe * Es 


93. las Use a graphing utility to graph f(x) = ee and ~ and range of f- 


2 


= g(x) = In(x + Vx? + 1) on the same screen. Use a 
square viewing window. What appears to be the relationship 


between fand g? 


SECTION 4.4 Properties of Logarithms and 


Properties of Logarithms 
Change-of-Base Formula 
Logarithmic Scales 


Logarithmic Scales 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A28. 


eB In Exercises PS1 to PS6, use a calculator to compare the values of the given 
> expressions. 


PS1. log3 + log 2; log 6 [4.3] 
PS2. In8 — In3; in(5) [4.3] 


PS3. 3 log 4; log(4°) [4.3] 
PS4. 2 In 5; In(5’) [4.3] 


log 5 
PSS. In 5;—— [4.3] 
loge 
PS6. | g, 28 14 3] 
2 i 


M® Properties of Logarithms 


In Section 4.3 we introduced the following basic properties of logarithms. 
log, b = 1 and log, 1 = 0 


Also, because exponential functions and logarithmic functions are inverses of each other, 
we observed the relationships 


log,(b*) = x and pee = x 
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Caution 


Pay close attention to these prop- 
erties. Note that 


log,(MN) # logy M- log, N 
and 
M_ log,M 
logs N . log, N 


Also, 
log,(M + N) # log, M + log, N 


In fact, the expression log,(M + N) 
cannot be expanded. 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


We can use the properties of exponents to establish the following additional logarithmic 
properties. 


Properties of Logarithms 


In the following properties, b, M/, and N are positive real numbers (b # 1). 


Product property log,(MN) = log, M + log, N 


M 
logs a; = log, M — log, N 


Quotient property 
log,(M’) = p log, M 

M=N implies log, M = log,N 
log, M = log,N implies M=WN 


Power property 
Logarithm-of-each-side property 
One-to-one property 


Here is a proof of the product property. 


Proof 
Let r = log, Mand s = log, N. These equations can be written in exponential form as 
M=D and N=, 
Now consider the product MN. 
MN = b'b* 
Va oe 
log, MN=r+s 
log, MN = log, M + log, N 


¢ Substitute for M and N. 
¢ Product property of exponents 
¢ Write in logarithmic form. 


* Substitute for r and s. 
The last equation is our desired result. ¢ 


The quotient property and the power property can be proved in a similar manner. See 
Exercises 87 and 88 on page 380. 


The properties of logarithms are often used to rewrite logarithmic expressions in an 
equivalent form. The process of using the product or quotient rules to rewrite a single log- 
arithm as the sum or difference of two or more logarithms, or using the power property to 
rewrite log,(M”) in its equivalent form p log, M, is called expanding the logarithmic 
expression. We illustrate this process in Example 1. 


EXAMPLE 1 Expand Logarithmic Expressions 


Use the properties of logarithms to expand the following logarithmic expressions. 
Assume all variable expressions represent positive real numbers. When possible, evalu- 
ate logarithmic expressions. 


Vy 
a. logs(xy’) b. in(é 2) 
Z 


Solution 
a. log.(xy*) = logsx + logs y* * Product property 


= logsx + 2 logsy * Power property 


4.4 PROPERTIES OF LOGARITHMS AND LOGARITHMIC SCALES 371 


evy 
b. in( v) = In(eVy) — Inz? * Quotient property 
= Ine + InVy - Inz? * Product property 
=Inet+Iny’? —-in2 * Write Vy as y!”?. 
1 
=Ine+ 3 Iny — 3lnz ¢ Power property 
1 
us iS = ee + Evaluate In e. 


m@ Try Exercise 2, page 377 


The properties of logarithms are also used to condense expressions that involve the 
sum or difference of logarithms into a single logarithm. For instance, we can use the prod- 
uct property to rewrite log, M + log, N as log,(MN), and the quotient property to rewrite 


M 
log, M — log, N as loge5;- Before applying the product or quotient properties, use the 


power property to write all expressions of the form p log, M in their equivalent log, M? 


form. See Example 2. 


Question ¢ Does log 2 + log 5 = 1? 


EXAMPLE 2 Condense Logarithmic Expressions 


Use the properties of logarithms to rewrite each expression as a single logarithm with a 
coefficient of 1. Assume all variable expressions represent positive real numbers. 


1 
a. 2Inx + 3 ine +4)  b. logs(x? — 4) + 3 logs y — logs(x — 2) 


Solution 
1 
a. 2Inx + > In(x + 4) = Inx? + Inq + 4)! 


= In[x? (x + 4)!7] 
= In[x? Va + 4)] 


b. logs(x? — 4) + 3 logsy — logs(x — 2) 
= logs(x? — 4) + logsy? — logs(x — 2) 
= [logs(x* — 4) + logs y*] — logs(x — 2)° 
= logs[(x? — 4)y*] — logs(x — 2)° 


x? — Ay’ 
(« — 29° 


c + 2x - | 
= logs 


= logs 


Ge= 2y 
(x + 2)y° 
Xx 


= 2 
H Try Exercise 18, page 378 


Answer ® Yes. By the product property, log 2 + log 5 = log(2- 


¢ Power property 


* Product property 
* Rewriting (x + 4)"? as 
Vx + 4 is an optional step. 


¢ Power property 


* Order of Operations Agreement | 


* Product property 


* Quotient property 
¢ Factor. 


* Simplify. 


5) = log 10 = 1. 
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Study tip 


If common logarithms had been 
used for the calculations in 
Example 3, the final results would 
have been the same. 


log 18 


log3 18 = =~ 2.6309 
093 log 3 
log 400 
log;2 400 = log 12 ~ 2.4111 


® Change-of-Base Formula 


Recall that to determine the value of y in log; 81 = y, we ask the question, “What power 
of 3 is equal to 81?” Because 34 = 81, we have log; 81 = 4. Now suppose that we need 
to determine the value of log; 50. In this case, we need to find the power of 3 that produces 
50. Because 3° = 27 and 34 = 81, the value we are seeking is somewhere between 3 
and 4. The following procedure can be used to produce an estimate of log; 50. 

The exponential form of log; 50 = y is 3” = 50. Applying logarithmic properties 
gives us 


3” = 50 
In 3” = In 50 * Logarithm-of-each-side property 
yln3 = In50 * Power property 
In 50 
y= ~ 3.56088 * Solve for y. 
In 3 


Thus log; 50 ~ 3.56088. In the preceding procedure we could just as well have used loga- 
rithms of any base and arrived at the same value. Thus any logarithm can be expressed in terms 
of logarithms of any base we wish. This general result is summarized in the following formula. 


Change-of-Base Formula 


If x, a, and b are positive real numbers with a # | and b ¥ 1, then 


Because most calculators use only common logarithms (a = 10) or natural loga- 
rithms (a = e), the change-of-base formula is used most often in the following form. 


If x and b are positive real numbers and b # 1, then 


~ Ind 


EXAMPLE 3___Use the Change-of-Base Formula 


Evaluate each logarithm. Round to the nearest ten-thousandth. 
a. log; 18 b. log,» 400 


Solution 

To approximate these logarithms, we may use the change-of-base formula with a = 10 
or a = e. For this example, we choose to use the change-of-base formula with a = e. 
That is, we will evaluate these logarithms by using the | LN| key on a scientific or 
graphing calculator. 


In 18 In 400 
. log; 18 = we 2, ell 400 = 
a. log; 18 in3 6309 b. logy. nl 


= 2.4111 


@ Try Exercise 34, page 378 


F(x) = log;(2x + 3) 


Figure 4.33 


Math Matters 


The Richter scale was created by 
the seismologist Charles F. Richter 
in 1935. Notice that a tenfold 
increase in the intensity level of 
an earthquake increases the 
Richter scale magnitude of the 
earthquake by only 1. 
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The change-of-base formula and a graphing calculator can be used to graph logarithmic 
functions that have a base other than 10 or e. For instance, to graph f(x) = log3(2x + 3), 
we rewrite the function in terms of base 10 or base e. Using base 10 logarithms, we have 


f(x) = log3(2x + 3) = Inge 2) 


. The graph is shown in Figure 4.33. 
log 3 


EXAMPLE 4 _ Use the Change-of-Base Formula to Graph a 
Logarithmic Function 


@ Graph f(x) = log, |x — 3]. 


Solution 
Rewrite f using the change-of-base formula. We will use the natural logarithm func- 
tion; however, the common logarithm function could be used instead. 
In |x — 3] 
In 2 


A(x) = logy |x — 3] = 


In |x — 3 
Enter ant into Y1. The graph is shown at the f(x) = log, |x — 3| 
n 
right. Note that the domain of f(x) = logy|x — 3] 
is all real numbers except 3 because |x — 3] = 0 
when x = 3 and |x — 3] is positive for all other 
values of x. 


—2.7 


@ Try Exercise 46, page 378 


® Logarithmic Scales 


Logarithmic functions are often used to scale very large (or very small) numbers into num- 
bers that are easier to comprehend. For instance, the Richter scale magnitude of an earth- 
quake uses a logarithmic function to convert the intensity of the earthquake’s shock waves 
J into a number WM, which for most earthquakes is in the range of 0 to 10. The intensity / 
of an earthquake is often given in terms of the constant Jj, where Jp is the intensity of the 
smallest earthquake (called a zero-level earthquake) that can be measured on a seismo- 
graph near the earthquake’s epicenter. The following formula is used to compute the 
Richter scale magnitude of an earthquake. 


Richter Scale Magnitude of an Earthquake 


An earthquake with an intensity of / has a Richter scale magnitude of 


I 
M= ioo( 1) 
0 


where Jp is the measure of the intensity of a zero-level earthquake. 
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Study tip 


Notice in Example 5 that we 

did not need to know the value of 
I) to determine the Richter scale 
magnitude of the quake. 


EXAMPLE 5 Determine the Magnitude of an Earthquake 


ee 2 Find the Richter scale magnitude (to the nearest tenth) of the 2008 
= Panama—Costa Rica earthquake that had an intensity of J = 1,584,893Jp. 


I 1,584,893/, 
M= toe(£) = ma : 2) = log(1,584,893) ~ 6.2 
0 0 


Solution 


The 2008 Panama—Costa Rica earthquake had a Richter scale magnitude of 6.2. 


@ Try Exercise 68, page 379 


Study tip 


The results of Example 7 show that 
if an earthquake has a Richter scale 
magnitude of M, and a smaller 
earthquake has a Richter scale 
magnitude of M), then the larger 
earthquake is 10”1~”2 times as 
intense as the smaller earthquake. 


If you know the Richter scale magnitude of an earthquake, you can determine the 
intensity of the earthquake. 


EXAMPLE 6 _ Determine the Intensity of an Earthquake 


Find the intensity of the July 2008, Greater Los Angeles Area earthquake, which 
measured 5.4 on the Richter scale. 


Solution 
r) 7 
lo 7 = 54 
I = 5.4 ee : 
a = 10 ¢ Write in exponential form. 
[= 10°47, * Solve for J. 


I © 251,189[y 


The 2008 Greater Los Angeles Area earthquake had an intensity that was approximately 
251,000 times the intensity of a zero-level earthquake. 


Try Exercise 70, page 379 


In Example 7 we use the Richter scale magnitudes of two earthquakes to compare the 
intensities of the earthquakes. 


EXAMPLE 7 Compare Intensities of Earthquakes 


The 1960 Chile earthquake had a Richter scale magnitude of 9.5. The 1989 San 
Francisco earthquake had a Richter scale magnitude of 7.1. Compare the intensi- 
ties of the earthquakes. 


Solution 


Let /, be the intensity of the Chilean earthquake, and let /, be the intensity of the San 
Francisco earthquake. Then 


L\ _ h\ _ 
log i} 95 and log i) > am | 
0 0 
q = 10° L = 107! 
Ih I 
L210"), i= i0' 
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To compare the intensities of the earthquakes, we compute the ratio /,/J,. 


I aes A 10° 
L 1077, 10”! 


= 10?>77! = 1024 ~ 251 
The earthquake in Chile was approximately 251 times as intense as the San Francisco 
earthquake. 


Try Exercise 72, page 379 


Seismologists generally determine the Richter scale magnitude of an earthquake by 
examining a seismogram. See Figure 4.34. 


Arrival of 
first s-wave 


Arrival of ~ 
first p-wave 


Amplitude = 23 mm 


y 


24s 
Time between 
s-wave and p-wave 


Figure 4.34 


The magnitude of an earthquake cannot be determined just by examining the ampli- 
tude of a seismogram because this amplitude decreases as the distance between the epicen- 
ter of the earthquake and the observation station increases. To account for the distance 
between the epicenter and the observation station, a seismologist examines a seismogram 
for small waves called p-waves and larger waves called s-waves. The Richter scale magni- 
tude M of an earthquake is a function of both the amplitude 4 of the s-waves and the dif- 
ference in time f between the occurrence of the s-waves and the occurrence of the p-waves. 
In the 1950s, Charles Richter developed the following formula to determine the magnitude 
of an earthquake from the data in a seismogram. 


Amplitude-Time—Difference Formula 


The Richter scale magnitude M of an earthquake is given by 
M = logA + 3 log 8t — 2.92 


where A is the amplitude, in millimeters, of the s-waves on a seismogram and f is 
the difference in time, in seconds, between the s-waves and the p-waves. 


EXAMPLE 8 Determine the Magnitude of an Earthquake from 
Its Seismogram 


Find the Richter scale magnitude of the earthquake that produced the seismogram in 
Figure 4.34. 


(continued ) 
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Note 


The Richter scale magnitude is 
usually rounded to the nearest 
tenth. 


Math Matters 


The pH scale was created by the 
Danish biochemist Soren Sgrensen 
in 1909 to measure the acidity of 
water used in the brewing of beer. 
pH is an abbreviation for pondus 
hydrogenii, which translates as 
“potential hydrogen.” 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


Solution 
M = logA + 3 log 8t — 2.92 
= log 23 + 3 log/8+24] — 2.92 
1.36173 + 6.84990 — 2.92 
= 5.3 


¢ Substitute 23 for A and 24 for t. 


2 


The earthquake had a magnitude of about 5.3 on the Richter scale. 


@ Try Exercise 76, page 379 


Logarithmic scales are also used in chemistry. One example concerns the pH of a liq- 
uid, which is a measure of the liquid’s acidity or alkalinity. (You may have tested the pH 
of the water in a swimming pool or an aquarium.) Pure water, which is considered neutral, 
has a pH of 7.0. The pH scale ranges from 0 to 14, with 0 corresponding to the most acidic 
solutions and 14 to the most alkaline. Lemon juice has a pH of about 2, whereas house- 
hold ammonia measures about 11. 

Specifically, the pH of a solution is a function of the hydronium-ion concentration of 
the solution. Because the hydronium-ion concentration of a solution can be very small 
(with values such as 0.00000001 mole per liter), pH uses a logarithmic scale. 


Definition of the pH of a Solution 


The pH of a solution with a hydronium-ion concentration of [H*] mole per liter 
is given by 


pH = —log[H™] 


EXAMPLE 9 Find the pH of a Solution 


Find the pH of each liquid. Round to the nearest tenth. 
Orange juice with [H*] = 2.8 X 10+ mole per liter 
b. Milk with [H*] = 3.97 X 1077 mole per liter 
c. Rainwater with [H*] = 6.31 X 10° mole per liter 
d. A baking soda solution with [H*] = 3.98 X 10-° mole per liter 


Solution 
a. pH = —log[H*] = —log(2.8 x 10°*) = 3.6 
The orange juice has a pH of 3.6. 


b. pH = —log[H*] = —log(3.97 x 10°’) © 6.4 


The milk has a pH of 6.4. 

c. pH = —log[H*] = —log(6.31 x 10°) © 4.2 
The rainwater has a pH of 4.2. 

d. pH = —log{H*] = —log(3.98 x 10°°) © 8.4 


The baking soda solution has a pH of 8.4. 
@ Try Exercise 78, page 379 
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Figure 4.35 illustrates the pH scale, along with the corresponding hydronium-ion con- 
centrations. A solution on the left half of the scale, with a pH of less than 7, is an acid, and 
a solution on the right half of the scale is an alkaline solution, or a base. Because the scale 
is logarithmic, a solution with a pH of 5 is 10 times more acidic than a solution with a pH 
of 6. From Example 9, we see that the orange juice, milk, and rainwater are acids whereas 
the baking soda solution is a base. 


Neutral 
Acidic : Basic 
— —_—_—_— 
pH 0 1 2 3 4 5 6 7 8 9 10 il 12 13 14 


[fH] 10° «610! «©1107 10% 104% 10° 10° 107 10% 10° 101° Io Jo 10 Io! 
pH =-log[H] 


Figure 4.35 


EXAMPLE 10 __ Find the Hydronium-lon Concentration 


A sample of blood has a pH of 7.3. Find the hydronium-ion concentration of the blood. 


Solution 
pH = —log[H™] 
7.3 = —log[H"] + Substitute 7.3 for pH. 
—7.3 = log[H*] * Multiply both sides by —1. 
10773 = [H"] ¢ Change to exponential form. 


5.0 x 10° = [Ht] 
The hydronium-ion concentration of the blood is about 5.0 X 10-° mole per liter. 


H# Try Exercise 80, page 379 


EXERCISE SET 4.4 


In Exercises 1 to 16, expand the given logarithmic Vxz LR 
expression. Assume all variable expressions represent 7. logy ¥ BN Ve 
positive real numbers. When possible, evaluate 
logarithmic expressions. Do not use a calculator. 9. In(e2z) 10. In(x!/? 7/3) 
3 
Zz 
1. log,(xyz a2. In—— y 4 
BHlyZ) Vy 11. tox “= ) 12. loas( Xz ) 
l6y? 125 
3. 1 = 4. | xy" V2 
: a » 1085 A 13. log VxVz 14. in( 5 ) 
Zz 
x 2 
5. logy 6. log,(xVy) 15. In(WzVe) 16. in| “| 
y y 


378 CHAPTER 4 EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


In Exercises 17 to 32, write each expression as a single 
logarithm with a coefficient of 1. Assume all variable 
expressions represent positive real numbers. 
17. log(x + 5) + 2logx 
1 
#18. 3 logy t — 3 log,u + 4 log, v 


19. In(x? — y?) — In(x — y) 


1 
20. 3 loge(x + 5) — 3 loggy 


1 
21. 3 logx 4 3 logy + log(x + 1) 


22. WeGz) = hay) + 2 
Zz 


23. log(xy”) — logz 
24. In(y!/2z) — Inz!/? 


25. 2(logsx + logsy?) — loge(x + 2) 


1 
26. > log3x — log; y + 2 log3(x + 2) 


27. 2In(x + 4) — Inx — In(x? — 3) 


28. log(3x) — (2 logx — logy) 


1 
29. In(2x + 5) — Iny — 21Inz 4 ra 


30. log,x + log,(v + 3) + log,(v + 2) — log,(v* + 5y + 6) 


31. In@x? — 9) — 2 Ine — 3) + 3Iny 
32. log,(x* + 7x + 12) — 2 log,(x + 4) 
In Exercises 33 to 44, use the change-of-base formula to 


approximate the logarithm accurate to the nearest ten- 
thousandth. 


33. log, 20 034. log; 37 
35. log), 8 36. logsy 22 
1 7 
37. logs = 38. log; — 
86 3 83 8 


39. logy V17 40. log, V7 


41. logyz 17 42. logy; 5.5 
43. log, e 44. log, V15 


=) In Exercises 45 to 52, use a graphing utility and the 
~* change-of-base formula to graph the logarithmic 
function. 


45. f(x) = logyx M46. g(x) = logs(5 — x) 
47. 9(x) = logs(x — 3) 48. t(x) = logo(5 — x) 
49. h(x) = log3(x — 3) 50. Ax) = log)(—x) 
51. F(x) = —logs|x — 2| 52. n(x) = log, Vx — 8 


In Exercises 53 to 62, determine whether the statement is 
true or false for all x > 0, y > 0. If it is false, write an 
example that disproves the statement. 


53. log,(x + y) = log, x + log, y 
54. log,(xy) = log; x- log, y 
55. log,(xy) = log, x + log, y 


56. log, x- log, y = log, x + log, y 


57. log, x — logy y = log,~ — y), x >y 


log, x 
58. log, ~ a 
y log, y 
log, x 
59. = log, x — log, y 
log, y 


60. log,(x”) = n log, x 


61. (log, x)” = n log, x 
1 
62. log, Vx = 2 log, x 


In Exercises 63 and 64, evaluate the given expression 
without using a calculator. 


63. log; 5- logs 7-log,9 
64. log; 20: logs 60 * loge, 100 + logiy9 125 
65. Which is larger, 500°! or 506°’? These numbers are too large 


for most calculators to handle. (They each have 1353 digits!) 
(Hint: Compare the logarithms of each number.) 


1 
66. Which is smaller, 50300 or ? See the hint in Exercise 65. 


9300 15 1233 


67. 


268. 


69. 


#70. 


71. 


a72. 


73. 


74. 


75. 


2 Earthquake Magnitude The Baja California earthquake 
of November 20, 2008, had an intensity of J = 101,400/. 

What did this earthquake measure on the Richter scale? 

2 Earthquake Magnitude The Colombia earthquake of 
1906 had an intensity of J = 398,107,000/). What did 

this earthquake measure on the Richter scale? 


2 Earthquake Intensity The Coalinga, California, earth- 
quake of 1983 had a Richter scale magnitude of 6.5. Find 
the intensity of this earthquake. 


2 Earthquake Intensity The earthquake that occurred just 
south of Concepcion, Chile, in 1960 had a Richter scale 
magnitude of 9.5. Find the intensity of this earthquake. 


Comparison of Earthquakes Compare the intensity of an 
earthquake that measures 5.0 on the Richter scale to the 
intensity of an earthquake that measures 3.0 on the Richter 
scale by finding the ratio of the larger intensity to the smaller 
intensity. 


P.) Comparison of Earthquakes How many times as 

great was the intensity of the 1960 earthquake in Chile, 
which measured 9.5 on the Richter scale, than the San 
Francisco earthquake of 1906, which measured 8.3 on the 
Richter scale? 


».) Comparison of Earthquakes On March 2, 1933, an 

earthquake of magnitude 8.9 on the Richter scale struck 
Japan. In October 1989, an earthquake of magnitude 7.1 on the 
Richter scale struck the San Francisco Bay Area. Compare the 
intensity of the larger earthquake to the intensity of the smaller 
earthquake by finding the ratio of the larger intensity to the 
smaller intensity. 


2 Comparison of Earthquakes An earthquake that 
occurred in China in 1978 measured 8.2 on the Richter 
scale. In 1988, an earthquake in California measured 6.9 on the 
Richter scale. Compare the intensity of the larger earthquake to 
the intensity of the smaller earthquake by finding the ratio of 
the larger intensity to the smaller intensity. 


Earthquake Magnitude Find the Richter scale magnitude of 
the earthquake that produced the seismogram in the following 
figure. 


t=3ilks 


44 


a76. 


77. 


a 78. 


79. 


#80. 
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Earthquake Magnitude Find the Richter scale magnitude of 
the earthquake that produced the seismogram in the following 
figure. 


pH Milk of magnesia has a hydronium-ion concentration of 
about 3.97 X 107! mole per liter. Determine the pH of milk of 
magnesia and state whether milk of magnesia is an acid or a base. 


pH Vinegar has a hydronium-ion concentration of 1.26 x 1073 
mole per liter. Determine the pH of vinegar and state whether 
vinegar is an acid or a base. 


Hydronium-lon Concentration A morphine solution has a 
pH of 9.5. Determine the hydronium-ion concentration of the 
morphine solution. 


Hydronium-lon Concentration A rainstorm in New York City 
produced rainwater with a pH of 5.6. Determine the hydronium- 
ion concentration of the rainwater. 


Decibel Level The range of sound intensities that 
the human ear can detect is so large that a special 


decibel scale (named after Alexander Graham Bell) is 
used to measure and compare sound intensities. The 
decibel level (dB) of a sound is given by 


dB(l) = 10 loa( 7) 
0 


where | is the intensity of sound that is barely audible to 
the human ear. Use the decibel level formula to work 
Exercises 81 to 84. 


81. 


82. 


Find the decibel level for the following sounds. Round to the 
nearest tenth of a decibel. 


Sound Intensity 
a. Automobile traffic T= 1.58 X 108+ Jy 
b. Quiet conversation I = 10,800 + Jo 
c. Fender guitar I= 3.16 X 10!'-L 


d. Jet engine T= 1.58 X 105+fy 

A team in Arizona installed in a Ford Bronco a 48,000-watt 
sound system that it claims can output 175-decibel sound. The 
human pain threshold for sound is 125 decibels. How many 
times as great is the intensity of the sound from the Bronco 
than the human pain threshold for sound? 
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83. How many times as great is the intensity of a sound that mea- 
sures 120 decibels than a sound that measures 110 decibels? 


84. Ifthe intensity of a sound is doubled, what is the increase in the 


decibel level? (Hint: Find dB(2J) — dB(/).) 86. 


85. Animated Maps A software company that creates interactive 
maps for websites has designed an animated zooming feature 
such that when a user selects the zoom-in option the map 
appears to expand on a location. This is accomplished by dis- 87 
playing several intermediate maps to give the illusion of motion. 
The company has determined that zooming in on a location is 
more informative and pleasing to observe when the scale of 
each step of the animation is determined using the equation 


a 


(log Sp — log So) 
S, = So* 10 


where S,, represents the scale of the current step n (n = 0 cor- 
responds to the initial scale), Sp is the starting scale of the map, 
S,is the final scale, and N is the number of steps in the anima- 
tion following the initial scale. (If the initial scale of the map is 
1:200, then Sy = 200.) Determine the scales to be used at each 


88. 


intermediate step if a map is to start with a scale of 1:1,000,000, 
and proceed through five intermediate steps to end with a scale 
of 1:500,000. 


Animated Maps Use the equation in Exercise 85 to deter- 
mine the scales for each stage of an animated map zoom that 
goes from a scale of 1:250,000 to a scale of 1:100,000 in four 
steps (following the initial scale). 


. Prove the quotient property of logarithms 


M 
loge, = log, M — log, N 


(Hint: See the proof of the product property of logarithms on 
page 370.) 


Prove the power property of logarithms 
log,(M”) = p log, M 


See the hint given in Exercise 87. 


MID-CHAPTER 4 QUIZ 


1. Use composition of functions to verify that 


6. 
500 + 120x 500 
fx) = and gx) = — 5 
are inverses of each other. 7 
, F _ 240 S we 
2. Find the inverse of f(x) = ea x # 4. State any restrictions 8 
on the domain of f~1(x). 
3. Evaluate f(x) = e*, for x = —2.4. Round to the nearest ten- 9. 
thousandth. 
4. Write In x = 6 in exponential form. 10. 


5. Graph f(x) = log;(x + 3). 


3 
x 

Expand in), Assume x and y are positive real numbers. 
e 


. Write log; x* — 2 log; z + log; (xy”) as a single logarithm with a 


coefficient of 1. Assume all variables are positive real numbers. 


. Use the change-of-base formula to evaluate logs 411. Round to 


the nearest ten-thousandth. 


What is the Richter scale magnitude of an earthquake with an 
intensity of 789,251/,? Round to the nearest tenth. 


How many times as great is the intensity of an earthquake that 
measures 7.9 on the Richter scale than the intensity of an earth- 
quake that measures 5.1 on the Richter scale? 


SECTION 4.5 | Exponential and Logarithmic Equations 


Solving Exponential Equations 
Solving Logarithmic Equations 


on page A28. 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 


PS1. Use the definition of a logarithm to write the exponential equation 3° = 729 in 


logarithmic form. [4.3] 


PS2. Use the definition of a logarithm to write the logarithmic equation log; 625 = 4 
in exponential form. [4.3] 
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PS3. Use the definition of a logarithm to write the exponential equation a**” = 5 in 
logarithmic form. [4.3] 


PS4. Solve for x: 4a = 7bx + 2cx [1.2] 


300 
PS5. Ive for x: 165 = ——— [1.4 
Solve for x: 165 = Dx | | 
100 + 
PS6. Solve for x: A = pat [1.4] 
100 — x 


B® Solving Exponential Equations 


If a variable appears in the exponent of a term of an equation, such as in 2**! = 32, then 
the equation is called an exponential equation. Example | uses the following Equality of 
Exponents Theorem to solve 2**! = 32. 


Equality of Exponents Theorem 


If b‘ = 6b’, then x = y, provided b > 0 and b # 1. 


EXAMPLE 1_ Solve an Exponential Equation 


Use the Equality of Exponents Theorem to solve 2**! = 32. 


Solution 
Cae) 
rt a ° Write each side as a power of 2. 
x+1=5 ¢ Equate the exponents. 
x=4 ° Solve for x. 
Check: Let x = 4. Then 271! = 241! 
=2 
= 32 


@ Try Exercise 2, page 386 


faq Integrating Technology 


S2=5 
Sa25 


A graphing utility can also be used to find the solutions of an equation of the form 
f(®) = g(x). Either of the following two methods can be employed. 


Intersection Method Graph y, = f(x) and y, = g(x) on the same screen. The solu- 
tions of f(x) = g(x) are the x-coordinates of the points of intersection of the graphs. 


(continued ) 
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Intercept Method The solutions of f(x) = g(x) are the x-coordinates of the 
x-intercepts of the graph of y = f(x) — g(x). 


Figure 4.36 and Figure 4.37 illustrate the graphical methods for solving 2**! = 32. 


Intersection method Intercept method 


Figure 4.36 Figure 4.37 


In Example 1, we were able to write both sides of the equation as a power of the same 
base. If you find it difficult to write both sides of an exponential equation in terms of the 
same base, then try the procedure of taking the logarithm of each side of the equation. This 
procedure is used in Example 2. 


EXAMPLE 2 Solve an Exponential Equation 


Solve: 5* = 40 
Algebraic Solution Visualize the Solution 
~ = 40 Intersection Method The solution 
log(5*) = log 40 * Take the logarithm of each side. of 5° = 40 is the x-coordinate of the 
xlog 5 = log 40 i Sumer obepedin point of intersection of y = 5* and 
y = 40. 
log 40 
x= 1 ¢ Exact solution 
og 5 
xe 23 * Decimal approximation 


To the nearest tenth, the solution is 2.3. 


Intersection: 
X=2.2920297 Y=40 


@ Try Exercise 10, page 386 


An alternative approach to solving the equation in Example 2 is to rewrite the expo- 
nential equation in logarithmic form: 5* = 40 is equivalent to the logarithmic equation 
log 40 
log 5° 
In Example 3, however, we must take logarithms of both sides to reach a solution. 


logs40 = x. Using the change-of-base formula, we find that x = log;40 = 


4.5 


EXAMPLE 3_ Solve an Exponential Equation 
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Solve: 32%~! = 5**? 


Algebraic Solution 
32x71 = 5xt2 


32x71 get 


In =In 


(2x — 1)In3 = (x + 2)In5 
2x In3 — In3 = xln5 + 21n5 
2x In3 — xIn5 = 21n5 + In3 


¢ Take the natural logarithm 
of each side. 


¢ Power property 
¢ Distributive property 


* Solve for x. 


Visualize the Solution 


Intercept Method The solution of 


3%! = 5**? is the x-coordinate of 
_ 5xt2 


the x-intercept of y = 37°! 


400,000 


pease Legere 


x(2 In3 — In5) = 21In5 + In3 * Factor. 
i= ae ¢ Exact solution 
2In3 — In5 
x = 7.3 * Decimal approximation 


—400,000 
To the nearest tenth, the solution is 7.3. 


@ Try Exercise 18, page 386 


In Example 4, we solve an exponential equation that has two solutions. 


EXAMPLE 4 Solve an Exponential Equation Involving b* + b~* 


2* +27 
Solve: ———— = 3 
olve 2 


Algebraic Solution Visualize the Solution 


Multiplying each side by 2 produces Intersection Method The solutions 


= 2 2 . 
a of a cae 3 are the x-coordinates 
fe Ne * Multiply each side by 2° to clear 
@) eee exponents - of the points of intersection of 
+2 
(2*? — 62") +1=0 * Write in quadratic form. = 5 and y = 3. 


(uy? — 6(u) +1=0 
By the quadratic formula, 


° Substitute uw for 2*. 


6+ V36—-4 6+4V2 
u= = =3+42V2 
2 2 
Ma3+2V2 * Replace wu with 2*. 
log 2* = log(3 + 2V2) * Take the common logarithm of 
each side. 
xlog2 = log(3 + 2V2) * Power property 
log(3 + 2V2) 
x = ———_ ® £2.54 * Solve for x. 


log 2 


The approximate solutions are —2.54 and 2.54. 


@ Try Exercise 42, page 387 
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® Solving Logarithmic Equations 


Equations that involve logarithms are called logarithmic equations. The properties of log- 
arithms, along with the definition of a logarithm, are often used to find the solutions of a 
logarithmic equation. 


EXAMPLE 5 _ Solve a Logarithmic Equation 


Solve: log(3x — 5) = 2 


Solution 
log(3x — 5) = 2 
3x — 5 = 10° * Definition of a logarithm 
3x = 105 * Solve for x. 
x = 35 


Check: log[3(35) — 5] = log 100 = 2 


@ Try Exercise 22, page 386 


EXAMPLE 6 _ Solve a Logarithmic Equation 


Solve: log 2x — log(x — 3) = 1 


Solution 
log 2x — log(x — 3) = 1 


2x 


log =1 * Quotient property 
5 ee 
2x 1 wedgs ; 
= 10 * Definition of a logarithm 
La: 
2x = 10x — 30 ¢ Multiply each side by x — 3. 
—8x = —30 * Solve for x. 
i 
x= — 
4 


15 — : 
Check the solution by substituting re into the original equation. 


@ Try Exercise 26, page 387 


In Example 7 we use the one-to-one property of logarithms to find the solution of a 
logarithmic equation. 


4.5 
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EXAMPLE 7 Solve a Logarithmic Equation 


Solve: In(3x + 8) = In(2x + 2) + In(x — 2) 


Algebraic Solution 
In(3x + 8) = In(2x + 2) + In(x — 2) 


In(3x + 8) = In[(2x + 2) — 2)] * Product property 
In(3x + 8) = In(2x? — 2x — 4) 
3x + 8 = 2x7 — 2x — 4 * One-to-one property of logarithms 
0 = 2x? — 5x — 12 * Subtract 3x — 8 from each side. 
0 = x + 3)@ — 4) * Factor. 
3 
x= 5 or x=4 * Solve for x. 


a 
A check will show that 4 is a solution but that — 3 is not a solution. 


Try Exercise 36, page 387 


Visualize the Solution 


The graph of 
y = In(3x + 8) — In(2x + 2) — In@ — 2) 


has only one x-intercept. Thus there is only 
one real solution. 


yh 


3 
Question ¢ Why does x = — S not check in 


Example 7? 


EXAMPLE 8 Velocity of a Sky Diver Experiencing Air Resistance 


During the free fall portion of a jump, the time ¢, in seconds, required for a sky diver to 
reach a velocity v, in feet, per second is given by 


1 
(= 22 w(t -t)o=v< 175 


a. Determine the velocity of the diver after 5 seconds. 


b. The graph of t has a vertical asymptote at v = 175. Explain the meaning of the 


vertical asymptote in the context of 


Solution 
a. Substitute 5 for ¢ and solve for v. 


1 
—— at? (1 _ “) 
32 175 


175 
5 =-— in( 1 = --) * Replace ¢ with 5. 


1/5 


this example. 


(continued ) 


3 7 7 
Answer @ If x = — > the original equation becomes in(Z) In(—1) 4 in( 9 ) This cannot 


be true because the function f(x) = In x is not defined for negative values of x. 
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32 Vv 3) 
——— ]5 = Int 1 - — . i i ae 
( 2) ( =) Multiply each side by 75° 
32 v 
35 — M1 a5 * Simplify. 
a * Write i tial f 
175 rite in exponential form. 
@ 3235 _ 1 ie ¢ Subtract 1 from each side. 
v= TIO. = or) ¢ Multiply each side by —175. 
v & 104.86 


After 5 seconds the velocity of the sky diver will be about 104.9 feet per second. 


Note See Figure 4.38. 


v=175 
15+ 


10 + 


Time (in seconds) 


If air resistance is not considered, 
then the time in seconds required 
for a sky diver to reach a given 
velocity (in feet per second) is 

= 15 v 
v t=- 37 nd - —) 


| 
\/ 104.9 
50 100 150 


Velocity (in feet per second) 


<Y 


t= 32° The function in Example 8 175 
is a more realistic model of the Figure 4-38 
time required to reach a given b. The vertical asymptote v = 175 indicates that the velocity of the sky diver 


velocity during the free fall of a 
sky diver who is experiencing air 
resistance. 


approaches, but never reaches or exceeds, 175 feet per second. In Figure 4.38, note 
that as v > 175 from the left, tf ~ ©. 


@ Try Exercise 74, page 389 


EXERCISE SET 4.5 


In Exercises 1 to 48, use algebraic procedures to find the 9. 5*= 70 10. 6* = 50 
exact solution or solutions of the equation. 
11. 3°>* = 120 12. 7 * = 63 
1. 2° = 64 m2. 3* = 243 
1 1 13. 10*73 = 315 14. 10°* = 550 
3. 49% = —_ 4. % = — 
in = 15. e* = 10 16. e**! = 20 
5, grt ob 6 fees 17,243 m18, 3°? = 4"! 
8 9 
19. 227% =¢ 3" 20. 5** = 3**4 


: 2y-% ‘ (2) -% 
"AS 125 "AS 4 21. log(4x — 18) = 1 m22. log(x? + 19) = 2 


23. In(x? — 12) = Inx 


24. log(2x? + 3x) = log(10x + 30) 


25. log»x + log»(x — 4) = 2 


m 26. log;x + log3(x + 6) = 3 


27. log(5x — 1) = 2 + log(x — 2) 

28. 1 + log(3x — 1) = log(2x + 1) 

29. In(1 — x) + In3 — x) = In8 

30. log(4 — x) = log(x + 8) + log(2x + 13) 


1 
31. log Vxi — 17 == 


2 
33. log(log x) = 1 


35. In(e*) = 6 


32. log(x*) = (log x)* 


34. In(Inx) = 2 


1 
m 36. Inx = in( 2s + >) + 
2 2 2 


37. log7(5x) 


log; 3 = log,(2x + 1) 


38. logy x + logy(x — 2) = logy 15 


39, ee) = 4 


10* — 10 * 
2 


41. 20 


10° + 107 
10" = 10 


45, as 


47. >—— = 4 


to the nearest hundredth. 
49. 27°F =x+1 


51. 2 * — 2x = 1 


53. 3 logo(x — 1) = —x + 3 


40. 10'°%82x*7) = g 


10" + 107° _ 


042. = 8 
2 


io = 10° 
10* + 10-* 


Nie 


46. 


ll 


15 


48. ———— = 3 


fe) In Exercises 49 to 58, use a graphing utility to 
“= approximate the solution or solutions of the equation 


50. 3°? = -2x- 1 
52. 2e*'? + 3x = 2 


54. 2 log3(2 — 3x) = 2x — 1 
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1 
55. In(2x + 4) + a° = =3 56. 21n(3 — x) + 3x = 4 


57. Bt! =x? - 1 58. Inx = —x* + 4 


59. Population Growth The population P of a city grows expo- 
nentially according to the function 


P(t) = 8500(1.1), 0<t<8 
where f¢ is measured in years. 


a. Find the population at time ¢ = 0 and at time ¢ = 2. 
b. When, to the nearest year, will the population reach 15,000? 


60. Physical Fitness After a race, a runner’s pulse rate R, in beats 
per minute, decreases according to the function 


R(t) = 145e°°"", Ost= 15 
where ¢ is measured in minutes. 


a. Find the runner’s pulse rate at the end of the race and | minute 
after the end of the race. 


b. How long, to the nearest minute, after the end of the race 
will the runner’s pulse rate be 80 beats per minute? 


61. Rate of Cooling A can of soda at 79°F is placed in a refrig- 
erator that maintains a constant temperature of 36°F. The tem- 
perature 7 of the soda ¢ minutes after it is placed in the refrig- 
erator is given by 


T(t) = 36 + 43e 0098 


a. Find the temperature, to the nearest degree, of the soda 
10 minutes after it is placed in the refrigerator. 


b. When, to the nearest minute, will the temperature of the 
soda be 45°F? 


62. Medicine During surgery, a patient’s circulatory system 
requires at least 50 milligrams of an anesthetic. The amount of 
anesthetic present ¢ hours after 80 milligrams of anesthetic is 
administered is given by 


T(t) = 80(0.727)' 
a. How much, to the nearest milligram, of the anesthetic is 
present in the patient’s circulatory system 30 minutes after 
the anesthetic is administered? 


b. How long, to the nearest minute, can the operation last if 
the patient does not receive additional anesthetic? 


Bertalanffy’s Equation In 1938, the biologist Ludwig von 
Bertalanffy developed the equation 


L=m-—(m-— lL)e™ 

which models the length L, in centimeters, of a fish as it 
grows under optimal conditions for a period of x years. 
In Bertalanffy’s equation, m represents the maximum 
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length, in centimeters, the fish is expected to attain; Lo is 
the length, in centimeters, of the fish at birth; and ris a 
constant related to the growth rate of the fish species. 
Use Bertalanffy’s equation to predict the age of the fish 
described in Exercises 63 and 64. 


63. A barracuda has a length of 114 centimeters. Use Bertalanffy’s 
equation to predict, to the nearest tenth of a year, the age of the 
barracuda. Assume m = 198 centimeters, Ly) = 0.9 centimeter, 
andr = 0.23. 


64. A haddock has a length of 21 centimeters. Use Bertalanffy’s 
equation to predict, to the nearest tenth of a year, the age of the 
haddock. Assume m = 94 centimeters, Ly) = 0.6 centimeters, 
andr = 0.21. 


65. Typing Speed The following function models the average 
typing speed S, in words per minute, for a student who has 
been typing for ¢ months. 


S@)= 54+ 29In(¢+ 1), OS tS9 


Use S to determine how long it takes the student to achieve an 
average typing speed of 65 words per minute. Round to the 
nearest tenth of a month. 


66. Walking Speed An approximate relation between the average 
pedestrian walking speed s, in miles per hour, and the popula- 
tion x, in thousands, of a city is given by the formula 


s(x) = 0.37 Inx + 0.05 


Use s to estimate the population of a city for which the average 
pedestrian walking speed is 2.9 miles per hour. Round to the 
nearest hundred-thousand. 


67. Drag Racing The quadratic function 
s\(x) = —2.25x? + 56.26x — 0.28, 0=x = 10 


models the speed of a dragster from the start of a race until the 
dragster crosses the finish line 10 seconds later. This is the 
acceleration phase of the race. 

The exponential function 


s(x) = 8320(0.73), 10 <x < 20 


models the speed of the dragster during the 10-second period 
immediately following the time when the dragster crosses the 
finish line. This is the deceleration period. 

How long after the start of the race did the dragster attain 
a speed of 275 miles per hour? Round to the nearest hundredth 
of a second. 


68. Eiffel Tower The functions 
h(x) = 363.4 — 88.4Inx, 1647 <x = 61.0 


69. lar 


and 
ho(x) = 568.2 — 161.5Inx, 6.1 <x < 16.47 


approximate the height, in meters, of the Eiffel Tower x meters 
to the right of the center line, shown by the y-axis in the 
following figure. 


A 
Third stage 300 j 


276.13 m ae \ 


Second stage Sf 


115.73 m ™ RH 


First stage | 


j 


57.63 m Pe ¥ 1 


“Yy 


—50 50 


The graph of h; models the shape of the tower from ground 
level up to the second stage in the figure, and the graph of hy 
models the shape of the tower from the second stage up to the 
third stage. 

Determine the horizontal distance across the Eiffel Tower, 
rounded to the nearest tenth of a meter, at a height of 


a. 50 meters 
b. 125 meters 


Psychology Industrial psychologists study employee 
~= training programs to assess the effectiveness of the 
instruction. In one study, the percent score P on a test for a per- 
son who had completed ¢ hours of training was given by 


_ 100 
= 1 + 3079.08 


1) 


. Use a graphing utility to graph the equation for ¢ = 0. 


b. Use the graph to estimate (to the nearest hour) the number of 
hours of training necessary to achieve a 70% score on the test. 


n 


From the graph, determine the horizontal asymptote. 


d. & Write a sentence that explains the meaning of the hor- 
izontal asymptote. 


70. 


71. 


72. 


@ Psychology An industrial psychologist has determined 
~= that the average percent score for an employee on a test of 
the employee’s knowledge of the company’s product is given by 
_ 100 
1 + 40e°°" 
where ¢ is the number of weeks on the job and P is the percent 


score. 

a. Use a graphing utility to graph the equation for t = 0. 

b. Use the graph to estimate (to the nearest week) the expected 
number of weeks of employment that are necessary for an 


employee to earn a 70% score on the test. 


c. Determine the horizontal asymptote of the graph. 
. 


eA Ecology A herd of bison was placed in a wildlife pre- 
= serve that can support a maximum of 1000 bison. A pop- 
ulation model for the bison is given by 


Write a sentence that explains the meaning of the hor- 
izontal asymptote. 


_ 1000 
1 + 30¢e0127 


where B is the number of bison in the preserve and ¢ is time in 
years, with the year 1999 represented by t = 0. 


a. Use a graphing utility to graph the equation for t = 0. 


b. Use the graph to estimate (to the nearest year) the number 
of years before the bison population reaches 500. 


c. Determine the horizontal asymptote of the graph. 
é 


ae Population Growth A yeast culture grows according to 
~= the equation 


Write a sentence that explains the meaning of the hor- 
izontal asymptote. 


_ 50,000 
1 + 250683 


where Y is the number of yeast and ¢ is time in hours. 


a. Use a graphing utility to graph the equation for t = 0. 


b. Use the graph to estimate (to the nearest hour) the number 
of hours before the yeast population reaches 35,000. 


c. From the graph, estimate the horizontal asymptote. 


d. ty 


Write a sentence that explains the meaning of the hor- 
izontal asymptote. 


074, 


75. 


76. 
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=) Consumption of Natural Resources A model for how 
~= long our coal resources will last is given by 


_ InG00r + 1) 
7 In(r + 1) 


where r is the percent increase in consumption from current 
levels of use and 7 is the time, in years, before the resources 
are depleted. 


a. Use a graphing utility to graph this equation. 


b. If our consumption of coal increases by 3% per year, in how 
many years will we deplete our coal resources? 


c. What percent increase in consumption of coal will deplete 
the resources in 100 years? Round to the nearest tenth of a 
percent. 


El Effects of Air Resistance on Velocity If we assume that 
= air resistance is proportional to the square of the velocity, 
then the time ¢, in seconds, required for an object to reach a 
velocity v in feet per second is given by 


9 24+ 
t=—I1n ,osv< 24 
v 


Y a 


a. Determine the velocity, to the nearest hundredth of a foot 
per second, of the object after 1.5 seconds. 

b. Determine the vertical asymptote for the graph of this 
function. 

Gs Write a sentence that explains the meaning of the ver- 

tical asymptote in the context of this application. 

fe) Terminal Velocity with Air Resistance The velocity v, 

~= in feet per second, of an object ¢ seconds after it has been 

dropped from a height above the surface of the Earth is given 

by the equation v = 32¢, assuming no air resistance. If we 


assume that air resistance is proportional to the square of the 
velocity, then the velocity after t seconds is given by 


00 e064 ) 
ao Sea, te 
0-640 4 y 
a. In how many seconds will the velocity be 50 feet per second? 


b. Determine the horizontal asymptote for the graph of this 
function. 


“i 


Effects of Air Resistance on Distance The distance s, 
in feet, that the object in Exercise 75 will fall in t seconds 
is given by 


Write a sentence that explains the meaning of the hor- 
izontal asymptote in the context of this application. 


1002 e032t 4 970.321 
in( ) 
32 2 
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a. Use a graphing utility to graph this equation for t = 0. b. What is the height of the cable 10 feet to the right of the 
y-axis? Round to the nearest tenth of a foot. 
b. How long does it take for the object to fall 100 feet? Round 


io the nearest tendirot a eecond c. How far to the right of the y-axis is the cable 24 feet in 


height? Round to the nearest tenth of a foot. 


77. Retirement Planning The retirement account for a graphic 79. The following argument seems to indicate that 0.125 > 0.25. 
designer contains $250,000 on January 1, 2006, and earns Find the first incorrect statement in the argument. 
interest at a rate of 0.5% per month. On February 1, 2006, the 433.9 
designer withdraws $2000 and plans to continue these with- 
drawals as retirement income each month. The value V of the 3(log 0.5) > 2(log 0.5) 
account after x months is log 0.53 > log 0.57 
V = 400,000 — 150,000(1.005)* 0.5° > 0.5° 


’ : ; 0.125 > 0.25 
If the designer wishes to leave $100,000 to a scholarship foun- 


dation, what is the maximum number of withdrawals the 80. The following argument seems to indicate that 4 = 6. Find the 
designer can make from this account and still have $100,000 to first incorrect statement in the argument. 
donate? 
4 = log, 16 
78. Hanging Cable The height A, in feet, of any point P on the 4 = log,(8 + 8) 
cable shown below is given by 4 = log,8 + log,8 
ACc) = 109 + eV), -15<x=15 ae 
4=6 
where |x| is the horizontal distance, in feet, between P and the 
y-axis. 81. A common mistake that students make is to write log(x + y) 


as logx + logy. If log(x + y) = logx + logy, then what 
is the relationship between x and y? (Hint: Solve for x in 
terms of y.) 


82. Let f(x) = 2 Inxand g(x) = In x”. Does f(x) = g(x) forall x? 


83. i Explain why the functions F(x) = 1.4* and G(x) = e° 3% 
represent essentially the same function. 


84. Find k such that f(t) = 2.2' and g(t) = e ™ represent essen- 
tially the same function. 


SECTION 4.6 | Exponential Growth and Decay 


Exponential Growth and Decay PREPARE FOR THIS SECTION 


Carbon Dating Prepare for this section by completing the following exercises. The answers can be found 
Compound Interest Formulas on page A29. 


Restricted Growth Models 


a. What is the lowest height of the cable? 


12 
PS1. Evaluate A 1000( + 4) for t = 2. Round to the nearest hundredth. [4.2] 


0.04 \* 
PS2. Evaluate A = co0( + ot) for t = 8. Round to the nearest hundredth. [4.2] 


PS3. Solve 0.5 = e!* for k. Round to the nearest ten-thousandth. [4.5] 
PS4. Solve 0.85 = 0.5/57° for ¢. Round to the nearest ten. [4.5] 


70 
PS5. Solve 6 = Pee) for k. Round to the nearest thousandth. [4.5] 
e 


n+1 _ 


PS6. Solve 2,000,000 = eae for n. Round to the nearest tenth. [4.5] 
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l® Exponential Growth and Decay 


In many applications, a quantity changes at a rate proportional to the amount present. In 
these applications, the amount present at time ¢ is given by a special function called an 
exponential growth function or an exponential decay function. 


Definition of Exponential Growth and Decay Functions 


If a quantity N increases or decreases at a rate proportional to the amount present 
at time ft, then the quantity can be modeled by 


Mt) = Noe“ 


where Np is the value of N at time ¢ = 0 and k is a constant called the growth rate 
constant. 


= If kis positive, N increases as ¢ increases and Mt) = Noe" is called an exponen- 
tial growth function. See Figure 4.39. 


= If kis negative, N decreases as f increases and N(t) = Noe“ is called an exponen- 
tial decay function. See Figure 4.40. 


N 


Nt) =Noe*; 
k>0,t20 


7 7 
Exponential growth function Exponential decay function 


Figure 4.39 Figure 4.40 


Question ¢ Is M(t) = 1450e°° an exponential growth function or an exponential decay function? 


In Example 1, we find an exponential growth function that models the population 
growth of a city. 


EXAMPLE 1_ Find the Exponential Growth Function That Models 
Population Growth 


a. The population of a city is growing exponentially. The population of the city was 
16,400 in 1999 and 20,200 in 2009. Find the exponential growth function that 
models the population growth of the city. 


b. Use the function from a. to predict, to the nearest 100, the population of the city 
in 2014. 


(continued ) 


Answer ® Because the growth rate constant k = 0.05 is positive, the function is an exponential 
growth function. 
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Solution 

a. We need to determine Np and k in N(t) = Noe. If we represent 1999 by t = 0, 
then our given data are M(0) = 16,400 and M(10) = 20,200. Because No is 
defined to be N(0), we know that No = 16,400. To determine k, substitute ¢ = 10 
and Ny = 16,400 into Mt) = Noe“ to produce 


N(10) = 16,400e*"!° 


20,200 = 16,400e!% * Substitute 20,200 for N(10). 
20,200 ing 
16,400 ~ e * Solve for el, 
In ae = 10k ¢ Write in logarithmic form. 
16,400 
1 20,200 | 
0 n 16,400 =k * Solve for k. 
0.0208 = k 


The exponential growth function is M(t) © 16,400e°*, 
b. The year 1999 was represented by t = 0, so we will use ¢ = 15 to represent 2014. 


N(t) © 16,400e°% 
N(15) © 16,400e%-0208'!5 
22,400 * Round to the nearest 100. 


ru 


2 


The exponential growth function yields 22,400 as the approximate population of 
the city in 2014. 


@ Try Exercise 6, page 400 


Many radioactive materials decrease in mass exponentially over time. This decrease, 

called radioactive decay, is measured in terms of half-life, which is defined as the 
time required for the disintegration of half the atoms in a sample of a radioactive sub- 
stance. Table 4.11 shows the half-lives of selected radioactive isotopes. 


Table 4.11 
Carbon (4C) 5730 years 
Radium (77Ra) 1660 years 
Polonium (7!° Po) 138 days 
Phosphorus (*7P) 14 days 
Polonium (7!4Po) 1/10,000 of a second 


EXAMPLE 2_ Find an Exponential Decay Function 


Find the exponential decay function for the amount of phosphorus (**P) that remains in 
a sample after ¢ days. 


Study tip 


Because e °°495 =~ (0.5)'/"4, the 
decay function N(t) = Noe °°?! 
can also be written as 

N(t) = No(0.5)"4. In this form, it 
is easy to see that if t is increased 
by 14 then N will decrease by a 
factor of 0.5. 


Amount of carbon-14 


5730 17,190 ) 28,650 ) 
Time (in years) 
P(t) a 0),57/5730 
Figure 4.41 


Math Matters 


The chemist Willard Frank Libby 
developed the carbon dating 
process in 1947. In 1960 he was 
awarded the Nobel Prize in chem- 
istry for this achievement. 


= 
t 
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Solution 


When t = 0, N(O) = Noe = No. Thus N(O) = No. Also, because the phosphorus has 
a half-life of 14 days (from Table 4.11), N(14) = 0.5No. To find k, substitute ¢ = 14 
into N(t) = Noe“ and solve for k. 


N(14) = Ny: e* 4 


O5Ny = Noe * Substitute 0.5Np for N(14). 
05 =2'% * Divide each side by No. 
In 0.5 = 14k ° Write in logarithmic form. 
1 
i In0.5=k * Solve for k. 


—0.0495 = k 


The exponential decay function is M(t) * Noe °?™. 


# Try Exercise 8, page 400 


™ Carbon Dating 


The bone tissue in all living animals contains both carbon-12, which is nonradioactive, 
and carbon-14, which is radioactive and has a half-life of approximately 5730 years. See 
Figure 4.41. As long as the animal is alive, the ratio of carbon-14 to carbon-12 remains 
constant. When the animal dies (t = 0), the carbon-14 begins to decay. Thus a bone that 
has a smaller ratio of carbon-14 to carbon-12 is older than a bone that has a larger ratio. 
The percent of carbon-14 present at time ¢, in years, is 


P(t) = 0.5957 


The process of using the percent of carbon-14 present at a given time to estimate the 
age of a bone is called carbon dating. 


EXAMPLE 3_ A Carbon Dating Application 


Estimate the age of a bone if it now has 85% of the carbon-14 it had at time ¢ = 0. 


Solution 
Let t be the time, in years, at which P(t) = 0.85. 


0,85 = 04 


In 0.85 = In 0.515730 * Take the natural logarithm of each side. 
t 
In 0.85 = 5730 In 0.5 + Apply the power property. 
In 0. 
s730( a “2 =t * Solve for t. 
In 0.5 
1340 = ¢ 


The bone is approximately 1340 years old. 


H# Try Exercise 12, page 400 


394 CHAPTER 4 
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Table 4.12 
Number | 
of Years Balance 
3 A; = P(L +r) 
4 A, = Pt + ry 
t A, = P(A + 7) 


lm Compound Interest Formulas 


Interest is money paid for the use of money. The interest / is called simple interest if it is 
a fixed percent r, per time period t, of the amount of money invested. The amount of 
money invested is called the principal P. Simple interest is computed using the formula 
I = Prt. For example, if $1000 is invested at 12% for 3 years, the simple interest is 


I = Prt = $1000(0.12)(3) = $360 


The balance after ¢ years is A = P + [= P + Prt. In the preceding example, the 
$1000 invested for 3 years produced $360 interest. Thus the balance after 3 years is 
$1000 + $360 = $1360. 

In many financial transactions, interest is added to the principal at regular intervals so 
that interest is paid on interest, as well as on the principal. Interest earned in this manner 
is called compound interest. For example, if $1000 is invested at 12% annual interest 
compounded annually for 3 years, then the total interest after 3 years is 


First-year interest $1000(0.12) = $120.00 
Second-year interest $1120(0.12) = $134.40 
Third-year interest $1254.40(0.12) = $150.53 
$404.93 * Total interest 


This method of computing the balance can be tedious and time-consuming. A compound 
interest formula can be used to determine the balance due after ¢ years of compounding. 

Note that if P dollars is invested at an interest rate of r per year, then the balance after 
1 year is A} = P + Pr = P(1 + r), where Pr represents the interest earned for the year. 
Observe that 4, is the product of the original principal P and (1 + r). If the amount A, is 
reinvested for another year, then the balance after the second year is 


4 =(4)d +n =P1+n0 +7 =P +r? 


Successive reinvestments lead to the results shown in Table 4.12. The equation 
A, = P(1 + r)' is valid if r is the annual interest rate paid during each of the ¢ years. 

If r is an annual interest rate and n is the number of compounding periods per year, 
then the interest rate each period is r/n, and the number of compounding periods after f 
years is nt. Thus the compound interest formula is as follows. 


Compound Interest Formula 


A principal P invested at an annual interest rate r, expressed as a decimal and 
compounded n times per year for ¢ years, produces the balance 


r nt 
A= (1 + ) 
n 


EXAMPLE 4 _ Solve a Compound Interest Application 


Find the balance if $1000 is invested at an annual interest rate of 10% for 2 years 
compounded on the following basis. 


a. Monthly 
b. Daily 
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Solution 
a. Because there are 12 months in a year, use n = 12. 
0.1 12-2 
A= s1000( 1 + or) = $1000(1.008333333) ~ $1220.39 
b. Because there are 365 days in a year, use n = 365. 


365°2 
A= s1000( 1 + v=) = $1000(1.000273973)72° ~ $1221.37 


@ Try Exercise 16, page 401 


To compound continuously means to increase the number of compounding periods 
per year, 7, without bound. 


. : Se : 1 r. 
To derive a continuous compounding interest formula, substitute — for — in the com- 
pound interest formula id 7 


r nt 
A= (1 + “) (1) 
n 
to produce 
il nt 
A= (1 + +) (2) 
m 


This substitution is motivated by the desire to express (1 + “| as (: + ) | : 
which approaches e’ as m gets larger without bound. - " 


; Pee eee . . 
Solving the equation — = — for n yields n = mr, so the exponent nt can be written 
m on 


as mrt. Therefore, Equation (2) can be expressed as 


A= (1 + “nn = (i + y'| (3) 
m m 


By the definition of e, we know that as m increases without bound, 


1 m 
(1 + ) approaches e 
m 


Thus, using continuous compounding, Equation (3) simplifies to 4 = Pe”. 


Continuous Compounding Interest Formula 


If an account with principal P and annual interest rate r is compounded continu- 
ously for ¢ years, then the balance is A = Pe”. 
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EXAMPLE 5 _ Solve a Continuous Compound Interest Application 


Find the balance after 4 years on $800 invested at an annual rate of 6% 


compounded continuously. 


Algebraic Solution 


Use the continuous compounding formula with P = 800, r = 0.06, 


and t = 4. 
A = Pe" 
= 8002-064) 
= 800e°-24 


2 


= 1017.00 


The balance after 4 years will be $1017.00. 


@ Try Exercise 18, page 401 


800(1.27124915) 


Visualize the Solution 


The following graph of A = 800e°°° 
shows that the balance is about 
$1017.00 when t¢ = 4. 


¢ Substitute given values. 
¢ Simplify. 


¢ Round to the nearest cent. 


You have probably heard it said that time is money. In fact, many investors ask the 
question “How long will it take to double my money?” The following example answers this 
question for two different investments. 


EXAMPLE 6 Double Your Money 


Find the time required for money invested at an annual rate of 6% to double in value if 
the investment is compounded on the following basis. 


a. Semiannually b. Continuously 


Solution 


nt 
a. Use A = (1 + ") with r = 0.06, = 2, and the balance A equal to twice the 
n 
principal (A = 2P). 


¢ Divide each side by P. 
¢ Take the natural logarithm of each side. 


In 2 « Apply the power property. 


ll 
i) 
~ 
5 

, 
_— 
+ 

ie) 

oO 

nS 

lon 

NY 


2t = ———_ * Solve for ¢. 
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ae 1 In 2 
2 0.06 
in( 1 + ) 
2 
t © 11.72 
If the investment is compounded semiannually, it will double in value in about 
11.72 years. 
b. Use A = Pe” with r = 0.06 and A = 2P. 
2P = Peo06t 
Page * Divide each side by P. 
In2 = 0.06¢ ¢ Write in logarithmic form. 
t= Ja Solve for t 
0.06 olve for t. 
t © 11.55 


If the investment is compounded continuously, it will double in value in about 
11.55 years. 


@ Try Exercise 22, page 401 


® Restricted Growth Models 


The exponential growth function M(t) = Noe“ is an unrestricted growth model that does 
not consider any limited resources that eventually will curb population growth. 

The logistic model is a restricted growth model that takes into consideration the 
effects of limited resources. The logistic model was developed by Pierre Verhulust in 
1836. 


Definition of the Logistic Model (Restricted Growth Model) 
The magnitude of a population at time ¢ = 0 is given by 

P(t) = ————| 
@ 1+ ae” 
where c is the carrying capacity (the maximum 
population that can be supported by available 


resources as f > 00) and 5 is a positive constant 
called the growth rate constant. 


The initial population is Py) = P(0). The con- 
stant a is related to the initial population Py and 
the carrying capacity c by the formula 


c — Po 
Po 


— 


In the following example, we determine a logistic growth model for a coyote population. 
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EXAMPLE 7 


Find and Use a Logistic Model 


Clm138/Dreamstime.com 


a. 


At the beginning of 2007, the coyote population in a wilderness area was estimated at 
200. By the beginning of 2009, the coyote population had increased to 250. A park 
ranger estimates that the carrying capacity of the wilderness area is 500 coyotes. 


Use the given data to determine the growth rate constant for the logistic model of 
this coyote population. 


b. Use the logistic model determined in a. to predict the year in which the coyote 
population will first reach 400. 
Solution 
a. If we represent the beginning of 2007 by t = 0, then the beginning of 2009 will be 
represented by ¢ = 2. In the logistic model, make the following substitutions: 
c— Po 500 — 200 
P(2) = 250, c = 500, anda = = = 15. 
(2) c and a P, 500 
PQ = ——; 
@ 1+ ae” 
500 ; ; 
P(2) = ao a BD * Substitute the given values for ¢, c, and a. 
1 + 1.5e 
500 
250 = ———> ¢ P(2) = 250 
i se" a 
250(1 + 1.5e°'*) = 500 * Solve for the growth rate constant b. 
500 
lise"? = 
° 250 
1.5e°7 =2-1 
1 
—b2 4 
. 1.5 
1 ‘3 iat 
—2b = n( 4) ¢ Write in logarithmic form. 
1 1 
b = —= In| —> 
2 (75) 
b © 0.20273255 
Using a = 1.5, b = 0.20273255, and c = 500 gives us the following logistic model. 
500 
PW) = 1 + 1,5e70-202732554 
b. To determine in which year the logistic model predicts that the coyote population 


will first reach 400, replace P(t) with 400 and solve for ¢. 


500 
1 + 1 Se 0-202732551 


400 = 


400(1 + 1.5¢-0707785°F) = 500 
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Ay 1 + 1,5e70-202732551 500 
‘ 400 
1 .5e@70-20273255t = 125-1 
o0.20273255¢ 0.25 
1.5 


Coyote population 


100 + 


—0.20273255t 


¢ Write in logarithmic 
form. 


(“) 
Int —— 
IP) 


* Solve for t. 


1 (2) 
n 
—0.20273255 1.5 


= 8.8 
m ai 30 According to the logistic model, the coyote population will reach 400 about 8.8 years 
g g yote pop 
bare na ya after the beginning of 2007, which is during 2015. The graph of the logistic model is 
eginning of 2007) . . 
500 shown in Figure 4.42. Note that P(8.8) ~ 400 and that as t—> oo, P(t) > 500. 
P(t) = 


1 + 1 .5e70-202732551 m Try Exercise 38, page 401 


Figure 4.42 


In Example 8, we use a function of the form v = a(1 — e“) to model the velocity of 
an object that has been dropped from a high elevation. 


EXAMPLE 8 _ Application to Air Resistance 


Assuming that air resistance is proportional to the velocity of a falling 
object, the velocity (in feet per second) of the object t seconds after it has 
been dropped is given by v = 82(1 — e °3”), 


a. Determine when the velocity will be 70 feet per second. 


b. The graph of v has v = 82 as a horizontal asymptote. Explain the 
meaning of this asymptote in the context of this example. 


Algebraic Solution Visualize the Solution 


a. v = 82(1 — & °") a. A graph of y = 82(1 — e 93") 
70 = 82(1 — & 93%) * Substitute 70 for v. and y = 70 shows that the 
70 x-coordinate of the point of 
o> 1- ¢ 03% * Divide each side by 82. intersection is about 4.9. 
90 
eta 1 = al * Solve for e °°? 
82 
6 eee ae 
—0.39t = In A * Write in logarithmic form. 
In(6/41) 
t = —— ® 4.9277246 * Solve for ¢. 
—0.39 


The velocity will be 70 feet per second after approximately 4.9 seconds. 


y = 8211 — & 9) 


b. The horizontal asymptote v = 82 means that, as time increases, the velocity 


(Note: The x value shown is rounded 
of the object will approach, but never reach or exceed, 82 feet per second. 


to the nearest tenth.) 
@ Try Exercise 48, page 403 
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EXERCISE SET 4.6 


Population Growth In Exercises 1 to 6, solve the given 
problem related to population growth. 


1. 


m6. 


The number of bacteria M(t) present in a culture at time ¢ hours 
is given by 

N(t) = 2200(2)' 
Find the number of bacteria present when 


a. t = 0 hours b. ¢ = 3 hours 


. The population of a city grows exponentially according to the 


function 

f@® = 12,400(1.14) 
for 0 = t = 5 years. Find, to the nearest hundred, the popula- 
tion of the city when ¢ is 


a. 3 years b. 4.25 years 


. Acity had a population of 22,600 in 2000 and a population of 


24,200 in 2005. 
a. Find the exponential growth function for the city. Use t = 0 


to represent 2000. 


b. Use the growth function to predict the population of the city 
in 2015. Round to the nearest hundred. 


. A city had a population of 53,700 in 2002 and a population of 


58,100 in 2006. 


a. Find the exponential growth function for the city. Use t = 0 
to represent 2002. 


b. Use the growth function to predict the population of the city 
in 2014. Round to the nearest hundred. 


P.) The population of Charlotte, North Carolina, is growing 

exponentially. The population of Charlotte was 395,934 
in 1990 and 610,949 in 2005. Find the exponential growth 
function that models the population of Charlotte and use it to 
predict the population of Charlotte in 2012. Use t= 0 to repre- 
sent 1990. Round to the nearest thousand. 


Las Vegas, Nevada, is growing exponentially. The popu- 

lation of Las Vegas was 258,295 in 1990 and 545,147 in 
2005. Find the exponential growth function that models the 
population of Las Vegas and use it to predict the population of 
Las Vegas in 2013. Use t= 0 to represent 1990. Round to the 
nearest thousand. 


. Medicine Sodium-24 is a radioactive isotope of sodium that is 


used to study circulatory dysfunction. Assuming that 4 micro- 
grams of sodium-24 are injected into a person, the amount 4 in 


micrograms remaining in that person after ¢ hours is given by 
the equation A = 4e°46", 


a. Graph this equation. 
b. What amount of sodium-24 remains after 5 hours? 
c. What is the half-life of sodium-24? 


d. In how many hours will the amount of sodium-24 be 
1 microgram? 


In Exercises 8 to 12, use the half-life information from 
Table 4.11, page 392, to work each exercise. 


a8. 


10. 


11. 


a12. 


P.) Radioactive Decay Find the decay function for the 
amount of polonium (7!° Po) that remains in a sample after 
t days. 


P.) Geology Geologists have determined that Crater Lake 

in Oregon was formed by a volcanic eruption. Chemical 
analysis of a wood chip assumed to be from a tree that died 
during the eruption has shown that it contains approximately 
45% of its original carbon-14. Estimate how long ago the vol- 
canic eruption occurred. 


Radioactive Decay Estimate the percentage of polo- 
nium (7!°Po) that remains in a sample after 2 years. 
Round to the nearest hundredth of a percent. 


P.) Archeology The Rhind papyrus, named after A. Henry 

Rhind, contains most of what we know today of ancient 
Egyptian mathematics. A chemical analysis of a sample from 
the papyrus has shown that it contains approximately 75% of 
its original carbon-14. Estimate the age of the Rhind papyrus. 


P.) Archeology Estimate the age of a bone if it now con- 
tains 65% of its original amount of carbon-14. Round to 
the nearest 100 years. 


Compound Interest In Exercises 13 to 20, solve the given 
problem related to compound interest. 


13. 


14. 


15. 


If $8000 is invested at an annual interest rate of 5% and com- 
pounded annually, find the balance after 


a. 4 years b. 7 years 
If $22,000 is invested at an annual interest rate of 4.5% and 
compounded annually, find the balance after 


a. 2 years b. 10 years 
If $38,000 is invested at an annual interest rate of 6.5% for 
4 years, find the balance if the interest is compounded 


a. annually b. daily c. hourly 


= 16. 


17. 


218. 


19. 


20. 


If $12,500 is invested at an annual interest rate of 8% for 10 
years, find the balance if the interest is compounded 


a. annually b. daily c. hourly 


Find the balance if $15,000 is invested at an annual rate of 10% 
for 5 years, compounded continuously. 


Find the balance if $32,000 is invested at an annual rate of 8% 
for 3 years, compounded continuously. 


How long will it take $4000 to double if it is invested in a 
certificate of deposit that pays 7.84% annual interest com- 
pounded continuously? Round to the nearest tenth of a year. 


How long will it take $25,000 to double if it is invested in a 
savings account that pays 5.88% annual interest compounded 
continuously? Round to the nearest tenth of a year. 


Continuous Compounding Interest In Exercises 21 to 24, 
solve the given problem related to continuous 
compounding interest. 


21. 


= 22. 


23. 


24. 


Use the continuous compounding interest formula to derive an 
expression for the time it will take money to triple when invested 
at an annual interest rate of y compounded continuously. 


How long will it take $1000 to triple if it is invested at an 
annual interest rate of 5.5% compounded continuously? Round 
to the nearest year. 


How long will it take $6000 to triple if it is invested in a sav- 
ings account that pays 7.6% annual interest compounded con- 
tinuously? Round to the nearest year. 


How long will it take $10,000 to triple if it is invested in a sav- 
ings account that pays 5.5% annual interest compounded con- 
tinuously? Round to the nearest year. 


In Exercises 25 to 30, determine the following constants 
for the given logistic growth model. 

a. The carrying capacity 

b. The growth rate constant 

c. The initial population Pp 


25. 


27. 


29. 


pw = 19% 26, R= — 
La goo , 1 ease 
Pi) = 157,500 28, P(t) = 51 
L$ 252°" 1 + 1.04¢°-3" 
2400 320 
POST gene 30 PO a 


In Exercises 31 to 34, use algebraic procedures to find the 
logistic growth model for the data. 


31. 


Po = 400, P(2) = 780, and the carrying capacity is 5500. 


32. 


33. 


34. 


35. 


36. 


39. 
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Po = 6200, P(8) = 7100, and the carrying capacity is 9500. 
Po = 18, P(3) = 30, and the carrying capacity is 100. 
Po = 3200, P(22) © 5565, and the growth rate constant is 0.056. 


Revenue The annual revenue R, in dollars, of a new company 
can be closely modeled by the logistic function 


625,000 
RO Ty 3605 
where the natural number f is the time, in years, since the com- 
pany was founded. 


a. According to the model, what will be the company’s annual 
revenue for its first year and its second year (t = 1 and 
t = 2) of operation? Round to the nearest $1000. 


b. According to the model, what will the company’s annual 
revenue approach in the long-term future? 


New Car Sales The number of cars A sold annually by an auto- 
mobile dealership can be closely modeled by the logistic function 


1650 


AO Ty 2 he 05 


where the natural number f is the time, in years, since the deal- 
ership was founded. 


a. According to the model, what number of cars will the deal- 
ership sell during its first year and its second year (¢ = 1 
and t = 2) of operation? Round to the nearest unit. 


b. According to the model, what will the dealership’s annual 
car sales approach in the long-term future? 


Population Growth In exercises 37 to 40, solve the given 
problem related to population growth. 


37. 


The population of wolves in a preserve satisfies a logistic model 
in which Pp = 312 in 2008, c = 1600, and P(6) = 416. 


a. Determine the logistic model for this population, where f is 


the number of years after 2008. 


b. Use the logistic model from a. to predict the size of the wolf 
population in 2018. 


= 38. The population of groundhogs on a ranch satisfies a logistic 


model in which Py) = 240 in 2007, c = 3400, and P(1) = 310. 
a. Determine the logistic model for this population, where tf is 


the number of years after 2007. 


b. Use the logistic model from a. to predict the size of the 
groundhog population in 2014. 


The population of squirrels in a nature preserve satisfies a 
logistic model in which Py = 1500 in 2007. The carrying 
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40. 


41. 


42. 


43. 
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capacity of the preserve is estimated at 8500 squirrels, and 
P(2) = 1900. 


a. Determine the logistic model for this population, where tf is 
the number of years after 2007. 


b. Use the logistic model from a. to predict the year in which 
the squirrel population will first exceed 4000. 


The population of walruses on an island satisfies a logistic 
model in which Py = 800 in 2006. The carrying capacity of 
the island is estimated at 5500 walruses, and P(1) = 900. 


a. Determine the logistic model for this population, where t 
is the number of years after 2006. 


b. Use the logistic model from a. to predict the year in which 
the walrus population will first exceed 2000. 


Physics Newton’s Law of Cooling states that if an object at tem- 
perature 7y is placed into an environment at constant temperature 
A, then the temperature of the object, 7(t) (in degrees Fahrenheit), 
after ¢ minutes is given by Z(t) = A + (Ty — A)e~™, where kis 
a constant that depends on the object. 


a. Determine the constant k (to the nearest thousandth) for a 
canned soda drink that takes 5 minutes to cool from 75°F to 
65°F after being placed in a refrigerator that maintains a 
constant temperature of 34°F. 


b. What will be the temperature (to the nearest degree) of the 
soda drink after 30 minutes? 


c. When (to the nearest minute) will the temperature of the 
soda drink be 36°F? 


Psychology According to a software company, the users of its 
typing tutorial can expect to type M(t) words per minute after 
t hours of practice with the product, according to the function 
N(t) = 100(1.04 — 0.99"). 


a. How many words per minute can a student expect to type 
after 2 hours of practice? 


b. How many words per minute can a student expect to type 
after 40 hours of practice? 


c. According to the function V, how many hours (to the near- 
est hour) of practice will be required before a student can 
expect to type 60 words per minute? 


Psychology In the city of Whispering Palms, which has a 
population of 80,000 people, the number of people P(?) 
exposed to a rumor in ¢ hours is given by the function 
P(t) = 80,000(1 — e 9:9009"), 


a. Find the number of hours until 10% of the population has 
heard the rumor. 


b. Find the number of hours until 50% of the population has 
heard the rumor. 


44, 


45. 


46. 


Law A lawyer has determined that the number of people P(¢) 
in a city of 1.2 million people who have been exposed to a 
news item after ¢ days is given by the function 


P(t) = 1,200,000(1 — e~°%*) 


a. How many days after a major crime has been reported has 
40% of the population heard of the crime? 


b. A defense lawyer knows it will be difficult to pick an unbi- 
ased jury after 80% of the population has heard of the 
crime. After how many days will 80% of the population 
have heard of the crime? 


Depreciation An automobile depreciates according to the 
function V(t) = Vo (1 — 7)‘, where V(t) is the value in dollars 
after t years, Vp is the original value, and r is the yearly depre- 
ciation rate. A car has a yearly depreciation rate of 20%. 
Determine, to the nearest 0.1 year, in how many years the car 
will depreciate to half its original value. 


Physics The current /(¢) (measured in amperes) of a circuit is 
given by the function [(f) = 6(1 — e 7°), where fis the num- 
ber of seconds after the switch is closed. 


a. Find the current when t = 0. 
b. Find the current when ¢ = 0.5. 


c. Solve the equation for ¢. 


I(t) 


6 


Current (in amperes) 


1 3 t 


Time (in seconds) 


Air Resistance In Exercises 47 to 50, solve the given 
problems related to air resistance. 


47. 


Assuming that air resistance is proportional to velocity, the 
velocity v, in feet per second, of a falling object after t seconds 
is given by v = 32(1 — e”‘). 


a. Graph this equation for t = 0. 


b. Determine algebraically, to the nearest 0.01 second, when 
the velocity is 20 feet per second. 


c. Determine the horizontal asymptote of the graph of v. 


d. x Write a sentence that explains the meaning of the hor- 
izontal asymptote. 


#48. Assuming that air resistance is proportional to velocity, the 


49. 


50. 


51. 


velocity v, in feet per second, of a falling object after t seconds 
is given by 


v = 641 — e ”) 
a. Graph this equation for ¢ = 0. 


b. Determine algebraically, to the nearest 0.1 second, when the 
velocity is 50 feet per second. 


c. Determine the horizontal asymptote of the graph of v. 
d. Write a sentence that explains the meaning of the 


horizontal asymptote. 


ea The distance s (in feet) that the object in Exercise 47 will fall 
"= inf seconds is given by the function 


s = 32t+ 32(e'- 1) 
a. Graph this equation for ¢ = 0. 


b. Determine, to the nearest 0.1 second, the time it takes the 
object to fall 50 feet. 


c. Calculate the slope of the secant line through (1, s(1)) and 
(2, s(2)). 


d. Write a sentence that explains the meaning of the 
slope of the secant line you calculated in ec. 


=) The distance s (in feet) that the object in Exercise 48 will 
~= fall in ¢ seconds is given by the function 


s = 64t + 128(e7? — 1) 
a. Graph this equation for ¢ = 0. 


b. Determine, to the nearest 0.1 second, the time it takes the 
object to fall 50 feet. 


c. Calculate the slope of the secant line through (1, s(1)) and 
(2, s(2)). 


d. Write a sentence that explains the meaning of the 
slope of the secant line you calculated in ec. 


Learning Theory The logistic model is also used in learning 
theory. Suppose that historical records from employee training 
at a company show that the percent score on a product infor- 
mation test is given by 


_ 100 
1 + 25e7 0.0954 


where f is the number of hours of training. What is the number 
of hours (to the nearest hour) of training needed before a new 
employee will answer 75% of the questions correctly? 


52. 


53. 


54. 


55. 


56. 
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Learning Theory A company provides training in the assem- 
bly of a computer circuit to new employees. Past experience 
has shown that the number of correctly assembled circuits per 
week can be modeled by 


_ 250 
1 + 249¢~9°0% 


where ¢ is the number of weeks of training. What is the num- 
ber of weeks (to the nearest week) of training needed before a 
new employee will correctly make 140 circuits? 


Medication Level A patient is given three doses of aspirin. 
Each dose contains | gram of aspirin. The second and third doses 
are each taken 3 hours after the previous dose is administered. 
The half-life of the aspirin is 2 hours. The amount of aspirin 4 in 
the patient’s body ¢ hours after the first dose is administered is 


0.51? 0<1t<3 
0.57? + 0.5032 3<1<6 
0.57? + 0.5¢-3/2 + 9.59/72 t=6 


A(t) = 


Find, to the nearest hundredth of a gram, the amount of aspirin 
in the patient’s body when 


b. t=4 c. t 


II 
Ne) 


a. t=1 


= Medication Level Use the dosage formula in Exercise 
= 53 to determine when, to the nearest tenth of an hour, the 
amount of aspirin in the patient’s body first reaches 0.25 gram. 


P.) Annual Growth Rate The exponential growth function 
for the population of a city is M(t) = 78,245e°°", where 
t is in years. Because 


e9.0245t = (0.0245) ~ (1.0248)! 


we can write the growth function as 


; ( nonss" 
M(t) = 78,245(1.0248)' © 78,245{ 1 + 
In this form we can see that the city’s population is growing by 
2.48% per year. 

The population of the city of Lake Tahoe, Nevada, 
can be modeled by the exponential growth function 
Nt) = 22,755e00787! . Find the annual growth rate, expressed 
as a percent, of Lake Tahoe. Round to the nearest hundredth 
of a percent. 


Oil Spills Crude oil leaks from a tank at a rate that depends on 
1 
the amount of oil that remains in the tank. Because zg of the oil 


in the tank leaks out every 2 hours, the volume V(f) of oil in the 
tank after ¢ hours is given by V(t) = Vo (0.875)", where 
Vy = 350,000 gallons, the number of gallons in the tank at the 
time the tank started to leak (t = 0). 


a. How many gallons does the tank hold after 3 hours? 
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b. How many gallons does the tank hold after 5 hours? 58. A Declining Deer Population The deer population in a 
reserve is given by the logistic function 
c. How long, to the nearest hour, will it take until 90% of the 
oil has leaked from the tank? P(t) 1800 
1 + (-0.25)e0" 


If Pp > c (which implies that —1 < a < 0), then the logistic : ; : ; 
where f is the time, in years, since July 1, 2006. 


. c . . . 
function P(t) = face + ae decreases as t increases. Biologists 4 Wiliak: was the-deee population on Faiy 1: 20087 What was 
often use this type of logistic function to model the deer population on July 1, 2008? 
populations that decrease over time. See the following 
figure. Apply this information to Exercises 57 to 59. b. According to the logistic model, what will the deer popula- 
tion approach in the long-term future? 
Pt) + 


59. P) Modeling World Record Times in the Men’s Mile Race 
é In the early 1950s, many people speculated that no runner 
8 would ever run a mile race in under 4 minutes. During the period 
ee from 1913 to 1945, the world record in the mile event had been 
reduced from 4.14.4 (4 minutes, 14.4 seconds) to 4.01.4, but no 
one seemed capable of running a sub-four-minute mile. Then, in 
1954, Roger Bannister broke through the four-minute barrier by 


running a mile in 3.59.6. In 1999, the current record of 3.43.13 
was established. It is fun to think about future record times in the 


Y 


c 
eG) l+ace more mile race. Will they ever go below 3 minutes, 30 seconds? Below 
3 minutes, 20 seconds? What about a sub-three-minute mile? 

57. A Declining Fish Population A biologist finds that the fish A declining logistic function that closely models the 
population in a small lake can be closely modeled by the world record times WR, in seconds, in the men’s mile run from 

logistic function 1913 (t = 0) to 1999 (t = 86) is given by 

1000 199.13 
PO = TE (0.33330 008 WRO 


1 + (—0.21726)e70:007988 


where ¢ is the time, in years, since the lake was first stocked — ; : 

ith fish a. Use the above logistic function to predict the world record 
; time for the men’s mile run in 2020 and 2050. 

a. What was the fish population when the lake was first stocked 


with fish? b. According to the logistic function, what time will the world 
b. According to the logistic model, what will the fish popula- record in the men’s mile event approach but never break 
tion approach in the long-term future? through? 


SECTION 4.7 Modeling Data with Exponential and 


Analyzing Scatter Plots Logarithmic Functions 
Modeling Data 


Finding a Logistic Growth Model PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A30. 


PS1. Determine whether M(t) = 4 — In fis an increasing or a decreasing function. [4.3] 


PS2. Determine whether P(‘) = 1 — 2(1.05') is an increasing or a decreasing 
function. [4.2] 


108 
1+ 26°! 


PS4. Evaluate Mt) = 840e! for t = 0. [4.2] 


PS3. Evaluate P(t) = for t = 0. [4.2] 
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20 
PSS. Solve 10 = --_———_,; for ¢. Round to the nearest tenth. [4.5] 
1 + 2.26%" 
; : 55 
PS6. Determine the horizontal asymptote of the graph of P(t) = ~~ pg, » for 
t= 0. [4.2] lL e3e 


® Analyzing Scatter Plots 


In Section 2.7 we used linear and quadratic functions to model several data sets. However, 
in some applications, data can be modeled more closely by using exponential or logarith- 
mic functions. For instance, Figure 4.43 illustrates some scatter plots that can be modeled 
effectively by exponential and logarithmic functions. 


a. Exponential increasing: b. Exponential decreasing: c. Logarithmic increasing: d. Logarithmic decreasing: 
y=ab,a>0,b>1 y=ab,a>0,0<b<1 y=atblinx, b>0 y=atblinx,b<0 
Figure 4.43 


Exponential and logarithmic models 


The terms concave upward and concave downward are often used to describe a graph. 
For instance, Figure 4.44a and 4.44b show the graphs of two increasing functions that join 
the points P and Q. The graphs of f and g differ in that they bend in different directions. We 
can distinguish between these two types of “bending” by examining the positions of tangent 
lines to the graphs. In Figure 4.44c and 4.44d, tangent lines (in red) have been drawn to the 
graphs of fand g. The graph of f lies above its tangent lines, and the graph of g lies below 
its tangent lines. The function / is said to be concave upward, and g is concave downward. 


a. yt b. y4 
Q Q 
ui 
& 
P P 
xy x ~ x} % * 
c. f is concave upward. d. g is concave downward. 
y 4 y £ 
Q Q 
Ui 
& 
P P 
xy X * Xy by 


Figure 4.44 
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See Section 2.7 to review the steps 
needed to create a scatter plot ona 
TI-83/TI-83 Plus/TI-84 Plus calculator. 


Definition of Concavity 


If the graph of f lies above all of its tangents on an interval [x,, x2], then f is 
concave upward on [x;, x]. 


If the graph of f lies below all of its tangents on an interval [x), x2], then f is 
concave downward on [x), x2]. 


An examination of the graphs in Figure 4.43 on page 405 shows that the graphs of 
all exponential functions of the form y = ab*,a > 0,b > 0,6 # 1 are concave upward. 
The graphs of increasing logarithmic functions of the form y = a + bInx,b > 0 are 
concave downward, and the graphs of decreasing logarithmic functions of the form 
y=ar+t blinx,b < 0, are concave upward. 

In Example 1, we analyze scatter plots to determine whether the shape of the scatter 
plot can be best approximated by a function that is concave upward or concave downward. 


Question @ Is the graph of y = 5 — 2 Inx concave upward or concave downward? 


EXAMPLE 1 Analyze Scatter Plots 


ea For each of the following data sets, determine whether the most suitable model of the 
' data would be an increasing exponential function or an increasing logarithmic function. 
A = {(1, 0.6), (2, 0.7), (2.8, 0.8), (4, 1.3), (6, 1.5), 
(6.5, 1.6), (8, 2.1), (11.2, 4.1), (12, 4.6), (15, 8.2)} 
B= {(1.5, 2.8), (2, 3.5), (4.1, 5.1), (5, 5.5), (5.5, 5.7), (7, 6.1), 
(7.2, 6.4), (8, 6.6), (9, 6.9), (11.6, 7.4), (12.3, 7.5), (14.7, 7.9)} 
Solution 
For each set, construct a scatter plot of the data. See Figure 4.45. 


10 


Scatter plot of A Scatter plot of B 
Figure 4.45 


The scatter plot of A suggests that A is an increasing function that is concave upward. 
Thus an increasing exponential function would be the most suitable model for data set A. 
The scatter plot of B suggests that B is an increasing function that is concave 
downward. Thus an increasing logarithmic function would be the most suitable model 

for data set B. 


@ Try Exercise 4, page 411 


Answer ® The graph of y = 5 — 2 Inx is concave upward because the b-value, —2, is less than 
zero. See Figure 4.43d on page 405. 


Es Integrating Technology 


Most graphing utilities have 
built-in routines that can be 
used to determine the exponen- 
tial or logarithmic regression 
function that models a set of 
data. On a TI-83/TI-83 Plus/ 
TI-84 Plus calculator, the 
ExpReg instruction is used to 
find the exponential regression 
function and the LnReg instruc- 
tion is used to find the logarith- 
mic regression function. The 
TI-83/TI-83 Plus/TI-84 Plus cal- 
culator does not show the value 
of the regression coefficient r or 
the coefficient of determination 
unless the DiagnasticOn com- 
mand has been entered. The 
DiagnosticOn command is in 
the CATALOG menu. 


Note 


The value of a diamond is gener- 
ally determined by its color, cut, 
clarity, and carat weight. These 
characteristics of a diamond 

are known as the four c’s. In 
Example 2, we have assumed that 
the color, cut, and clarity of all the 
diamonds are similar. This assump- 
tion enables us to model the value 
of each diamond as a function of 
just its carat weight. 
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® Modeling Data 


The methods of modeling data using exponential or logarithmic functions are similar to the 
methods used in Section 2.7 to model data using linear or quadratic functions. Here is a 
summary of the modeling process. 


Modeling Process 


Use a graphing utility to perform the following steps. 


1. Construct a scatter plot of the data to determine which type of function will 
effectively model the data. 


. Find the equation of the modeling function and the correlation coefficient 
or the coefficient of determination for the equation. 


. Examine the correlation coefficient or the coefficient of determination and 
view a graph that displays both the modeling function and the scatter plot to 
determine how well your function fits the data. 


In the following example we use the modeling process to find an exponential function that 
closely models the value of a diamond as a function of its weight. 


EXAMPLE 2 Model an Application with an Exponential Function 


= A diamond merchant has determined the values of several white diamonds that have 
* different weights (measured in carats) but are similar in quality. See Table 4.13. 


Table 4.13 
0.50 ct 0.75 ct 1.00 ct 1.25 ct 1.50 ct 1.75 ct 2.00 ct 3.00 ct 4.00 ct 
$4600 $5000 $5800 $6200 $6700 $7300 $7900 $10,700 $14,500 


Find a function that models the values of the diamonds as a function of their weights, 
and use the function to predict the value of a 3.5-carat diamond of similar quality. 


Solution 
1. Construct a scatter plot of the data 


18,000 


Le 


4600 
5000 
5800 
6200 
6700 


7300 
7900 


L2(6) =7300 


Figure 4.46 


From the scatter plot in Figure 4.46, it appears that the data can be closely modeled 
by an exponential function of the form y = ab*,a > Oandb > 1. 
(continued ) 
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Math Matters 


The Hope Diamond, shown below, 
is the world’s largest deep blue 
diamond. It has a weight of 

45.52 carats. We should not expect 
the function 


y © 4067.6 X 1.3816" 


in Example 2 to yield an accurate 
value of the Hope Diamond 
because the Hope Diamond is not 
the same type of diamond as the 
diamonds in Table 4.13 on 

page 407, and its weight is much 
larger than the weights of the 
diamonds in Table 4.13. 


AP/World Wide 


The Hope Diamond is on display at 
the Smithsonian Museum of Natural 
History in Washington, D.C. 


2. Find the equation of the modeling function Emaneg 


The calculator display in Figure 4.47 shows y=axb’x 
that the exponential regression equation is Ce ee CIEE 


y © 4067.6(1.3816)*, where x is the carat weight r=,994881215 
of the diamond and y is the value of the diamond. fe 7aises8 


3. Examine the correlation coefficient or the 
coefficient of determination The correlation 
coefficient r ~ 0.9974 is close to 1. This 
indicates that the exponential regression function Figure 4.47 
y & 4067.6(1.3816)* provides a good fit for the data. 

The graph in Figure 4.48 also shows that the exponential regression function 
provides a good model for the data. To estimate the value of a 3.5-carat diamond, 
substitute 3.5 for x in the exponential regression function or use the VALUE 
command in the CALCULATE menu to evaluate the exponential regression 
function at x = 3.5. See Figure 4.49. 


ExpReg display (DiagnosticOn) 


18,000 18,000 
Y1=4067.641144727+1.381... 


oLX=3.5 Y=12610.415__} 5 


Figure 4.48 Figure 4.49 


According to the exponential regression function, the value of a 3.5-carat diamond 
of similar quality is about $12,610. 


@ Try Exercise 22, page 412 


When you are selecting a function to model a given set of data, try to find a function 
that provides a good fit to the data and is likely to produce realistic predictions. The fol- 
lowing guidelines may facilitate the selection process. 


Guidelines for Selecting a Modeling Function 
1. Use a graphing utility to construct a scatter plot of the data. 


2. Compare the graphical features of the scatter plot with the graphical features 
of the basic modeling functions available on the graphing utility: linear, 
quadratic, cubic, exponential, logarithmic, or logistic. Pay particular attention 
to the concave nature of each function. Eliminate those functions that do not 
display the desired concavity. 


3. Use the graphing utility to find the equation of each type of function you 
identified in Step 2 as a possible model. 


4. Determine how well each function fits the given data, and compare the graphs 
of the functions to determine which function is most likely to produce realistic 
predictions. 
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EXAMPLE 3__ Select a Modeling Function and Make a Prediction 


fe 2 Table 4.14 shows the winning times in the women’s Olympic 100-meter 
= freestyle event for the years 1964 to 2008. 


Table 4.14 Women’s Olympic 100-Meter Freestyle, 
1964 to 2008 


Year Time(s) Year Time(s) 
1964 59.5 1988 | 54.93 
1968 60.0 1992 54.64 
1972 58.59 1996 54.50 
1976 55.65 2000 53.83 
1980 54.79 2004 53.84 
1984 55.92 2008 53.12 


Source: About.com. 


Find a function to model the data, and use the function to predict the winning time in 
the women’s Olympic 100-meter freestyle event for 2016. 


Caution Solution 

When you use a graphing utility Construct a scatter plot of the data. See Figure 4.50. 
to find a logarithmic model, (Note: This scatter plot was produced using x = | 
remember that the domain of to represent 1964, x = 2 to represent 1968,..., and 
y= a+ bin xis the set of posi- x = 12 to represent 2008.) The general shape of the 


tive numbers. Thus zero must not 
be used as an x value of a data 
point. This is the reason we have 
used x= 1 to represent 1964 in 
Example 3. 


scatter plot suggests that we consider functions 
whose graphs are decreasing and concave upward. 
Thus we consider a decreasing exponential function 
and a decreasing logarithmic function as possible 
models. Use a graphing utility to find the exponen- 
tial regression function and the logarithmic regres- 
sion function for the data. See Figure 4.51 and Figure 4.52. 


Figure 4.50 


a=59.59242185 a=60.5509U22 
b=.9897513848 b=-2.866898055 


r°=.8277078168 r°=.8774890664 
r=-.9097844892 r=-.9367438638 


Figure 4.51 Figure 4.52 


The exponential function is y © 59.59242185(0.9897513848)* and the logarithmic 
function is y © 60.5509422 — 2.866898055 Inx. The coefficient of determination r? 
for the logarithmic regression is larger than the coefficient of determination for the 
exponential regression. See Figure 4.51 and Figure 4.52. Thus the logarithmic regression 
function provides a better fit to the data than does the exponential regression function. 
The correlation coefficients r can also be used to determine which function provides 


(continued ) 
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the better fit. For decreasing functions, the function 
with correlation coefficient closest to —1 provides 
the better fit. 

Notice that the graph of the logarithmic function 
has the desired behavior to the right of the scatter 
plot. That is, it is a gradually decreasing curve, and 
this is the general behavior we would expect for 
future winning times in the 100-meter freestyle event. 
The graph of the exponential function is almost linear 
and is decreasing at a rapid pace, which is not what 
we would expect for results in an established 
Olympic event. See Figure 4.53. Thus we select the 
logarithmic function as our modeling function. 

To predict the winning time for this event in 
2016 (represented by x = 14), substitute 14 for x in 
the equation of the logarithmic function or use the 
VALUE command in the CALCULATE menu to 
produce the approximate time of 52.99 seconds, as 
shown in Figure 4.54. 


Figure 4.54 


@ Try Exercise 24, page 413 


® Finding a Logistic Growth Model 


If a scatter plot of a set of data suggests that the data can be effectively modeled by a logis- 
tic growth model, then you can use the Logistic feature of a graphing utility to find the 
logistic growth model. This process is illustrated in Example 4. 


EXAMPLE 4 Find a Logistic Growth Model 


@ Table 4.15 shows the population of deer in an animal preserve for 1994 to 2008. 

Table 4.15 Deer Population at an Animal Preserve 

[ Year —— Population | Year | Population | Year | ; Population 
1994 320 1999 1150 2004 2620 
1995 410 2000 1410 2005 2940 
1996 560 2001 1760 2006 3100 
1997 730 2002 2040 2007 3300 
1998 940 2003 2310 2008 3460 


4800 


Find a logistic model that approximates the deer population as a function of the year. 
Use the model to predict the deer population in 2014. 


Solution 
1. Construct a scatter plot of the data Enter the data into a graphing utility, and 
then use the utility to display a scatter plot of the data. In this example, we 
represent 1994 by x = 0, 2008 by x = 14, and the deer population by y. 
Figure 4.55 shows that the data can be closely approximated by a logistic 
Figure 4.55 growth model. 
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2. Find the equation of the model On a TI-83/TI-83 Plus/TI-84 Plus graphing 


Integrating Technology 


Ee calculator, select B: Logistic, which is in the STAT CALC menu. The logistic 
On a TI-83/TI-83 Plus/TI-84 funenon For the labite 
Plus graphing calculator, the 3965.3 
logistic growth model is given ies 1 + 11,445¢70-31152x 
in the form : 
See Figure 4.56. 
c 
can —bx Logistic 
1 + ae y=c/(1+ae(-bx)) 
: =11.44466821 

Think of the variable x as the b=.3115234553 
time ¢ and the variable y as P(?). c=3965.337214 


Figure 4.56 


3. Examine the fit A TI-83/TI-83 Plus/TI-84 Plus calculator does not compute the 
coefficient of determination or the correlation coefficient for a logistic model. 
However, Figure 4.57 shows that the logistic model provides a good fit to the data. 
To use the model to predict the deer population in 2014, note that the year 2014 is 
represented by an x value of 20. Find the y value of the logistic function for x = 20. 
The VALUE command in the CALCULATE menu shows that the logistic model 
predicts a deer population of about 3878 in 2014. See Figure 4.58. 
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Figure 4.57 Figure 4.58 


H Try Exercise 26, page 413 


EXERCISES SET 4.7 


In Exercises 1 to 6, use a scatter plot of the given data (Note: Some data sets can be closely modeled by more than one type 
~* to determine which of the following types of of function.) 
functions might provide a suitable model of the data. 


; . . . 1. {(1, 3), (.5, 4), (2, 6), (3, 13), (3.5, 19), (4, 27) } 
= An increasing exponential function 


y=ab, a>0, b> 1 (See Figure 4.43a, page 405) 2. {(1.0, 1.12), (2.1, 0.87), (3.2, 0.68), (3.5, 0.63), (4.4, 0.52)} 
= An increasing logarithmic function 
y=atblinx, b> 0 (See Figure 4.43c.) Be Ase ee E A) (M5), 02),6,0-1)t 
= A decreasing exponential function m4. {(5,2.3),(7,3.9), (9,4.5), (12, 5.0), (16, 5.4), (21, 5.8), (26, 6.1)} 


y=ab, a>0, 0<b< 1 (See Figure 4.43b.) 
5. {(1, 2.5), (1.5, 1.7), 2, 0.7), (3, —0.5), (3.5, —1.3), (4, —1.5)} 
= A decreasing logarithmic function 


y=a+binx, b <0 (Sce Figure 4.43d.) 6. {(1,3), (1.5, 3.8), (2, 4.4), (3, 5.2), (4, 5.8), (6, 6.6)} 
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ea In Exercises 7 to 10, find the exponential regression 
function for the data. State the correlation coefficient r. 
Round aq, b, and r to the nearest hundred-thousandth. 


7. {(10, 6.8), (12, 6.9), (14, 15.0), (16, 16.1), (18, 50.0), (19, 20.0)} 
8. {(2.6, 16.2), (3.8, 48.8), (5.1, 160.1), (6.5, 590.2), (7, 911.2)} 
9. {(0, 1.83), (1, 0.92), (2, 0.51), (3, 0.25), (4, 0.13), (5, 0.07)} 


10. {(4.5, 1.92), (6.0, 1.48), (7.5, 1.14), (10.2, 0.71), (12.3, 0.49)} 


ea In Exercises 11 to 14, find the logarithmic regression 
* function for the data. State the correlation coefficient r. 
Round aq, b, and r to the nearest hundred-thousandth. 


11. {(5, 2.7), (6, 2.5), (7.2, 2.2), (9.3, 1.9), (11.4, 1.6), (14.2, 1.3)} 
12. {(11, 15.75), (14, 15.52), (17, 15.34), (20, 15.18), (23, 15.05)} 
13. {(3, 16.0), (4, 16.5), (5, 16.9), (7, 17.5), (8, 17.7), (9.8, 18.1)} 


14. {(8, 67.1), (10, 67.8), (12, 68.4), (14, 69.0), (16, 69.4)} 


—) In Exercises 15 to 18, find the logistic regression 
"= function for the data. Round the constants a, b, and c 
to the nearest hundred-thousandth. 


15. {(0, 81), (2, 87), (6, 98), (10, 110), (15, 125)} 

16. {(0, 175), (5, 195), (10, 217), (20, 264), (35, 341)} 

17. {(0, 955), (10, 1266), (20, 1543), (30, 1752)} 

18. {(0, 1588), (5, 2598), (10, 3638), (25, 5172)} 

19. es Lift Tickets Prices The following table shows the price of 
* an all-day lift ticket at a ski resort for selected years from 


1980 to 2009. 


All-Day Lift Ticket Prices, 1980-2009 


Year | Price | | Year Price 
1980 $9 2000 $43 
1985 $14 2005 $63 
1990 $20 2007 $74 
1995 $30 2009 $85 


a. Find an exponential regression model for the data. Represent 
1980 by x = 0, 1985 by x = 5, and 2009 by x = 29. 


b. Use the exponential model to predict the price of an all-day 

lift ticket for 2014. Round to the nearest dollar. 
20. g 2 ae Recycling Rates U.S. recycling rates have 
. been increasing over the last few decades. The 


following table shows the percent of municipal solid waste 
(MSW) that was recycled for selected years from 1960 to 2006. 


MSW Recycling Rates, 1960-2006 


Recycling Recycling 
Year Rate Year Rate 
1960 6.4% 1995 26.0% 
1970 6.6% 2000 29.1% 
1980 9.6% 2006 32.5% 
1990 16.2% 


Source: U.S. Environmental Protection Agency. 


21. 


a22. 


a. Find an exponential regression model and a logarithmic 
regression model for the data. Represent 1960 by x = 60, 
2000 by x = 100, and 2006 by x = 106. (Hint: Enter 6.4% 
as 0.064.) 


b. Examine the correlation coefficients of the two regression 
models to determine which provides a better fit for the data. 


c. Find a logistic model for the data. 


d. In your opinion, which of the three models will best predict 
the percent of MSW that will be recycled in a given year in 
the long-term future? Explain. 


ea 2 Hypothermia The following table shows the time 7, 
= in hours, before a scuba diver wearing a 3-millimeter- 
thick wet suit reaches hypothermia (95°F) for various water 
temperatures F, in degrees Fahrenheit. 


Water 
Temperature F (°F) Time T (h) 
41 1.1 
46 1.4 
50 1.8 
59 3.7 


a. Find an exponential regression model for the data. Round 
the constants a and b to the nearest hundred-thousandth. 


b. Use the model from a. to estimate the time it takes for the 
diver to reach hypothermia in water that has a temperature 
of 65°F. Round to the nearest tenth of an hour. 


ea 2 Atmospheric Pressure The following table shows 

7 the Earth’s atmospheric pressure y (in newtons per 
square centimeter) at an altitude of x kilometers. Find a suitable 
function that models the atmospheric pressure as a function of 
the altitude. Use the function to estimate the atmospheric pres- 
sure at an altitude of 24 kilometers. Round to the nearest tenth 
of a newton per square centimeter. 
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0 10.3 
2 8.0 
4 6.4 
6 5.1 
8 4.0 
10 32 
12 pe) 
14 2.0 
16 1.6 
18 1.3 


23. es] 2 Hypothermia The following table shows the time 7, 
= in hours, before a scuba diver wearing a 4-millimeter- 
thick wet suit reaches hypothermia (95°F) for various water 
temperatures F’, in degress Fahrenheit. 


41 1.5 
46 1.9 
50 2.4 
59 5.2 


a. Find an exponential regression model for the data. Round 
the constants a and b to the nearest hundred-thousandth. 


b. Use the model from a. to estimate the time it takes for the 
diver to reach hypothermia in water that has a temperature of 
65°F. Round to the nearest tenth of an hour. How much greater 
is this result compared with the answer to Exercise 21b.? 


m 24. ea] P.) 400-Meter Race The following table lists the pro- 
= gression of world record times in the men’s 400-meter 
race from 1948 to 2008. (Note: No new world record times 
were set during the time period from 2000 to 2008.) 


World Record Times in the Men’s 400-Meter Race, 
1948 to 2008 


1948 45.9 1964 44.9 
1950 45.8 1967 44.5 
1955 45.4 1968 44.1 
1956 45.2 1968 43.86 
1960 44.9 1988 43.29 
1963 44.9 1999 43.18 


Source. Track and Field Statistics, http://trackfield.brinkster.net/Main.asp. 


a. Determine whether the data can best be modeled by an 
exponential function or a logarithmic function. Let x = 48 
represent 1948 and x = 50 represent 1950. 


b. Assume that a new world record time will be established in 
2012. Use the function you chose in a. to predict the world 
record time in the men’s 400-meter race for 2012. Round to 
the nearest hundredth of a second. 


25. P.) Telecommuting The graph below shows the growth in 
the number of telecommuters. 


(in millions) 


Number of telecommuters 


1998 2000 2002 2004 2006 
Year 


Growth in telecommuting 
Which type of model, an increasing exponential model or an 


increasing logarithmic model, is more likely to provide a better 
fit for the data? Explain. 


m 26. es] P) Population of Hawaii The following table shows 
= the population of the state of Hawaii for selected 


years from 1950 to 2005. 


Population of Hawaii, 1950-2005 


1950 499,000 1985 1,039,698 
1955 529,000 1990 1,113,491 
1960 642,000 1995 1,196,854 
1965 704,000 2000 1,212,125 
1970 762,920 2003 1,248,200 
1975 875,052 2004 1,262,124 
1980 967,710 2005 1,275,194 


Source: Economagic.com, http://www.economagic.com/ 
em-cgi/data.exe/beapi/a15300. 


a. Find a logistic growth model that approximates the popula- 
tion of Hawaii as a function of the year. Use t = 0 to repre- 
sent 1950 and t = 5 to represent 1955. 


b. Use the model from a. to predict the population of Hawaii 
for 2012. Round to the nearest thousand. 


c. What is the carrying capacity of the model? Round to the 
nearest thousand. 
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27. P.) Optometry The near point p of a person is the clos- 
= est distance at which the person can see an object dis- 
tinctly. As one grows older, one’s near point increases. The 
table below shows data for the average near point of various 
people with normal eyesight. 


15 11 
20 13 
25 15 
30 17 
35 20 
40 23 
50 26 


a. Find an exponential regression model for these data. Round 
each constant to the nearest thousandth. 


b. What near point does this model predict for a person 60 years 
old? Round to the nearest centimeter. 


28. ea P) Chemistry The amount of oxygen x, in milliliters per 
= liter, that can be absorbed by water at a certain temper- 
ature 7, in degrees Fahrenheit, is given in the following table. 


46 7.6 
52 7A 
58 6.8 
64 6.5 


a. Find a logarithmic regression model for these data. Round 
each constant to the nearest thousandth. 


b. Using your model, how much oxygen, to the nearest tenth of 
a milliliter per liter, can be absorbed in water that is 50°F? 


29. Ee 2 The Henderson-Hasselbach Function The scientists 
= Henderson and Hasselbach determined that the pH of 
blood is a function of the ratio g of the amounts of bicarbonate 

and carbonic acid in the blood. 


a. Determine a linear model and a logarithmic model for the 
data. Use g as the independent variable (domain) and pH 


as the dependent variable (range). State the correlation 
coefficient for each model. Round a and b to five decimal 
places and r to six decimal places. Which model provides 
the better fit for the data? 


126 | 31.6 | 50.1 79.4 
2 7.6 7.8 8.0 


b. Use the model you chose in a. to find the g-value associated 
with a pH of 8.2. Round to the nearest tenth. 


30. ea 2 World Population The following table lists the years 
= in which the world’s population first reached 3 billion, 


4 billion, 5 billion, and 6 billion. 


World Population 


Milestones 
1960 3 billion 
1974 4 billion 
1987 5 billion 
1999 6 billion 
Source: The World Almanac 2008, 
p. 845. 


a. Find an exponential model for the data in the table. Let 
x = 0 represent 1960. 


b. Use the model to predict the year in which the world’s pop- 
ulation will first reach 8 billion. 


31. e 2 Panda Population One estimate gives the world 
= panda population as 3200 in 1980 and 590 in 2000. 


a. Find an exponential model for the data and use the model to 
predict the year in which the panda population p will be 
reduced to 200. Let t = 0 represent 1980. 


b. ny Because the exponential model in a. fits the data per- 
fectly, does this mean that the model will accurately 
predict future panda populations? Explain. 


32. ea P) Olympic High Jump The following table on page 415 


shows the Olympic gold medal heights for the women’s 
high jump from 1968 to 2008. 


A 
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Women’s Olympic High Jump, 1968-2008 c. Use the exponential model and the logarithmic model to 
Year Height (m)__ predict the number of cinema sites for 2014, which is rep- 
resented by x = 19. 
1968 1.82 
1972 1.92 d. In your opinion, which of the predictions in ¢. is more 
realistic. 
1976 1.93 
1980 1.97 34. gz 2 Temperature of Coffee A cup of coffee is placed in 
1984 2.02 = a room that maintains a constant temperature of 70°F. 
: The following table shows both the coffee temperature T after 
1988 2.03 t minutes and the difference between the coffee temperature 
Source: About.com, http://trackandfield.about.com/od/highjump/qt/ and the room temperature after ¢ minutes. 
olymhijumpwomen.htm. 


a. Determine a linear model and a logarithmic model for the 
data, with the height measured in meters. State the correla- 
tion coefficient r for each model. Represent 1968 by x = 1, 
1972 by x = 2, and 2008 by x = 11. 


140° 121° | 107° | 97° | 89° 


70° 51° 37° | 27° | 19° 


b. Examine the correlation coefficients to determine which 


model provides a better fit for the data. a. Find an exponential model for the difference T — 70° as a 


function of f. 
c. Use the model you selected in b. to predict the women’s 
Olympic gold medal high jump height in 2016, which is b. Use the model in a. to predict how long it will take (to the 
represented by x = 13. Round to the nearest hundredth of nearest minute) for the coffee to cool to 80°F. 


a meter. 
35. es] P.) World Population The following table lists the years 


33. & Number of Cinema Sites The following table shows in which the world’s population first reached 3 billion, 
49 


the number of U.S. indoor cinema sites for the years 4 billion, 5 billion, and 6 billion. 
1996 to 2007. 
World Population 
Number of U.S. Indoor Cinema Sites Milestones 
sas | aie | 1960 3 billion 
1996 7215 2002 5712 1974 4 billion 
1997 6903 2003 5700 1987 5 billion 
1998 6894 2004 5629 1999 6 billion 
1999 7031 2005 5713 Source: The World Almanac 2008, p. 845. 
2000 6550 2006 5543 
2001 5813 2007 5545 a. Find a logistic growth model P(¢) for the data in the table. 


Let f represent the number of years after 1960 (t = 0 repre- 


Source: National Association of Theatre Owners. sents 1960). 


a. Find an exponential regression model and a logarithmic b 
regression model for the data. State the correlation coeffi- 
cient for each model. Represent 1996 by x = 1 and 2007 by 
x= 12. 


. According to the logistic growth model, what will the 
world’s population approach as t—>0°o? Round to the 
nearest billion. 


36. A Correlation Coefficient of 1 A scientist uses a graphing cal- 
b. Examine the correlation coefficients to determine which culator to model the data set {(2, 5), (4, 6)} with a logarithmic 
model provides a better fit for the data. function. The following display on page 416 shows the results. 


416 = CHAPTER 4 


37. 


38. 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


LnReg 
y=a+bInx 
a=4 
b=1.4426950U1 


r=] 
f= 


What is the significance of the fact that the correlation coeffi- 
cient for the regression equation is r = 1? 


es Duplicate Data Points An engineer needs to model the 
~* data in set A with an exponential function. 


A = {(2,5), (3, 10), (4, 17), (4, 17), (5, 28)} 


Because the ordered pair (4, 17) is listed twice, the engineer 
decides to eliminate one of these ordered pairs and model the 
data in set B. 


B= {(2,5), (3, 10), (4, 17), (5, 28)} 
Determine whether 4 and B both have the same exponential 
regression function. 
ea Domain Error A scientist needs to model the data 


in set A. 


A = {(0, 1.2), (1, 2.3), (2, 2.8), (3, 3.1), (4, 3.3), (5, 3.4)} 


The scientist views a scatter plot of the data and decides 
to model the data with a logarithmic function of the form 
y=atblinx. 


a. When the scientist attempts to use a graphing calculator to 
determine the logarithmic regression equation, the calcula- 
tor displays the message 


“ERR:DOMAIN” 


Explain why the calculator was unable to determine the log- 
arithmic regression equation for the data. 


| Exploring Concepts with Technology 


Table 4.16 
eC (a 
90 700 
100 500 
110 350 
120 250 
130 190 
140 150 


150 120 


b. Explain what the scientist could do so that the data in set A 
could be modeled by a logarithmic function of the form 
y=atblinx. 


39. | Power Functions A function that can be written in the 
= form y = ax? is said to be a power function. Some data 
sets can best be modeled by a power function. On a TI-83/ 
TI-83 Plus/TI-84 Plus calculator, the PwrReg instruction is 
used to produce a power regression function for a set of data. 


a. Find an exponential regression function and a power regres- 
sion function for the following data. State the correlation 
coefficient r for each model. 


Mmil2zt[3[4]s5 | « 


ly | 21| 55 | 98) 146 | 201 | 25.8 


b. Which of the two regression functions provides the better 
fit for the data? 


40. ea Period of a Pendulum The following table shows the 

* time f (in seconds) of the period of a pendulum of length 

/ (in feet). (Note: The period of a pendulum is the time it takes 

the pendulum to complete a swing from the right to the left 
and back.) 


Gam] [2 [3 f+iele 
“Time t(s) | 1.11 | 1.57 | 1.92 | 2.25 | 2.72 | 3.14 


a. Determine the equation of the best model for the data. Your 
model must be a power function or an exponential function. 


b. According to the model you chose in a., what is the length 
of a pendulum, to the nearest tenth of a foot, that has a 
period of 12 seconds? 


Using a Semilog Graph to Model Exponential Decay 


Consider the data in Table 4.16, which shows the viscosity V of SAE 40 motor oil 

at various temperatures 7 in degrees Fahrenheit. The graph of these data is shown 
in Figure 4.59 on page 417, along with a curve that passes through the points. The 
graph appears to have the shape of an exponential decay model. 

One way to determine whether the graph in Figure 4.59 is the graph of an expo- 
nential function is to plot the data on semilog graph paper. On this graph paper, the 
horizontal axis remains the same, but the vertical axis uses a logarithmic scale. 

The data in Table 4.16 are graphed again in Figure 4.60, but this time the vertical 
axis is a natural logarithm axis. This graph is approximately a straight line. 
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Va Va 

700 4 2 1n7007 

600 4 3 1n500+ 
5 
> 5004 6 

= — 1n3007 
§ 400 = 
a i= 
> 300 | Sb 
200 4 = 
5 

100} Z in 100+ 

90 100 =110 120 130) 6140 150 r 90 100 $110 120 130 140 150 T 
Temperature (in degrees Fahrenheit) Temperature (in degrees Fahrenheit) 
Figure 4.59 Figure 4.60 


The slope of the line in Figure 4.60, to the nearest ten-thousandth, is 


in 500 — In 120 
= = —(,0285 
7 100 — 150 


Using this slope and the point-slope formula, with V replaced by In V, we have 


In V — In 120 = —0.0285(T — 150) 
InV = —0.0285T + 9.062 
This equation is the equation of the line on a semilog coordinate grid. 
Now solve the preceding equation for /. 
InV _ 4-0.0285T+9.062 


(a 
V= e 0.02857, 9.062 


Ve 862 Le 0.02857 


This equation is a model of the data in the rectangular coordinate system shown in 


Figure 4.59. 
1. A chemist wishes to determine the decay characteristics of iodine-131. A 
Table 4.17 100-milligram sample of iodine-131 is observed over a 30-day period. Table 4.17 
t Al | shows the amount A, in milligrams, of iodine-131 remaining after ¢ days. 
4a 91.77 a. Graph the ordered pairs (¢, A) on semilog paper. (Note: Semilog paper comes in 
4 70.92 different varieties. Our calculations are based on semilog paper that has a 
5030 natural logarithm scale on the vertical axis.) 
b. Use the points (4, 4.3) and (15, 3.3) to approximate the slope of the line that 
15 27.97 . 
passes through the points. 
20 17.95 
30 760 c. Using the slope calculated in b. and the point (4, 4.3), determine the equation 


of the line. 
d. Solve the equation you derived in c. for A. 
e. Graph the equation you derived in d. in a rectangular coordinate system. 


f. What is the half-life of iodine-131? 


(continued ) 
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Table 4.18 2. The birth rates B per thousand people in the United States are given in Table 4.18 
for 1986 through 1990 (t = 0 corresponds to 1986). 
0 15.5 a. Graph the ordered pairs (¢, In B). (You will need to adjust the scale so that 
1 15.7 you can discriminate among plotted points. A suggestion is given in 
2 15.9 Figure 4.61.) 
3 16.2 b. Use the points (1, 2.754) and (3, 2.785) to approximate the slope of the line that 
4 16.7 passes through the points. 


c. Using the slope calculated in b. and the point (1, 2.754), determine the equation 
of the line. 


d. Solve the equation you derived in c. for B. 
e. Graph the equation you derived in d. in a rectangular coordinate system. 


f. If the birth rate continues as predicted by your model, in what year will the 
birth rate be 17.5 per 1000? 


Natural logarithm of birth rate 


The difference in graphing strategies between Exercise | and Exercise 2 is that in 
Exercise | semilog paper was used. When a point is graphed on this coordinate paper, 
1 2 3 4 ¢ the y-coordinate is In y. In Exercise 2, graphing a point (x, In y) in a rectangular coordi- 
Year (t= 0 is 1986) nate system has the same effect as graphing (x, v) in a semilog coordinate system. 


Figure 4.61 


CHAPTER 4 TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


4.1 Inverse Functions 


= Graph the Inverse of a Function A function f has an inverse function if | See Example 1, page 336, and then try 
and only if it is a one-to-one function. The graph of fand the graph of its | Exercises | and 2, page 421. 
inverse f | are symmetric with respect to the line given by y = x. 


= Composition of Inverse Functions Property If fis a one-to-one function, | See Example 2, page 337, and then try 
then f~! is the inverse function of fif and only if (f° f!)(x) = f [f(x] =x | Exercises 3 and 6, page 421. 
for all x in the domain of f! and (f! © f)(x) = f 'Lf@)] = x for all x 
in the domain of f- 


= Find the Inverse of a Function Ifa one-to-one function fis defined by See Examples 4 and 5, pages 339 and 340, 
an equation, then you can often use the following procedure to find the and then try Exercises 9 and 11, page 421. 
equation of f 7. 

1. Substitute y for f(x). 

2. Interchange x and y. 

3. Solve, if possible, for y in terms of x. 
4. Substitute f~!(x) for y. 


4.2 Exponential Functions and Their Applications 
= Properties of f(x) = b* For positive real numbers b, b # 1, the 
exponential function defined by f(x) = b* has the following properties. 


¢ The function fis a one-to-one function. It has the set of real numbers as 
its domain and the set of positive real numbers as its range. 


The graph of fis a smooth, continuous curve with a y-intercept of (0, 1), 
and the graph passes through (1, 5). 


If b > 1, fis an increasing function and its graph is asymptotic to the 
negative x-axis. 


If0 <b <1, fis a decreasing function and its graph of is asymptotic to 
the positive x-axis. 
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See Example 2, page 349, and then try 
Exercises 25 and 26, page 422. 


= Graphing Techniques The graphs of some functions can be constructed 
by translating, stretching, compressing, or reflecting another graph or by 
combining these techniques. 


See Examples 3 and 4, pages 350 and 351, 
and then try Exercises 29 and 30, page 422. 


= Natural Exponential Function The number e is defined as the 
number that 


approaches as n increases without bound. The value of e accurate to 8 
decimal places is 2.71828183. The function f(x) = e*, where x is a real 
number, is called the natural exponential function. Many applications can 
be modeled by functions that involve e“, where & is a constant. 


4.3 Logarithmic Functions and Their Applications 


m= Exponential and Logarithmic Form 
The exponential form of y = log, x is b” = x. 
The logarithmic form of b” = x is y = log, x. 


= Basic Logarithmic Properties 
log, b = 1 log, 1 = 0 log,(b*) = x ploeex — x 


See Example 5, page 353, and then try 
Exercise 84, page 423. 


See Examples | and 2, pages 359 and 360, 
and then try Exercises 39 and 43, page 422. 


See Example 3, page 360, and then try 
Exercise 16, page 422. 


= Properties of f(x) = log, x For positive real numbers b, b # 1, the 
logarithmic function f(x) = log; x has the following properties. 


The domain of fis the set of positive real numbers, and its range is the 
set of all real numbers. 


The graph of fis a smooth, continuous curve with an x-intercept of 
(1, 0), and the graph passes through (8, 1). 

If b > 1, fis an increasing function and its graph is asymptotic to the 
negative y-axis. 


If0 <b <1, fis a decreasing function and its graph is asymptotic to 
the positive y-axis. 


See Example 4, page 362, and then try 
Exercises 31 and 32, page 422. 
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4.4 Properties of Logarithms and Logarithmic Scales 


See Examples | and 2, pages 370 and 371, 
and then try Exercises 47 and 52, page 422. 


Properties of Logarithms 


¢ Product property log,(MN) = log, M + log, N 


M 
* Quotient property logy 7 = log, M — log, N 


log,(M") = p log, M 
M = Nimplies log, M = log, N 
log, M = log, Nimplies M = N 


¢ Power property 
¢ Logarithm-of-each-side property 
* One-to-one property 


See Example 3, page 372, and then try 
Exercises 55 and 58, page 422. 


Change-of-Base Formula If x, a, and b are positive real numbers 
with a # 1 and bd # 1, then 


See Examples 5 to 7, page 374, and then try 
Exercises 75 and 77, page 422. 


= Richter Scale Magnitude An earthquake with an intensity of / has a 
Richter scale magnitude of 
M = toe(*) 
= (0) =——* 
g i 


where Jp is the measure of the intensity of a zero-level earthquake. 


See Examples 9 and 10, pages 376 and 377, 
and then try Exercises 79 and 80, page 423. 


pH The pH of a solution with a hydronium-ion concentration of 
[H*] mole per liter is given by pH = —log[H"]. 
4.5 Exponential and Logarithmic Equations 


See Example 1, page 381, and then try 
Exercises 17 and 18, page 422. 


Equality of Exponents Theorem Equations that can be written in the 
form b* = b’ can generally be solved by using the Equality of Exponents 
Theorem, which states that if b* = b”, where b is a positive real number 
(6 # 1), thenx = y. 


Exponential Equations Many exponential equations can be solved by 
writing the equation in its logarithmic form or by taking the logarithm of 
each side of the equation. 


See Examples 2 and 3, pages 382 and 383, 
and then try Exercises 59 and 60, page 422. 


Logarithmic Equations Many logarithmic equations can be solved by 
using the properties of logarithms and the definition of a logarithm. 


4.6 Exponential Growth and Decay 


= Exponential Growth and Decay Functions The function M(t) = Noe“ 


is an exponential growth function if k is a positive constant, and it is an 
exponential decay function if k is a negative constant. 


See Examples 6 and 7, pages 384-385, and 
then try Exercises 61 and 62, page 422. 


See Examples | to 3, pages 391 and 393, 
and then try Exercises 89 and 90, page 423. 


= Compound Interest Formula A principal P invested at an annual interest 


rate 7, expressed as a decimal and compounded zn times per year for ¢ years, 


produces the balance 
r nt 
A= (1 + ) 
n 


See Example 4, page 394, and then try 
Exercises 81a and 82a, page 423. 
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= Continuous Compounding Interest Formula If an account with 
principal P and annual interest rate 7 is compounded continuously for 
t years, then the balance is A = Pe”. 


See Example 5, page 396, and then try 
Exercises 81b and 82b, page 423. 


= Logistic Model In the logistic model, the magnitude of a population at 
time ¢ is given by 


c 


P(t) = ———— 
@ 1+ ae” 


where Py = P(0) is the population at time t= 0, c is the carrying capacity 
of the population, and 5 is the growth rate constant. The constant a is given 
co 
by the formula a = J 
Po 


4.7 Modeling Data with Exponential and Logarithmic Functions 


= Modeling Process 
1. Construct a scatter plot of the data to determine which type of function 
will effectively model the data. 
2. Use a graphing utility to find the modeling function and the correlation 
coefficient or the coefficient of determination for the model. 
3. Examine the correlation coefficient or the coefficient of determination 
and view a graph that displays both the function and the scatter plot to 
determine how well the function fits the data. 
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In Exercises 1 and 2, draw the graph of the inverse of the 
given function. 


1 
9. h(x) = —5e- 2 


In Exercises 3 to 6, use composition of functions to 
determine whether the given functions are inverse 


functions. function. 
+5 2 
3. FQx)=2x-5 Ga= as 
4. h(x)= Vx kx) = x*, x 20 


+ 
5. I(x) = — 


x= > 
6. pa) = 


See Example 7, page 398 and then try 
Exercise 93, page 424. 


See Examples 3 and 4, pages 409 and 410, 
and then try Exercises 91 and 92, page 423. 


3 
ns! 


2x 
q(x) = ea 


In Exercises 7 to 10, find the inverse of the function. 
Sketch the graph of the function and its inverse on the 
same set of coordinate axes. 


7. f(x) = 3x - 4 


8. g(x) = —2x + 3 


10. k(x) = - 


In Exercises 11 and 12, find the inverse of the given 


11. f(x) = aL where the domain of f is {x|x > 1} 


1 


12. g(x) = x? + 2x, where the domain of g is {x|x = —1} 
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In Exercises 13 to 24, solve each equation. Do not use a xy 
49. Inxy° 50. In 
calculator. y A 
13. logs25 =x 14. log; 81 =x 15. Ine? = x 
16. Ine" =x 17. 327 =27 18. 5°-4 = 625 In Exercises 51 to 54, write each logarithmic expression 
as a single logarithm with a coefficient of 1. 
1 
19, 2 = ; 20. 27(3°)= 3°! 21. logx? = 6 51. 2 logx + 3 log + 1) 52. 5 logx — 2 log(x + 5) 
1 2 ! 
22. = log |x| = 5 23. 1082" = 14 24, eM = 64 53. > In 2xy — 3 Inz 54. Inx — (ny — Inz) 
2 


B In Exercises 55 to 58, use the change-of-base formula 


In Exercises 25 to 36, sketch the graph of each function. ke 
~ and a calculator to approximate each logarithm 


25. f(x) = (2.5* 26. f(x) = (z) accurate to six significant digits. 
: 4 

55. logs 101 56. log; 40 

27. = 3h 28. = 4h 

Fe) Fe) 57. log, 0.85 58. logs 0.3 

29. f(x) = 2° - 3 30. fix) = 26-9) 
In Exercises 59 to 74, solve each equation for x. Give 

31. f(x) = logsx 32. f(x) = logi/sx exact answers. Do not use a calculator. 

1 59. 4° = 30 60. S**! = 41 

33. f(x) = 5 logx 34. f(x) = 3 logx'? 
61. In3x — Inw-— 1) =1n4 62. In3x + In2=1 

35. f(x) = -, Inx 36. f(x) = —In |x| 63, ett) = 6 64, 1022+) = 34 

ay +4 robs 

63. = 5.455 = 2 66. i Te = 8 

=) In Exercises 37 and 38, use a graphing utility to graph 4-4 2 

~* each function. 

gaan 3x 373 67. log(log x) = 3 68. In(In x) = 2 

37. fe) = — 38. f(x) = — > — 
69. log Vx — 5 =3 70. logx + log(x — 15) = 1 

In Exercises 39 to 42, change each logarithmic equation 71. log4(log3x) = | 72. log;(logsx*) = 0 

to its exponential form. ; 
73. logsx? = logs 16x 74, 25 = 16!08* 

39. log, 64 = 3 40. logy. 8 = —3 
75. Earthquake Magnitude Determine, to the nearest 0.1, the 

41. logy34 = 4 42. Inl = 0 


Richter scale magnitude of an earthquake with an intensity of 
I = 51,782,000J). 

In Exercises 43 to 46, change each exponential equation 

to its logarithmic form. 76. Earthquake Magnitude A seismogram has an amplitude of 
18 millimeters, and the difference in time between the s-wave 
and the p-wave is 21 seconds. Find, to the nearest tenth, 
the Richter scale magnitude of the earthquake that produced the 
seismogram. 


43. 5° = 125 44, 2'!° = 1024 


45. 10° = 1 46. 8/2 = 2/2 


77. Comparison of Earthquakes An earthquake had a Richter 


In Exercises 47 to 50, expand the given logarithmic ; ; 
scale magnitude of 7.2. Its aftershock had a Richter scale mag- 


expression. 
‘i oin8 nitude of 3.7. Compare the intensity of the earthquake with the 
47. log, i 48. log, Vx intensity of the aftershock by finding, to the nearest unit, the 
. * D 
Zz yz ratio of the larger intensity to the smaller intensity. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


Comparison of Earthquakes An earthquake has an intensity 
600 times the intensity of a second earthquake. Find, to the 
nearest tenth, the difference between the Richter scale magni- 
tudes of the earthquakes. 


Chemistry Find the pH of tomatoes that have a hydronium- 
ion concentration of 6.28 X 107°. Round to the nearest tenth. 


Chemistry Find the hydronium-ion concentration of rainwa- 
ter that has a pH of 5.4. 


Compound Interest Find the balance when $16,000 is invested 
at an annual rate of 8% for 3 years if the interest is compounded 


a. monthly b. continuously 
Compound Interest Find the balance when $19,000 is invested 
at an annual rate of 6% for 5 years if the interest is compounded 


a. daily b. continuously 

Depreciation The scrap value S of a product with an expected 
life span of n years is given by S(n) = P(1 — r)”, where P is the 
original purchase price of the product and r is the annual rate of 
depreciation. A taxicab is purchased for $12,400 and is expected 
to last 3 years. What is its scrap value if it depreciates at a rate 
of 29% per year? 


Medicine A skin wound heals according to the function given 
by Mt) = Neo where N is the number of square centime- 
ters of unhealed skin ¢ days after the injury and Np is the num- 
ber of square centimeters covered by the original wound. 


a. What percentage of the wound will be healed after 10 days? 


b. How many days, to the nearest day, will it take for 50% of 
the wound to heal? 


c. How long, to the nearest day, will it take for 90% of the 
wound to heal? 


In Exercises 85 to 88, find the exponential growth or decay 
function N(t) = Noe“ that satisfies the given conditions. 


85. 


87. 


89. 


90. 


N(0) = 1,N(Q) = 5 86. N(0) = 2,NG) = 11 


NA) = 4,M(5) = 5 88. M1) = 2,M0) = 1 

Population Growth 

a. Find the exponential growth function for a city whose pop- 
ulation was 25,200 in 2007 and 26,800 in 2008. Use t = 0 
to represent 2007. 


b. Use the growth function to predict, to the nearest hundred, 
the population of the city in 2014. 


Carbon Dating Determine, to the nearest 10 years, the age of a 
bone if it now contains 96% of its original amount of carbon-14. 
The half-life of carbon-14 is 5730 years. 


91. 


92. 
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ea] P.) Cellular Telephone Subscribership The following 
= table shows the number of U.S. cell phone subscrip- 
tions, in thousands, for selected years from 1990 to 2006. 


Number of Cell Phone 

Subscriptions 
Year (in thousands) 
1990 5283 
1992 11,033 
1994 24,134 
1996 44,043 
1998 69,209 
2000 109,478 
2002 140,767 
2004 182,140 
2006 233,041 


Source: The World Almanac 2008. 


Find the equation of the mathematical model that you believe 
will most accurately predict the number of U.S. cellular tele- 
phone subscriptions for 2012. Explain the reasoning you used 
to select your model. 


es P.) Mortality Rate The following table shows the infant 
= mortality rate in the United States for selected years 
from 1960 to 2005. 


U.S. Infant Mortality 
Rate, 1960-2005 (per 
1000 live births) 


Year Rate 
1960 26.0 
1970 20.0 
1980 12.6 
199092 
1995 7.6 
2000 6.9 
2001 6.8 
2002 7.0 
2003 6.9 
2004 6.8 
2005 6.9 


Source: The World Almanac 2008. 


a. Find an exponential model and a logarithmic model for the 
infant mortality rate R as a function of the year. Represent 
1960 by x = 60. 
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93. 


. Solve: log(x + 99) 


. Solve: In(2 


b. Examine the correlation coefficients of the regression mod- 
els to determine which model provides the better fit. 


c. Use the model you selected in b. to predict, to the nearest 
0.1, the infant mortality rate in 2010. 


Logistic Growth The population of coyotes in a national park 
satisfies the logistic model with Py) = 210 in 2001, c = 1400, 
and P(3) = 360 (the population in 2004). 


a. Determine the logistic model. 


. Find the inverse of f(x) = 2x — 3. Graph f and f~' on the 


same coordinate axes. 


Find the inverse of f(x) = == 


{x|x > 2}. State the domain and the range of f~!. 


, where the domain of f is 


a. Write log,(5x — 3) = c in exponential form. 


b. Write 3°? = y in logarithmic form. 


2 


Zz 
Expand log, ——~. 
y Vx 


Write log(2x + 3) — 3 log(x — 2) as a single logarithm with 
a coefficient of 1. 


Use the change-of-base formula and a calculator to approxi- 
mate log, 12. Round your result to the nearest ten-thousandth. 


. Graph: f(x) = 3°? 


Graph: f(x) = In(x + 1) 


Solve 5* = 22. Round your solution to the nearest ten- 
thousandth. 


. Find the exact solution of 4°-* = 7*. 


log(3x — 2) = 2 


x) + In — x) = InG7 —- x) 


. Find the balance on $20,000 invested at an annual interest rate 


of 7.8% for 5 years and compounded 


a. monthly 


b. continuously 


94. 


14. 


15. 


16. 


17. 


18. 


19. 


b. Use the model to predict, to the nearest 10, the coyote pop- 
ulation in 2014. 


Logistic Growth Consider the logistic function 


128 


Pe ge ot 


a. Find Po. 


b. What does P(t) approach as t— 00? 


Compound Interest Find the time required for money 
invested at an annual rate of 4% to double in value if the invest- 
ment is compounded monthly. Round to the nearest hundredth 
of a year. 


Earthquake Magnitude 
a. What, to the nearest tenth, will an earthquake measure on 
the Richter scale if it has an intensity of J = 42,304,000J/o? 


b. Compare the intensity of an earthquake that measures 6.3 
on the Richter scale with the intensity of an earthquake that 
measures 4.5 on the Richter scale by finding the ratio of the 
larger intensity to the smaller intensity. Round to the near- 
est natural number. 


a. Find the exponential growth function for a city whose pop- 
ulation was 34,600 in 2003 and 39,800 in 2006. Use t = 0 
to represent 2003. 


b. Use the growth function in a. to predict the population of 
the city in 2013. Round to the nearest thousand. 


Determine, to the nearest 10 years, the age of a bone if it now 
contains 92% of its original amount of carbon-14. The half-life 
of carbon-14 is 5730 years. 


a. 4 Find the exponential regression function for the follow- 
ing data. 


{(2.5, 16), (3.7, 48), (5.0, 155), (6.5, 571), (6.9, 896)} 


b. Use the function to predict, to the nearest integer, the y value 
associated with x = 7.8. 


EA P) Women’s Javelin Throw The following table shows 

the progression of the world record distances for the 
women’s javelin throw from 1999 to 2008. (Note: No new 
world record distances were set from 2006 to 2008.) 


10. 


World Record Progression in 
the Women’s Javelin Throw 


Year Distance d(m) _ 
1999 67.09 
2000 68.22 
2000 69.48 
2001 71.54 
2005 71.70 
Source: http://www.athletix.org/Statistics/ 
wrjtwomen.html. 


a. Find a logarithmic model and a logistic model for the data. 
Use t = 1 to represent 1999 and ¢ = 7 to represent 2005. 
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. Solve |x — 4| = 2. Write the solution set using interval notation. 


Solve 5 ud 6 = 1. Write the solution set using set-builder 
x 


notation. 


Find, to the nearest tenth, the distance between the points (5, 2) 
and (11, 7). 


Height of a Ball The height, in feet, of a ball released with an 
initial upward velocity of 44 feet per second at an initial height 
of 8 feet is given by A(t) = —1617 + 44¢ + 8, where ¢ is the 
time in seconds after the ball is released. Find the maximum 
height the ball will reach. 


Given f(x) = 2x + 1 and g(x) = x? — 5, find (g ° f)(x). 


Find the inverse of f(x) = 3x — 5. 


Safe Load The load that a horizontal beam can safely support 
varies jointly as the width and the square of the depth of the 
beam. It has been determined that a beam with a width of 
4 inches and a depth of 8 inches can safely support a load of 
1500 pounds. How many pounds can a beam of the same mate- 
rial and the same length safely support if it has a width of 6 inches 
and a depth of 10 inches? Round to the nearest hundred pounds. 


Use Descartes’ Rule of Signs to determine the number of pos- 
sible positive and the number of possible negative real zeros of 
P(x) = xt — 3x3 + x? — x - 6. 


Find the zeros of P(x) = x* — 5x3 + x? + 15x - 12. 


Find a polynomial function of lowest degree that has 2, | — i, 
and | + i as zeros. 


20. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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b. Assume that a new world record distance will be established 
in 2012. Use each of the models from a. to predict the 
women’s world record javelin throw distance for 2012. 
Round to the nearest hundredth of a meter. 


Population Growth The population of raccoons in a state 
park satisfies a logistic growth model with Py) = 160 in 2007 
and P(1) = 190 in 2008. A park ranger has estimated the car- 
rying capacity of the park to be 1100 raccoons. 


a. Determine the logistic growth model for the raccoon popu- 
lation where f is the number of years after 2007. 


b. Use the logistic model from a. to predict the raccoon popu- 
lation in 2014. 


Find the equations of the vertical and horizontal asymptotes of 
3x ="5 
x-—4 


the graph of r(x) = 


Determine the domain and the range of the rational function 


R(x) = 


etl 


State whether f(x) = 0.4* is an increasing function or a 
decreasing function. 


Write logy x = y in exponential form. 
Write 57 = 125 in logarithmic form. 


Find, to the nearest tenth, the Richter scale magnitude of an 
earthquake with an intensity of J = 11,650,600J. 


Solve 2e* = 15. Round to the nearest ten-thousandth. 


Find the age of a bone if it now has 94% of the carbon-14 it had 
at time ¢ = 0. The half-life of carbon-14 is 5730 years. Round 
to the nearest 10 years. 


¥ = 3x 


Solve sf = 12 for x. Round to the nearest ten-thousandth. 


Population Growth The wolf population in a national park sat- 
isfies a logistic growth model with Py = 160 in 2004 and 
P(3) = 205 (the population in 2007). It has been determined 
that the maximum population the park can support is 450 wolves. 


a. Determine the logistic growth model for the data. 


b. Use the logistic growth model to predict, to the nearest 10, 
the wolf population in 2014. 


This page intentionally left blank 


TRIGONOMETRIC 
CHAPTER 5 FUNCTIONS 


5.1 Angles and Arcs 

5.2 Right Triangle 
Trigonometry 

5.3 Trigonometric Functions 
of any Angle 


5.4 Trigonometric Functions 
of Real Numbers 


5.5 Graphs of the Sine and 
Cosine Functions 


5.6 Graphs of the Other 
Trigonometric Functions 


5.7 Graphing Techniques 


5.8 Harmonic Motion— 
An Application of the 
Sine and Cosine 
Functions 


mypokcik, 2009/Used under license from Shutterstock.com 


Applications of Trigonometric Functions 


In this chapter we introduce an important group of functions called 
trigonometric functions. These functions are often used in applications 
involving relationships between the sides and the angles of triangles. 
In Exercise 71 on page 453, right triangles and trigonometric functions 
are used to find the height and length of the skybridge between the 
Petronas Towers. 


Andrew Brookes/CORBIS 


In the seventeenth century, a unit circle approach was used to create 
trigonometric functions of real numbers, which are also referred to as 
circular functions. These functions allow us to solve a wider variety of 
applications. For instance, in Exercise 63 page 480, a circular function is 
used to model a sound wave and find the frequency of the sound wave. 


427 
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SECTION 5.1 Angles and Arcs 


Degree Measure 

Radian Measure 

Arcs and Arc Length 
Linear and Angular Speed 


A point P on a line separates the line into two parts, each of which is called a half-line. 
The union of point P and the half-line formed by P that includes point A is called a ray, 
and it is represented as PA. The point Pis the endpoint of ray PA. Figure 5.1 shows the ray 
PA. and a second ray represented as OR. 

In geometry, an angle is defined simply as the union of two rays that have a common 
endpoint. In trigonometry and many advanced mathematics courses, it is beneficial to 
define an angle in terms of a rotation. 


Definition of an Angle 


R 
An angle is formed by rotating a given ray about its endpoint to some terminal 
f, position. The original ray is the initial side of the angle, and the second ray is the 
terminal side of the angle. The common endpoint is the vertex of the angle. 
Q 
P There are several methods used to name an angle. One way is to employ Greek letters. 
Figure 5.1 For example, the angle shown in Figure 5.2 can be designated as a or as Za. It also can 


be named ZO, ZAOB, or ZBOA. If you name an angle by using three points, such as 
ZAOB, it is traditional to list the vertex point between the other two points. 

Angles formed by a counterclockwise rotation are considered positive angles, and 
angles formed by a clockwise rotation are considered negative angles. See Figure 5.3. 


A 


Terminal | \ 
see Initial | 
Ee side A 
Vertex —_ 
eee) 
a 
Figure 5.2 ‘ 
B 
1° Positive angle Negative angle 
Figure 5.3 
= 
™ Degree Measure 
The measure of an angle is determined by the amount of rotation of the initial side. An 
angle formed by rotating the initial side counterclockwise exactly once until it coincides 
with itself (one complete revolution) is defined to have a measure of 360 degrees, which 
. can be written as 360°. 
Figure 5.4 
r= — of a revolution — 
ad Definition of Degree 
. . 1 
One degree is the measure of an angle formed by rotating a ray ——~ of a complete 
: ae 360 
revolution. The symbol for degree is °. 
B =30° 


The angle shown in Figure 5.4 has a measure of 1°. The angle 8 shown in Figure 5.5 has 
Figure 5.5 a measure of 30°. We will use the notation 6 = 30° to denote that the measure of angle B 
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is 30°. The protractor shown in Figure 5.6 can be used to measure an angle in degrees or to 
draw an angle with a given degree measure. 


Figure 5.6 


Protractor for measuring angles in degrees 


Angles are often classified according to their measure. 


= 180° angles are straight angles. See Figure 5.7a. 
= 90° angles are right angles. See Figure 5.7b. 
= Angles that have a measure greater than 0° but less than 90° are acute angles. See 


Figure 5.7c. 
= Angles that have a measure greater than 90° but less than 180° are obtuse angles. 


See Figure 5.7d. 


B 
a \a 
eee ee a 
B O A O A O A O A 


a. Straight angle (@ = 180°) __b. Right angle (B=90°) __c. Acute angle (0°<@<90°) — d. Obtuse angle (90° < 8 < 180°) 
Figure 5.7 
An angle superimposed in a Cartesian coordinate system is in standard position if its 


vertex is at the origin and its initial side is on the positive x-axis. See Figure 5.8. 
Two positive angles are complementary angles (Figure 5.9a) if the sum of the meas- 


vt ures of the angles is 90°. Each angle is the complement of the other angle. Two positive 
angles are supplementary angles (Figure 5.9b) if the sum of the measures of the angles 
es is 180°. Each angle is the swpplement of the other angle. 
side 
i ew - 
Initial B 
side a 
o B 
a. Complementary angles b. Supplementary angles 
Figure 5.8 a+ B =90° a+ B =180° 


An angle in standard position Figure 5.9 
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90° 


Figure 5.10 


90° 
y 


Figure 5.11 


180° 


270° 


Figure 5.13 


270° 


Figure 5.14 


EXAMPLE 1 _ Find the Measure of the Complement 
and the Supplement of an Angle 


For each angle, find the measure (if possible) of its complement and of its supplement. 


a. 0 = 40° b. 6 = 125° 


Solution 


a. Figure 5.10 shows 76 = 40° in standard position. The measure of its complement 
is 90° — 40° = 50°. The measure of its supplement is 180° — 40° = 140°. 


b. Figure 5.11 shows 76 = 125° in standard position. Angle @ does not have a com- 
plement because there is no positive number x such that 


x° + 125° = 90° 
The measure of its supplement is 180° — 125° = 55°. 


@ Try Exercise 2, page 438 


Question @ Are the two acute angles of any right triangle complementary angles? Explain. 


Some angles have a measure greater than 360°. See Figure 5.12a and Figure 5.12b. 
The angle shown in Figure 5.12c has a measure less than —360°, because it is formed by 
a clockwise rotation of more than one revolution of the initial side. 


Cm 


a. 720° b. 450° c. —990° 


Figure 5.12 


If the terminal side of an angle in standard position 
lies on a coordinate axis, then the angle is classified as a 
quadrantal angle. For example, the 90° angle, the 180° 
angle, and the 270° angle shown in Figure 5.13 are all 
quadrantal angles. 

If the terminal side of an angle in standard position 
does not lie on a coordinate axis, then the angle is classi- 180° 
fied according to the quadrant that contains the terminal 
side. For example, 7 8 in Figure 5.14 is a Quadrant III 
angle. 

Angles in standard position that have the same sides 
are coterminal angles. Every angle has an unlimited 
number of coterminal angles. Figure 5.15 shows 26 and 
two of its coterminal angles, labeled 71 and 22. 


270° 


Figure 5.15 


Answer ® Yes. The sum of the measures of the angles of any triangle is 180°. The right angle 
has a measure of 90°. Thus the sum of the measures of the two acute angles must be 
180° — 90° = 90°. 
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Measures of Coterminal Angles 


Given 26 in standard position with measure x°, then the measures of the angles 
that are coterminal with 26 are given by 


x° + k + 360° 


where k is an integer. 


This theorem states that the measures of any two coterminal angles differ by an inte- 
ger multiple of 360°. For instance, in Figure 5.15, 
0 = 430°, 
Z1 = 430° + (—1) + 360° = 70°, and 
Z2 = 430° + (—2) + 360° = —290° 


If we add positive multiples of 360° to 430°, we find that the angles with measures 790°, 
1150°, 1510°, and so on, are also coterminal with 26. 


EXAMPLE 2 _ Classify by Quadrant and Find a Coterminal Angle 


Assume the following angles are in standard position. Determine the measure of the 
positive angle with measure less than 360° that is coterminal with the given angle and 
then classify the angle by quadrant. 


a. a = 550° b. B = —225° ce. y = 1105° 
190° 
Solution 
x a. Because 550° = 190° + 360°, Za is coterminal with an angle that has a measure 
anes of 190°. Za@ is a Quadrant III angle. See Figure 5.16a. 


b. Because —225° = 135° + (—1) + 360°, 2 is coterminal with an angle that has a 
measure of 135°. Z B is a Quadrant II angle. See Figure 5.16b. 


5 : 
ce. 1105° + 360° = 355° Thus Zy is an angle formed by three complete counter 
5 . 
clockwise rotations, plus 75 of a rotation. To convert 75 of a rotation to 


5 
degrees, multiply 7 times 360°. 


5 
= + 360° = 25° 
72 


Thus 1105° = 25° + 3 + 360°. Hence, Zy is coterminal with an angle that has a 
measure of 25°. Zy is a Quadrant | angle. See Figure 5.16c. 


@ Try Exercise 14, page 438 


25° 


x There are two popular methods for representing a fractional part of a degree. One is the 
y= 1105° decimal degree method. For example, the measure 29.76° is a decimal degree. It means 
29° plus 76 hundredths of 1° 
A second method of measurement is known as the DMS (degree, minute, second) 
Figure 5.16 


method. In the DMS method, a degree is subdivided into 60 equal parts, each of which 
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is called a minute, denoted by '. Thus 1° = 60’. Furthermore, a minute is subdivided into 
60 equal parts, each of which is called a second, denoted by ”. Thus 1’ = 60” and 
1° = 3600”. The fractions 

1° 1’ 1° 

60 607 M4 36007 1 
are another way of expressing the relationships among degrees, minutes, and seconds. 
Each of the fractions is known as a unit fraction or a conversion factor. Because all con- 
version factors are equal to 1, you can multiply a numerical value by a conversion factor 
and not change the numerical value, even though you change the units used to express the 
numerical value. The following illustrates the process of multiplying by conversion factors 
to write 126°12'27” as a decimal degree. 


126°12'27"” = 126° + 12’ + 27” 


1? 1° 
126° + 12’ 27" 
. (i) : (ser) 


126° + 0.2° + 0.0075° = 126.2075° 


Integrating Technology 


Sass 
ry 


Many graphing calculators can be used to convert a decimal degree measure to its 
equivalent DMS measure, and vice versa. For instance, Figure 5.17 shows that 31.57° 
is equivalent to 31°34'12”. On a TI-83/TI-83 Plus/TI-84 Plus graphing calculator, the 
degree symbol, °, and the DMS function are in the ANGLE menu. 


31°34'12" 


Figure 5.17 Figure 5.18 


To convert a DMS measure to its equivalent decimal degree measure, enter the DMS 


measure and press | ENTER]. The calculator screen in Figure 5.18 shows that 
31°34'12” is equivalent to 31.57°. A TI-83/TI-83 Plus/TI-84 Plus calculator needs 
to be in degree mode to produce the results displayed in Figures 5.17 and 5.18. On 
a TI-83/TI-83 Plus/TI-84 Plus calculator, the degree symbol, °, and the minute 
symbol, ’, are both in the ANGLE menu; however, the second symbol, ”, is entered 


by pressing |ALPHA} +. 


® Radian Measure 


Another commonly used angle measurement is the radian. To define a radian, first con- 
sider a circle of radius r and two radii OA and OB. The angle 6 formed by the two radii is 


CALCULUS 
CONNECTION 


Figure 5.19 


wn 


Figure 5.22 
Central angle 0 has a 
measure of 3 radians. 
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a central angle. The portion of the circle between A and B is an arc of the circle and is 
written AB. We say that AB subtends the angle 0. The length of AB is s (see Figure 5.19). 


Definition of a Radian 


One radian is the measure of the central angle 
subtended by an arc of length r on a circle of radius r. 
See Figure 5.20. 


Figure 5.20 
Central angle 6 has a 
measure of 1 radian. 


Figure 5.21 shows a protractor that can be used to measure angles in radians or to construct 
angles given in radian measure. 


Figure 5.21 
Protractor for measuring angles in radians 


Definition of Radian Measure 


Given an arc of length s on a circle of radius r, the measure of the central angle 


subtended by the arc is 0 = S radians. 
| 


As an example, consider that an arc with a length of 15 centimeters on a circle with a 
radius of 5 centimeters subtends an angle of 3 radians, as shown in Figure 5.22. The same 
result can be found by dividing 15 centimeters by 5 centimeters. 

To find the measure in radians of any central angle 6, divide the length s of the arc that 
subtends 6 by the length of the radius of the circle. Using the formula for radian measure, 
we find that an arc with a length of 12 centimeters on a circle with a radius of 8 centimeters 
subtends a central angle 6 whose measure is 

12 centimeters 


ee . 3.4 
6 = —radians = ——————— radians = ~ radians 
r 8 centimeters 2 
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4 Integrating Technology 


A calculator shows that 
l radian © 57.29577951° 
and 
1° © 0.017453293 radian 


Note that the centimeter units are not part of the final result. The radian measure of a cen- 
tral angle formed by an arc with a length of 12 miles on a circle with a radius of 8 miles 


3° oa: ; ; 
would be the same, 5 radians. If an angle has a measure of ¢ radians, where f¢ is a real 


number, then the measure of the angle is often stated as t instead of ¢ radians. For instance, if 
an angle 6 has a measure of 2 radians, we can simply write 9 = 2 instead of 9 = 2 radians. 
There will be no confusion concerning whether an angle measure is in degrees or radians, 
because the degree symbol is always used for angle measurements that are in degrees. 
Recall that the circumference of a circle is given by the equation C = 27r. 
The radian measure of the central angle 6 subtended by the circumference is 


2 ; : 
0= ave 27r. In degree measure, the central angle 0 subtended by the circumference is 
r 


360°. Thus we have the relationship 360° = 27 radians. Dividing each side of the equa- 
tion by 2 gives 180° = 7 radians. From this last equation, we can establish the following 
conversion factors. 


Radian—Degree Conversion 


180° 
= To convert from radians to degrees, multiply by (—_) 


q radians 


7 cans) 


= To convert from degrees to radians, multiply by ( 180° 


EXAMPLE 3 Convert from Degrees to Radians 


Convert each angle in degrees to radians. 


a. 60° b. 315° c. —150° 


Solution 
q radians 


180° 
units in the numerator cancel with the degree units in the denominator. 


7 7 radians 60 ; F 
a. 60°= oo"( 180 ) = ay radians = 5 Tadians 


Multiply each degree measure by ( ) and simplify. In each case, the degree 


di 315 i 
b. 315° = 315° (= adams) = 4 radians = “radians 
ene = azene, 7 Tadians \ 150 7 e- , ee 2 
c. 150 150 ES ) = -( ry radians = ie radians 


H Try Exercise 32, page 439 


EXAMPLE 4 Convert from Radians to Degrees 


Convert each angle in radians to degrees. 


5 
a. 7 radians b. 1 radian c. = radians 


Table 5.1 
a 
0 0 
30 7/6 
45 a/4 
60 7/3 
90 a /2 
120 21/3 
135 30/4 
150 5a/6 
180 7 
210 Tr/6 
225 5/4 
240 4a /3 
270 3/2 
300 5a/3 
315 71/4 
330 1127/6 
360 21 


Figure 5.24 


Figure 5.25 
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Solution 
Multiply each radian measure by ( 


oO 


-_) and simplify. In each case, the radian 
a radians 


units in the numerator cancel with the radian units in the denominator. 


3m adi (22mtae )( 180° ) 3+ 180° 1 
a. ~] tadians 4 Headion A 
180° 180° 

b. 1 radian = | (1 radran = = 57,3° 

radian (« n)(— : :) 

Sa Saf radtanis 180° 5+ 180° 
. — > tadi =- = —450° 
c 5 radians ( 5 \(e : .) 5 50 


@ Try Exercise 44, page 439 


Table 5.1 lists the degree and radian measures of selected angles. Figure 5.23 
illustrates each angle listed in the table as measured from the positive x-axis. 


o a 
60", 3 


135°, 3% 


o Sn o 
10) E 30°, 


180°, 


210°, 2% 
6 


225°, 2% 
4 


> An 300° 
240°, 4 , 
3 270°, 2 . 


Figure 5.23 
Degree and radian measures of selected angles 


| Integrating Technology 


S225 


A graphing calculator can convert degree measure to radian measure, and vice versa. 
For example, the calculator display in Figure 5.24 shows that 100° is approximately 
1.74533 radians. The calculator must be in radian mode to convert from degrees to 
radians. The display in Figure 5.25 shows that 2.2 radians is approximately 126.051°. 
The calculator must be in degree mode to convert from radians to degrees. 

On a TI-83/TI-83 Plus/TI-84 Plus calculator, the symbol for radian measure is r, 
and it is in the ANGLE menu. 


® Arcs and Arc Length 


Consider a circle of radius r. By solving the formula @ = as for s, we have an equation for 
arc length. ” 
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Caution 


The formula s = r@ is valid only 
when @ is expressed in radians. 


Figure 5.27 


Arc Length Formula 


Let r be the length of the radius of a circle and 6 be the non- s =are length 
negative radian measure of a central angle of the circle. Then 

the length of the arc s that subtends the central angle is 

s = r0. See Figure 5.26. 


Figure 5.26 
s=r0 


EXAMPLE 5 _Find the Length of an Arc 


Find the length of an arc that subtends a central angle of 120° in a circle with a radius 
of 10 centimeters. 


Solution 


The formula s = r@ requires that 6 be expressed in radians. We first convert 120° to 
radian measure and then use the formula s = r@. 


2 
radians = = 


7 sdians) Qa 
180° 3 


6 = 120° = 120°( 
: 20 20a F 
s = r6 = (10 centimeters) se. centimeters 


m@ Try Exercise 68, page 439 


EXAMPLE 6_ Solve an Application 


A pulley with a radius of 10 inches uses a belt to drive a pulley with a radius of 6 inches. 
Find the angle through which the smaller pulley turns as the 10-inch pulley makes one 
revolution. State your answer in radians and in degrees. 


Solution 

Use the formula s = r@. As the 10-inch pulley turns through an angle 6), a point on the 
rim of that pulley moves s inches, where s; = 100,. See Figure 5.27. At the same time, 
the 6-inch pulley turns through an angle of 6) and a point on the rim of that pulley 
moves s> inches, where s, = 66). Assuming that the belt does not slip on the pulleys, 
we have s; = s>. Thus 


106, = 605 

10(277) = 66, * Solve for 0; when 6, = 27 radians. 
10 
a © = 05 


10 
The 6-inch pulley turns through an angle of ae radians, or 600°. 
@ Try Exercise 72, page 439 


a 
13 
= 
& 
= 
a= 
o 
= 
> 
ze) 
B=} 
a) 
S 
a 
o 
im 
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® Linear and Angular Speed 


A ride at an amusement park has an inner ring of swings and an outer ring of swings. 
During each complete revolution, the swings in the outer ring travel a greater distance than 
the swings in the inner ring. We can say that the swings in the outer ring have a greater 
linear speed than the swings in the inner ring. Interestingly, all of the swings complete the 
same number of revolutions during any given ride. We say that all of the swings have the 
same angular speed. In the following definitions, v denotes linear speed and w (omega) 
denotes angular speed. 


Definition of Linear and Angular Speed of a Point Moving 
on a Circular Path 


A point moves on a circular path with radius r at a constant rate of 6 radians per 
unit of time ¢. Its linear speed is 

bs 

t 


y= 


where s is the distance the point travels, given by s = r@. The point’s angular speed is 


Some common units of angular speed are revolutions per second, revolutions per 
minute, radians per second, and radians per minute. 


EXAMPLE 7 Convert an Angular Speed 


A hard disk in a computer rotates at 7200 revolutions per minute. Find the angular 
speed of the disk in radians per second. 

Solution 

As a point on the disk rotates | revolution, the angle through which the point moves is 


2 di 
27 radians. Thus | anal 7 alam 
1 revolution 


from revolutions to radians. To convert from minutes to seconds, use the conversion 


aa ( 1 minute ) 
r | ———— }. 
aia 60 seconds 


) will be the conversion factor we will use to convert 


. . 7200 revetutrons / 277 radians Lominate 
7200 revolutions/minute = 


Lminute Levotution / \ 60 seconds 
= 2407 radians/second * Exact answer 
= 754 radians/second ¢ Approximate answer 


@ Try Exercise 74, page 439 


We can establish an important relationship between linear speed and angular speed. 
We start with the linear speed formula and then substitute 7@ for s, as shown here. 


s ré 0 
t t t 
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Thus the linear speed of a point moving on a circular path is the product of the radius 
of the circle and the angular speed of the point. 


The Linear Speed—Angular Speed Relationship 


The linear speed v and the angular speed w, in radians per unit of time, of a point 


moving on a circular path with radius r are related by 


v= ro 


The equation v = rw gives the linear speed of a point moving on a circular path in 
terms of distance r from the center of the circle and the angular speed w, provided w is in 
radians per unit of time. 


EXAMPLE 8 Find a Linear Speed 


A wind machine is used to generate electricity. The wind machine has propeller blades 
that are 12 feet in length (see Figure 5.28). If the propeller is rotating at 3 revolutions 
per second, what is the linear speed in feet per second of the tips of the blades? 


Solution 
Convert the angular speed w = 3 revolutions per second into radians per second, and 
then use the formula v = ra. 
3 revolutions € sevolstts )( 27 radians ) 677 radians 
o= = = 
1 revetution 


1 second 1 second 1 second 


Thus 


< 
II 


67r radians) 


ro = (12 iee( er 


727 feet per second © 226 feet per second 


H# Try Exercise 80, page 440 


Figure 5.28 
In Exercises 1 to 12, find the measure (if possible) of the In Exercises 13 to 18, determine the measure of the 
complement and the supplement of each angle. positive angle with measure less than 360° that is 
1. 15° m2. 87° 3. 70°15" coterminal with the given angle and then classify the 
, ; : angle by quadrant. Assume the angles are in standard 
4, 22°43’ 5. 56°33/15” 6. 19°42’05” position. 
a 13. a = 610° m14. a = 765° 
7. 1 8. 0.5 oo 
= 15. a = —975° 16. « = —872° 
2 
10, = i. — 12 17. a = 2456° 18. a = —3789° 


we 
n 
D| 


) In Exercises 19 to 24, use a calculator to convert 
~ each decimal degree measure to its equivalent 
DMS measure. 


19. 24.56° 20. 110.24° 21. 64.158° 


22. 18.96° 23. 3.402° 24. 224.282° 


= In Exercises 25 to 30, use a calculator to convert each 


DMS measure to its equivalent decimal degree measure. 


25. 25°25'12" 26. 63°29'42" 27. 183°33'36" 


28. 141°6'9” 29. 211°46'48” 30. 19°12'18” 
In Exercises 31 to 42, convert the degree measure to 


exact radian measure. 


31. 30° m32. —45° 33. 90° 
34. 15° 35. 165° 36. 315° 
37. 420° 38. 630° 39. 585° 
40. 135° 41. —9° 42. —110° 


In Exercises 43 to 54, convert the radian measure to 
exact degree measure. 


Tt T 
43. — 044, — 45. — 
3 4 
Qa 7 7 
46. —— 47. — 48. — 
3 6 
3a lla lla 
49, — 50. —— 51. 
8 18 
677 Sar 4a 
52. — 53. -—— 54. —— 
S 12 5 


In Exercises 55 to 60, convert radians to degrees or 
degrees to radians. Round answers to the nearest 
hundredth. 


55... 1:5 56. —2.3 57. 133° 


58. 427° 59. 8.25 60. —90° 


In Exercises 61 to 64, find the measure in radians and 


degrees of the central angle of a circle subtended by the 


given arc. Round approximate answers to the nearest 
hundredth. 


61. r = 2 inches, s = 8 inches 


62. r = 7 feet, s = 4 feet 
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63. r = 5.2 centimeters, s = 12.4 centimeters 


64. r = 35.8 meters, s = 84.3 meters 


In Exercises 65 to 68, find the length of an arc that 

subtends a central angle with the given measure in 

a circle with the given radius. Round answers to the 
nearest hundredth. 


65. 


66. 


67. 


268. 


- = 8 inches, 0 =~ 
1 inches, 4 


lt 
r = 3 feet, 9 = — 
1 ee 5 


r = 25 centimeters, 9 = 42° 


r = 5 meters, 0 = 144° 


In Exercises 69 and 70, find the number of radians in the 
revolutions indicated. 


69. 


70. 


71. 


872. 


73. 


a74, 


75. 


76. 


1 

1— revolutions 
2 

3 : 

g revolution 


Angular Rotation of Two Pulleys A pulley with a radius of 
14 inches uses a belt to drive a pulley with a radius of 28 inches. 
The 14-inch pulley turns through an angle of 150°. Find the 
angle through which the 28-inch pulley turns. 


Angular Rotation of Two Pulleys A pulley with a diameter 
of 1.2 meters uses a belt to drive a pulley with a diameter of 
0.8 meter. The 1.2-meter pulley turns through an angle of 240°. 
Find the angle through which the 0.8-meter pulley turns. 


Angular Speed Find the angular speed, in radians per second, 
of the second hand on a clock. 


Angular Speed Find the angular speed, in radians per second, 
of a point on the equator of the earth. 


Angular Speed A wheel is rotating at 50 revolutions per 
minute. Find the angular speed in radians per second. 


Angular Speed A wheel is rotating at 200 revolutions per 
minute. Find the angular speed in radians per second. 


440 CHAPTERS TRIGONOMETRIC FUNCTIONS 


77. 


78. 


79. 


280. 


81. 


82. 


Angular Speed The turntable of a record player turns 
at 33 3 revolutions per minute. Find the angular speed in radi- 


ans per second. 


Angular Speed A car with a wheel of radius 14 inches is 
moving with a speed of 55 mph. Find the angular speed of the 
wheel in radians per second. 


Linear Speed of a Car Each tire on a car has a radius of 
15 inches. The tires are rotating at 450 revolutions per 
minute. Find the speed of the automobile to the nearest mile 
per hour. 


Linear Speed of a Truck Each tire on a truck has a radius 
of 18 inches. The tires are rotating at 500 revolutions per 
minute. Find the speed of the truck to the nearest mile per 
hour. 


Bicycle Gears The chain wheel of Emma’s bicycle has a radius 
of 3.5 inches. The rear gear has a radius of 1.75 inches, and the 
back tire has a radius of 12 inches. If Emma pedals for 150 revo- 
lutions of the chain wheel, how far will she travel? Round to the 
nearest foot. 


Radius 
1.75 in. 


Radius 
3.5 in. 


Rotation versus Lift Distance A winch with a 6-inch radius 
is used to lift a container. The winch is designed so that, as it is 
rotated, the cable stays in contact with the surface of the winch. 
That is, the cable does not wrap on top of itself. 


Radius 
6 in. 


83. 


84. 


85. 


a. Find the distance the container is lifted as the winch is rotated 


5 
through an angle of = radians. 


b. Determine the angle, in radians, through which the winch 
must be rotated to lift the container a distance of 2 feet. 


Amusement Park Ride A ride at an amusement park 
consists of two circular rings of swings. At full speed the 
swings in the inner ring travel on a circular path with a 
radius of 32 feet and the swings in the outer ring travel on a cir- 
cular path with a radius of 38 feet. Each swing makes one com- 
plete revolution every 3.75 seconds. How much greater, in 
miles per hour, is the linear speed of the swings in the outer ring 
than the linear speed of the swings in the inner ring? Round to 
the nearest tenth. 


Horse Racing The semicircular turns of a horse race track 
each have a radius of 200 feet. During the first turn of a race, 
the lead horse is running near the inside rail on a path with a 
202.0-foot radius, at a constant rate of 24.4 feet per second. A 
second horse is rounding the same turn on a path with a 206.5- 
foot radius. At what constant rate does the second horse need 
to run to keep pace with the lead horse during this turn? Round 
to the nearest tenth of a foot per second. 


Astronomy At a time when Earth was 93 million miles from 
the sun, you observed through a tinted glass that the diameter 
of the sun occupied an arc of 31’. Determine, to the nearest 
ten thousand miles, the diameter of the sun. 


86. 


(Hint: Because the radius of arc AB is large and its central 
angle is small, the length of the diameter of the sun is approx- 
imately the length of the arc AB.) 


Angle of Rotation and Distance The minute hand on the clock 
atop city hall measures 6 feet 3 inches from its tip to its axle. 


a. Through what angle (in radians) does the minute hand pass 
between 9:12 A.M. and 9:48 A.M.? 


b. What distance, to the nearest tenth of a foot, does the tip of 
the minute hand travel during this period? 


87. Velocity of the Hubble Space Telescope On April 25, 1990, 
the Hubble Space Telescope (HST) was deployed into a circular 
orbit 625 kilometers above the surface of the earth. The HST 
completes an Earth orbit every 1.61 hours. 


NASA and JPL 


a. Find the angular velocity, with respect to the center of 
Earth, of the HST. Round your answer to the nearest 
0.1 radian per hour. 


b. Find the linear velocity of the HST. (Hint: The radius 
of Earth is about 6370 kilometers.) Round your answer to 
the nearest 100 kilometers per hour. 


88. Estimating the Radius of Earth Eratosthenes, the fifth 
librarian of Alexandria (230 B.c.), was able to estimate the 
radius of Earth from the following data: The distance between 
the Egyptian cities of Alexandria and Syrene was 5000 stadia 
(520 miles). Syrene was located directly south of Alexandria. 
One summer, at noon, the sun was directly overhead at 
Syrene, whereas at the same time in Alexandria, the sun was 
at a 7.5° angle from the zenith. 


Eratosthenes reasoned that because the sun is far away, the rays 
of sunlight that reach Earth must be nearly parallel. From this 
assumption he concluded that the measure of 7 AOS in the fig- 
ure above must be 7.5°. Use this information to estimate the 
radius (to the nearest 10 miles) of Earth. 
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89. ie Velocity Comparisons Assume that the bicycle in the 
figure is moving forward at a constant rate. Point A is on 
the edge of the 30-inch rear tire, and point B is on the edge of 

the 20-inch front tire. 


a. Which point (4 or B) has the greater angular velocity? 
b. Which point (A or B) has the greater linear velocity? 


90. Given that s, r, 0, t, v, and w are as defined in Section 5.1, 
determine which of the following formulas are valid. 


s=rd r= 


91. Nautical Miles and Statute Miles A nautical mile is the 
length of an arc, on Earth’s equator, that subtends a 1’ central 
angle. The equatorial radius of Earth is about 3960 statute miles. 


a. Convert | nautical mile to statute miles. Round to the near- 
est hundredth of a statute mile. 


b. Determine what percent (to the nearest 1%) of Earth’s cir- 
cumference is covered by a trip from Los Angeles, 
California, to Honolulu, Hawaii (a distance of 2217 nauti- 
cal miles). 


92. Photography The field of view for a camera with a 
200-millimeter lens is 12°. A photographer takes a photograph 
of a large building that is 485 feet in front of the camera. What 
is the approximate width, to the nearest foot, of the building that 
will appear in the photograph? (Hint: If the radius of an arc AB 
is large and its central angle is small, then the length of the line 
segment AB is approximately the length of the arc AB.) 


A sector of a circle is the region bounded by radii OA and 
OB and the intercepted arc AB. See the following figure. 
The area of the sector is given by 


B 


where ris the radius of the circle and @ is the measure of 
the central angle in radians. 
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In Exercises 93 to 96, find the area, to the nearest square nearest 10 miles, the given city is from the equator. Use 
unit, of the sector of a circle with the given radius and 3960 miles as the radius of Earth. 
central angle. EARTH 

radius = 3960 mi 


7 
93. r = 5 inches, 0 = ge 


53Tr : 
94. r = 2.8 feet, 0 = “9 tadians toes ely 
95. r = 120 centimeters, 0 = 0.65 radian Miami 
25° 47’ N 


Equator 


96. r = 30 feet, 9 = 62° 


Latitude describes the position of a point on Earth’s Longitude east Latitude north 
surface in relation to the equator. A point on the equator : ae : equi 
has a latitude of 0°. The north pole has a latitude of 90°. eh HCC OF MISE ES a romudernce 
In Exercises 97 and 98, determine how far north, to the 98. New York City has a latitude of 40°45'N. 


Right Triangle Trigonometry 


The Six Trigonometric Functions PREPARE FOR THIS SECTION 


Trigonometric Functions of Prepare for this section by completing the following exercises. The answers can be found 
Special Angles on page A33. 
Applications Involving Right 
i : : : 1 
“iletuge PS1. Rationalize the denominator of a [P.2] 


2 
PS2. Rationalize the denominator of —~. [P.2 
“ft [P2] 


PS3. Simplify: a + (2) [P5] 
PS4. Simplify: (2) & (~ a) [P5] 


2 
PS5. Solve — = = for x. Round your answer to the nearest hundredth. [1.1] 


V3 
PS6. Solve 3p => for x. Round your answer to the nearest hundredth. [1.1] 


M® The Six Trigonometric Functions 


The study of trigonometry, which means “triangle measurement,’ began more than 
2000 years ago, partially as a means of solving surveying problems. Early trigonometry 
used the length of a line segment between two points of a circle as the value of a trigono- 
metric function. In the sixteenth century, right triangles were used to define a trigonometric 
function. We will use a modification of this approach. 


Figure 5.31 
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When working with right triangles, it is convenient to refer to the side opposite an 
angle or the side adjacent to (next to) an angle. Figure 5.29 shows the sides opposite and 
adjacent to the angle 6. Figure 5.30 shows the sides opposite and adjacent to the angle B. 
In both cases, the hypotenuse remains the same. 


Hypotenuse Opposite Hypotenuse Adjacent 
side side 
we) [| 
Adjacent side Opposite side 
Figure 5.29 Figure 5.30 
Adjacent and opposite sides of 70 Adjacent and opposite sides of 2 B 


Six ratios can be formed by using two lengths of the three sides of a right triangle. Each 
ratio defines a value of a trigonometric function of a given acute angle 6. The functions are 
sine (sin), cosine (cos), tangent (tan), cotangent (cot), secant (sec), and cosecant (csc). 


Definitions of Trigonometric Functions of an Acute Angle 
Let 6 be an acute angle of a right triangle. See Figure 5.29. The values of the six 
trigonometric functions of 6 are 
; length of opposite side length of adjacent side 
sin @ = cos 8 = 
length of hypotenuse length of hypotenuse 
length of opposite side length of adjacent side 


7 length of adjacent side 7 length of opposite side 


___ length of hypotenuse ___ length of hypotenuse 


length of adjacent side length of opposite side 


We will write opp, adj, and hyp as abbreviations for the length of the opposite side, adja- 
cent side, and hypotenuse, respectively. 


EXAMPLE 1_ Evaluate Trigonometric Functions 


Find the values of the six trigonometric functions of 0 for the triangle given in 
Figure 5.31. 


Solution 
Use the Pythagorean Theorem to find the length of the hypotenuse. 


hyp = V3? + 4 = V25 =5 


From the definitions of the trigonometric functions, 


: opp _ 3 adj 4 opp 3 
sin = — = — cos 9 = —— = = tang = ——_ == 
hyp 5 hyp 5 adj 4 

d 4 h 5 h 5 

Oe eet gps” =e Pr ee 
opp 3 adj 4 opp 3 


# Try Exercise 6, page 449 
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Figure 5.32 


opp 


Figure 5.33 


Given the value of one trigonometric function of the acute angle 6, it is possible to 
find the value of any of the remaining trigonometric functions of 6. 


EXAMPLE 2 Find the Value of a Trigonometric Function 


5 
Given that 6 is an acute angle and cos 0 = ro find tan 6. 


Solution 
> adj 
cosd=— = au 
8 hyp 
Sketch a right triangle with one leg of length 5 units and a hypotenuse of length 8 units. 
Label as 0 the acute angle that has the leg of length 5 units as its adjacent side (see 
Figure 5.32). Use the Pythagorean Theorem to find the length of the opposite side. 


(opp)’ + 5* = 8° 
(opp)? + 25 = 64 
(opp)* = 39 
opp = V39 
opp V39 


Therefore, tan 9 = —- = —_. 
adj 5) 


@ Try Exercise 18, page 450 


® Trigonometric Functions of Special Angles 


In Example 1, the lengths of the legs of the triangle were given, and you were asked to find 
the values of the six trigonometric functions of the angle 0. Often we will want to find the 
value of a trigonometric function when we are given the measure of an angle rather than 
the measure of the sides of a triangle. For most angles, advanced mathematical methods 
are required to evaluate a trigonometric function. For some special angles, however, the 
value of a trigonometric function can be found by geometric methods. These special acute 
angles are 30°, 45°, and 60°. 

First, we will find the values of the six trigonometric functions of 45°. (This discus- 
sion is based on angles measured in degrees. Radian measure could have been used 
without changing the results.) Figure 5.33 shows a right triangle with angles 45°, 45°, and 
90°. Because ZA = ZB, the lengths of the sides opposite these angles are equal. Let the 
length of each equal side be denoted by a. From the Pythagorean Theorem, 


r=at+ a =2a 
r= V2a = V2a 


The values of the six trigonometric functions of 45° are 


; a 1 4/2) a 1 V2 
sin 45° cos 45° 

V2a V2 i] V2a V2 2 
tan 45° == =] cot 45° = — = 1 

a a 

V2 V2 
sec 45° = f= ceases Fa 
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The values of the trigonometric functions of the special angles 30° and 60° can be 
found by drawing an equilateral triangle and bisecting one of the angles, as Figure 5.34 
shows. The angle bisector also bisects one of the sides. Thus the length of the side oppo- 
site the 30° angle is one-half the length of the hypotenuse of triangle OAB. 

Let a denote the length of the hypotenuse. Then the length of the side opposite the 


30° angle is - The length of the side adjacent to the 30° angle, h, is found by using the 


Pythagorean Theorem. 
€ 7 B 
oe 
: 2 a\ 2 
Figure 5.34 no 2 a 
2 
a 
ae=—+h 
3a? 2 
— = 7 ° Subtract ae from each side. 
4 4 
V3a 
h= 5 * Solve for h. 


The values of the six trigonometric functions of 30° are 


a/2 | V3a/2 
Pe Ce ea se 
a 2 a 2 
a/2 V3a/2 
tan 30° = / an v3 cot 30° = / = V3 
V3a/2 V3 3 a/2 
a 2 2V3 a 
sec 30° = = — = — esc 30° = —- = 2 
ale V3 3 a/2 


The values of the trigonometric functions of 60° can be found by again using Figure 5.34. 
; i _ V3a : ; 
The length of the side opposite the 60° angle is za and the length of the side adjacent 


to the 60° angle is x The values of the trigonometric functions of 60° are 


V3a/2 a/2 1 
sin 60° = / = = cos 60° = sil == 
a 2 a 2 
V3a/2 a/2 
tan 60° = / = V3 cot 60° = / a v3 
a/2 V3a/2 V3 ) 
a a 2 2V3 
sec 60° = ——- = 2 csc 60° = = — = — 
a/2 V3.a/2 V3 3 


Table 5.2 on page 446 summarizes the values of the trigonometric functions of the special 
angles 30° (7/6),45° (7/4),and 60° (7/3). 
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Study tip Table 5.2 Trigonometric Functions of Special Angles 
Memorizing the values given 6 Pash ) (i 
in Table 5.2 will prove to be = l V3 V3 V3 
extremely useful in the remaining a0 a a > 2 V3 
; : 6 2 2 3 3 
trigonometry sections. 
7 v2 v2 
45°; 1 2 2 1 
ae 2 3 “ Me 
7 v3 1 2Vv3 v3 
Dis, 2 = a 3 2, oe 
60°; 5 ; ; V3 3 ? 


Study tip 


The patterns in the following 


Question ¢ What is the measure, in degrees, of the acute angle 0 for which sin 0 = cos 0, 
tan 0 = cot 6, and sec 6 = csc 9? 


EXAMPLE 3 __ Evaluate a Trigonometric Expression 


Find the exact value of sin? 45° + cos” 60°. 


Note: sin? @ = (sin @)(sin 0) = (sin 0)? and cos” 6 = (cos @)(cos @) = (cos 6)’. 


; Solution 
chart can be used to memorize } , oe 
the sine and cosine of 30°, 45°, Substitute the values of sin 45° and cos 60° and simplify. 
and 60°. 
id Webs cx 8 (2) +(4) 2,1_3 
sin cos = = = 
sin 30° = cos 30° = “3 2 2) 4°44 
V2 V2 @ Try Exercise 34, page 450 

sin 45° = > ~«os 45° > 
sin 60° = v3 ee VI From the definition of the sine and cosecant functions, 

2 2 

opp | hyp ; 
sin @)(csc 9) = = . =1 or (sin@)(csc 6) = 1 
\ hyp opp 


By rewriting the last equation, we find 


sin 8 = os and csc @ = —_ provided sin@ # 0 
csc 0 sin 6 

The sine and cosecant functions are called reciprocal functions. The cosine and secant are 

also reciprocal functions, as are the tangent and cotangent functions. Table 5.3 shows each 

trigonometric function and its reciprocal. These relationships hold for all values of 6 for 

which both of the functions are defined. 


Table 5.3. Trigonometric Functions and 
Their Reciprocals 


1 1 
sin @ = cos 6 = tan @ = 
csc 0 sec 0 cot 0 
d= 2 6= ! tA = — 
a al sin 0 ee cos 0 — tan 6 


Answer @ 45°. 


_ Horizontal 
Angle of ine 
_ elevation > 


] ~~ Angle of depression | 
Line of 
sight 


Figure 5.37 


Figure 5.38 
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Integrating Technology 


SSs8 
asses 


The values of the trigonometric functions of the special angles 30°, 45°, and 60° 
shown in Table 5.2 are exact values. If an angle is not one of these special angles, 
then a graphing calculator often is used to approximate the value of a trigonometric 
function. For instance, to find sin 52.4° on a TI-83/TI-83 Plus/TI-84 Plus calculator, 
first check that the calculator is in degree mode. Then use the sine function key 
SIN | to key in sin(52.4) and press | ENTER |. See Figure 5.35. 

To find sec 1.25, first check that the calculator is in radian mode. A TI-83/TI-83 
Plus/TI-84 Plus calculator does not have a secant function key, but because the secant 


function is the reciprocal of the cosine function, we can evaluate sec 1.25 by evaluating 
1/(cos 1.25). See Figure 5.36. 


Select Degree in Select Radian in 
the Mode menu. the Mode menu. 


Eng 
0123456789 


.7922896434 3.171357694 


Figure 5.35 Figure 5.36 


When you evaluate a trigonometric function with a calculator, be sure the 
calculator is in the correct mode. Many errors are made because the correct mode 
has not been selected. 


B® Applications Involving Right Triangles 


Some applications concern an observer looking at an object. In these applications, angles 
of elevation or angles of depression are formed by a line of sight and a horizontal line. If 
the object being observed is above the observer, the acute angle formed by the line of sight 
and the horizontal line is an angle of elevation. If the object being observed is below the 
observer, the acute angle formed by the line of sight and the horizontal line is an angle of 
depression. See Figure 5.37. 


EXAMPLE 4 Solve an Angle-of-Elevation Application 


From a point 115 feet from the base of a redwood tree, the angle of elevation to the top 
of the tree is 64.3°. Find the height of the tree to the nearest foot. 


Solution 


From Figure 5.38, the length of the adjacent side of the angle is known (115 feet). 
Because we need to determine the height of the tree (length of the opposite side), 


(continued ) 
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Note 


The significant digits of an 

approximate number are 

m every nonzero digit 

m the digit 0, provided it is 
between two nonzero digits or 
it is to the right of a nonzero 
digit in a number that includes 
a decimal point 

For example, the approximate 

number 
502 has 3 significant digits. 
3700 has 2 significant digits. 
47.0 has 3 significant digits. 
0.0023 has 2 significant digits. 


0.00840 has 3 significant digits. 


Figure 5.39 


we use the tangent function. Let / represent the length of the opposite side. 
opp iA 

adj 115 

h = 115 tan 64.3° © 238.952 


tan 64.3° 


* Use a calculator to 
: : : evaluate tan 64.3°. 
The height of the tree is approximately 239 feet. 


@ Try Exercise 56, page 451 


Because the cotangent function involves the sides adjacent to and opposite an angle, we 
could have solved Example 4 by using the cotangent function. The solution would have been 


di 11 
pees as 
opp h 
115 
h = ——-— = 238,952 feet 
cot 64.3° = 


The accuracy of a calculator is sometimes beyond the limits of measurement. In 
Example 4 the distance from the base of the tree was given as 115 feet (three significant 
digits), whereas the height of the tree was shown to be 238.952 feet (six significant 
digits). When using approximate numbers, we will use the conventions given below for 
calculating with trigonometric functions. 


A Rounding Convention: Significant Digits 
for Trigonometric Calculations 


Angle Measure to the Nearest Significant Digits of the Lengths 
Degree Two 
Three 


Hundredth of a degree Four 


Tenth of a degree 


EXAMPLE 5 _ Solve an Angle-of-Depression Application 


Distance measuring equipment (DME) is standard avionic equipment on a commercial 
airplane. This equipment measures the distance from a plane to a radar station. If the dis- 
tance from a plane to a radar station is 160 miles and the angle of depression is 33°, find 
the number of ground miles from a point directly below the plane to the radar station. 


Solution 
From Figure 5.39, the length of the hypotenuse is known (160 miles). The length of the 
side opposite the angle of 57° is unknown. The sine function involves the hypotenuse 
and the opposite side, x, of the 57° angle. 

x 

160 
x = 160 sin 57° = 134.1873 


Rounded to two significant digits, the plane is 130 ground miles from the radar station. 


sin 57° = 


@ Try Exercise 58, page 451 


Figure 5.40 


Note 


The intermediate calculations 

in Example 6 were not rounded 
off. This ensures better accuracy 
for the final result. Using the 
rounding convention stated on 
page 448, we round off only the 
last result. 
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EXAMPLE 6 _ Solve an Angle-of-Elevation Application 


An observer notes that the angle of elevation from point A to the top of a space shuttle 
is 27.2°. From a point 17.5 meters further from the space shuttle, the angle of elevation 
is 23.9°. Find the height of the space shuttle. 


Solution 


From Figure 5.40, let x denote the distance from point A to the base of the space shuttle, 
and let y denote the height of the space shuttle. Then 


y ¥ 
29 = 2) tan 23.9° = ——— 
(1) tan 27.2 - and (2) tan 23.9 xt 15 
Solving Equation (1) for x, x = ore = ycot 27.2°, and substituting into 
an 27. 
Equation (2), we have 
J 
tan 23.9° = 
> y cot 27.2° + 17.5 
y = (tan 23.9°)(y cot 27.2° + 17.5) * Solve for y. 
y — y tan 23.9° cot 27.2° = (tan 23.9°)(17.5) 
y(1 — tan 23.9° cot 27.2°) = (tan 23.9°)(17.5) 
tan 23.9°)(17.5 
( we) = 56.2993 


~ 1 — tan 23.9° cot 27.2° 


To three significant digits, the height of the space shuttle is 56.3 meters. 


Try Exercise 68, page 452 


EXERCISE SET 5.2 


In Exercises 1 to 12, find the values of the six 5. n6. 
trigonometric functions of @ for the right triangle 
5 
5 
£0) 
EX 


with the given sides. 
1. 


2 
/\ [| 
5 
3. 
7 4 
8 


2: 
7. 8. 
oD 
0 8 
2: 


4 Ns 


8 
10 
0 
1 


0.8 
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1. fy 12, J 
L_ a 


In Exercises 13 to 15, let @ be an acute angle of a right 


triangle for which sin 0 = - Find 


13. tan@ 14. sec 0 15. cos 0 


In Exercises 16 to 18, let 6 be an acute angle of a right 


4 
triangle for which tan 0 = > Find 


16. sind 17. coté u18. secd 


In Exercises 19 to 21, let 6 be an acute angle of a right 


1 
triangle for which sec B = o Find 


19. cos B 20. cot B 21. csc B 


In Exercises 22 to 24, let @ be an acute angle of a right 


2 
triangle for which cos 6 = FS Find 
22. sin@ 23. sec 0 24. tan 0 


In Exercises 25 to 38, find the exact value of each 
expression. 


25. sin 45° + cos 45° 26. csc 45° — sec 45° 


27. sin 30° cos 60° — tan 45° 28. csc 60° sec 30° + cot 45° 


29. sin 30° cos 60° + tan 45° 


30. sec 30° cos 30° — tan 60° cot 60° 


. 7 
31. sin— + cos— 


33. sin— + tan — 


34. si 7 7 ‘ 7 
; = — — tan— 
| sin 3 cos 4 a 4 


T T T 
35. sec —cos— — tan— 
3 3 6 


37. 2cse = = cos = 
. caer Bee ge BORE 


38. 3 tan sec sin 


% In Exercises 39 to 50, use a calculator to find the value 
* of the trigonometric function to four decimal places. 


39. tan 32° 40. sec 88° 41. cos 63°20’ 
42. cot 55°50’ 43. cos 34.7° 44. tan 81.3° 
Ls T 
45. sec 5.9° 46. sin — 47. tan — 
5 7 
3a : 
48. Se ae: 49. csc 1.2 50. sin 0.45 


51. Vertical Height from Slant Height A 12-foot ladder is rest- 
ing against a wall and makes an angle of 52° with the ground. 
Find the height to which the ladder will reach on the wall. 


52. Distance Across a Marsh Find the distance AB across the 
marsh shown in the accompanying figure. 


53. Width of a Ramp A skateboarder wishes to build a jump 
ramp that is inclined at a 19.0° angle and that has a maxi- 
mum height of 32.0 inches. Find the horizontal width x of the 
ramp. 


54. Time of Closest Approach At 3:00 P.M., a boat is 12.5 miles 
due west of a radar station and traveling at 11 mph in a direction 
that is 57.3° south of an east-west line. At what time will the 
boat be closest to the radar station? 


55. Placement of a Light For best illumination of a piece of 
art, a lighting specialist for an art gallery recommends that a 
ceiling-mounted light be 6 feet from the piece of art and that 
the angle of depression of the light be 38°. How far from a 
wall should the light be placed so that the recommendations 
of the specialist are met? Notice that the art extends outward 
4 inches from the wall. 


#56. Height of the Eiffel Tower The angle of elevation from a 
point 116 meters from the base of the Eiffel Tower to the 
top of the tower is 68.9°. Find the approximate height of the 
tower. 


57. Distance of a Descent An airplane traveling at 240 mph is 
descending at an angle of depression of 6°. How many miles 
will the plane descend in 4 minutes? 


#58. Time of a Descent A submarine traveling at 9.0 mph is 
descending at an angle of depression of 5°. How many minutes, 
to the nearest tenth, does it take the submarine to reach a depth 
of 80 feet? 


59. Height of a Building A surveyor determines that the angle of 
elevation from a transit to the top of a building is 27.8°. The 
transit is positioned 5.5 feet above ground level and 131 feet 
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from the building. Find the height of the building to the nearest 
tenth of a foot. 


Transit 


27.8° 131 ft { 


60. Width of a Lake The angle of depression to one side of a lake, 
measured from a balloon 2500 feet above the lake as shown in the 
accompanying figure, is 43°. The angle of depression to the oppo- 
site side of the lake is 27°. Find the width of the lake. 


61. Astronomy The moon Europa rotates in a nearly circular 
orbit around Jupiter. The orbital radius of Europa is approxi- 
mately 670,900 kilometers. During a revolution of Europa 
around Jupiter, an astronomer found that the maximum value of 
the angle @ formed by Europa, Earth, and Jupiter was 0.056°. 
Find the distance d between Earth and Jupiter at the time the 
astronomer found the maximum value of 6. Round to the near- 
est million kilometers. 


Europa 
YO P= 670,900 km 


/ 
6=0.056° . | 


d : J 


x ’ A 7 
7 
~ a 
nes 4 : 


Not drawn to scale. 
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62. 


63. 


64. 


65. 


Astronomy Venus rotates in a nearly circular orbit around 
the sun. The largest angle formed by Venus, Earth, and the 
sun is 46.5°. The distance from Earth to the sun is approxi- 
mately 149 million kilometers. See the following figure. 
What is the orbital radius r of Venus? Round to the nearest 
million kilometers. 


- 


— 46.5° ' 

| 149,000,000 km . 

a 
\ 


4 


Area of an Isosceles Triangle Consider the following isosce- 
les triangle. The length of each of the two equal sides of the 
triangle is a, and each of the base angles has a measure of 0. 
Verify that the area of the triangle is 4 = a’ sin 0 cos 0. 


Area of a Hexagon Find the area of 
the hexagon. (Hint: The area consists 
of six isosceles triangles. Use the for- 
mula from Exercise 63 to compute the 
area of one of the triangles and multi- 


ply by 6.) 


Height of a Pyramid The angle of elevation to the top of the 
Egyptian pyramid of Cheops is 36.4°, measured from a point 
350 feet from the base of the pyramid. The angle of elevation 
from the base of a face of the pyramid is 51.9°. Find the height 
of the Cheops pyramid. 


66. 


67. 


31:9° 


36.4° 


k— 350 ft | 


Height of a Building Two buildings are 240 feet apart. The 
angle of elevation from the top of the shorter building to the top 
of the other building is 22°. If the shorter building is 80 feet 
high, how high is the taller building? 


Height of the Washington Monument From a point A ona 
line from the base of the Washington Monument, the angle of 
elevation to the top of the monument is 42.00°. From a point 
100 feet away from 4 and on the same line, the angle to the top 
is 37.77°. Find the height of the Washington Monument. 


"68. Height of a Tower The angle of elevation from a point A to the 


top of a tower is 32.1°. From point B, which is on the same line 
but 55.5 feet closer to the tower, the angle of elevation is 36.5°. 
Find the height of the tower. 


69. Length of a Golf Drive The helipad of the Burj al Arab 


hotel is 211 meters above the surrounding beaches. A golfer 
drives a golf ball off the edge of the helipad as shown in the 
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following figure. Find the length (horizontal distance AB) of 
the drive. 


; 

{ 
} 
; 
: 
} 
j 
[i 
f 
i 
‘ 
‘ 
> 
/ 


AB= 412 ft 

Z CAB = 53.6° 

AB is at ground level 

Z CAD = 15.5° 

70. Size of a Sign From point A, at street level and 205 feet from 
the base of a building, the angle of elevation to the top of the : 
building is 23.1°. Also, from point A the angle of elevation to the 72. An Eiffel Tower Replica Use the information in the 
top of a neon sign, which is atop the building, is 25.9°. accompanying figure to estimate the height of the Eiffel Tower 
replica that stands in front of the Paris Las Vegas Hotel in Las 


a. Determine the height of the building. Vegas, Nevada. 


b. How tall are the letters in the sign? 


Tony Craddock/Getty Images 


Street level —— 
65.5° 


235 ft 


73. Radius of a Circle A circle is inscribed in a regular hexagon 
with each side 6.0 meters long. Find the radius of the circle. 


. 74. Area of a Triangle Show that the area A of the triangle given 
71. The Petronas Towers The Petronas Towers in Kuala Lumpur, 
Malaysia, are the world’s tallest twin towers. Each tower is 
1483 feet in height. The towers are connected by a skybridge 
at the forty-first floor. Note the information given in the follow- 

ing figure. 
c 


a. Determine the height of the skybridge. 


1 
in the figure is A = > ab sin 0. 


b. Determine the length of the skybridge. 
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75. Find a Maximum Length Find the length of the longest piece 76. Find a Maximum Length In Exercise 75, suppose that the hall 
of wood that can be slid around the corner of the hallway in the is 8 feet high. Find the length of the longest piece of wood that 
figure following. Round to the nearest tenth of a foot. can be taken around the corner. Round to the nearest tenth of a 

foot. 
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Trigonometric Functions 
of Any Angle 


Trigonometric Functions 
of Quadrantal Angles 


Signs of Trigonometric Functions 
The Reference Angle 


x O x 


Figure 5.41 


Trigonometric Functions of Any Angle 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A34. 


3 2V5 
PS1. Find the reciprocal of me [P.1] PS2. Find the reciprocal of -_ [P.1] 
ee Oar 
PS3. Evaluate: 120 — 180 [P.1] PS4. Simplify: 27 — 7 [P.1] 
3 
PSS. Simplify: 5a — 5 Pal PS6. Simplify: V (—3)? + (—5)?[P1] 


® Trigonometric Functions of Any Angle 


The applications of trigonometry would be quite limited if all angles had to be acute angles. 
Fortunately, this is not the case. In this section we extend the definition of a trigonometric 
function to include any angle. 

Consider angle 6 in Figure 5.41 in standard position and a point P(x, y)on the termi- 
nal side of the angle. We define the trigonometric functions of any angle according to the 
following definitions. 


Definitions of the Trigonometric Functions of Any Angle 


Let P(x, y) be any point, except the origin, on the terminal side of an angle 6 in 
standard position. Let r = d(O, P), the distance from the origin to P. The six 
trigonometric functions of 6 are 


sin 6 = s cos 0 


csccO=-, y#O sec 0 


where r = 


Figure 5.42 


Figure 5.44 


5.3. TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 455 


The value of a trigonometric function is independent of the point chosen on the termi- 
nal side of the angle. Consider any two points on the terminal side of an angle @ in stan- 
dard position, as shown in Figure 5.42. The right triangles formed are similar triangles, so 


, 


; : ; b 
the ratios of the corresponding sides are equal. Thus, for example, — = —. Because 
’ a a 


, 


b b ae 
tnd =— = we have tan @ = —. Therefore, the value of the tangent function is 
a a 


independent of the point chosen on the terminal side of the angle. By a similar argument, 
we can show that the value of any trigonometric function is independent of the point cho- 
sen on the terminal side of the angle. 

Any point in a rectangular coordinate system (except the origin) can determine an angle 
in standard position. For example, P(—4, 3) in Figure 5.43 is a point in the second quadrant 


and determines an angle @ in standard position with r = VV (—4)* + 37 = 5. 


Figure 5.43 


The values of the trigonometric functions of @ as shown in Figure 5.43 are 


: —4 4 3 3 
sin@ = = cos@ = — = - > tan@ = — = —— 
5 5 2) —4 4 

5 > 5 —4 4 

a = — = —— t@=—= —— 

csc 0 3 sec 6 a 4 cot 0 3 3 


EXAMPLE 1 _ Evaluate Trigonometric Functions 


Find the exact value of each of the six trigonometric functions of an angle @ in standard 
position whose terminal side contains the point P(—3, —2). 


Solution 
The angle is sketched in Figure 5.44. Find r by using the equation r = Vx" + y’, 


where x = —3 andy = —2. 


r= V(-3)? + (-2)? = V9 +4 = V13 


Now use the definitions of the trigonometric functions. 


sin @ = a a = cos 6 = = a ie ge 
V 13 3 V 13 13 3° 3 
csc 0 : iB sec 0 = 2 =-— i sie Se 
=), 2 —3 3 =)" 2 


@ Try Exercise 6, page 460 
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P(x, 0) 


Figure 5.45 


P(x, y) 


Figure 5.46 


Sine and All 
cosecant functions 
positive positive 


Cosine and 
secant 
positive 


Tangent and 
cotangent 
positive 


Figure 5.47 


RY 


lM Trigonometric Functions of Quadrantal Angles 


Recall that a quadrantal angle is an angle whose terminal side coincides with the x- or 
y-axis. The value of a trigonometric function of a quadrantal angle can be found by choos- 
ing any point on the terminal side of the angle and then applying the definition of that 
trigonometric function. 

The terminal side of 0° coincides with the positive x-axis. Let P(x, 0),x > 0, be any 
point on the x-axis, as shown in Figure 5.45. Then y = 0 andr = x. The values of the six 
trigonometric functions of 0° are 


0 
mie =H cos0° =~ =~ =] tan 0° = —= 0 
r r x x 
: rx 
csc 0° is undefined. sec 0° =— = Pe 1 cot 0° is undefined. 
x 


Question ¢ Why are csc 0° and cot 0° undefined? 


In like manner, the values of the trigonometric functions of the other quadrantal angles 
can be found. The results are shown in Table 5.4. 


Table 5.4 Values of Trigonometric Functions of Quadrantal Angles 


0° 0 1 0 Undefined 1 Undefined 
90° 1 0 Undefined 1 Undefined 0 

180° 0 —1 0 Undefined —1 Undefined 
270° —1 0 Undefined —1 Undefined 0 


® Signs of Trigonometric Functions 


The sign of a trigonometric function depends on the quadrant in which the terminal side 
of the angle lies. For example, if @ is an angle whose terminal side lies in Quadrant III and 


P(x, y) is on the terminal side of 0, then both x and y are negative, and therefore * and ~ 
x oy 
x 
are positive. See Figure 5.46. Because tan 8 = z and cot 0 = —, the values of the tangent 
x y 


and cotangent functions are positive for any Quadrant III angle. The values of the other 
four trigonometric functions of any Quadrant III angle are all negative. 

Table 5.5 lists the signs of the six trigonometric functions in each quadrant. Figure 5.47 
is a graphical display of the contents of Table 5.5. 


Table 5.5 Signs of the Trigonometric Functions 


sin 9 and csc 0 Positive Positive Negative Negative 
cos 0 and sec 6 Positive Negative Negative Positive 
tan 0 and cot 0 Positive Negative Positive Negative 


Answer ® P(x, 0) is a point on the terminal side of a 0° angle in standard position. Thus 


esc 0° = i which is undefined. Similarly, cot 0° = z which is undefined. 


Figure 5.48 


Study tip 


In this section, ris a distance and 
hence nonnegative. 


Study tip 


The reference angle is an impor- 
tant concept that will be used 
repeatedly in the remaining 
trigonometry sections. 
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In the next example we are asked to evaluate two trigonometric functions of the 
angle 0. A key step is to use our knowledge about trigonometric functions and their signs 
to determine that 6 is a Quadrant IV angle. 


EXAMPLE 2 _ Evaluate Trigonometric Functions 
. 7 : ‘ 
Given tan 6 = - and sin 9 < 0, find cos 0 and csc @. 


Solution 


The terminal side of angle 6 must lie in Quadrant IV; that is the only quadrant in which 
sin 6 and tan @ are both negative. Because 


7_Yy 
t => — a 
an 0 5 - 
and the terminal side of @ is in Quadrant IV, we know that y must be negative and 
x must be positive. Thus the preceding equation is true for y = —7 and x = 5. Now 
r= V5? + (-7)? = V/74. See Figure 5.48. Hence, 
x 5 5V74 
cos@ =— = = 
r V74 74 
and 
r V74 V74 
cscO8 =—-— = =— 
y —7 7 


Try Exercise 30, page 460 


The Reference Angle 


We will often find it convenient to evaluate trigonometric functions by making use of the 
concept of a reference angle. 


Definition of a Reference Angle 


Given a nonquadrantal 76 in standard position, its reference angle 0’ is the acute 
angle formed by the terminal side of 26 and the x-axis. 


Figure 5.49, on page 458, shows 26 and its reference angle 0’ for four cases. In every 
case the reference angle 0’ is formed by the terminal side of 70 and the x-axis (never the 
y-axis). The process of determining the measure of 26’ varies according to which quad- 
rant contains the terminal side of 26. 
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a'=0 
If0°<0<90°, 
then 6’= @ 


| Integrating Technology 


A TI-83/TI-83 Plus/TI-84 Plus 
graphing calculator program is 
available to compute the meas- 
ure of the reference angle for 
a given angle. This program, 
REFANG, can be found on our 
website at http://www.cengage. 
com/math/aufmann/algtrig7e. 


ys v4 
> i 0 
6" @ 
x x 
6" 
If 90° < @< 180°, If 180° < @< 270°, If 270° < @ < 360°, 
then 6’= 180° - 6. then 6’= @— 180°. then 6'= 360° — @ 
Figure 5.49 


———— ET 


EXAMPLE 3 __ Find the Measure of a Reference Angle 


Find the measure of the reference angle 6’ for each angle. 
V1 13a 
a. 6 = 120° b. 6 = 345° c. rs d. Vee 


Solution 


For any angle in standard position, the measure of its reference angle is the measure of 
the acute angle formed by its terminal side and the x-axis. 


a. b. yt 
9 =345° 
0’ = 180° — 120° = 60° 0’ = 360° — 345° = 15° 


7 
0’ = 20 - = = —-2@r= 


@ Try Exercise 38, page 460 


It can be shown that the absolute value of a trigonometric function of @ is equal to the 
trigonometric function of 6’. This relationship allows us to establish the following 
procedure. 


N| = 


y 


6 =210° 


0’ =30° 


Figure 5.51 


Figure 5.52 
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Reference Angle Evaluation Procedure 


Let 6 be a nonquadrantal angle in standard position with reference angle 0’. To 
evaluate a trigonometric function of 6, use the following procedure. 


1. Determine the reference angle 6’. 


2. Determine the sign of the trigonometric function of 0. 


3. The value of the trigonometric function of 6 equals the value of the trigonometric 
function of 0’, prefixed with the correct sign. 


EXAMPLE 4 Use the Reference Angle Evaluation Procedure 


Evaluate each function. 
Sar 


a. sin 210° b. cos 405° c. on 


Solution 

a. The reference angle for 9 = 210° is 6’ = 30°. See Figure 5.50. The terminal side of 
0 is in Quadrant III; thus sin 210° is negative. The value of sin 210° is the value of 
sin 30° with a negative sign prefix. 


1 
sin 210° = —sin 30° = 5 


0 Correct 6’ 
sign 
1 prefix 
in 210°= —— 
sin 5 


b. The reference angle for 9 = 405° is 6’ = 45°. See Figure 5.51. The terminal side of 0 
is in Quadrant I; thus cos 405° is positive. The value of cos 405° is the value of cos 45°. 
Aya 


cos 405° = +cos 45° = a 


9 Correct 6’ 
sign 
prefix 


v2 


405° = — 
cos ) 


5 
c. The reference angle for 9 = a is# = = See Figure 5.52. The terminal side of 0 


a ST. . ST. 
is in Quadrant IV; thus tan 27 is negative. The value of tan a is the value of tan . 
with a negative sign prefix. 

5 

tan — = tan = V3 
i | ft 
0 Correct 6’ 
sign 
prefix 


tan 2 = VG 


@ Try Exercise 50, page 460 
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EXERCISE SET 5.3 


In Exercises 1 to 8, find the value of each of the six 
trigonometric functions for the angle, in standard position, 
whose terminal side passes through the given point. 


1. P(2,3) 2. P(3, 7) 3. P(—2, 3) 
4. P(-3,5) 5. P(—-8, -5) m6. P(—6, —9) 
7. P(—5, 0) 8. P(0, 2) 


In Exercises 9 to 20, evaluate the trigonometric function 
of the quadrantal angle, or state that the function is 
undefined. 


9. sin 180° 10. cos 270° 11. tan 180° 
12. sec 90° 13. csc 90° 14. cot 90° 
15. cos ieee 17. tan— 

- C08, - sin - tan; 
T 
18. cot 7 19. 20. cos 77 


In Exercises 21 to 26, let 6 be an angle in standard position. 
State the quadrant in which the terminal side of @ lies. 

21. sn@>0, cosd>0O 22. tn Od<0, sind<0 
23. cos? >0, tand <0 24. sn@<0, cosd>0O 


25. snd <0, cos?@<0 26. tnd<0, cosd<0O 


In Exercises 27 to 36, find the exact value of each 
expression. 


1 
27. sin@ = —> 180° < @ < 270°; find tan 6. 


28. coté = —1, 90° < 6 < 180°; find cos 0. 


29. csc 0 = Vis <0 < 7; find cot 0. 
2 
m30. sec 0 = es < 0 < 27; find sin 0. 


1 
31. sinéd = =a and cos 0 > 0; find tan 0. 
32. tan @ = 1 andsin@ < 0; find cos 0. 


33. cosé 


1 
> and tan @ = V3; find esc @. 


2 
34. tan@ = land sin@ = 2 find sec 0. 


1 
35. cosé = — 3 and sin @ = “ find cot 0. 
3 . 1. 
36. sec@ = and sin 90 = > find cot 0. 


In Exercises 37 to 48, find the measure of the reference 
angle 6’ for the given angle 0. 


37. 6 = 160° 38. 6 = 255° 39. 9 = 351° 
11 

40. 6 = 48° 41. oS 7 42. 0 = -6 

43. 0= ; 44.0= aa 45. @ = 1406° 

46. 6 = 840° 47. 0 = —475° 48. 0 = —650° 


In Exercises 49 to 60, use the Reference Angle Evaluation 
Procedure to find the exact value of each trigonometric 
function. 


49. sin 225° #50. cos 300° 51. tan 405° 
4 7 
52. sec 150° 53. csc (=) 54. cot (2) 
55. cos = 56. tan (-2) 57. sec 765° 
58. csc (—510°) 59. cot 540° 60. cos 570° 


+) In Exercises 61 to 72, use a calculator to approximate 
~~ the given trigonometric function to six significant 
digits. 


61. sin 127° 62. sin (—257°) 63. cos (—116°) 
64. cot 398° 65. sec 578° 66. sec 740° 
67. sin (-2) 68. ie 69. age 

5 7 5 
70. tan (—4.12) 71. sec (—4.45) 72. csc 0.34 


In Exercises 73 to 80, find (without using a calculator) 
the exact value of each expression. 


73. sin 210° — cos 330° tan 330° 


74. tan 225° + sin 240° cos 60° 


75. sin? 30° + cos 30° 


6 . Wt : lla 
. in —— — tan —— 
COS 77 S rm 6 


77. sin tan cos 
2 4 3 


In Exercises 81 to 86, find two values of 0, 0° = @ < 360°, 
that satisfy the given trigonometric equation. 


1 
81. sino = 5 82. tand = —V3 
83. cosé = = 84. tan@ = 1 

85. cscO = —V2 86. cot@ = -1 


In Exercises 87 to 92, find two values of 0,0 = 0 < 22, 
that satisfy the given trigonometric equation. 


1 
87. tand = —-1 88. ose =, 
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2V3 
90. sec 0 = 8 


89. tan@d = — 


v3 
2 


wig 


91. sin@ = 92. cos? = — 


wl 


If P(x, y) is a point on the terminal side of an acute angle 0 


in standard position and r = Vx? + y?, then sin 0 = “and 
cos 8 = *. Using these definitions, we find that 


2 2 2 2 2 2 
2 a ee © Sr ee ae ede 
cos* @ + sin o= (4) + (4) a a Za 


Hence, cos? @ + sin? @ = 1 for all acute angles 0. This 
important identity is actually true for all angles 0. 

We will show this later. In the meantime, use the 
definitions of the trigonometric functions to prove 
that the equations are identities for the acute angle 0 
in Exercises 93 to 96. 


93. 1 + tan? 6 = sec? 0 94. cot?@ + 1 = esc? @ 


95. cos (90°— 6) = sin@ 96. sin (90° — 6) = cosé 


SECTION 5.4 | Trigonometric Functions 


The Wrapping Function 


Trigonometric Functions 
of Real Numbers 


Properties of Trigonometric 
Functions of Real Numbers 


Trigonometric Identities 


on page A34. 


of Real Numbers 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 


PS1. Determine whether the point (0, 1) is a point on the circle defined by 
v+y =1.[2.1] 


1 V3 ; ; 
PS2. Determine whether the point (3 3) is a point on the circle defined by 


r+ yy =1.[2.1] 


V2 V3 
PS3. Determine whether the point ( — } isa point on the circle defined 


byx’ +y =1.[2.1] 


2 


PS4. Determine the circumference of a circle with a radius of 1. [1.2] 


PS5. Determine whether f(x) = x* — 3 is an even function, an odd function, 


or neither. [2.5] 


PS6. Determine whether f(x) = x° — x’ is an even function, an odd function, 


or neither. [2.5] 
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Py(X,,¥2) } 


Figure 5.53 


Figure 5.55 


® The Wrapping Function 


In the seventeenth century, applications of trigonometry were extended to problems in 
physics and engineering. These kinds of problems required trigonometric functions whose 
domains were sets of real numbers rather than sets of angles. This extension of the defini- 
tions of trigonometric functions to include real numbers was accomplished by using a cor- 
respondence between an angle and the length of an arc on a unit circle. 

Consider a circle given by the equation x* + y* = 1, called a unit circle, and a verti- 
cal coordinate line / tangent to the unit circle at (1, 0). We define a function W that pairs a 
real number f on the coordinate line with a point P(x, y) on the unit circle. This function W 
is called the wrapping function because it is analogous to wrapping a line around a circle. 

As shown in Figure 5.53, the positive part of the coordinate line is wrapped around 
the unit circle in a counterclockwise direction. The negative part of the coordinate line is 
wrapped around the circle in a clockwise direction. 
The wrapping function is defined by the equation 
W(t) = P(x,y), where ¢ is a real number and 
P(x,y) is the point on the unit circle that corre- 
sponds to f. 

Through the wrapping function, each real num- 
ber ¢ defines an arc AP that subtends a central angle 
with a measure of 6 radians. The length of the arc AP 
is ¢ (see Figure 5.54). From the equation s = ré for 
the arc length of a circle, we have (with t = s)t = ré. 
For a unit circle, r = 1, and the equation becomes 
t = 0. Thus, on a unit circle, the measure of a cen- 
tral angle and the length of its arc can be 
represented by the same real number t. 


Figure 5.54 


EXAMPLE 1_ Evaluate the Wrapping Function 


7 
Evaluate: w(=) 


Solution 
The point z on line / is shown in Figure 5.55. From the wrapping function, v(2) 


is the point P on the unit circle for which arc AP subtends an angle 0, the measure of 
which is 3 radians. The coordinates of P can be determined from the definitions of 


cos @ and sin 6 given in Section 5.3 and from Table 5.2, page 446. 


x 3 
cos 9 = — Pn ees 
r r 
T x ME y T 
COSn = = x sn—- =—=y (= re i 
3 1 3 1 3 
1_ V3 7 V3 
3 x 2 y cos = an 5 


T 


1 V3 
From these equations, x = rt and y = 5 Therefore, WV ( 3 ) 


ll 
ae < 
= 
ls 

1S) 
“——— 


@ Try Exercise 10, page 470 
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: T é ‘ ‘ 
To determine w(2) recall that the circumference of a unit circle is 277. One- 


1 
fourth the circumference is 7 (2m) = 5 (see Figure 5.56). Thus w(2) = P(0, 1). 


Note from the last two examples that for the given real number ¢, cos t = x and 
sin t = y. That is, for a real number ¢ and W(t) = P(x, y), the value of the cosine of f is the 
x-coordinate of P, and the value of the sine of t is the y-coordinate of P. See Figure 5.57. 


Question ¢ What is the point defined by w(=)p 


® Trigonometric Functions of Real Numbers 


The following definition uses the wrapping function W(t) to define trigonometric func- 
Figure 5.56 tions of real numbers. 


Definitions of the Trigonometric Functions of Real Numbers 


P(x, v) = (cos ¢, sin t) 


Let W be the wrapping function, ¢ be a real number, and W(t) = P(x, y). Then 


A(1, 0) x sint=y cos t tant = a x #0 
1 1 
csct=-, y#0 sec t cott=-, y#0 
y 
xX = cost,y = sint 
Figure 5.57 ‘ j : ; . ee 
Trigonometric functions of real numbers are frequently called circular functions to distin- 
vA guish them from trigonometric functions of angles. 
yO ea? The trigonometric functions of real numbers look remarkably like the trigonometric 
functions defined in the last section. The difference between the two is that of domain: In 


one case, the domains are sets of real numbers; in the other case, the domains are sets of 
angle measurements. However, there are similarities between the two functions. 
Consider an angle @ (measured in radians) in standard position, as shown in 


Figure 5.58. Let P(x,y) and P’(x',y’) be two points on the terminal side of 6, 
where x* + y? = 1 and (x’)? + (y')? = r. Let tbe the length of the arc from A(1, 0) to 
P(x, y). Then 


Ua 
sin 0 eee sin ¢ 
Figure 5.58 r 1 
Thus the value of the sine function of 6, measured in radians, is equal to the value of 
the sine of the real number ¢. Similar arguments can be given to show corresponding results 
for the other five trigonometric functions. With this in mind, we can assert that the value 


of a trigonometric function at the real number f is its value at an angle of f radians. 


EXAMPLE 2 _ Evaluate Trigonometric Functions of Real Numbers 


Find the exact value of each function. 


. i) a) 
a. wey » sin 6 Cc. an 4 - sec 3 


oe 
2 2/) 


’ 


(continued ) 


Answer ®& ( 
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The Millennium Wheel, on the banks 
of the Thames River, London 


= 
5 
S 
= 
3 
Ss 
s 
a 
5 
£ 
5 
2 
5 
= 
S 
& 
3 
B 
2 
5 
— 
5 
3 
= 
5 
3 
3 
g 
= 
= 
5 
g 
s 
8 
= 
5 
s 
= 
= 
Oo 
ES 
C= 
= 
= 


Solution 


The value of a trigonometric function at the real number f is its value at an angle of 
t radians. Using Table 5.2 on page 446, we have 


T V2 
a. cos— = —— 
4 2 
Tt oT 1 Iv. 7 
b. sin | — = sin— = ¢ Reference angle for — — is — 
( 6 ) 6 = . 6 6 
and sin ¢ > 0 in Quadrant II. 
i 


Sa _ 7 _ Sar 
c. tan| — 4 —tan 4 = * Reference angle for — a is 4 


and tan t < 0 in Quadrant II. 


5 
3 3 * Reference angle for = is : 
and sec t > 0 in Quadrant IV. 


Try Exercise 16, page 470 


In Example 3 we evaluate a trigonometric function of a real number to solve an 
application. 


EXAMPLE 3___ Determine a Height as a Function of Time 


The Millennium Wheel, in London, is the world’s largest Ferris wheel. It has a diameter 
of 450 feet. The Millennium Wheel completes one revolution every 30 minutes. The 
height h, in feet above the Thames River, of a person riding on the Millennium Wheel 
can be estimated by 


h(t) = 255 — 225 cos( Zr) 


where ¢ is the time in minutes since the person started the ride. 
a. How high is the person at the start of the ride (¢ = 0)? 


b. How high is the person after 18 minutes? Round to the nearest foot. 


Solution 
7 7 
a. A(t) = 255 — 225 cos( 1) b. = h(t) = 255 — 225 cos( 1) 
7 7 
h(0) = 255 — 225 cos( 2-0) h(18) = 255 — 225 cos( 18) 
= 255 — 225 = 255 — (—182) 
= 30 = 437 
At the start of the ride, the After 18 minutes, the person is 
person is 30 feet above about 437 feet above the Thames. 
the Thames. 


@ Try Exercise 82, page 472 


Domain and Range 
See page 167. 


Figure 5.59 
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™ Properties of Trigonometric Functions of Real Numbers 


The domain and range of the trigonometric functions of real numbers can be found from the 
definitions of these functions. If ¢ is any real number and P(x, y) is the point corresponding 
to W(t), then by definition cos t = x and sin f = y. Thus the domain of the sine and cosine 
functions is the set of real numbers. 

Because the radius of the unit circle is 1, we have 


=l1=ex=1 and -l=y=1 
Therefore, with x = cos t and y = sin t, we have 
—-lscost=1 and -lssnt=1 


The range of the cosine and sine functions is [—1, 1]. 
Using the definitions of tangent and secant, 


1 
tant = . and sec t = — 
x x 


The domain of the tangent function is all real numbers ¢ except those for which the 


; . : : 7 3 Sa 
x-coordinate of W(t) is zero. The x-coordinate is zero when t = + > t= 5? t= 5? 


, (2n + I) ay: 
and in general when tf = ——————, where u is an integer. Thus the domain of the tangent 


2 
(2n + 1)ar 
2 


function is the set of all real numbers ¢ except ¢ = 
range of the tangent function is all real numbers. 

Similar methods can be used to find the domain and range of the cotangent, secant, 
and cosecant functions. The results are summarized in Table 5.6. 


, where 7 is an integer. The 


Table 5.6 Domain and Range of the Trigonometric Functions 
of Real Numbers (n is an integer) 


Function | Domain | Range 

y = sint {t|-co <t< oo} {fy|-lsysl} 

y = cost {t|-co <t< co} {fy|-lsysl} 
(2n + 1)ar 

y = tant eS a a {y|-—cw <y< oo} 

y=csct {t|-~ <t< ~,t# nz} {fy|y=lys-l} 
(2n + 1)a 

y = sect BS Me Oe ae fy|y=ly=s-l} 

y =cott {t|—0o <t< 0,t#4 nT} {y|-00 <y < co} 


Consider the points ¢ and —t on the coordinate line / tangent to the unit circle at the 
point (1,0). The points W(t) and W(—t) are symmetric with respect to the x-axis. 
Therefore, if P)(x,) are the coordinates of W(t), then P(x, —y) are the coordinates of 
W(—t). See Figure 5.59. 

From the definitions of the trigonometric functions, we have 


sint=y and sin(-t) = —y and cost=x and  cos(—t) =x 
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Odd and Even Functions 
See page 216. 


Substituting sin ¢ for y and cos ¢ for x yields 
sin(—t) = —sint and  cos(—t) = cost 


Thus the sine is an odd function and the cosine is an even function. Because 


1 : 
csc t = —— and sect = , It follows that 


sin ¢ cos ¢ 
csc(—f) = —csct and _— sec(—f) = sect 


These equations state that the cosecant is an odd function and the secant is an even 
function. 
From the definition of the tangent function, we have 


tant=~ and tan(—1) = — a 
x x 
Substituting tan ¢ for = yields 
x 
tan(—f) = —tant 


1, 
Because cot t = ——,, it follows that 
tan ¢ 
cot(—ft) = —cott 


Thus the tangent and cotangent functions are odd functions. 


Even and Odd Trigonometric Functions 


The odd trigonometric functions are y = sin t, y = csc ¢, y = tan¢, and y = cott. 
The even trigonometric functions are y = cos ¢ and y = sec ¢. Thus for all ¢ in 
their domain, 


sin(—t) = —sint cos(—t) = cost tan(—f) = —tant 


csc(—f) = —csct  sec(—ft) = sect  cot(—t) = —cott 


EXAMPLE 4 _ Determine Whether a Function Is Even, 
Odd, or Neither 


Is f(x) = x — tan x an even function, an odd function, or neither? 


Solution 
Find f(—x) and compare it to f(x). 


f(-x) = (—x) — tan(—x) = —x + tanx * tan(—x) = —tan x 
= —(x — tanx) 
= —f(x) 


The function f(x) = x — tan x is an odd function. 


@ Try Exercise 44, page 471 


vA 


O-x, -y) 


Figure 5.60 


A(1, 0) 


BY 
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We encounter many recurring patterns in everyday life. For instance, the time of day 
repeats every 24 hours. If f(t) represents the present time of day, then 24 hours later the 
time of day will be exactly the same. Using mathematical notation, we can express this 
concept as 


f(t + 24) = f(z) 


The function fis said to be periodic in that it continually repeats itself. The period of fis 
24 hours, the time it takes to complete one full cycle. 


Definition of a Periodic Function 


A function fis periodic if there exists a positive constant p such that 


f(t + p) = f(t) 


for all ¢ in the domain of f The smallest such positive number p for which fis peri- 
odic is called the period of f 


The unit circle can be used to show that the sine and cosine functions are periodic 
functions. First, note that the circumference of the unit circle is 277. Thus, if we start at any 
point P(x, y) = P(cos ¢, sin ft) on the unit circle and travel a distance of 277 units around 
the circumference, we will be back at point P. Hence, (cos(t + 27), sin(t + 277)) equals 
(cos ¢, sin ¢). Equating the first components gives us cos(¢ + 27) = cos tf, and equating 
the second components yields sin(t + 277) = sin t. 

The following equations illustrate that the secant and cosecant functions are also peri- 
odic functions. 


1 1 
sec(t + 27) = sec t 
cos(t + 27) cost 
1 1 
cse(t + 27) = = = csc t 


sin(t + 27)  sint 


Period of the Sine, Cosine, Secant, and Cosecant Functions 


The sine, cosine, secant, and cosecant functions are periodic functions with a 
period of 277. 


sin(t + 27) = sint cos(t + 27) = cost 


sec(t + 27) = sect csc(t + 27) = esct 


Although it is true that tan(¢ + 277) = tant, the period of the tangent function is 
not 27. Recall that the period of a function is the smallest value of p for which 
f(t + p) = f(t). Examine Figure 5.60, which shows that if you start at any point P(x, y) 
on the unit circle and travel a distance of zr units around the circumference, you will arrive 
at the point (—x, —y). By definition, 


ae re 


tant= > and tan(t + 7) = — = tant 
x 


Xx TX 


Thus we know that tan(¢ + 7) = tan f for all ¢. A similar argument can be used to show 
that cot(t + a) = cot tf for all ¢. 
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Period of the Tangent and Cotangent Functions 


The tangent and cotangent functions are periodic functions with a period of 7. 


tan(¢+ 7) =tant and  cot(t + 7) = cott 


The following theorem illustrates the repetitive nature of each of the trigonometric 
functions of a real number. 


Periodic Properties of the Trigonometric Functions 
of a Real Number 


For any real number ¢ and integer k, 


sin(t + 2kar) = sint cos(t + 2k7) = cost 
sec(t + 2kar) = sect esc(t + 2kar) = csc t 
tan(t + kar) = tant cot(t + ka) = cott 


® Trigonometric Identities 


Recall that any equation that is true for every number in the domain of the equation is an 
identity. The statement 


1 : 
ecsct=——, sint#0 
sin ¢ 


is an identity because the two expressions produce the same result for all values of ¢ for 
which both functions are defined. 
The ratio identities are obtained by writing the tangent and cotangent functions in 
terms of the sine and cosine functions. 
y sint x cost 


tant=— = and cott=—-—=— *x = cosfandy = sint 
x cos t y sin t 


The Pythagorean identities are based on the equation of a unit circle, x + y° = 1, 
and on the definitions of the sine and cosine functions. 


x + y = 1 
cos’ ¢ + sin? t = 1 * Replace x with cos ¢ and y with sin ¢. 


Dividing each term of cos” t + sin? t = 1 by cos? t, we have 


cos’ t sin? ¢ 1 
3 7 3 cost #0 
cos't cost cost 
sin ¢ 
1 + tan? t = sec? t «— = tant 
cos ¢t 


Dividing each term of cos” t + sin? t = 1 by sin’ t, we have 


cos*t sin’ t 1 : 
a) ad *sint # 0 
sin’ ¢ sin’ t  sin*t 
cos ¢t 
cot? t + 1 = csc*t *—— = cott 
sin ¢ 


Here is a summary of the fundamental trigonometric identities. 


Study tip 
Because 
1 1 1 
sin? tcos*t sin? t cos? t 
= (csc? t)(sec? t) 
we could have written the answer 


to Example 6 in terms of the 
cosecant and secant functions. 
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Fundamental Trigonometric Identities 


The reciprocal identities are 


sin t = —— 
csc t 


The ratio identities are 


cos ¢ 


tant = ; ott = 


sin ¢ 
The Pythagorean identities are 
cos’ ¢ + sin*t = 1 1 + tan? t = sec? t 1 + cot? t = csc? ¢ 


EXAMPLE 5__ Use the Unit Circle to Verify an Identity 


Use the unit circle and the definitions of the trigonometric functions to show that 
sin (tf + 7) = —sint. 


Solution 

Sketch the unit circle and let P be the point on the 
unit circle such that W(t) = P(x, y), as shown in P(r, y) 
Figure 5.61. Draw a diameter from P and label the t+n 
endpoint Q. For any line through the origin, if 

P(x, y) is a point on the line, then Q(—x, —y) is 

also a point on the line. Because line segment PO AGO) 
is a diameter, the length of the arc from P to QO is 7. 

Thus the length of the arc from A through P to QO 

ist + a. Therefore, W(t + 7) = Q(—x, —y). O-x, -y) 
From the definition of sin t, we have 


sint =y and sin(t + 7) = —y Figure 5.61 


Thus sin (tf + 7) = —sin¢. 


m@ Try Exercise 56, page 471 


Using identities and basic algebra concepts, we can rewrite trigonometric expressions 
in different forms. 


EXAMPLE 6 Simplify a Trigonometric Expression 


Write the expression + —— as a single term. 


ay cos’ ¢t 


sin 
Solution 
Express each fraction in terms of a common denominator. The common denominator 
is sin’ ¢ cos’ t. 
1 1 1 cos*t 1 sin’ t 


+ . . 
sin’ t cos” t sin’ t cos? t cos? t sin’ t 


cos? ¢ + sin’ t 1 ; i 
= = *cos'¢+ sin’ t= 1 


sin? t cos’ t sin? t cos’ t 
@ Try Exercise 72, page 471 
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EXERCISE SET 5.4 


EXAMPLE 7 _ Write a Trigonometric Expression in Terms 
of a Given Function 


T : ‘ : 
For > <t< 7, write tan ¢ in terms of sin ¢. 


Solution 


, sin ¢ : 
Write tan t = wae Now solve cos” ¢ + sin? t = 1 for cos t. 
cos 


1 
cos*t = 1 — sin’ t 


cost=+V1 — sin’? t 


cos? ¢ + sin t 


Because 5 < t < 7, cos tis negative. Therefore, cost = —V1 — sin’ ¢. 
Thus 
sin t sin t 7 
tant = =- *“—<t<7 
cost 1 — sin’ t 


@ Try Exercise 78, page 471 


In Exercises 1 to 12, evaluate W(t) for each given t. . (30 Vr 
19. sin | — 20. cos | — 
7 T lt 
1.t= 7 2.t=— 3. f= — 
Cy acy 
21. sec | —— 22. sin | — — 
4 
4.t=— ene! 6.1=-— 6 
3 3 6 
11 In Exercises 23 to 32, use a calculator to find an 
tet eS 8.1=0 9 to ~* approximate value of each function. Round your 
In i answers to the nearest ten-thousandth. 
a eS Tho a Lh oe 23. sin 1.22 24. cos 4.22 
In Exercises 13 to 22, find the exact value of each 25. csc (—1.05) 26. sin (—0.55) 
function. hee jn 
ties ee 27. tan D 28. cos - 
13. tan (42) 14. cot () 
6 3 = 
29. cos | —— 30. csc 8.2 
27 Sar 5) 
15. cos a. m16. sec = 
31. sec 1.55 32. cot 2.11 


7 
17. = 
ese ( =) 


18. tan (1277) 


In Exercises 33 to 40, use the unit circle to estimate the 
following values to the nearest tenth. 


yA 


Unit circle 
33. a. sin2 b. cos 2 
34. a. sin3 b. cos 3 
35. a. sin 5.4 b. cos 5.4 
36. a. sin4.1 b. cos 4.1 


37. All real numbers ¢ between 0 and 277 for which sin t = 0.4 
38. All real numbers ¢ between 0 and 27 for which cos t = 0.8 
39. All real numbers ¢ between 0 and 27 for which sin t = —0.3 


40. All real numbers ¢ between 0 and 27 for which cos t = —0.7 


In Exercises 41 to 48, determine whether the function 


is even, odd, or neither. 
41. f(x) = —4sinx A2. f(x) = —2 cosx 


43. G(x) = sinx + cosx 44, F(x) = tanx + sinx 


Lae a 46. C(x) = cos x 


45. S(x) = x #0 


47. v(x) = 2 sinx cosx 48. w(x) = xtanx 


In Exercises 49 to 54, state the period of each function. 
49. f(t) = sint 50. f(t) = cost 
51. f(t) = tant 52. f(t) = cott 
53. f(t) = sect 54. f(t) = esct 


In Exercises 55 to 60, use the unit circle to verify each 
identity. 


55. cos (—t) = cost m56. tan(¢ — 7) = tant 
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57. cos(t + 7) = —cost 58. sin(—t) = —sint 


59. sin(t — 7) = —sint 60. sec (—f) = sect 


In Exercises 61 to 76, use trigonometric identities to write 
each expression in terms of a single trigonometric 
function or a constant. Answers may vary. 


61. tantcost 62. cotfsint 
csc t sec ¢ 
63. 64. 
cot ¢ tan ¢ 
65. 1 — sec*t 66. 1 — csc*t 
2 2 
sec’ ¢ csc‘ t 
67. tant — 68. — cott 
tan ¢ cot t 
1 — cos’ t 1 — sin’ t 
69. —— >= 70. a 
tan’ ¢t cot t 
1 1 1 1 
71. t "72. : t : 
1 — cost 1 + cost 1 — sint 1+ sint 
tant + cott csc ¢t — sint 
73... ——— 74, ———— 
tan t csc ¢ 
75. sin’ t(1 + cot? 2) 76. cos” t(1 + tan’ t) 


os son 7 
77. Write sin tin terms of cos t,0 < t < 3 


: . 3a 
"78. Write tan ¢ in terms of sec f, 2 <t< 27. 


‘ e T 
79. Write csc ¢ in terms of cot f, . <t<7. 


: . 3ar 
80. Write sec f in terms of tant, 7 <t < ae 


81. Path of a Satellite A satellite is launched into space from 
Cape Canaveral. The directed distance, in miles, that the satel- 
lite is north or south of the equator is 


d(t) = 1970 & 
cos 64 


where ¢ is the number of minutes since liftoff. A negative d 
value indicates that the satellite is south of the equator. 


t 
1970 “ 


Equator 


What distance, to the nearest 10 miles, is the satellite north 
of the equator 24 minutes after liftoff? 
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™82. 


Average High Temperature The average high tempera- 
ture 7, in degrees Fahrenheit, for Fairbanks, Alaska, is given by 


7 
T(t) = —41 cos( 21) + 36 


where ¢ is the number of months after January 5. Use the function 
to estimate (to the nearest tenth of a degree Fahrenheit) the 
average high temperature in Fairbanks for March 5 and July 20. 


In Exercises 83 to 94, perform the indicated operation 


and simplify. 
1 1 
83. cos t — —— 84. tan t + —— 
cost tan t 
1 . 1 
85. cot tf + —— 86. sint — —— 
cot t sin t 
87. (1 — sin)? 88. (1 — cost)’ 
89. (sin t — cost)? 90. (sin t + cost)” 
91. (1 — sin#)(1 + sin?) 92. (1 — cost)(1 + cos ft) 
93. sin ¢ 1 us cos t 94, 1 — sint 1 
1+ cost sin ¢ cos ¢ tant + sect 


In Exercises 95 to 100, factor the expression. 


95. 


cos’ ¢ — sin’ t 96. sec? t — csc? t 


97. tan? t — tant — 6 98. cos*t + 3cost — 4 


99. 2sin?t — sint — 1 100. 4cos?t + 4cost+ 1 


In Exercises 101 to 104, use trigonometric identities 
to find the value of the function. 


101. Given csc t = V2,0<t< me find cos ¢. 


J 


307 


102. Given cost = =, ee < t < 27, find sin ¢. 


103. Given sin ¢ = 


Nl pw 


7 
‘gots a, find tan ¢. 


; 3 37, 
104. Given cot ¢t = 4 T<t< >> find cos t. 


In Exercises 105 to 108, simplify the first expression 
to the second expression. 


+2 2 
sin’ ¢ + cost 
105. ——_,__ _ csc" t 
sin® ¢ 


+42 2 
sin” t + cos” ¢t 
106. ——_o. 3 sec’ t 
cos’ ¢ 


107. (cost — 1)(cost + 1); —sin? t 


108. (sect — 1)(sect + 1); tan? ¢ 


MID-CHAPTER 5 QUIZ 


. Convert. 


3 
a. 105° to radians b. an radians to degrees 


. Find the exact length of an arc that subtends a central angle of 


150° in a circle with a radius of 4 feet. 


. Each wheel on a bicycle has a radius of 12.5 inches. The 


wheels are rotating at 3 revolutions per second. Find the speed 
of the bicycle to the nearest mile per hour. 


. Find the value of the six trigonometric functions of @ for the 


triangle shown below. 


: 957 7 
. Find the exact value of sin? : + tan? 6 


. Given 6 = 240), find the measure of its reference angle 0’. 


. Find the exact value. 


a. cos 480° b. tan els 


8. From a point 54.0 feet from the base of a flagpole, the angle of 
elevation to the top of the flagpole is 68.5°. Find the height of 
the flagpole. 


11 
9. Let W be the wrapping function. Evaluate w( 42). 


7 
10. Write sec ¢ in terms of tan ¢, given that0 <t< 2 
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SECTION 5.5 Graphs of the Sine and Cosine Functions 


Graph of the Sine Function 
Graph of the Cosine Function 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A35. 


PS1. “4 Estimate, to the nearest tenth, sin a [5.4] 


5 
PS2. Ce) Estimate, to the nearest tenth, cos re [5.4] 
ol 


coo 
PS3. Explain how to use the graph of y = f(x) to produce the graph of y = —f(x). [2.5] 


PS4. Explain how to use the graph of y = f(x) to produce the graph of y = f(2x). [2.5] 


PS5. Simplify: oe [P5] 


PS6. Simplify: ae [P5] 


® Graph of the Sine Function 


The trigonometric functions can be graphed on a rectangular coordinate system by plot- 
ting the points whose coordinates belong to the function. We begin with the graph of the 
sine function. 

Table 5.7 lists some ordered pairs (x, y)of the graph of y = sin x for0 = x S 27. 


Table 5.7 Ordered Pairs of the Graph of y = sin x 


In Figure 5.62, the points from the table are plotted and a smooth curve is drawn 
through the points. We could use decimal approximations for 7 on the x-axis, but it 
is more convenient to simply label the tick marks on the x-axis in terms of 7. Note: 


3 
The y-value = = 0.87. 


BY 


y=sinx,0 =x = 27 


Figure 5.62 
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Because the domain of the sine function is the real numbers and the period is 277, the graph 
of y = sin x is drawn by repeating the portion shown in Figure 5.62. Any part of the graph that 
corresponds to one period (277) is one cycle of the graph of y = sin x (see Figure 5.63). 


The Graph of y = sin x 


Basic Properties 


= Domain: All real numbers 


= Range: {y|-1 =y = I} 


a Period: 277 


= Symmetry: With respect to the origin 


Figure 5.63 = x-intercepts: At multiples of 7 


The maximum value M reached by sin x is 1, and the minimum value m is —1. The 
amplitude of the graph of y = sin x is given by 


1 
Amplitude = at — m) 


Question * What is the amplitude of y = sin x? 


Recall that the graph of y = a + f(x) is obtained by stretching (|a| > 1) or shrinking 
(0 < |a| < 1) the graph of y = f(x). Figure 5.64 shows the graph of y = 3 sin x that was 
drawn by stretching the graph of y = sin x. The amplitude of y = 3 sin x is 3 because 


Figure 5.64 
: 1 1 
Study tip Amplitude = 5 (M— m) = [3 — (-3)] =3 
The amplitude is defined to be . . : : _ 
half ihe difference between the Note that for y = sinx and y = 3 sin x, the amplitude of the graph is the coefficient of 
maximum height and the mini- sin x. This suggests the following theorem. 


mum height. It may not be equal 
to the maximum height. For exam- 
ple, the graph of y = 4 + sin x has 
a maximum height of 5 and an 
amplitude of 1. 


EXAMPLE 1_ Graph y = asin x 


Graph: y = —2 sinx 


Solution 
The amplitude of y = —2 sin x is 2. The graph 
of y = —f(x) is a reflection across the x-axis of 


y = f(x). Thus the graph of y = —2 sinx isa 
reflection across the x-axis of y = 2 sin x. 


y=-2 sinx 


H Try Exercise 22, page 479 


1 1 
Answer ¢ Amplitude = 5 (M m) = 5 ll (-1)] = 


y=sinx 
1+ 


y=sin 2x 


Figure 5.65 


Figure 5.66 


BY 


y = sinax 


Figure 5.67 
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The graphs of y = sin x and y = sin 2x are shown in Figure 5.65. Because one cycle 
of the graph of y = sin 2x is completed in an interval of length 77, the period of y = sin 2x 
iS 77. 

The graphs of y = sinx and y = sin are shown in Figure 5.66. Because one 
cycle of the graph of y = sin is completed in an interval of length 477, the period 
of y = sin sis Aa. 

Generalizing the last two examples, one cycle of y = sin bx, b > 0, is completed as 
bx varies from 0 to 27r. Therefore, 


2 
The length of the interval, == is the period of y = sin bx. Now we consider the 


case when the coefficient of x is negative. If b > 0, then using the fact that the sine 
function is an odd function, we have y = sin(—bx) = —sin bx, and thus the period 


2 
is still i This gives the following theorem. 


Period of y = sin bx 


2 
The period of y = sin bx is —. 


[>| 


Table 5.8 gives the amplitude and period of several sine functions. 


Table 5.8 
y=asinbx | y=3sin(—2x)| y= sin y= 2 sin 
lal Bl =3 il |-2| = 
a oT pie ag ane a 
ia e 3" 3/43 


EXAMPLE 2 Graph y = sin bx 


Graph: y = sin 7x 


Solution 
: . 27 2a 
Amplitude = 1 Period = —- = — = 2 °b=7 
jo) 7 
The graph is sketched in Figure 5.67. 


@ Try Exercise 32, page 480 
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y = asin bx 


Figure 5.68 


ola 
vars sin 3 
Figure 5.69 


Figure 5.68 shows the graph of y = a sin bx for both a and b positive. Note from the 
graph the following properties of the function y = a sin bx. 


= The amplitude is a. 
2 

= The period is 7 
2a T 2a 

= ForOSxs >? the zeros are 0, —, and —. 


b b 


: : 7 
= The maximum value is a when x = Th 


3 
= The minimum value is —a when x = oe 


= Ifa < 0, the graph is reflected across the x-axis. 


EXAMPLE 3_ Graph y = asin bx 


1 
Graph: y = => sin 
Solution 
1 1 27 1 
Amplitude = |-4] = 3 Period = —— = 67 "b= — 
: 2] 2 i173 3 
‘ . 7 27 
The zeros in the interval 0 = x = 67 are 0, 3 = 377, and 1/3 = 677, so the graph 


1 
has x-intercepts at (0, 0), (377, 0), and (677, 0). Because “5 < 0, the graph is the graph 


1 ote 
ofy = 3 sin ; reflected across the x-axis, as shown in Figure 5.69. 


Try Exercise 40, page 480 


® Graph of the Cosine Function 


Table 5.9 lists some ordered pairs (x, y) of the graph of y = cosx for0 = x S 27. 


Table 5.9 Ordered Pairs of the Graph of y = cos x 


aw | a | w| Qa Sar Tt Av | 3a | 57 | Illa 
0 7 20 
6:..) 3: 21-3 6 6 3 2 3 6 
1 1 1 1 
; V3 ‘ V3 ‘ V3 ot 2 v3 j 
2 |2 2 2 2: 2 2 2 


In Figure 5.70, the points from the table are plotted and a smooth curve is drawn 
through the points. 
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Va 


BY 


y=cosx,0 =x = 27 


Figure 5.70 


Because the domain of y = cosx is the real numbers and the period is 27, the 
graph of y = cos x is drawn by repeating the portion shown in Figure 5.70. Any part of 
the graph corresponding to one period (27r) is one cycle of y = cos x (see Figure 5.71). 


Basic Properties 


= Domain: All real numbers 


= Range: {)|-1 = y = 1} 
a Period: 27 
= Symmetry: With respect to the y-axis 


= x-intercepts: At odd multiples of - 


Figure 5.71 


The following two theorems concerning cosine functions can be developed using methods 
that are analogous to those we used to determine the amplitude and period of a sine function. 


Amplitude of y = acos x 
The amplitude of y = a cos x is |a|. 


Period of y = cos bx 


The period of y = cos bx i oo 


Table 5.10 gives the amplitude and period of some cosine functions. 


Table 5.10 
Function y = acos bx y = 2 cos 3x y = —3 cos = 
Amplitude la 2) =2 |-3| = 3 
Period an al ae 
—— —— ga oT 
|p| 3 2/3 
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EXAMPLE 4 Graph y = cos bx 


27 
Graph: y = cos a" 


Solution 


wr 2 
Amplitude =1 Period === =3 «p= 
|p| 27/3 3 


The graph is shown in Figure 5.72. 


@ Try Exercise 34, page 480 


2a 
y = cos x 
: 3 


Figure 5.73 shows the graph of y = a cos bx for both a and b positive. Note from the 


Fi 5.72 : i i 
ae graph the following properties of the function y = a cos bx. yh 


= The amplitude is a. 


2 
= The period is s 


F 0 = = h nd . 
a I the zeros are a L 
10) x > 


= The maximum value is a when x = 0. 


= : 7 
= The minimum value is —a when x = 5. 


= Ifa < 0, then the graph is reflected across the x-axis. y = acos bx 
Figure 5.73 


y+ EXAMPLE 5 Graph a Cosine Function 


TX 
Graph: y = —2 cos a 


Solution 
2 
Amplitude = |-2|=2 Period =—-=8 +=" 
[7/4] ? 
: : 7 377 
The zeros in the interval 0 = x = 8 are = 2 and = 6, so the graph has 
= 27/4 27/4 ae 
RAS x-intercepts at (2, 0) and (6, 0). Because —2 < 0, the graph is the graph of y = 2 cos a 
Figure 5.74 reflected across the x-axis, as shown in Figure 5.74. 


Try Exercise 48, page 480 


EXAMPLE 6 Graph the Absolute Value of the Cosine Function 


Graph y = |cos x , Where 0 = x S 27. 


Solution 


Because |cos x| = 0, the graph of y = |cos x| is drawn by reflecting the negative portion 
of the graph of y = cos x across the x-axis. The graph is the one shown in purple and 
light blue in Figure 5.75. The graph of y = |cos x| does not include the portion of the 
OS red graph that lies below the x-axis. 


Figure 5.75 @ Try Exercise 54, page 480 
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In Example 7 we determine an equation for a given graph. 


EXAMPLE 7 Find an Equation of a Graph 


The graph at the right shows one cycle of the graph Ys 
of a sine or cosine function. Find an equation for the 
graph. 


Solution 


Because the graph obtains its maximum value at 
x = 0, start with an equation of the form y = a cos bx. 
The graph completes one cycle in 6 units. Thus the 


—2+ 


er : 21 . 
period is 6. Use the equation 6 = tl to determine b. 
27 
6 = —_ 
[2] 
6|5| = 27 * Multiply each side by |]. 
7 
|b] = 3 * Divide each side by 6. 
base 
3 


We can use either 5 or — as the } value. The graph has a maximum height of 
2 and a minimum height of —2. Thus the amplitude is a = 2. 


Substituting 2 for a and a for b in y = acos bx produces y = 2 cos a 


# Try Exercise 60, page 480 


HY 


EXERCISE SET 5.5 


In Exercises 1 to 18, state the amplitude and period 
of the function defined by each equation. 


1 


11. 


.y=2sinx 
. y = sin 2x 
ae 
y=, sin 2a 
y= rain 
2 
1 
pa ee 
x 
y = 0087 


7X 1 
13. y = 2 cos — 14. y = —cos 27x 
3 2 
2 aed Is. y= -3 cal 16 =2 4 
.y 5 .y cos = y= {cos de 
4, oe an 17. y = 4.7 sin 0.87t 18. y = 2.3 cos 0.005zt 
3 
oy WX In Exercises 19 to 56, graph one full period of the 
6. y = 2 sin — . 5 
3 function defined by each equation. 
6 yes Se 19 y= =a 20, »=2 
.y 7 in, .y oo .y pe 
3. 
10. y = —3 cosx 21. y = 3cosx a22, y= —, sinx 
7 . 
12. y = cos 3x 23. 24. y = 3sinx 
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25. 
27. 


29. 


31. 


33. 


35. 


37. 


39. 


41. 


43. 


45. 


47. 


49. 


31. 


53. 


55. 


y = —4sinx 
y = cos 3x 
. 3x 
= sin — 
y= si, 
7 

y = cos—x 


2 


y = sin 27x 


x 

= 4cos — 

y cos 5 
x 
= —2 cos = 
y cos 3 
y = 2sin 7x 


See 
20° 

21x 
= 4sin — 
y ae 
y = 2 os 2x 


y = —2 sin 1.5x 


a 
y= sin 5 
y= |—2 cos 32 

- fs 
y= sin, 
y= —|3 cos 77x| 


26. y = —Scosx 


28. y = sin 4x 


30. y = cos 7x 


3 
m32. y= sin x 


m 34. y = cos 37x 


36. vy = 2 cos — 


4 
38. y= oe 


1. 7x 

040. y = —sin— 
2 3 
7X 
42. y = cos — 
3 

37x 

44. $= SCOR 


ee 2 
~y 7 8 5 
nee 
054. y = —|3 sin— 
3 

WX 


56. y= -|2 cos 


In Exercises 57 to 62, one cycle of the graph of a sine or 
cosine function is shown. Find an equation of each graph. 


37. 


YA 


58. 5, 


63. Model a Sound Wave The following oscilloscope screen 
displays the signal generated by the sound of a tuning fork dur- 
ing a time span of 8 milliseconds. 


a. Write an equation of the form V = a sin bt that models the 
signal, where V is in volts and ¢ is in milliseconds. 


b. The frequency of a sound wave is defined as the reciprocal 
of the period of the sound wave. What is the frequency of 
the sound wave that produced the signal shown above? 
State your answer in cycles per millisecond. 


64. Model a Sound Wave The following oscilloscope screen 
displays the signal generated by the sound of a tuning fork dur- 
ing a time span of 5 milliseconds. 


a. Write an equation of the form V = a sin bt that models the 
signal, where V is in volts and ¢ is in milliseconds. 


b. What is the frequency of the sound wave that produced the 
signal shown above? (Hint: See Exercise 63b.) State your 
answer in cycles per millisecond. 


In Exercises 65 to 68, sketch the graph for each equation. 
2. 
65. y= 2 sin = ~30 <x < 6m. 


3 
66. y= -3 cos —27 =x = 4. 


x 
67. y, = 2 cos 5 and ys = 2cosx on the same set of axes for 
-2n =x=s40 


: _ WX 
68. y,; = sin 37x andy, = _, on the same set of axes for 


—2sxs4 


fe In Exercises 69 to 72, use a graphing utility to graph 
each function. 


1 1 
69. y= 5xsinx 70. a + sinx 


71. y = —x cos x 72. y = —x + cosx 


73. 3 Maximum and Minimum Value Graph y = e"* What 
* is the maximum value of e*”*? What is the minimum value 
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of e"*? Ts the function defined by y = e*"* a periodic func- 
tion? If so, what is the period? 


74. & Maximum and Minimum Value Graph y = e°°°*. What 

* is the maximum value of e°°°*? What is the minimum 

value of e“°**? Is the function defined by y = e°** a periodic 
function? If so, what is the period? 


In Exercises 75 to 77, write an equation for a sine 
function using the given information. 


75. Amplitude = 2, period = 37 
76. Amplitude = 4, period = 2 
77. Amplitude = 2.5, period = 3.2 


In Exercises 78 to 80, write an equation for a cosine 
function using the given information. 


78. Amplitude = 3, period = . 


79. Amplitude = 3, period = 2.5 
80. Amplitude = 4.2, period = 1 


SECTION 5.6 _ Graphs of the Other Trigonometric Functions 


Graph of the Tangent Function 
Graph of the Cotangent 


Function ; on page A36. 
Graph of the Cosecant Function 
Graph of the Secant Function Psi. 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 


. 7 
Estimate, to the nearest tenth, a [5.4] 


7 
PS2. [& Estimate, to the nearest tenth, cot. [5.4] 


PS3. Explain how to use the graph of y = f(x) to produce the graph of y = 2f(x). [2.5] 


PS4. Explain how to use the graph of y = f(x) to produce the graph of 
y= f(x — 2) + 3. [2.5] 


PSS. Simplify: 70) 
PS6. Simplify: Tae 
Hi 


[P5] 


[P.1/P5] 


® Graph of the Tangent Function 


Table 5.11 lists some ordered pairs (x, v) of the graph of y = tanx for0 = x < = 
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Table 5.11 Ordered Pairs of the Graph of y = tan x,0 = x < 5 
L ro] = us m Sa = 
a 12 6 4 3 12 D 


V3 
y=tanx  0| © 0.27 ao 0.58 | 1 | V3 1.73 | © 3.7 | Undefined 


Gererer In Figure 5.76, the points from the table are plotted and a smooth curve is drawn 
= TO REVIEW 7 


through the points. Notice that as x increases on [o, =) y = tan x increases on [0, 00). 
Concept of a Vertical 
Asymptote 
See page 310. 


The y values increase slowly at first and then more rapidly as x > a from the left. The line 
given by x = 5 is a vertical asymptote of the graph. 


Because the tangent function is an odd function, its graph is symmetric with respect 
to the origin. We have used this property to produce the graph of y = tanx for 


7 7 a 
= ae ae 2 shown in Figure 5.77. 


Vertical asymptote 


Tt 
x=-= 


2 24 


BY 
BY 


Nlay—---------—- 


\ 
| 
| 
| 
I 
| 
| 
| 

ws 

2 
] 
| 
| 
\ 
| 
| 
| 
\ 


! I 
l 
. /\ /\ 
i Vertical asymptote Vertical asymptote 
=f + it -44+ T 
x= | xa 
2 | x 2 
7 7 7 
y=tanx0=xs= — y =tanx,-~<x<— 
2 2 2 
Figure 5.76 Figure 5.77 


Recall from Section 5.4 that the period of y = tan x is 7. Thus a complete graph of 
y = tan x can be produced by replicating the graph in Figure 5.77 to the right and left, as 
shown in Figure 5.78. 
The Graph of y = tan x 
Basic Properties 
= Domain: All real numbers except odd multiples of = 
= Range: All real numbers 


a Period: 77 


= Symmetry: With respect to the origin 


= x-intercepts: At multiples of 7 


= Vertical asymptotes: At odd multiples of = 


—--------Nla 
=-------N(9t+ 


= Key points: (2 + ka, 1) and (-2 + ka, -1) 


where & is an integer 


Figure 5.78 


Saae esata + 


Figure 5.79 
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Because the tangent function is unbounded, it has no amplitude. The graph of 
y =atanx can be drawn by stretching (|a| > 1) or shrinking (|a| < 1) the graph 
of y = tan x. Figure 5.79 shows the graph of three tangent functions. Because the point 


(Z, 1) is on the graph of y = tan x, we can see that the point (Z, a) must be on the 
graph of y = a tanx. 


EXAMPLE 1 Graph y = a tan x 


1 
Graph one period of the function y = ei tan x. 


Solution 

The graph of y = 3 tan x can be produced by shrinking the graph of y = tan x toward 
1 

the x-axis by a factor of 3° The point (Z, 1 } is on the graph of y = tan x. Thus we 


1 1 
know that (= 1) is on the graph of y = 3 tan x. 


| 
—-----—-—-Niat+———-—-—----- 


m Try Exercise 24, page 489 


The period of y = tanx is 7, and the graph completes one cycle on the interval 
== <x< 5 The period of y = tanbx (b > 0) is - The graph of y = tan bx 
7 7 
let 1 the interval | ——, — ]. 
completes one cycle on the interva Db? Db 


Period of y = tan bx 


T 


2 


The period of y = tan bx is 


Question © What is the period of the graph of y = tan 7x? 


Answer ® Tot KH 1. 
jo] 7 
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Figure 5.80 shows one cycle of the graph of y = a tan bx for both a and b positive. 
Note from the graph the following properties of the function y = a tan bx. 
: . 
= The period is a 
= x = Ois a zero. 


T T 
= The graph passes through (-= -a) and (= 1). 


= Ifa < 0, the graph is reflected across the x-axis. 


ay 


In Example 2 we graph a function of the form y = a tan bx. 


S| Seececeeh |S Sees eosose 


b. <x< 
y tal ; 
y = atan bx b x 


Figure 5.80 


EXAMPLE 2. Graph y = a tan bx 


Graph one period of the function y = 2 tan 


Solution ; 
x 

The function y = 2 tan a is of the form y = a tan bx, witha = 2andb = 2 The 

i = ae = 27. Thus one period of the graph will be displayed on 

any interval of length 277. In the graph below, we have chosen to sketch the function over 


period is given by 


the interval —7 < x < a. The graph passes through ( 7 a) ( rae 2) = 


(-2, -2) and ( a .2) = ( : .2) = (Z, 2). The function has a zero at 
2 4b 4(1/2) 2 


x = 0, so the graph has an x-intercept at (0, 0). 


=2tan = 
y any 


| 


---------a 


@ Try Exercise 32, page 489 


® Graph of the Cotangent Function 


A graph of the cotangent function y = cot x is shown in Figure 5.81. Notice that its graph 
is similar to the graph of y = tan x in that it has a period of 7 and is symmetric with 
respect to the origin. 


The Graph of y = cot x 
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Basic Properties 
= Domain: All real numbers except multiples of 7 
= Range: All real numbers 


a Period: 7 


oe ae eo 


Figure 5.81 


ay 


y=2cot a 


Figure 5.82 


-------o|a 


7 
y= acot bx,0< x < 


Figure 5.83 


= Symmetry: With respect to the origin 
= x-intercepts: At odd multiples of 5 
= Vertical asymptotes: At multiples of 7 


= Key points: 24 kar, 1) and (-2 + ka, -1), 
: 4 
where k is 
an integer 


The graph of y = a cot x is drawn by stretching (\a| > 1) or shrinking (|a| < 1) the 
graph of y = cotx. The graph is reflected across the x-axis when a < 0. Figure 5.82 
shows the graphs of two cotangent functions. 


The period of y = cot x is 7, and the period of y = cot bx is =e 


2 


. One cycle of 


the graph of y = cot bx is completed on the interval | 0, : 


Period of y = cot bx 


T 


A 


Figure 5.83 shows one cycle of the graph of y = a cot bx for both a and 5 positive. 
Note from the graph the following properties of the function y = a cot bx. 


The period of y = cot bx is 


= The period is 7 
7, 
ax= 3p 18 a ZeF0. 
7 37 
= The graph passes through (=, a) and (=, -a). 
= Ifa < 0, the graph is reflected across the x-axis. 


In Example 3 we graph a function of the form y = a cot bx. 


EXAMPLE 3 Graph y = a cot bx 


Graph one period of the function y = 2 cot a 


Solution : 
The function y = 2 cot : is of the form y = a cot bx, witha = 2andb = 3° The period 


7 7 


is given by 377. Thus one period of the graph will be displayed on any 


[>| 1/3 (continued) | 
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interval of length 3 zr. In the graph below, we have chosen to sketch the function over the 


. 3 
interval 0 < x < 37. The graph passes through ( us ) = ( ud 2) = ( =. 2) 


4b? 4(1/3)’ 4 
(= ) ( ae 2) (= 2) The graph h intercept at 
nd | —,-a} = —2)= : ‘ 
a 4b ‘i a 4(1/3) ; 4 > e€ grap as an x-intercept ai 
7 7 3 


on ay 2 


3n * 
a9 4 } 
I 
I 
I 
yee | 
| 
| 
@ Try Exercise 34, page 489 
® Graph of the Cosecant Function 
1 
Because csc x = ——,, the value of csc x is the reciprocal of the value of sin x. Therefore, 
x 


csc x is undefined when sin x = 0 or when x = ka, where k is an integer. The graph of 
y = csc x has vertical asymptotes at k7r. Because y = csc x has period 277, the graph will 
be repeated along the x-axis every 27 units. A graph of y = csc x is shown in Figure 5.84. 

The graph of y = sin x is also shown in Figure 5.84. Note the relationships among the 
x-intercepts of y = sin x and the asymptotes of y = csc x. 


The Graph of y = csc x 

Basic Properties 

= Domain: All real numbers except multiples of 7 
= Range: {y|y = 1,y = -1} 

= Period: 277 


= Symmetry: With respect to the origin 


= x-intercepts: None 


= Vertical asymptotes: At multiples of 7 


= Reciprocal relationship: If (x, vy), vy 4 0, is a point 
; on the graph of y = sin x, then (x, 1/y) is a corres- 
igure 384 ponding point on the graph of y = csc x 


Qa 
y = acse bx,0 <x << — 


b 
Figure 5.85 
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Figure 5.85 shows one cycle of the graph of y = a csc bx for both a and 5 positive. 
Note from the graph the following properties of the function y = a csc bx. 


2 
The period is ss 


The vertical asymptotes of y = a csc bx are located at the zeros of y = asin bx. 


7 30 
The graph passes through (= a) and (= -a) 


If a < 0, then the graph is reflected across the x-axis. 


One procedure for graphing y = a csc bx is to begin by graphing y = a sin bx. For 
instance, in Figure 5.86, we have used the graph of y = 2 sin 4x to produce the graph of 
y = 2 csc 4x. Observe that 


= The vertical asymptotes of the graph of the cosecant function pass through the 
x-intercepts of the graph of the sine function. 

= The maximum values of the sine function are the relative minimum values of the 
cosecant function, and the minimum values of the sine function are the relative 
maximum values of the cosecant function. 


y=2 esc 4x 


the sine function 
is a relative 
minimum on the 
cosecant function. 


| 

7 | 
Amaximumon | 
| 

| 


\ 
T 5n 
8 
A minimum on 
the sine function —! 
is a relative 
maximum onthe — | 
cosecant function. 


HY 


1 
------4- 41a 


Figure 5.86 


EXAMPLE 4 Graph y = acsc bx 


Graph one complete period of y = 2 csc a 


Solution 
: _ Wx 
Graph one period of y = 2 sin = and draw 
vertical asymptotes through the x-intercepts. 
Use the asymptotes as guides to draw the cosecant 


: ; . 1X 
function. The maximum values of y = 2 sin-— 


: aed TX 
are the relative minimum values of y = 2 csc >? 


_. . WX 
and the minimum values of y = 2 sin a are the 


: ci TX 
relative maximum values of y = 2 csc a 


@ Try Exercise 40, page 489 
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® Graph of the Secant Function 


1 : : 
Because sec x = ——, the value of sec x is the reciprocal of the value of cos x. Therefore, 
cos x 


sec x is undefined when cos x = 0 or when x = o + ka, where kis an integer. The graph 


‘ 7 ; 
of y = sec x has vertical asymptotes at > + ki. Because y = secx has period 277, the 


graph will be replicated along the x-axis every 27 units. A graph of y = sec x is shown 
in Figure 5.87. 

The graph of y = cos x is also shown in Figure 5.87. Note the relationships among 
the x-intercepts of y = cos x and the asymptotes of y = sec x. 


The Graph of y = sec x 

Basic Properties 

= Domain: All real numbers except odd multiples of 
= Range: {y|y = l,y = —1} 


Period: 277 


Symmetry: With respect to the y-axis 


x-intercepts: None 


Vertical asymptotes: At odd multiples of - 


Reciprocal relationship: If (x, y), vy # 0, is a point on 
the graph of y = cos x, then (x, 1/y) is a corresponding 
Figure 5.87 point on the graph of y = sec x 


The procedure for graphing y = a sec bx is analogous to the procedure used to graph 
cosecant functions. First, graph y = a cos bx to determine its x-intercepts and its maximum 
and minimum points. 


= The vertical asymptotes of the graph of the secant function pass through the x-intercepts 
of the graph of the cosine function. 
= The maximum values of the cosine function are the relative minimum values of the 
: secant function, and the minimum values of the cosine function are the relative 
maximum values of the secant function. 


Figure 5.88 shows one cycle of the graph of y = asec bx for both a and 5 positive. 
Note from the graph the following properties of the function y = a sec bx. 


™ Tt 3K 2n. * on 
vi b gg b = The period is rs 
I | 
-a4 I | 3 s 
“ ! a ! = The vertical asymptotes of y = a sec bx are located at the x-intercepts of y = a cos bx. 
I | 
l I 


2 
= The graph passes through (0, a), (z, -a), and (# 2). 


27 
y = asec bx,0 < x < — 


b 
Figure 5.88 = Ifa < 0, then the graph is reflected across the x-axis. 
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EXAMPLE 5 Graph y = a sec bx 


Graph: y = —3 secs 


Solution 
x ; 
First sketch the graph of y = —3 cos and draw vertical asymptotes through the 


BY 


x-intercepts. Now sketch the graph of y = —3 sec using the asymptotes as guides 
for the graph, as shown in Figure 5.89. 


@ Try Exercise 44, page 489 


Figure 5.89 


EXERCISE SET 5.6 


In Exercises 1 to 4, determine the values of x for which 40 w= ak or a0; = ceex 
the given function is undefined. “——s ne 
1. y= fanz 2 COX 31. y = 2tan> 032. y = —3 tan 3x 


3. y = secx 


4. y = cscx 


33 3 cot~ 
; = =) COL 
- 2 


1 
a34. y= i cokes 


In Exercises 5 to 22, state the period of each function. 


x 3 
5. y = secx 6. y = cotx 7. y= tanx 35. y= = 36. y = 7 ese 3x 
x 1 l 2x 
8. y = cscx aS 10. = cote 37. y = 5 sec 2x 38. y = —3 seo 
x 1X 
11. y = csc 3x 12. 9 Sse 39. y = —2 sec 7x at POSE 5: 
2x 1 7X 
13. y = —tan 3x 14. y = —3 cot > 41. y = 3 tan 27x 42. y= as 
x 1 
15. y= 3 se 16. y=- aoe 2x 
In Exercises 43 to 50, graph each function. 
17. y = cot 7x 18. y= cot 43. y = 2 csc 3x from —277 to 27 
x 
19. y = 0.5 tan (=) 20. y = 1.6 cot (S.) a i ie 
i. 45. y = 3 sec mx from —2 to 4 
21. y = 2.4 —t 22. y = 4. ——¢ 
: i (+ ) ESR (= ) 


46. y = csc . from —4 to 4 


In Exercises 23 to 42, sketch one full period of the graph 


af each function. 47. y = 2 cot 2x from —7 to 7 


1 1 
23. y = 3 tanx 024. y= qe 48. y= 5 tan 5 from —4 to 4a 
3 
2D = 5 os 26. y = 4cotx 49. y = 3 tan 7x from —2 to 2 
3 TX 
27. y = 2 secx 28. y = 7 sex 50. y = cot > from —4 to 4 
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In Exercises 51 to 56, each blue graph displays one 
cycle of the graph of a trigonometric function. Find 
an equation of each blue graph. 


51. ya 52. 


53. 


55. 


ee In Exercises 57 to 60, graph each equation. 


57. y = tan |x| 58. y = sec |x| 


lcot x| 


ll 


59. y= lcsc x| 60. y 


61. B Rocket Launch An observer is 1.4 miles from the launch 
~* pad of a rocket. The rocket is launched upward as shown in 
the following figure. 


Observer 


a. Write the height /, in miles, of the rocket as a function of the 
angle of elevation x. 


b. Write the distance d, in miles, from the observer to the rocket 
as a function of angle x. 


c. Graph both functions in the same viewing window with 
Xmin = 0, Xmax = 7/2, Ymin = 0, and Ymax = 20. 


d. Describe the relationship between the graphs in c. 


62. Aviation A helicopter maintains an elevation of 3.5 miles and 
is flying toward a control tower. The angle of elevation from the 
tower to the helicopter is x radians. 


a. Write the distance d, in miles, between the tower and the heli- 
copter as a function of x. 


b. Find d when x = 1| and x = 1.2. Round to the nearest hun- 
dredth of a mile. 


In Exercises 63 to 70, write an equation of the form 
y = tan bx, y = cot bx, y = sec bx, or y = csc bx that 
satisfies the given conditions. 


63. Tangent, period a 64. Cotangent, period . 


3 5 
65. Secant, period a 66. Cosecant, period = 


67. Cotangent, period 2 68. Tangent, period 0.5 


69. Cosecant, period 1.5 70. Secant, period 3 
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SECTION 5.7 | Graphing Techniques 


Translations of Trigonometric 
Functions 


Addition of Ordinates 
The Damping Factor 


Translations of Graphs 
See page 217. 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A37. 


PS1. Find the amplitude and period of the graph of y = 2 sin 2x. [5.5] 
2 
PS2. Find the amplitude and period of the graph of y = 3 cos = [5.5] 


PS3. Find the amplitude and period of the graph of y = —4 sin 27x. [5.5] 
PS4. What is the maximum value of f(x) = 2 sin x? [5.5] 
PS5. What is the minimum value of f(x) = 3 cos 2x? [5.5] 


PS6. Is the graph of f(x) = cos x symmetric with respect to the origin or with respect 
to the y-axis? [5.4] 


® Translations of Trigonometric Functions 


Recall that the graph of y = f(x) + cisa vertical translation of the graph of y = f(x). For 
c > 0, the graph of y = f(x) — cis the graph of y = f(x) shifted c units down; the graph 
of y = f(x) + c is the graph of y = f(x) shifted c units up. The graph in Figure 5.90 is 
a graph of the equation y = 2 sin 7x — 3, which is a vertical translation of y = 2 sin 7x 
down 3 units. Note that subtracting 3 from y = 2 sin zx changes neither its amplitude nor 
its period. 

Also, the graph of y = f(x + c) is a horizontal translation of the graph of y = f(x). 
For c > 0, the graph of y = f(x — c) is the graph of y = f(x) shifted c units to the right; 
the graph of y = f(x + c) is the graph of y = f(x) shifted c units to the left. The graph 


in Figure 5.91 is a graph of the equation y = 2 sin| x — 7 , which is the graph of y = 2 sin x 
translated x units to the right. Note that neither the period nor the amplitude is affected. 


The horizontal shift of the graph of a trigonometric function is called its phase shift. 


y=2sin tx 


BY 


y=2 sin mx -—3 
Figure 5.90 Figure 5.91 


y=2sinx ree 


Because one cycle of y = asinx is completed for 0 = x = 27, one cycle of the 
graph of y = asin(bx + c), where b > 0, is completed for 0 = bx + c S 27. Solving 
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y=3cos(2x+ a 


Figure 5.92 


this inequality for x, we have 
Os bx+csS2ar 
-c= bx = -c+ 27 
c c. 2 
a eee ee 
b b 6b 
The number =e is the phase shift for y = asin(bx + c). The graph of the equation 


y = asin(bx + c) is the graph of y = asin bx shifted = units horizontally. Similar 
arguments apply to the remaining trigonometric functions. 


The Graphs of y = a sin(bx + c) and y = a cos(bx + c) 


The graphs of y = asin(bx + c) and y = acos(bx + c), have 


2 
Amplitude: |a| Period: — Phase shift: —< 


I b 
To graph y = a sin(bx + c), shift the graph of y = a sin bx horizontally — 5 units. 


To graph y = acos(bx + c), shift the graph of y = a cos bx horizontally — : units. 


Question ¢ What is the phase shift of the graph of y = 3 sin( $s = 2 
EXAMPLE 1 Graph by Using a Translation 
T 

Graph: y = 3 cos( 22 + =) 
Solution 

ae 7/3 7 
The phase shift is — b == 5 =— a The graph of the equation y = 3 cos| 2x + 3 
is the graph of y = 3 cos 2x shifted : units to the left, as shown in Figure 5.92. 
@ Try Exercise 20, page 497 


The Graphs of y = a tan(bx + c) and y = acot(bx + c) 


The graphs of y = a tan(bx + c) and y = acot(bx + c) have 


Period: ae Phase shift: — - 
[2 b 


To graph y = a tan(bx + c), shift the graph of y = a tan bx horizontally — ; units. 


To graph y = acot(bx + c), shift the graph of y = a cot bx horizontally — : units. 


7 
Answer ® 3" 


BY 


‘A 
y=2 cot (3x) 


Figure 5.93 


Figure 5.94 


y=-2 cos (nx +5) +1 


Figure 5.95 


y=-2 cos tx 
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EXAMPLE 2. Graph by Using a Translation 


Graph one period of the function y = 2 cot(3x — 2). 


Solution 
The phase shift is 


Sa © Oe 2 Se (= 2) 


2 
The graph of y = 2 cot(3x — 2) is the graph of y = 2 cot(3x) shifted 3 unit to the 
right, as shown in Figure 5.93. 


@ Try Exercise 22, page 497 


In Example 3 we use both a horizontal translation and a vertical translation to graph 
a function of the form y = a sin(bx + c) + d. 


EXAMPLE 3 Graph y = a sin(bx + c) + d 


1, 7 
Graph: y = 5 sin ar =) 


Solution 


oe The vertical shift is 2 units down. 


The phase shift is — : => 


1 1 
The graph of y = 5 sin( x = =) — 2 is the graph of y = > sin x shifted Zz units to 


the right and 2 units down, as shown in Figure 5.94. 


@ Try Exercise 40, page 497 


In Example 4 we use both a horizontal translation and a vertical translation to graph 
a function of the form y = acos(bx + c) + d. 


EXAMPLE 4 Graph y = a cos(bx + c) +d 


Graph: y = —2 cos( + =) +1 


Solution 
gee @. TR _ 1 _ 
The phase shift is —-— = — aie, The vertical shift is 1 unit up. The graph of 


1 
y=-2 cos( x + =) + 1 is the graph of y = —2 cos 7x shifted > unit to the left 


and | unit up, as shown in Figure 5.95. 


@ Try Exercise 42, page 497 
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The following application involves a function of the form y = cos(bx + c) + d. 


EXAMPLE 5 A Mathematical Model of a Patient’s Blood Pressure 


os 


20-second interval. 


a. 


b. Graph one period of bp. 
c. What are the patient’s maximum (sysfolic) and minimum (diastolic) blood pressure 
readings during the given time interval? 
d. What is the patient’s pulse rate in beats per minute? 
Solution 
(-3) 
: c 3 
a. Phase shift = -— = -~—___ = 0.1 
b ( Wr) 
3 
2 2 
Period = —~ = ——— = 0.6 second 
|p| ( nr) 
3 
. 107 : : 
b. The graph of bp is the graph of y, = 32 cos “4° shifted one tenth of a unit 
. 107 7T\. ; 
to the right, shown by yy = 32 cos ea aa in the graph below, and 112 units 
upward. 
ry 
Time in seconds 
. 107 7 : sk 
c. The function y, = 32 cos “3 a has a maximum of 32 and a minimum 


10 
The function bp(t) = 32 cos( 2 - =) + 112,0 = ¢ = 20, gives the 


blood pressure, in millimeters of mercury (mm Hg), of a patient during a 


Find the phase shift and the period of bp. 


of —32. Thus the patient’s maximum blood pressure is 32 + 112 = 144 mm Hg and 
the patient’s minimum blood pressure is —32 + 112 = 80 mm Hg. 


y=2 esc (2x - 


T) 


So 


Nia 


Figure 5.96 


y=2 sin(2x-n) | 
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d. From a. we know that the patient has | heartbeat every 0.6 second. Therefore, 
during the given time interval, the patient has a pulse rate of 
( 1 heartbeat ) ( 60 seeonds 
0.6 seeond” 


: ) = 100 heartbeats per minute 
1 minute 


Try Exercise 64, page 498 | 


The translation techniques used to graph sine and cosine functions can also be used to 
graph secant and cosecant functions. 


EXAMPLE 6 Graph a Cosecant Function 
Graph: y = 2 csc(2x — 7) 
Solution 


The phase shift is 2 


c — 
b 2 
is the graph of y = 2 csc 2x shifted S units to the right. Sketch the graph of the 


= _ The graph of the equation y = 2 csc(2x — 7) 


equation y = 2 sin 2x shifted S units to the right. Use this graph to draw the graph of 
y = 2 csc(2x — 77), as shown in Figure 5.96. 


@ Try Exercise 48, page 497 


® Addition of Ordinates 


Given two functions g and A, the sum of the functions is the function f defined by 
f(x) = g(x) + h(x). The graph of the sum f can be obtained by graphing g and / sepa- 
rately and then geometrically adding the y-coordinates of each function for a given value 
of x. It is convenient, when we are drawing the graph of the sum of two functions, to pick 
zeros of the functions. 


EXAMPLE 7 Graph the Sum of Two Functions 


Graph: y = x + cosx 
. y=g(x) + h(x) =x+cosx 
Solution Sm | >. 


Graph g(x) = x and A(x) = cos x on 
the same coordinate grid. Then add the 


y-coordinates geometrically point by point. 

The figure below shows the results of ae 

adding, using a ruler, the y-coordinates 2] 

of the two functions for selected values 

of x. Notice that when h(x) = cosx = 0 tr 

the graph of y intersects the graph 

of g(x) = x. cal h(x) = cos x 
2 
1 


Try Exercise 52, page 497 
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In Example 8 we graph y = sinx — cos x by geometrically adding the y values of 
selected points on the graphs of g(x) = sin x and h(x) = —cos x. 


EXAMPLE 8 _ Graph the Difference of Two Functions 


Graph y = sinx — cosx for0 = x S 27. 


y=sin x —cos x 


Solution 
Graph g(x) = sin x and A(x) = —cos x on the 1+ 
same coordinate grid. For selected values of x, 
add g(x) and h(x) geometrically. Now draw a 
smooth curve through the points. See Figure 5.97. 


g(a) = sin 


@ Try Exercise 56, page 497 Figure 5.97 


& The Damping Factor 


1 1 
The factor ha inf(x) = AX 008 x is referred to as the damping factor. In the next example 


we analyze the role of the damping factor. 


EXAMPLE 9 Graph the Product of Two Functions 


1 
ea Graph f(x) = ha cos x, x = 0, and analyze the role of the damping factor. 


Figure 5.98 SEE 

Solution 
Study tip | Figure 5.98 shows that the graph of / intersects 
Replacing the damping factor can 1 
ae 4 oe ahanae in the = the graph of y = ae for x = 0, 27, 47... * Because cos x = 1| forx = 2n7 
graph of a function. For instance, 1 
the graph of f(x) = 2° cos x = the graph of y = ——x forx = a, 37, 57... * Because cos x = —1 for 
approaches 0 as x approaches oo. 4 x= (2n-1)0 

1 : | ee) 
= the x-axis forx = -—7,=7,=7,... * Because cos x = 0 for 
2 2 2 Suis 
io — 7 
2 
ii Figure 5.98 also shows that the graph of f lies on or between the lines 
1 1 
> y= a" and = — * Because |cos x| < 1 for all x 


i fee) = Oiaaa COST 
- H Try Exercise 78, page 500 
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EXERCISE SET 5.7 


In Exercises 1 to 8, find the amplitude, phase shift, and 
period for the graph of each function. 


‘ 7 : 

lLy= 2sin( x = =) 2. y = —3 sin(x + 77) 
weer) octal 

- y = cos| 2x — 7 y= Zool 5 +5 
5 4sin(® +) P 3 (3 27) 
= —4sin{ — + — : in| — — — 

* : 6 ya N\4 4 

T 

7. y = —cos(3x — 277) 8. y= 6e0s(= - =) 


In Exercises 9 to 16, find the phase shift and the period 
for the graph of each function. 


9. y=2t (2 -7) 10 =} tn( 5 - ) 
.y an{ 2x — 7 yaa tanl > — 7 
x T 

Th yw = =3 ese( = + n) 12. y= -4 ese( 30 = =) 
13. y=2 (2 -7) a ee (i-2) 
-y sec x 8 - y sec 4 2 


15. y= -3 (5 +37) i6o=8 (2 -7) 
- y= —3 cot 7 7 “y= 5 cot| 2x — 7 


In Exercises 17 to 32, graph one full period of each 
function. 


17 = si ( = =) 18 = si ( + =) 
. sim\ x . sin| x 


19 (3 4 ) 220 (2 ) 
. = beat = . — xX — 
y cos 3 3 y cos 3 
T 
21. y= tan(« + *) m22. y = tan(x — 7) 
23. y=2 (5 = =) 4 po (3 re =) 
-y co 2 8 ~ 2 co Xx 4 
T 
25. y= see(« + =) 26. y = csc(2x + 7) 
27 (3 =) 28 (2 # =) 
5 = CsCl EB = sec x poms 
- 3 2 : 6 


32. y= 


3x 
—4cos > + 27 


In Exercises 33 to 50, graph each function by using 
translations. 


33. y= 


35. y= 


37. y= 


39. y= 
41. y= 


042. y= 


sinx + 1 34. y= -sinx + 1 
—cosx — 2 36. y= 2sinx + 3 
‘ x 

sin 2x — 2 38, y = cos, + 2 


_ (1x 
4cos(mx — 2) +1 940. y 2sin( 5 1) 2 
—sin(wx + 1) — 2 


—3 cos(27x — 3) + 1 


45. y= 


47. y= 


49. y= 


; ( =) 1 
in| x 
i a) 3 
T 
=2 cos( x + =) + 3 


tan — 4 46. y = cot2x + 3 

x 
sec 2x — 2 ae ee 
24 50. y = (s-Z)+1 
csc 5 y= secl x — | 


In Exercises 51 to 56, graph the given function by using 
the addition-of-ordinates method. 


51. y= 


53. y= 


55. y= 


: x 
x= six eee eee 

; 2x, 
x + sin 2x 54. a 
sinx + cosx a 56. y = cosx — sinx 
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In Exercises 57 to 62, each blue graph displays one 
cycle of the graph of a trigonometric function. Find 
an equation of each blue graph. 


57. ys 


1+ 


ala 
ies) 
lon 


62. 


63. 


u64. 


65. 


66. 


ys 


RY 


Retail Sales The manager of a major department store finds 
that the number of men’s suits S$, in hundreds, that the store 
sells is given by 


$= 4.1 c03(Zr— 1250) +7 


where f¢ is time measured in months, with ¢t = 0 representing 
January 1. 


a. Find the phase shift and the period of S. 
b. Graph one period of S. 


c. Use the graph from b. to determine in which month the store 
sells the most suits. 


Retail Sales The owner of a shoe store finds that the number 
of pairs of shoes S, in hundreds, that the store sells can be mod- 
eled by the function 


f= Dal “ee | 4 
7 COS\ DD” 
where f¢ is time measured in months, with ¢ = 0 representing 
January 1. 


a. Find the phase shift and the period of S. 
b. Graph one period of S. 


c. Use the graph from b. to determine in which month the 
store sells the most shoes. 


Carbon Dioxide Levels Because of seasonal changes in 
vegetation, carbon dioxide (CO,) levels, as a product of photo- 
synthesis, rise and fall during the year. Besides the naturally 
occurring CO, from plants, additional CO, is given off as a 
pollutant. A reasonable model of CO, levels in a city from 
the beginning of 1994 to the beginning of 2010 is given by 
y =2.3 sin2at + 1.25t + 315, where tis the number of years 
since the beginning of 1994 and y is the concentration of CO, 
in parts per million (ppm). Find the difference in CO, levels 
between the beginning of 1994 and the beginning of 2010. 


Rotational Motion to Linear Motion A Scotch Yoke is a 
mechanical device that is used to convert rotational 
motion into linear motion. In the following figure, the starter 
of an engine rotates point A in a counterclockwise direction at 
a constant rate. 


67. 


68. 


Piston | B 


+ + + —= 4 
2 3 4 9 6 


RY 


Yoke 
OA = 1; OB = 6 when t = 0 


Unit circle 


As A rotates, it also moves up and down in the yoke, which causes 
the piston to move to the left and to the right. 


a. Write the coordinates of A in terms of angle ¢. 


b. Point B is on the right end of the piston. Write the coordinates 
of B in terms of ¢. 


c. Describe the motion of B as A makes one complete 
revolution. 


Height of a Paddle The paddle wheel on a riverboat is shown 
in the accompanying figure. Write an equation for the height s 
of a paddle relative to the water at time f. The radius of the pad- 
dle wheel is 7 feet, and the distance from the center of the paddle 
wheel to the water is 5 feet. Assume that the paddle wheel rotates 
at 5 revolutions per minute and that the paddle is at its highest 
point at ¢ = 0. Graph the equation for 0 = ¢ = 0.20 minute. 


Voltage and Amperage The graphs of the voltage and amper- 
age of an alternating household circuit are shown in the follow- 
ing figures, where ¢ is measured in seconds. Note that there is a 
phase shift between the graph of the voltage and the graph of the 
current. The current is said to lag the voltage by 0.005 second. 
Write an equation for the voltage and an equation for the current. 


V4 Voltage 
|<—+ 1/60 s —+| 


4 Current 


5 


oY 


-180 + 04 
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69. A Lighthouse Beacon The beacon of a lighthouse 400 meters 


70. 


71. 


from a straight sea wall rotates at 6 revolutions per minute. Using 
the accompanying figures, write an equation expressing the dis- 
tance s, measured in meters, in terms of time t. Assume that when 
t = 0, the beam is perpendicular to the sea wall and s > 0 for 
0 < t< 2.5 seconds. Graph s for 0 = t = 10 seconds. 


Side view Top view 


Hours of Daylight The duration of daylight for a region is 
dependent not only on the time of year but also on the latitude 
of the region. The following graph gives the daylight hours for 
a l-year period at various latitudes. Assuming that a sine func- 
tion can model these curves, write an equation for each curve. 


Duration of daylight, in hours 


TPMAU LD Ae On ; 


Tides During a 24-hour day, the tides raise and lower 
the depth of water at a pier as shown in the figure below. Write 
an equation of the form f(t) = A cos Bt + d that gives the 
depth of the water at time ¢, and find the depth of the water at 
6 PM. 


Fe) 


Depth, in feet 


6 12 18 24 


t is the number of hours from 6 A.M. 
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72. Temperature During a summer day, the ground tempera- use these phenomena to tune a piano. By striking a 
ture at a desert location was recorded and graphed as a func- tuning fork and then tapping the corresponding key on a 
tion of time, as shown in the following figure. The graph can piano, the piano tuner listens for beats and adjusts the 
be approximated by f(t) = Acos(bt + c) +d. Find the tension in the string until the beats disappear. Use a 
equation and approximate the temperature (to the nearest graphing utility to graph the functions in Exercises 81 and 
degree) at 1:00 pM. 82, which are based on beats. 
Sts 


81. y = sin(S57x)- sin(- z.) 82. y = sin(177x) - sn(- z.) 


83. Find an equation of the sine function with amplitude 2, period 77, 
and phase shift 


aE 5 as : : ne RA si 84. Find an equation of the cosine function with amplitude 3, 


tis the number of hours from 6 A.M. 


period 377, and phase shift — = 


EE) In Exercises 73 to 80, use a graphing utility to graph 85. Find an equanen of the tangent function with period 27 and 
= each function. phase shift 2 
73. y = sinx — cos x 74. y = 2sin2x — cosx 86. Find an equation of the cotangent function with period . and 
te 1 = phase shift — 7 
75. y = 2cosx + sin 76. y cos 2x + sin 
2 2 2 87. If g(x) = x7 + 2 and h(x) = cos x, find g[A(x)]. 
xX _ 
a as a7 y= anes 88. If g(x) = sinx and A(x) = x? + 2x + 1, find A[ g(x)]. 
79 in~ 80. y = ~cos~ 
y= in = . py = =cos— 
dia - ag ea In Exercises 89 to 92, use a graphing utility to graph 
* each function. 
=) When two sound waves have approximately the same : 
=F f ° . = sin x = x 
requency, the sound waves interfere with one another 89. p= 90. y = 2 + sec 
and produce phenomena called beats, which are heard as - 2 
variations in the loudness of the sound. A piano tuner can 91. y = |x| sinx 92. y =|x| cosx 
SECTION 5.8 Harmonic Motion—An Application 
Simple Harmonic Motion of the Sine and Cosine Functions 


Damped Harmonic Motion 
PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A38. 


PS1. Find the reciprocal of =. [P.1] 

PS2. Find the reciprocal of = [P.1] 

PS3. Evaluate a cos 27t fora = 4 and t = 0. [5.4] 
PS4. Evaluate z for k = 18 and m = 2. [P.5] 


[k 
PS5. Evaluate 4 cos( = ‘ fork = 16,m = 4, and t = 277. [5.4] 
m 


PS6. Write an equation of the form y = a cos bx whose graph has an amplitude of 
4 and a period of 2. [5.5] 


Equilibrium position 


Figure 5.99 


Study tip 
Function (1) is used if the dis- 
placement from the origin is at 


a maximum at time t = 0. 
Function (2) is used if the dis- 


placement at time t = 0 is zero. 
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The vibratory motion of a mass on a spring is called harmonic motion. In this section, we 
will examine two types of harmonic motion. 


® Simple Harmonic Motion 


We will consider a mass on a spring to illustrate vibratory motion. Assume that we have 
placed a mass on a spring and allowed the spring to come to rest, as shown in Figure 5.99. 
The system is said to be in equilibrium when the mass is at rest. The point of rest is called 
the origin of the system. We consider the distance above the equilibrium point as positive 
and the distance below the equilibrium point as negative. 

If the mass is now lifted a distance a and released, the mass will oscillate up and down 
in periodic motion. If there is no friction, the motion repeats itself in a certain period of 
time. The number of times the mass oscillates in 1 unit of time is the frequency f of the 
motion, and the time one oscillation takes is the period p of the motion. The motion is 
referred to as simple harmonic motion. Figure 5.100 shows the displacement y of the 


3 
mass for one oscillation at times ¢ = 0, 7 . me and p. 


Equilibrium 


Figure 5.100 


The frequency and the period are related by the formulas 


1 
= ti a, = 
f _ dp r, 
The maximum displacement from the equilibrium position is called the amplitude 
of the motion. Vibratory motion can be quite complicated. However, the simple harmonic 
motion of a mass on a spring can be described by one of the following equations. 


Simple Harmonic Motion 
Simple harmonic motion can be modeled by the function 


y=acos2rft (1) or y=asin2aft (2) 


where |a| is the amplitude (maximum displacement), fis the frequency, — is 
the period, y is the displacement, and f is the time. - 


Question ¢ A simple harmonic motion has a frequency of 2 cycles per second. What is the period 
of the simple harmonic motion? 


1 1 
Answer ® p = — = 3 second per cycle. 


7 
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yt 


y = 4cos wt 


Figure 5.101 


EXAMPLE 1_ Find the Equation of Motion of a Mass on a Spring 

A mass on a spring has been displaced 4 centimeters above the equilibrium point and 
1 

released. The mass is vibrating with a frequency of 5 cycle per second. Write the equation 


of simple harmonic motion, and graph three cycles of the displacement as a function of time. 


Solution 
Because the maximum displacement is 4 centimeters when t = 0, use y = acos 277ft. 


y = acos27ft ¢ Equation for simple harmonic motion 
1 1 
= 4cos2m\| — Jt °a=4,f=- 
af x) a ci 5 
= 4cos Tt 


The equation of simple harmonic motion is y = 4 cos wf. See Figure 5.101. 


@ Try Exercise 20, page 504 


From physical laws determined by experiment, the frequency of oscillation of a mass 
on a spring is given by 
1 /[k 
f= 27 Vm 
where k is a spring constant determined by experiment and m is the mass. The simple har- 
monic motion of the mass on the spring (with maximum displacement at ¢ = 0) can then 
be described by 
(evn) 
y = acos 27ft = acos2m| ——.,|/— ]t 
27 


mM 
k 
y= acos 1 (3) 


The equation of the simple harmonic motion for zero displacement at f = 0 is 


: k 
y=asin a (4) 


EXAMPLE 2 Find the Equation of Motion of a Mass on a Spring 


A mass of 2 units is in equilibrium suspended from a spring with a spring constant of 
k = 18. The mass is pulled down 0.5 unit and released. Find the period, frequency, and 
amplitude of the resulting simple harmonic motion. Write the equation of the motion, 
and graph two cycles of the displacement as a function of time. 


Solution 


At the start of the motion, the displacement is at a maximum but in the negative direction. 
The resulting motion is described by Equation (3), using a = —0.5,k = 18, and m = 2. 


[k /18 
y =acos,/—t = —0.5 cos = * Substitute for a, k, and m. 
m 


y = —0.5 cos 3¢ ¢ Equation of motion 


1 he 
0:5 7: 
x t 
-0.5 3 
=] 4 
y = —0.5 cos 3t 
Figure 5.102 
Study tip 


The motion in Example 3 is not 
periodic in a strict sense because 
the motion does not repeat 
exactly but tends to diminish as t 
increases. However, because the 
motion cycles every 7 seconds, 
we call 7 the pseudoperiod of the 
motion. In general, the damped 
harmonic motion modeled by 
f(t) = ae cos wt has 


a pseudoperiod of p = es anda 
@ 


frequency of f = 3 
27 
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3 
Frequency: pened 5 
Amplitude: |a| = |-0.5] = 0.5 


See Figure 5.102. 
H@ Try Exercise 28, page 504 


™ Damped Harmonic Motion 


The previous examples have assumed that there is no friction within the spring and no air 
resistance. If we consider friction and air resistance, then the motion of the mass tends to 
decrease as f increases. The motion is called damped harmonic motion and can be modeled 
by an equation in the form f(t) = ae “cos wt. 


EXAMPLE 3 Model Damped Harmonic Motion 


aa A mass on a spring has been displaced 14 inches below the equilibrium point and 


~= released. The damped harmonic motion of the mass is given by 
f(t) = —14e* cos 24, +20 
where f(t) is measured in inches and f is the time in seconds. 
a. Find the values of ¢ for which f(t) = 0. 
b. Use a graphing utility to determine how long it will be until the absolute value of the 
displacement of the mass is always less than 0.01 inch. 
Solution 


a. f(t) = 0 if and only if cos 2t = 0, and cos 2¢ = 0 when 2t = 7 + nm. 


Therefore, f(t) = 0 when ¢ = = — (=) =~ 0.79 + n(1.57). The displacement 


f(t) = 0 first occurs when t © 0.79 second. The graph of fin Figure 5.103 confirms 
these results. Figure 5.103 also shows that the graph of flies on or between the 
graphs of y = —14e°’ and y = 14e °°. Recall from Section 5.7 that —14e°” is 
the damping factor. 


b. We need to find the smallest value of ¢ for which the absolute value of the displace- 
ment of the mass is always less than 0.01. Figure 5.104 shows a graph of fusing a 
viewing window of 0 = ¢ = 20 and —0.01 = f(t) <= 0.01. Use the TRACE or 
INTERSECT feature to determine that f ~ 17.59 seconds. 


10 0.01 


y=—-14e*' cos 2t 


p= 14¢°94t 


3m 


Figure 5.103 f(t) = —14e°" cos 21 


Figure 5.104 


H Try Exercise 34, page 505 
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The examples in this section involve the harmonic motion of a mass on a spring; however, 
there are other types of applications that involve harmonic motion. Some of these applica- 
tions are illustrated in Exercises 29-32 on pages 504 and 50S. 


EXERCISE SET 5.8 


In Exercises 1 to 8, find the amplitude, period, and 


frequency of the simple harmonic motion. = 20 


2 t 
1. y = 2 sin 2t 2. y= >cos > a) 
3 3 
22. 
3 3 a 4 4 sin 3t 
. y = 3 cos— . y = 4sin 
i 3 * 23. 
. Wt 
5. y = 4cos mt 6. v= 2a 24. 
3 t 
y= ey 8. vy = 5cos2z7t 25. 


26. 


In Exercises 9 to 12, write an equation for the simple 
harmonic motion that satisfies the given conditions. 
Assume that the maximum displacement occurs at t = 0. 
Sketch a graph of the equation. 


9. Frequency = 1.5 cycles per second, a = 4 inches 


10. Frequency = 0.8 cycle per second, a = 4 centimeters 


m 28. 


3 
11. Period = 1.5 seconds, a = 3 feet 


12. Period = 0.6 second, a = | meter 


In Exercises 13 to 18, write an equation for the simple 
harmonic motion that satisfies the given conditions. 
Assume zero displacement at t = 0. Sketch a graph of 
the equation. 


13. Amplitude 2 centimeters, period 7 seconds 


14. Amplitude 4 inches, period S seconds 


15. Amplitude 1 inch, period 2 seconds 


16. Amplitude 3 centimeters, period 1 second 


17. Amplitude 2 centimeters, frequency | second 


18. Amplitude 4 inches, frequency 4 seconds 

In Exercises 19 to 26, write an equation for the simple 
harmonic motion that satisfies the given conditions. 
Assume that the maximum displacement occurs when 
t= 0. 


1 2 
19. Amplitude 3 centimeter, frequency — cycle per second 
T 


27. 


29. 


30. 


31. 


1 

. Amplitude 3 inches, frequency — cycle per second 
T 

. Amplitude 2.5 inches, frequency 0.5 cycle per second 

1 
Amplitude 5 inches, frequency : cycle per second 
1 
Amplitude 3 inch, period 3 seconds 
Amplitude 5 centimeters, period 5 seconds 
: : 7 
Amplitude 4 inches, period > seconds 
Amplitude 2 centimeters, period 7r seconds 


Simple Harmonic Motion A mass of 32 units is in equilib- 
rium suspended from a spring. The mass is pulled down 2 feet 
and released. Find the period, frequency, and amplitude of the 
resulting simple harmonic motion. Write an equation of the 
motion. Assume a spring constant of k = 8. 


Simple Harmonic Motion A mass of 27 units is in equilib- 
rium suspended from a spring. The mass is pulled down 1.5 
feet and released. Find the period, frequency, and amplitude of 
the resulting simple harmonic motion. Write an equation of the 
motion. Assume a spring constant of k = 3. 


Sound Model A trumpet player plays a musical note and sus- 
tains the volume of the sound for several seconds. A model of 
the sound wave is V(t) = 0.1 sin 3927, where V(t) is the vari- 
ation in air pressure (from normal air pressure) after t seconds, 
measured in pounds per square inch. 


a. Find the frequency and period of the sound wave. Assume 
the frequency is in cycles per second. 


b. If the trumpet player increases the volume of the sound, how 
does the model need to change? 


Tidal Cycle During a 12.5-hour period, the water level at 
Grays Harbor, Washington, started at mean sea level, rose to 
9.3 feet above sea level, dropped to 9.3 feet below sea level, 
and then returned to mean sea level. Find a simple harmonic 
motion equation that models the height / of the tide above or 
below mean sea level for this 12.5-hour period. 


Amusement Park Ride A person riding on a circular Ferris 
wheel reaches a maximum height of 78 feet and a minimum 
height of 4 feet above ground level. When in uniform motion, 
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the Ferris wheel makes one complete revolution every 45 sec- 
onds. Find an equation that gives the height / above ground 
level of a person riding the Ferris wheel as a function of the 
time ¢. Assume the Ferris wheel is in motion and the person is 
4 feet above ground level at tf = 0 seconds. 


32. Time in Motion A clock with a minute hand that is 12 inches 
long is hanging on a wall. At precisely 8:00 a.m. the distance 
from the tip of the minute hand to the floor is 6.5 feet. Thirty 
minutes later, this distance is 4.5 feet. Find an equation that gives 
the distance d, in feet, from the floor to the tip of the minute hand 
as a function of the number of minutes ¢ after 8:00 A.M. 


) In Exercises 33 to 40, each of the equations models 
* the damped harmonic motion of a mass on a spring. 


a. Find the number of complete oscillations that occur 
during the time interval 0 = t = 10 seconds. 


b. Use a graph to determine how long it will be (to the 
nearest tenth of a second) until the absolute value of 
the displacement of the mass is always less than 0.01. 


33. f(t) = 4e°" cos 2r m 34. f(t) = 12e°" cost 


35. f(t) = —6e°"™ cos2mt 36. f(t) = —1le cos at 


37. f(t) =e °* cos 2at 38. f(t) =e °* cos 3at 


39. f(t) = &°™' cos 2at 40. f(t) = e' cos 2at 


Sinusoidal Families 


41. Simple Harmonic Motion Assume that a mass of m pounds 
on the end of a spring is oscillating in simple harmonic motion. 
What will be the effect on the period of the motion if the mass 
is increased to 9m? 


42. Simple Harmonic Motion A mass on the end of a spring 
oscillates in simple harmonic motion. What will be the effect 
on the frequency of the motion if the spring is replaced with a 
stiffer spring that has a spring constant four times that of the 
original spring? 


| In Exercises 43 to 46, use a graphing utility to 
~* determine whether both of the given functions model 
the same damped harmonic motion. 


43. f(t) = V2e°*" sin(¢ + =) 
g(t) = & °*"(cost + sin t) 


44. f(t) = 5e°?" cos(t — 0.927295) 
g(t) = &°*"(3 cost + 4 sin?) 


45. f(t) = 13e°* cos(t — 1.176005) 
g(t) = & "(5S cost + 12 sint) 


46. f(t) = V2e°*"' cos (t + 0.785398) 
g(t) = & °*"(cos t — sin t) 


Some graphing calculators have a feature that allows you to graph a family of 

functions easily. For instance, entering Yi={2,4,6}sin(X) in the Y= menu and 
pressing the GRAPH key on a TI-83/TI-83 Plus/TI-84 Plus calculator produces a 
graph of the three functions y = 2 sinx, y = 4 sinx, and y = 6 sin x, all displayed 


in the same window. 


1. Use a graphing calculator to graph Yi={2,4, 6}sin(X). Write a sentence that 
indicates the similarities and differences among the three graphs. 

2. Use a graphing calculator to graph Yi=sin{{7,277,47r}X). Write a sentence that 
indicates the similarities and differences among the three graphs. 

3. Use a graphing calculator to graph Yi=sin(X+{7/U,77/6,7/12}). Write a sentence 
that indicates the similarities and differences among the three graphs. 

4. A student has used a graphing calculator to graph Yi=sin(X+{77,377,577}) 
and expects to see three graphs. However, the student sees only one graph dis- 
played in the graph window. Has the calculator displayed all three graphs? 


Explain. 
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CHAPTER 5 TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


5.1 Angles and Arcs 


= Complementary Angles and Supplementary Angles See Example 1, page 430, and then try 
Two positive angles are complementary angles if the sum of the measures | Exercises | and 2, page 510. 
of the angles is 90°. Each angle is the complement of the other angle. Two 
positive angles are supplementary angles if the sum of the measures of the 
angles is 180°. Each angle is the supplement of the other angle. 


m Classify Angles and Find a Coterminal Angle See Example 2, page 431, and then try 
If the terminal side of an angle does not lie on a coordinate axis, then the Exercises 3 and 4, page 510. 
angle is classified according to the quadrant that contains the terminal side. 
Angles in standard position that have the same sides are coterminal angles. 


m= Radian Measure and Radian—Degree Conversions See Examples 3 and 4, page 434, and then 
One radian is the measure of the central angle subtended by an arc of try Exercises 5 and 6, page 510. 
length r on a circle of radius r. 
. : radians 
¢ To convert from degrees to radians, multiply by (= ians | 


1 fo) 
¢ To convert from radians to degrees, multiply by (— 
7 radians 


= Arc Length Formula See Example 5, page 436, and then try 
The length of an arc that subtends the central angle 6 (measured in radians) | Exercise 7, page 510. 
on a circle of radius r is given by s = ré. 


mu The Linear Speed—Angular Speed Relationship See Examples 7 and 8, pages 437 and 438, 
A point moves on a circular path with radius r at a constant rate of 0 and then try Exercises 9 to 11, page 510. 


2 : 5 : S . 
radians per unit of time f. Its linear speed is v = 7 where s is the 
distance the point travels, given by s = r@. The point’s angular speed is 


0 : : i . 
w = —. The linear speed v and the angular speed w, in radians per unit of 


time, of a point moving on a circular path with radius r are related by the 
formula v = ro. 


5.2 Right Triangle Trigonometry 


=u Trigonometric Functions of an Acute Angle See Example 1, page 443, and then try 
Let 6 be an acute angle of a right triangle as — Exercise 12, page 510. 
shown to the right. The six trigonometric functions opp 
of @ are given by ra i 
Oo) adj ) adj 
sin 9 = mule cos 9 = J tan 0 = = 
hyp hyp adj 
h h adj 
csc 9 = sec 0 = - cot @ = 2 


opp adj opp 
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= Trigonometric Functions of Special Angles 
The following table shows the values of the trigonometric functions of the 
special angles 30°, 45°, and 60°. 


See Example 3, page 446, and then try 
Exercises 15 to 18, page 510. 


= Angle of Elevation or Depression © 
If an observer views an object above ra 
eye level, then the acute angle formed oe 


by the line of sight and a horizontal 
Angle of ee 
- elevation | —— 


line at eye level is an angle of 
elevation. If the object is below the 


observers eye level, then the acute ee Te a 
angle formed by the line of sight and atneliol deme) 
a horizontal line at eye level is an 7 / 

: ine of 
angle of depression. sight 


See Examples 4 and 6, pages 447 and 449, 
and then try Exercises 69 and 71, pages 511 
and 512. 


5.3 Trigonometric Functions of Any Angle 


= Trigonometric Functions of Any Angle 
Let P(x, y) be any point, except the origin, on the terminal side of an 


angle @ in standard position. Let r = Vx + y’, the distance from the 
origin to P. The six trigonometric functions of 6 are 


: Jv x 
sin @ = — cos @ = — 
r r 


m6 =". eo 
x 


x 
cscO = —, y #0 sec 0 Y #50 cotdé=-, y#0 
¥. x y 


Il 


See Example 1, page 455, and then try 
Exercises 19 and 20, page 510. 


m Reference Angles and the Reference Angle Evaluation Procedure 
Given a nonquadrantal angle @ in standard position, its reference angle 0’ is 
the smallest positive angle formed by the terminal side of 6 and the x-axis. 
To evaluate a trigonometric function of 0, use the following procedure. 

1. Determine the reference angle 0’. 

2. Determine the sign of the trigonometric function of 6. 

3. The value of the trigonometric function of 8 equals the value of the 
trigonometric function of 0’, prefixed with the correct sign. 


See Examples 3 and 4, pages 458 and 459, 
and then try Exercises 21 to 25, page 511. 
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5.4 Trigonometric Functions of Real Numbers 


= Trigonometric Functions of Real Numbers y 
Let W be the wrapping function, ¢ be a real 
number, and W(t) = P(x, y). Then the 
trigonometric functions of the real number 
t are 


P(x, y) = (cos ¢, sin t) 


x=cost,y=sint 


sint = y cost =x tant =, x #0 


1 1 x 
csct=—-,y#O sect=—-,x#0 cott=-,y#0 
y x y 


See Example 1, page 462, and then try 
Exercise 30, page 511. 


m Even and Odd Trigonometric Functions 
The odd trigonometric functions are y = sint, y = csct, y = tant, and 
y = cott. The even trigonometric functions are y = cost and y = sect. 
For all ¢ in their domain 


sin(—t) = —sint cos(—f) = cost _—_ tan(—f) = —tant 
esc(—t) = —esct sec(—f) = sect —_ cot(—f) = —cott 


See Example 4, page 466, and then try 
Exercise 31, page 511. 


= Fundamental Trigonometric Identities 
An identity is an equation that is true for every number in the domain 
of the equation. The fundamental trigonometric identities are 


* Reciprocal identities 
: 1 1 1 
sin tf = —— cos t = —— tan ¢ = —_ 
csc t sec t cot ¢ 
¢ Ratio identities 
sin t cos ¢ 


tan t = —— cott = — 
cos ¢ sin t 


¢ Pythagorean identities 


cos’ ¢ + sin? t = 1 1 + tan? t = sec? t 1 + cot? t = esc? t 


5.5 Graphs of the Sine and Cosine Functions 


mu The graphs of y = a sin bx and y = a cos bx both have an amplitude of 


2 
la| and a period of Dy The graphs of the functions with a > 0 and 
b > 0 are shown below. 
VA yh 


y=asin bx + y=acos bx 
— aK 


BY 
BY 


See Examples 6 and 7, pages 469 and 470, 
and then try Exercises 36 and 37, page 511. 


See Examples 3 and 5, pages 476 and 478, 
and then try Exercises 46 and 47, page 511. 


5.6 Graphs of the Other Trigonometric Functions 
=u Graphs of the Tangent and Cotangent Functions 
The graphs of y = a tan bx and y = a cot bx both have a period of — 
The graph of one period of each function with a > 0 and b > 0 | | 
is shown below. 


| 
| 
| 
| 
| 
| 
| 
| 
a 
| 

a 


| 
Jat 
HY 


--------8ja+---------- 


b 
| 
| 
| 
| 
| 
| 
| 
| 
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See Examples 2 and 3, pages 484 and 485, 
and then try Exercises 52 and 53, page 511. 


m= Graphs of the Cosecant and Secant Functions 
The graphs of y = a csc bx and y = asec bx both have a period se 
The graph of one period of each function with a > 0 and b > 0 | 7 
is shown below. 


5.7 Graphing Techniques 


= Translations 
The graph of f(bx + c), where fis a trigonometric function, can be 


produced by shifting the graph of f(bx) horizontally = units. The value 
aS is the phase shift of f(bx + c). 


See Examples 4 and 5, pages 487 and 489, 
and then try Exercises 54 and 55, page 511. 


See Examples 3 and 4, page 493, and then 
try Exercises 49 and 56, page 511. 


=u Addition of Ordinates 
Addition of ordinates is a method of graphing the sum of two functions 
by geometrically adding the values of their y-coordinates. 


See Examples 7 and 8, pages 495 and 496, 
and then try Exercises 66 and 67, page 511. 


5.8 Harmonic Motion—An Application of the Sine and Cosine Functions 


a Simple Harmonic Motion 
Simple harmonic motion can be modeled by the functions 


y=acos2zaft (1) or y=asin2aft (2) 


See Example 1, page 502, and then try 
Exercises 73 and 74, page 512. 
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1 
where la is the amplitude (maximum displacement), f is the frequency, r, 


is the period, y is the displacement, and f is time. Function (1) is used 
when the displacement from the origin is at a maximum at time ¢ = 0. 
Function (2) is used when the displacement at time ¢ = 0 is zero. 


See Example 2, page 502, and then try 
Exercise 75, page 512. 


=u Simple Harmonic Motion of a Mass on a Spring with Spring Constant k 
If m is the mass on a spring with spring constant k, then the simple 
harmonic motion of the mass with 


. : : . [k 
* maximum displacement at time ¢ = 0 is y = acos,/—t 
m 


. . : _ /k 
* zero displacement at time ¢ = 0 is y = asin,/—t 
m 


See Example 3, page 503, and then try 
Exercise 76, page 512. 


= Damped Harmonic Motion 
If the motion of a mass on a spring tends to decrease as ¢ increases, then 
the motion is called damped harmonic motion. Functions of the form 
f(t) = ae™ cos wt are used to model some forms of damped harmonic motion. 
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In Exercises 1 and 2, find the measure (if possible) of the 
complement and the supplement of the given angle. 


1. 8 = 62° 2. 6 = 175° 


In Exercises 3 and 4, determine the measure of the 
positive angle with measure less than 360° that is 
coterminal with the given angle and then classify the 
angle by quadrant. Assume the given angles are in 
standard position. 


3. a = 505° 4. B = —740° 


5. Convert 315° to radian measure. 


6. Convert 2 radians to degrees. Round to the nearest hundredth 
of a degree. 


7. Find the length of an arc on a circle of radius 3 meters that sub- 
tends an angle of 75°. Round to the nearest hundredth of a 
meter. 


8. Find the radian measure of the angle subtended by an 
arc of length 12 centimeters on a circle whose radius is 
40 centimeters. 


9. A wheel is rotating at 4 revolutions per second. Find the angu- 
lar speed of the wheel in radians per second. 


10. A wheel with a radius of 9 inches is rotating at 8 revolutions per 
second. Find the linear speed, in feet per second, of a point on the 
edge of the wheel. Round to the nearest tenth. 


11. A car with 16-inch-radius wheels is moving with a speed of 
50 mph. Find the angular speed of the wheels in radians per 
second. 


12. Let @ be an acute angle of a right triangle as shown below. Find 
the values of the six trigonometric functions of 0. 


Ba 


6 


In Exercises 13 and 14, let 6 be an acute angle of a right 


3 , 
triangle and csc 0 = > Evaluate each function. 


13. coté 14. sin @ 


In Exercises 15 to 18, find the exact value of each 
expression. 


; T 7 7 
15. sin 45° cos 30° + tan 60° 16. 2 sec 6 + csc — cot — 


+ 3 


7 
17. sin? 30° + sec 60° 18. sin + cos* — 


3 
19. Find the sin 0 for the angle @ in standard position with point 
P(1, —3) on the terminal side of the angle. 


20. Find the values of the six trigonometric functions of an angle 
@ in standard position with point P(—3, 4) on the terminal side 
of the angle. 


In Exercises 21 to 24, find the measure of the reference 
angle 6’ for the given angle @. Assume @ is in standard 
position. 


21. 6 = 290° 22. 6 = 980° 
23. 0= eu 24. 0= i 
4 6 


25. Find the exact value of 
3a 
a. sec 150° b. tan( 27) 


27 
c. cot(—225°) d. cos( =) 


26.(%) Find the value of each of the following to the nearest ten- 
** thousandth. 


a. cos 123° b. cot 4.22 
27 
c. sec 612° d. cam 
: V3 
27. Given cos ¢ = a 180° < @ < 270°, find the exact 
value of 
a. sind b. tan d 
3 
28. Given tang = = 90° < @ < 180°, find the exact 
value of 
a. sec d b. csc hb 
2 
29. Given sind = =e 270° < @ < 360°, find the exact 
value of 
a. cos b. cot 


30. Let W be the wrapping function. Evaluate 


a. Wm) b. w(-2) c. w( =) d. W(287) 


3 
31. Is the function defined by f(x) = sin(x) tan(x) even, odd, or 
neither? 


In Exercises 32 and 33, use the unit circle to show that 
each equation is an identity. 


32. cos(a7 + t) = —cost 33. tan(—/‘) = —tant 


In Exercises 34 to 39, use trigonometric identities to write 
each expression in terms of a single trigonometric function 
or as a constant. 
42 
sin” tang + 1 
35... 


34. 1 + 
cos” cot@+ 1 
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cos’ h + sin? 


37. sin’ d(tan? @ + 1) 
csc b 


2 
cos 
39. e 


38. 1 + rere 
tan? b 1 — sin’ d 


1 


In Exercises 40 to 45, state the amplitude (if it exists), 
period, and phase shift of the graph of each function. 


40. y = 3 cos(2x — 77) 41. y = 2 tan 3x 


: 7 27 
42. y = —2 sin\ 3x + > 43. y = cos| 2x —-——] +2 
- 3 3 


37 7 
44. y= -4 se 4s = =z) 45. y=2 ese(» = =) =2 


In Exercises 46 to 67, graph each function. 


DE 
46. y = 2 cos 7x 47. y= eS 
eer ee 49 ( =) 
~y = 2sin— » y= cos| x — > 
ene x z 
1. T 
30. y=, sin ary 51. y = 3 cos 3(x — 77) 
x 
52. y= tan, 53. y = 2 cot 2x 
1 
54. y = = csc 2x 55. y= 3 sec 5% 
56. y= tan(« = =) 57. y= -eoi(2x + =) 
2 4 
58. y = -2 ese( 2x = =) 59. y= 3 seo( x +7) 
60. y = 3sin2x — 3 61. y = 2cos 3x + 3 
7 : 27 
62. y= -cos( 3 + =) +2 63. y=3 sin( 4 = 7) = 3 
64. y = 2 — sin2x 65. y = sinx — V3 cosx 
66. y = 3sinx + 2cosx 67. y = 3cosx + sin 2x 


68. Altitude Increase A car climbs a hill that has a constant angle 
of 4.5° for a distance of 1.14 miles. What is the car’s increase 
in altitude? 


69. Height of a Tree A tree casts a shadow of 8.55 feet when the 
angle of elevation of the sun is 55.3°. Find the height of the tree. 
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70. 


71. 


72. 


Linear Speeds on a Carousel A carousel has two circular 
rings of horses. The inner ring has a radius of 14.5 feet and the 
outer ring has a radius of 21.0 feet. The carousel makes one com- 
plete revolution every 24 seconds. How much greater, in feet per 
second, is the linear speed of a horse in the outer ring than the 
linear speed of a horse in the inner ring? Round to the nearest 
tenth of a foot per second. 


Height of a Building Find the height of a building if the angle 
of elevation to the top of the building changes from 18° to 37° 
as an observer moves a distance of 80 feet toward the building. 


|-———. 80 ft ———+ 


Simple Harmonic Motion Find the amplitude, period, and 
frequency of the simple harmonic motion given by 
y = 2.5 sin 50. 


. Convert. 


a. 150° to exact radian measure 


2 
b. = radians to degrees 


. Find the supplement of the angle whose radian measure is 


11 
D™ Express your answer in terms of 77. 


. Arc Length Find the length (to the nearest tenth of a centime- 


ter) of an arc that subtends a central angle of 75° in a circle of 
radius 10 centimeters. 


. Angular Speed A wheel is rotating at 6 revolutions per second. 


Find the angular speed in radians per second. 


. Linear Speed A wheel with a diameter of 16 centimeters is 


rotating at 10 radians per second. Find the linear speed (in cen- 
timeters per second) of a point on the edge of the wheel. 


3 
. If @ is an acute angle of a right triangle and tan 0 = 7 find 


sec 0. 


. The point (—2, —4) is on the terminal side of angle 0, which is 


in standard position. Find the exact value of each of the six 
trigonometric functions of 6. 


In Exercises 73 and 74, write an equation for the simple 
harmonic motion that satisfies the given conditions. 


73. 


74. 


75. 


76. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. Find the exact coordinates of w( 42). 


Zero displacement at time t = 0, amplitude 5 centimeters, and 
a period of 1 second 


Maximum displacemt at time ¢ = 0, amplitude 3 centimeters, 
and frequency of 2 cycles per second 


Simple Harmonic Motion A mass of 5 kilograms is in equi- 
librium suspended from a spring. The mass is pulled down 
0.5 foot and released. Find the period, frequency, and amplitude 
of the motion, assuming the mass oscillates in simple harmonic 
motion. Write an equation of motion. Assume k = 20. 


4 Damped Harmonic Motion A damped harmonic motion 


a is modeled by 


f(t) = 3e °°" cos at 


where ¢ is in seconds. Determine how long (to the nearest tenth of 
a second) it will be until the absolute value of the displacement 
of the mass is always less than 0.01. 


F T 7 _ 7 
. Find the exact value of tan cos — — sin—. 


3 2 


lla 


6 


seccr—1 , : ; : 

in terms of a single trigonometric 

State the period of y = —4 tan 3x. 

State the amplitude, period, and phase shift for the function 
T 

y= 3 cos( 2s + =) 


State 


= (= +7) 
y= 200 4% 6)" 


the period and phase shift for the function 


1 
Graph one full period of y = 3 cos 3° 


1 
Graph one full period of y = —2 sec a* 


Write a sentence that explains how to obtain the graph of 


= 2 sin| 2x — a from the graph of y = 2 sin 2x. 
i 2 


17. 


18. 


19. 


10. 


11. 


Graph one full period of y = 2 — sin a 


Graph one full period of y = sinx — cos 2x. 


Height of a Tree The angle of elevation from point A to the top 
of a tree is 42.2°. From point B, which is 5.24 meters from A and 
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. Factor: x7 — y” 
1 
Simplify: se + > 


Find the area of a triangle with a base of 4 inches and a height 
of 6 inches. 


Determine whether f(x) = — ~ is an even function or 
an odd function. etl 
Find the inverse of f(x) = , 

2-3 


; 2 

Use interval notation to state the domain of f(x) = yaa 
= 

Use interval notation to state the range of f(x) = V4 — 2°. 


Explain how to use the graph of y = f(x) to produce the graph 
of y = f(x — 3). 


Explain how to use the graph of y = f(x) to produce the graph 
of y = f(x). 


Convert 300° to radians. 


Sa 
Convert “ae to degrees. 


20. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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on a line through the base of the tree and_A, the angle of elevation 
to the top of the tree is 37.4°. Find the height of the tree. 


Simple Harmonic Motion Write the equation for simple har- 
monic motion given that the amplitude is 13 feet, the period is 
5 seconds, and the displacement is zero when ¢ = 0. 


: 7 7 
Evaluate f(x) = sn( x + =) for x = ee 
Evaluate f(x) = sinx 4 sin for x = x 


Find the exact value of cos” 45° + sin” 60°. 
7 
Determine the sign of tan 6 given that 3 <O0< 7. 


What is the measure of the reference angle for the angle 
6 = 210°? 


What is the measure of the reference angle for the angle 
21 

¢=—? 
3 


Use interval notation to state the domain of f(x) = sin x, where 
x is a real number. 


Use interval notation to state the range of f(x) = cos x, where 
x is a real number. 


3 
If 6 is an acute angle of a right triangle and tan 0 = 2 find 
sin 0. 
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Trigonometric Identities 
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Sum of Trigonometric 


Functions aed 


6.5 Inverse Trigonometric 
Functions 


6.6 Trigonometric Equations 


Helene Rogers/Alamy 


1209 Hz 1336 Hz 1477 Hz 


Touch-Tone Phones and Trigonometry 


The dial tone emitted by a telephone is produced by adding a 350-hertz (cycles 
per second) sound to a 440-hertz sound. A function that models the dial tone is 

s(t) = sin(27 + 440f) + sin(277 + 350f) 
where ¢ is the time in seconds. Concepts from this chapter can be used to 
show that the dial tone can also be modeled by 

s(t) = 2 sin(7907t) cos(90zt) 
The equation 
sin(27 + 440t) + sin(27 + 350t) = 2 sin(7907t) cos(90z7t) 

is called an identity because the left side of the equation equals the right 
side for all domain values t. 
Every tone made on a touch-tone phone is produced by adding a pair 
of sounds. The photo above shows the frequencies used for each numerical 
key. For instance, the sound emitted by pressing 3 on the keypad is 
produced by adding a 1477-hertz sound to a 697-hertz sound. A function 
that models this tone is 

s(t) = sin(27r + 1477¢) + sin(277 - 6972) 
In Exercises 77 and 78 on page 547, you will determine trigonometric 
functions that can be used to model some of the other tones produced 


by a touch-tone phone. 
515 
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SECTION 6.1 Verification of Trigonometric Identities 


Fundamental Trigonometric 


Identities lm Fundamental Trigonometric Identities 
Verification of Trigonometric 
Identities The domain of an equation consists of all values of the variable for which every term is 


defined. For example, the domain of 


sin x cos x 
—— = COS % (1) 
sin x 
includes all real numbers x except x = ka, where k is an integer, because sinx = 0 for 
x = kz, and division by 0 is undefined. An identity is an equation that is true for all of its 
domain values. Table 6.1 lists identities that were introduced earlier. 


Table 6.1 Fundamental Trigonometric Identities 


. 1 1 
sinx = cosx = tan x-=-—— 
csc x sec x cot x 
sin x cos x 
tanx = cotx = — 
cos x sin x 


2 


sin’ x + cos*x = 1 


tan? x + 1 = sec? x 


1 + cot? x = ese? x 


sin(—x) = —sin x 


cos(—x) = cos x 


tan(—x) = —tan x 


cot(—x) = —cotx 


sec(—x) = sec x 


esc(—x) = —ese x 


§ Verification of Trigonometric Identities 


To verify an identity, we show that one side of the identity can be rewritten in an equiva- 
lent form that is identical to the other side. There is no one method that can be used to 
verify every identity; however, the following guidelines should prove useful. 


Guidelines for Verifying Trigonometric Identities 


= If one side of the identity is more complex than the other, then it is generally 
best to try first to simplify the more complex side until it becomes identical to 
the other side. 


= Perform indicated operations such as adding fractions or squaring a binomial. 
Also be aware of any factorization that may help you to achieve your goal of 
producing the expression on the other side. 


= Use previously established identities that enable you to rewrite one side of the 
identity in an equivalent form. 


= Rewrite one side of the identity so that it involves only sines and/or cosines. 
= Rewrite one side of the identity in terms of a single trigonometric function. 


= Multiplying both the numerator and the denominator of a fraction by the same 
factor (such as the conjugate of the denominator or the conjugate of the numerator) 
may get you closer to your goal. 


Plot! Plot2 Plot3 
\Yi Bl - alsin(&xy)e 
\Ye B elcos{x))2 - 1 


1S 


-1.5 


Figure 6.1 


Study tip 


Each of the Pythagorean identities 
can be written in several different 


forms. For instance, 


sin? x + cos? x = 1 


also can be written as 


and as 


sin? x = 1 — cos? x 


cos? x = 1 — sin? x 


Rai 
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= Keep your goal in mind. Does it involve products, quotients, sums, radicals, or 
powers? Knowing exactly what your goal is may provide the insight you need 
to verify the identity. 


In Example 1, we verify an identity by rewriting the more complicated side so that it 
involves only sines and cosines. 


EXAMPLE 1 Change to Sines and Cosines to Verify an Identity 
Verify the identity sin x cotx secx = 1. 


Solution 


The left side of the identity is more complicated than the right side. We will try to ver- 
ify the identity by rewriting the left side so that it involves only sines and cosines. 


. . COS x 1 * Apply the fundamental identities 
sin x cotx secx = sinx* > : 
snx COSX COS x 
cot x = —— and sec x = : 
cos x 
= SHTX COSX ¢ Multiply the fractions to produce a 
SHTX COSX single fraction. 

=] ¢ Simplify by dividing out the common 

factors. 


We have rewritten the left side of the equation so that it is identical to the right 
side. Thus we have verified that the equation is an identity. 


@ Try Exercise 2, page 520 


Question @ Is cos(—x) = cos x an identity? 


EXAMPLE 2_ Use a Pythagorean Identity to Verify an Identity 
Verify the identity 1 — 2 sin? x = 2cos*x — 1. 

Solution 

Rewrite the right side of the equation. 


2 = 42 
2cos°x — 1 = 2(1 — sin’ x) — 1 es eee 


=2-2sin’x-1 
= 1-2sin’x * Simplify. 
Try Exercise 12, page 520 


Figure 6.1 shows the graph of Y, = 1 — 2 sin’ x and Y, = 2 cos? x — 1 onthe same 
coordinate axes. The fact that the graphs appear to be identical on the interval [—277, 277] 
supports the verification in Example 2. 


Answer ® Yes, cos(—x) = cos x is one of the odd—even identities shown in Table 6.1 on page 516. 
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Study tip 


The sum a + band the difference 
a — bare called conjugates of 
each other. 


EXAMPLE 3 __ Factor to Verify an Identity 


Verify the identity csc? x — cos” x csc? x = 1. 


Solution 
Simplify the left side of the equation. 


esc? x — cos* x csc? x = csc? x(1 — cos? x) + Factor out csc’ x. 
= esc? x sin’ x +1 — cos’ x = sin’ x 
: 1 
=~‘ sin’x = 1 “ae x= — 
sin” x sin” x 


@ Try Exercise 24, page 521 


In the next example, we use the guideline that states that it may be helpful to multi- 
ply both the numerator and the denominator of a fraction by the same factor. 


EXAMPLE 4 Multiply by a Conjugate to Verify an Identity 


sinx — 1-—cosx 


Verify the identity - 
1 + cosx sin x 


Solution 


Multiply the numerator and denominator of the left side of the identity by the conjugate 
of 1 + cos x, which is 1 — cosx. 


sinx —— sinx lL. — eos x 


1 + cosx 1+ cosx 1-—cosx 


sin x(1 — cos x) 


1 — cos? x 


sinx(1 —cosx) — 1 — cosx 


sin? x sin x 


@ Try Exercise 34, page 521 


In Example 5, we verify an identity by first rewriting the more complicated side so 
that it involves only sines and cosines. After further algebraic simplification, we are able 
to establish that the equation is an identity. 


EXAMPLE 5 Change to Sines and Cosines to Verify an Identity 


; . . sinx + tanx 
Verify the identity —————— = tan x. 
1 + cosx 
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Solution 


The left side of the identity is more complicated than the right side. We will try to 
verify the identity by rewriting the left side so that it involves only sines and cosines. 


: sin x * Use the identity 
: sinx + : 
sinx + tan x cos x sin x 
= — tanx = : 
1 + cosx 1 + cosx COs X 
sin x cos x + sin x ¢ The common denominator for 
cos x cos x the terms in the numerator is 
= ae cos x. Rewrite the numerator 
1 + cosx 


so that each term has a deno- 
minator of cos x. 
sin x cosx + sinx 


COS X ¢ Add the terms in the 
1+ cosx numerator. 
_ sinxcosx + sinx | 1 + cosx * Rewrite the complex fraction 
cos x : 1 as a division. 
sin x cosx + sinx 1 . 
= : ¢ Invert and multiply. 
COs x 1 + cosx 
sin x (cosx + 1) 1 
= . ¢ Factor. 
COS x 1 + cosx 
sin x (1-+cosxJ 1 ta 
= 7 ¢ Simplify. 
COs x 1+-cosx 
sin x : _ sinx 
= * Use the identity —— = tan x. 
COS X cos x 
= tan x 


We have rewritten the left side of the equation so that it is identical to the right 
side. Thus we have verified that the equation is an identity. 


@ Try Exercise 44, page 521 


In the previous examples, we verified trigonometric identities by rewriting one side 

of the identity in equivalent forms until that side appeared identical to the other side. A 

second method is to work with each side separately to produce a trigonometric expres- 

sion that is equivalent to both sides. In the following paragraphs, we use this procedure 
to verify the identity 

1 + cosx 


= (escx + cot x)* 
1 — cosx ( ) 


Working with the left side gives us 


1+ cosx 1 +cosx 1+ cosx 1 ¢ Multiply both the numerator and the 
1 — cosx l1—cosx 1+ cosx (1) denominator by the conjugate of 
the denominator. 


1 + 2cosx + cos*x 
= Fi (2) + Multiply and rewrite as a single 


1 — cos" x fraction. 


1 + 2cosx + cos*x : : " ath 
= as (3) + Use the identity 1 — cos°x = sin’ x. 
sin” x 
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When you reach a point at which you are unsure how to proceed, stop and see what 
results can be obtained by working with the other side. 


(cse x + cot x)? = esc*x + 2 csc xcotx + cot*x (4) © Square the binomial. 


1 1 cos x cos? x ; : 
= el : ea (5) * Rewrite using funda- 
sin x ae es sin x mental identities. 


te See care 


sin? x 


(6) * Add the fractions. 


At this point, we have verified the identity because we have shown that each side is 
equal to the same trigonometric expression. It is worth noting that if we arranged the pre- 
ceding equations in the order (1), (2), (3), (5), and (4), we would have a verification that 
starts with the left side of the original identity and produces the right side. 

When we verify an identity, we are not allowed to perform the same mathematical 
operation on both sides of the equation because this can lead to an incorrect result. For 
instance, consider the equation tan x = —tan x, which is not an identity. If we square both 
sides of the equation, we produce the identity tan? x = tan’ x. We can avoid the problem 
of converting a nonidentity into an identity, and vice versa, by using only mathematical 
operations and procedures that are reversible. We can see that the operation of squaring is 
not a reversible operation because it is not possible to take square roots (reverse the squar- 
ing operation) and convert tan? x = tan’. x back into tanx = —tan x. 

There is often more than one way to verify a trigonometric identity. Some of these 
approaches are shorter and considered more elegant than others. As a beginner, you 
should be content with finding a verification. After you have had lots of practice, you may 
decide to seek out different verifications and compare them to see which you think is 
most efficient. 


EXERCISE SET 6.1 


In Exercises 1 to 56, verify each identity. sine 
10. csc x + cotx 
1. tanxcscxcosx = | 1 — cosx 
m2. t : = tan? 1 — tan* x 2 
. tan x sec x sinx = tan’ x 11, ——+— = 1 - tan’ x 
sec” x 
4sin?x — 1 . 
3. Sine 2sinx — | m12. sin? x — cos*x = sin? x — cos’ x 
a : 1 + tan? x 
4 sin’ x ~ 2sinx + 1 sinx — 1 13. = 1-—tanx + tan*x 
: sinx — | 1 + tanx 
. : xtanx — sin 
5. (sinx — cosx)(sinx + cosx) = 1 — 2 cos*x 14.2 ia 
cot x 
6. (tanx)(1 — cotx) = tanx — 1 1 
sinx —-2+— : 
7 1 1 cos x — sinx 15. sinx _ sinx — | 
ic : 1 sinx + | 
sinx cosx sin x Cos x sinx — — 
sin x 
8 t . 3 cosx + 3 sinx ; ; 
“ sinx cosx sin x cos x 16 ates 2 cotx 
1 — cosx 1 + cosx 
9 cos x ; 
‘Togect 17. (sinx + cosx)? = 1 + 2 sinxcosx 


18. 


19. 


20. 


21. 


22. 


23. 


au 24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


(tanx + 1)? = sec? x + 2 tanx 


COS Xx 


; = sec x tan x 
1 + sinx 


sin x 


= cscx cot x 


1 + cosx 


cotx + tanx 
sn = SS 
sec x 


cotx + tanx 
sec x = ————_ 
csc x 


cosxtanx + 2cosx — tanx — 2 


=cosx — | 
tanx + 2 
2 sinx cotx + sinx — 4cotx — 2 . 
= sinx — 2 
2cotx + 1 
1 — sinx 
sec x tan x = 
cos x 
cosx — | 
cotx — cscx = ; 
sin x 


sin? x — cos?x = 2 sin? x — 1 


sin? x — cos>x = 1 — 2 cos? x 


ate = esc? x sec? x 


sin-x cos’ x 


= csc? x sec? x 


tan? x cot? x 


sec x — cosx = sinx tanx 


tanx + cotx = sec x csc x 


1 
- 42. 
sin x 7 ; 
1 = tan’ x + 2 tanxsecx + sec~ x 
sin x 
1 1 
. oP 2 “ 2 
sinx cCOSX cos’ x — sin’ x 
1 1 1 — 2cosx sinx 


sinx  cosx 


sin’ x — cos*x = 2 sin?x — 1 


sin® x + cos°x = sintx — sin? x cos? x + cos‘ x 
1 1 + cosx 
1 — cosx sin? x 


38. 


39. 


40. 


41. 


42. 


43. 


544, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 
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. cos’ x 
1+ sinx = : 
1 — sinx 
sin x cos x 1 — cotx 
1 — sinx l1—sinx cscx—1 
tan x cot x 
= 1 cot x 
1 + tanx 1 + tanx 
1 I 
= —2cotxcscx 
1 + cosx 1 — cosx 
1 1 
: : = 2 tanx sec x 
1 — sinx 1 + sinx 
a 
: csc x 
sin x 2 
1 : cos? x 
: — sinx 
sin x 
2 cot x > 
——————— = 2 cos’ x 
cotx + tanx 
cot x 1 + cscx 
+ = 2 secx 
1 + cscx cot x 


2 2 tan x — cotx 
sec’ x — csc" x = 


sin x cos x 


1 + sinx 1+ sinx 
: = , cosx > 0 
1 — sinx cos x 


cos x + cot x sin x 


= 2sinx 
cot x 


sin? x + cos? x 


= 1 sin x cos x 


sin x + cos x 


1 — sinx 1+ sinx 
; : = —4sec x tanx 
1 + sinx 1 — sinx 
secx — 1 secx + 1 
= —4cscxcotx 
secx + 1 secx — 1 
1 cos x 
= 2csc?x — 1 
1 — cosx 1 + cosx 
1 + sinx cos x 
cos x 1 — sinx 


(sinx + cosx + 1)? = 2(sinx + 1)(cosx + 1) 


A Bi 
secx + tanx  (sinx + 1) 
sec x — tanx cos? x 
3 3 2 


sin’ x — cos” x _ CSC ox — cotx — 2 cos? x 


sinx + cos x 1 — cot?x 
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& In Exercises 57 to 64, compare the graphs of each side 


69. tan*x — sectx = tan? x + sec?x 


~* of the equation to predict whether the equation is an 
identity. 


70. V1 + tan*x = secx 


57. sin 2x = 2 sinx cos x 58. sin?x + cos*x = 1 


59. sinx + cosx = Vi sin(s + =) 
60. cos 2x = 2cos*x — 1 


7 T : wae 

61. cos( x oP =) = cos x cos — — sin x sin — 
3 3 3 

62 ll 7 + sinx sin— 
. cos| x — — }] = cosxcos— + sinx sin— 
4 4 4 


63. si ( “ =) . . 0 4 7 
. sinj x + — } = sinx sin— + cos x cos — 
6 6 6 


: 7 “ 7 me 
64. sin( x = =) = sin x cos 3 + COs x aa 


In Exercises 65 to 70, verify that the equation is not an 
identity by finding an x value for which the left side of 
the equation is not equal to the right side. 


65. (sinx + cos x)? = sin’ x + cos x 


66. tan 2x = 2 tanx 
67. cos(x + 30°) = cosx + cos 30° 


68. V1 — sin’ x = cosx 


In Exercises 71 to 76, verify the identity. 


rai 1 — sinx + cosx cos x 
“1+ sinx + cosx  sinx +1 
72 1 — tanx + secx 1 + secx 
“1+ tanx — secx tan x 
2 sint x + 2 sin’ x cos? x — 3 sin’ x — 3 cos*x 
73. 4 
2 sin’ x 
3 
= 1 — Xcse?x 
2 
4 tanx sec*x — 4tanx — sec?x + 1 
74. 5 5 =1 
4 tan’ x — tan’ x 
sin x(tanx + 1) — 2 tanxcosx 
75. : = tanx 
sin x — cos x 
a) Be ind _¢ 3 
6 sin x cos x + cos’ x — sin? x cosx — sin x cos’ x 


_  cosx 
1+ sinx 


1 — sin’ x 


In Exercises 77 and 78, verify the identity by completing 
the square of the left side of the identity. 


77. 


78. 


sin’ x + costx = 


tan’ x + sect x 


1 — 2 sin? x cos* x 


1 + 2 tan? x sec? x 


SECTION 6.2 Sum, Difference, and Cofunction Identities 


Identities That Involve (a + B) 


PREPARE FOR THIS SECTION 


Cofunctions Prepare for this section by completing the following exercises. The answers can be found 
Additional Sum and Difference on page A41. 
Identities 7 7 
Reduction Eonniulas PS1. Compare cos(a — 8) and cosacosB + sina sin B fora = 2 and B = 6 [5.2] 
: ; . 7 7 
PS2. Compare sin(a + B) and sina cosB + cosa sinB fora = 5 and B = 3 [5.2] 


PS3. Compare sin(90° — @) and cos @ for 6 = 30°, 6 = 45°, and @ = 120°. [5.2] 


7 7 7 4a 
PS4. Compare tan - a) and cot 6 for 90 = —,@0 = —,and@ = —. [5.2] 
2 6 4 3 
tana — tan B 7 7 
PS5. t — f = = —. [5.2 
Compare tan(a — B) and iaaa eae ora == and B 6 [5.2] 
PS6. Find the value of sin[(2k + 1)z], where & is any arbitrary integer. [5.2] 
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§ Identities That Involve (a + B) 


Each identity in Section 6.1 involved only one variable. We now consider identities that 
involve a trigonometric function of the sum or difference of two variables. 


Sum and Difference Identities 


cosacos B + sina sin B 
cos acos B — sina sin B 
= sina cos B — cosasin B 
= sina cos B + cosa sin B 


tana + tan B 


1a tan a tan B 


tana — tan B 
1 + tana tan B 


Proof 


To establish the identity for cos(a — 8), we use the unit circle shown in Figure 6.2. The 
angles a and 8 are drawn in standard position, with OA and OB as the terminal sides of a 
and B, respectively. The coordinates of A are (cos a, sin a), and the coordinates of B are 
(cos B, sin 8). The angle (a — B) is formed by the terminal sides of the angles a and B 
(angle AOB). 


C(cos (a— B), sin (a—f)) 


B(cos B, sin B) 


A(cos a, sin a) 


Figure 6.2 


An angle equal in measure to angle (a — #) is placed in standard position in the same 
figure (angle COD). From geometry, if two central angles of a circle have the same meas- 
ure, then their chords are also equal in measure. Thus the chords AB and CD are equal in 
length. Using the distance formula, we can calculate the lengths of the chords AB and CD. 


d(A, B) = V/(cos a — cos 8)? + (sina — sin B)’ 
d(C, D) = V{[cos(a — B) — 1) + [sin(a — B) — 07 


Because d(A, B) = d(C, D), we have 


V/(cos a — cos B)* + (sina — sin B)* = V[cos(a — B) — 1] + [sin(a — B)P 
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Squaring each side of the equation and simplifying, we obtain 


(cos a — cos 8) + (sina — sin B)* = [cos(a — B) — 1} + [sin(a — B)]? 
cos*a — 2 cosa cos B + cos*B + sin’a — 2sinasin B + sin’ B 


cos*(a — B) — 2cos(a — 8B) + 1 + sin*(a — B) 


cos*a + sin’a@ + cos? B + sin? B — 2cosacos B — 2 sina sin B 


= cos*(a — B) + sin’"(a — B) + 1 — 2cos(a — B) 


Simplifying by using sin? 6 + cos” 6 = 1, we have 
2 —2sina sin B — 2 cosa cos B = 2 — 2 cos(a — B) 
Solving for cos(a — B) gives us 
cos(a — B) = cosacos B + sina sin B Sd 


To derive an identity for cos(a + B), write cos(a + B) as cos[a — (—B)]. 


cos(a + B) = cos[a — (—B)] = cosacos(—B) + sina sin(—B) 


Recall that cos(—B) = cos B and sin(—B) = —sin B. Substituting into the previous 
equation, we obtain the identity 


cos(a + B) = cosacos B — sina sin B 


EXAMPLE 1_ Evaluate a Trigonometric Expression 
Use an identity to find the exact value of cos(60° — 45°). 


Solution 
Use the identity cos(a — B) = cosacos B + sina sin B with a = 60° and B = 45°. 


cos(60° — 45°) = cos 60° cos 45° + sin 60° sin 45° * Substitute. 


= (2) CBD) soni ee 


= “40 + “40 ° Simplify. 
_V2+ V6 
4 


@ Try Exercise 4, page 529 


® Cofunctions 


Any pair of trigonometric functions f and g for which f(x) = g(90° — x) and 
g(x) = f(90° — x) are said to be cofunctions. 


Study tip 


To visualize the cofunction identi- 
ties, consider the right triangle 
shown in the following figure. 


If 6 is the degree measure of one 
of the acute angles, then the 
degree measure of the other 
acute angle is (90° — @). Using 
the definitions of the trigono- 
metric functions gives us 


b 
sin @ = a cos(90° — @) 
b 
tan 6 = cot(90° — @) 
sec 9 = - = csc(90° — @) 


These identities state that the 
value of a trigonometric function 
of 6 is equal to the cofunction of 
the complement of 6. 
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Cofunction Identities 


sin(90° — 6) = cos @ 
tan(90° — 6) = cot @ 
sec(90° — 6) = csc 0 


cos(90° — 6) = sind 
cot(90° — 6) = tand 
csc(90° — 0) = sec @ 


If @ is in radian measure, replace 90° with me 


To verify that the sine function and the cosine function are cofunctions, we use the 
identity for cos(a — B). 


cos(90° — B) 


cos 90° cos B + sin 90° sin B 
=0-cosB + 1-sinB 
which gives 
cos(90° — B) = sin B 


Thus the sine of an angle is equal to the cosine of its complement. Using 
cos(90° — B) = sin B with B = 90° — a, we have 


cos a = cos[90° — (90° — a)] = sin(90° — a) 
Therefore, 
cos a = sin(90° — a) 


We can use the ratio identities to show that the tangent and cotangent functions are 
cofunctions. 


sin(90° = 0) cos @ 
tan(90° — 0) = = = coté 
an ) cos(90° — 6) sin ™ 
5 cos(90° — @) sin 0 E 
t(90° — 0) = t 
coh ) sin(90° — 6) cos @ me 


The secant and cosecant functions are also cofunctions. 


EXAMPLE 2 Write an Equivalent Expression 


Use a cofunction identity to write an equivalent expression for sin 20°. 


Solution 
The value of a given trigonometric function of 6, measured in degrees, is equal to its 
cofunction of 90° — 6. Thus 
sin 20° = cos(90° — 20°) 
cos 70° 


Try Exercise 20, page 529 
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® Additional Sum and Difference Identities 


We can use the cofunction identities to verify the remaining sum and difference iden- 
tities. To derive an identity for sin(a + B), substitute a + B for @ in the cofunction 
identity sin @ = cos(90° — @). 


sin 8 = cos(90° — 6) 
sin(a + B) = cos[90° — (a + B)] + Replace 6 witha + B. 
= cos[(90° — a) — B] + Rewrite as the difference of two angles. 
= cos(90° — a) cos B + sin(90° — a) sin B 
= sinacos B + cosa sin B 
Therefore, 
sin(a + B) = sinacos B + cosasin B 


We also can derive an identity for sin(a — B) by rewriting (a — B) as 


[a + (-B)]. 
sin(a — B) = sinfa + (—B)] 
= sina cos(—B) + cosa sin(—B) 
= sinacos B — cosasin B *cos(—B) = cos B 
sin(—B) = —sin B 
Thus 


sin(a — B) = sinacos B — cosasin B 


: : : ; sin 0 . ys 
The identity for tan(a + B) isa result of the identity tan 6 = 9 and the identities 
cos 
for sin(a + B) and cos(a@ + B). 
sin(a _ sina cos B + cosa sin 
tan(a + B) = P F ; 
cos(a + B)  cosacos B — sina sin B 
sin a cos B cos @ sin B ; 
+ * Multiply both the numerator and the 
cosacosB cosacos B , 1 
ee denominator by —————— and 
cos a cos B sin a@ sin B simpli, cosa cos B 
cosacosB  cosacos B 
Therefore, 
tana + tan 
tan(a + B) = Pp 
1 — tana tan B 
The tangent function is an odd function, so tan(—6) = —tan 6. Rewriting (a — B) as 


[a + (—B)] enables us to derive an identity for tan(a — B). 
tana + tan(—B) 
1 — tan a tan(—B) 


tan(a — B) = tan[a + (—B)] = 


Therefore, 
tana — tan B 
1 + tana tan B 


tan(a — B) = 
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The sum and difference identities can be used to simplify some trigonometric 
expressions. 


EXAMPLE 3 Simplify Trigonometric Expressions 


Write each expression in terms of a single trigonometric function. 


. . tan 4q@ + tana 
a. sin 5x cos 3x — cos 5x sin 3x bg a 
1 — tan 4a tan a 


Solution 
a. sin 5x cos 3x — cos 5x sin 3x = sin(5x — 3x) = sin 2x 


tan 4a + tana 


= tan(4a@ + a) = tan Sa 
1 — tan 4a tan a ( ) 


@ Try Exercise 26, page 529 


EXAMPLE 4 Evaluate a Trigonometric Function 


4 5 
Given tan a = — 3 for a in Quadrant II and tan B = — D for B in Quadrant IV, find 
sin(a + B). 
Solution 


4 
See Figure 6.3. Because tana = Pes es 3 and the terminal side of @ is in Quadrant I, 
x 


P,(—3, 4) is a point on the terminal side of a. Similarly, P:(12, —5) is a point on the 
terminal side of B. 


Figure 6.3 


Using the Pythagorean Theorem, we find that the length of the line segment OP, is 5 
and the length of OP, is 13. 
sin(a + B) = sinacos B + cosa sin B 
$12 3 > _ 8 
5 13 5 13 65 65 65 


@ Try Exercise 38, page 530 
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Plot! Plot2 Plot3 
\Y1 Bicos(x-x) 
\Ye B -cos(x) 


Figure 6.4 


Plot] Plot2 Plot3 

WY Bi (cos(4x))/sin(x)-(sin(4x) 
/cos(x) 

\Y2 Bi (cos(5x))/(sin{x)cos(x)) 


Figure 6.5 


EXAMPLE 5 _ Verify an Identity 
Verify the identity cos(a — @) = —cos 6. 


Solution 


cos(7 — 0) = cos7cos@ + sinawsin@ — + Use the identity for 


cos(a — B). 
= —l-cosé+ O°sin@é 
= —cos@ 


@ Try Exercise 50, page 530 


Figure 6.4 shows the graphs of Y, = cos(a7 — @) and Y, = —cos@ on the same 
coordinate axes. The fact that the graphs appear to be identical supports the verifica- 
tion in Example 5. 


EXAMPLE 6 _ Verify an Identity 


cos49 sin 40 cos 50 
sin 0 cos@ sin@ cos@ 


Verify the identity 


Solution 
Subtract the fractions on the left side of the equation. 


cos49  sin4@ cos 4@cos@ — sin 46 sin @ 


sin 0 cosO sin 8 cos 8 
cos(40 + 0) 
= ———— __ + Use the identity for cos(a + B). 
sin 6 cos 0 
_ cos 56 
sin #0 cos 8 


Try Exercise 62, page 531 


40 sin 40 50 
= se and the graph of Y> = — 


Fi 6.5 shows th hoof Y, = Si hces8 
Se eee el ee ene e sin 6 cos 6 


on the same coordinate axes. The fact that the graphs appear to be identical supports the 
verification in Example 6. 


® Reduction Formulas 
The sum or difference identities can be used to write expressions such as 


sin(@ + kr) sin(@ + 2k7r) cos[6 + (2k + 1)7] 


where & is an integer, as expressions involving only sin 0 or cos 0. The resulting formulas 
are called reduction formulas. 


1. 


14. 


15. 


t (+2) 
.» tan| — 
6 4 


sin(45° + 30°) 


. cos(45° — 30°) 


. tan(45° — 30°) 


; (= =) 
. sin{ — — 
4 6 


(= =) 
cos{ —- + — 
4 6 


2. 


4, 


6. 
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EXAMPLE 7 


Find Reduction Formulas 


Write as a function involving only sin @é 


Solution 


Applying the identity sin(a + B) = sina cos B + cosa sin B yields 
sinf@ + (2k + 1)a] = sin @ cos[(2k + 1)a] + cos @ sin[(2k + 1)7] 


If k is an integer, then 2k + 1| is an odd integer. The cosine of any odd multiple of 
a equals —1, and the sine of any odd multiple of 7 is 0. This gives us 


sin[@ + (2k + 1)a] = (sin @)(—1) + (cos 0)(0) = —sin@ 
Thus sin[@ + (2k + 1)a] = —sin 6 for any integer k. 


@ Try Exercise 76, page 531 


sin[@ + (2k + 1)a], where k is an integer 


Question ° Is sin(@ + 2k7r) = sin 0, where k is an integer, a reduction formula? 


EXERCISE SET 6.2 


In Exercises 1 to 18, find (if possible) the exact value 
of the expression. 


sin(330° + 45°) 
cos(120° — 45°) 


tan(240° — 45°) 


. cos 212° cos 122° + sin 212° sin 122° 


sin 167° cos 107° — cos 167° sin 107° 


16 7 7 7 =. 
. COS D cos mn sin D sin 

‘ Tt : 7 ; 7T a 7 
oe a A fi 
an D any a 6 al 3 
17. ————_- 18, ———___—__ 
pa tae ta 
12 4 6 3 


In Exercises 19 to 24, use a cofunction identity to write 
an equivalent expression for the given value. 


19. sin 42° m= 20. cos 80° 
21. tan 15° 22. cot 2° 
23. sec 25° 24. csc 84° 


In Exercises 25 to 36, write each expression in terms 
of a single trigonometric function. 


25. sin 7x cos 2x — cos 7x sin 2x 
™26. sin x cos 3x + cos x sin 3x 


27. cosx cos 2x + sin x sin 2x 


Answer ® Yes. sin(@ + 2k7) = 


sin 9 cos(2k7r) + cos @ sin(2k7r) 
= (sin @)(1) + (cos @)(0) = sind 
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‘ C Si in 2x . . 7 . 8 
BGs COS COS Ek AUER es 42. Given sina = ~ 55° a@ in Quadrant IV, and cos B = 17 B 
29. sin 7x cos 3x — cos 7x sin 3x in Quadrant IV, find 
30. cos x cos 5x — sin x sin 5x a. sin(a + B) b. cos(a — B) c. tan(a + B) 


31. cos 4x cos(—2x) — sin 4x sin(—2x) . IS, : By Lf 3 
43. Given cos a = —, a in Quadrant I, and sin B = a B in 


17 
32. sin(—x) cos 3x — cos(—x) sin 3x Quadrant III, find 
6 - 19% x. 2& a. sin(a + B) b. cos(a — B) c. tan(a — B) 
33. sin —cos + cos — sin 
3 3 3 3 
: i . : 12 
ae 3x x. by x 44. Given cos a = 55° a in Quadrant II, and sin B = 73° B 
: cos— + sin — sin 
4 4 4 4 in Quadrant IV, find 
Gare deat a. sin(a + B) b. cos(a@ + B) c. tan(a — B) 
35. ————_ 
1 — tan 3x tan 4x 
: 3 : : 
" tein ones 45. Given cosa = a q@ in Quadrant II], and sin B = By 
"1 + tan 2x tan 3x in Quadrant I, find 
a. sin(a — B) b. cos(a + B) c. tan(a + B) 


In Exercises 37 to 48, find the exact value of the given 
functions. 24 


8 
46. Given cos a = —, a in Quadrant IV, and sin B = ——, B 
37. Gi t aos 1 drant II, and t ae a a2 
. Given tana = 3° q@ in Quadrant II, and tan B = 8° B in Quadrant LIL, find 
i drant III, find 
a a. sin(a — B) b. cos(a@ + B) c. tan(a + B) 
a. sin(a — B) b. cos(a + B) c. tan(a — B) 
3 
24 47. Given sina = 5 a@ in Quadrant I, and tan B = 2 B in 
38. Given t = —,ai i =—-—, Bi 
rT Given tan a 7 a@ in Quadrant I, and sin B 7 Bin Guadiatint Ana 
Quadrant III, find : 
a. sin(a + B) b. cos(a — B) c. tan(a — B) 
a. sin(a + B) b. cos(@ + B) c. tan(a — B) 
: ae gi , 
3 48. Given tana = —, a in Quadrant I, and tan B = ——, B in 
39. Given sina = =, a in Quadrant I, and cos B = ——, B in : 8 24 
5 13 Quadrant IV, find 
Quadrant II, find 
a. sin(a — B) b. cos(a — B) c. tan(a + B) 
a. sin(a — B) b. cos(a + B) c. tan(a — B) 


24 4 In Exercises 49 to 74, verify the identity. 
40. Given sina = 25° q@ in Quadrant II, and cos B = 3 B in 


7 . 
Quadrant’ Ill, find 49. cos( = 0) = sind =™50. cos(@ + 7) = —cos@ 


a. cos(B — a) b. sin(a + B) c. tan(a + B) 
4 12 51. sin( 0 + =) = cos 0 52. sin(@ + 7) = —sin@ 
41. Given sina = ~ 5 a@ in Quadrant III, and cos B = age 2 
B in Quadrant II, find 
7 tan@d + 1 2 tan 0 
. si = : P 53. tan| 6 + = 54. tan 20 = ———_ 
a. sin(a — B) b. cos(a + B) c. tan(a + B) an( ") Laoag an reer 


55. 


37. 


59. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


377 . (30 
cos( = = 0) =-sin@d 56. sin( 2 + 0) = —cos 0 


T 
cot( - 0) = tan 0 58. cot(a7 + 0) = coté 


T 
csc(a — 0) = csc @ 60. see( = - 0) = csc 0 


sin 6x cos 2x — cos 6x sin 2x = 2 sin 2x cos 2x 


cos 5x cos 3x + sin 5x sin 3x = cos*x — sin? x 


2 cos a cos B 


cos(@ + B) + cos(a — B) 


2 sina sin B 


cos(a — B) 


2 sina cos B 


sin(a + B) + sin(a — B) 


sin(a — B) — sin(a + B) 2 cos a sin B 

cos(a — B) cota + tan B 

sin(a+ B) 1+ cotatanB 

sinja+ B) 1+ cotatan ZB 

sinja—- 8B) 1-—cotatanB 

sin(x + h) — sinx sinh (cosh — 1) 
i cos x * h + sinx* h 

cos(x + h) — cosx (cosh — 1) sinh 
i cosx: i sin x * A 


_ (7 . ; 
sin( Z a= p) = cosacos B + sina sin B 

7 . ; 
cos( +at p) = —(sinacos B + cos asin B) 


sin 3x = 3 sinx — 4 sin’ x 


cos 3x = 4 cos’ x — 3 cosx 


In Exercises 75 to 80, write the given expression as 
a function that involves only sin 6, cos 6, or tan 0. 
(In Exercises 78 to 80, assume k is an integer.) 


75. 


cos(@ + 37) m 76. sin(@ + 277) 
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77. tan(@ + 7) 


79. 


531 


78. cos[@ + (2k + 1)7] 


sin(@ + 2kzr) 80. sin(@ — ki) 


eS In Exercises 81 to 84, compare the graphs of each side 
~* of the equation to predict whether the equation is an 
identity. 


81. 


83. 


84. 


82. cos(x + 7) = —cosx 


: T 
sin > * = COS Xx 


sin 7x cos 2x — cos 7x sin 2x = sin 5x 


sin 3x = 3 sinx — 4 sin’ x 


In Exercises 85 to 89, verify the identity. 


85. 


86. 


87. 


88. 


89. 


90. 


2. 2 


sin(x — y) + sin(x + y) = sin’ x cos’ y — cos’ x sin’ y 


sin(x + y + z) = sinx cosycosz + cosx sin ycosz + 
cos x cos y Sinz — sin x siny sinz 


cos(x + y + z) = cosxcosycosz — sinx sin y cos z — 
sin x cos y Sinz — cos x siny sinz 


sin(x + y) 
: : cotx + coty 

sin x sin y 

cos(x — y) 
F coty + tanx 

cos x sin y 


Model Resistance The drag (resistance) on a fish when it is 
swimming is two to three times the drag when it is gliding. To 
compensate for this, some fish swim in a saw-tooth pattern, as 
shown in the accompanying figure. The ratio of the amount of 
energy the fish expends when swimming upward at angle B 
and then gliding down at angle a to the energy it expends 
swimming horizontally is given by 

ksina + sin B 

ksin(a + B) 
where k is a value such that 2 = k = 3, and k depends 


on the assumptions we make about the amount of drag experi- 
enced by the fish. Find Ep for k = 2, a = 10°, and B = 20°. 
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Double- and Half-Angle Identities 


BiouleeetIo te Uetsinht ies PREPARE FOR THIS SECTION 


Power-Reducing Identities Prepare for this section by completing the following exercises. The answers can be found 
Half-Angle Identities on page A42. 


PS1. Use the identity for sin(a + B) to rewrite sin 2a. [6.2] 


+ 
PS2. Use the identity for cos(a + B) to rewrite cos 2a. [6.2] 
PS3. Use the identity for tan(a + B) to rewrite tan 2a. [6.2] 


sin @ 


PS4. Compare tan i and for a = 60°, a = 90°, and a = 120°. [5.2] 


1 + cosa 


PS5. Verify that sin 2a = 2 sin a is not an identity. [5.2] 


1 
PS6. Verify that cos 5 = 5 cos a@ is not an identity. [5.2] 


One way of showing that By using the sum identities, we can derive identities for f(2a), where fis a trigonometric 
sin 2x # 2 sin x is by graphing function. These are called the double-angle identities. To find the sine of a double angle, 
y = sin 2x and y = 2 sinx and substitute a for B in the identity for sin(a + B). 


observing that the graphs are 


sin(a + B) = sinacos B + cosasin B 
not the same. 


sin(a + a) = sinacosa + cosa sina * Let B =a. 
sin 2a@ = 2 sina cosa 


A double-angle identity for cosine is derived in a similar manner. 
cos(a + B) = cosacos B — sina sin B 


cos(a + a) = cosacosa — sina sina * Let B =a. 


cos 2a = cos*a@ — sin? a 


There are two alternative forms of the double-angle identity for cos 2a. Using 
cos’ a = 1 — sin’ a, we can rewrite the identity for cos 2a as follows. 


cos 2a = cos’ a — sin? a 


cos 2a = (1 — sin’a) — sin’-a + cos*a = 1 — sina 
cos 2a = 1 — 2sin?a 
We also can rewrite cos 2a as 
_ xe 2 iD 
cos 2a = cos’ a — sin’ a 


2. 2 


cos 2a = cos’ a — (1 — cos’ a) * sin’ a = | — cos*a 
2 
cos 2a = 2 cos’ a — | 


The double-angle identity for the tangent function is derived from the identity for 
tan(a + B) with B = a. 


tana + tan B 
1 — tana tan B 


tan(a + B) 
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tana + tana 


tania + a) = *Let B =a. 
( ) 1 — tana tana a 
2 tana 
2a = ——_ 7 
= tan” & 


Here is a summary of the double-angle identities. 


Double-Angle Identities 


sin 2a = 2sina cosa 

cos 2a = cos’a@ — sin?a = 1 — 2sin?a = 2cos’?a — 1 
2 tan a 

tan 2a = 


1 — tan? a 


The double-angle identities are often used to write a trigonometric expression in terms of 
a single trigonometric function. 


EXAMPLE 1 Simplify a Trigonometric Expression 


Write 4 sin 50 cos 56 in terms of a single trigonometric function. 


Solution 
4 sin 50 cos 50 = 2(2 sin 56 cos 58) * Use 2 sin a cos a = sin 2a, 


= 2(sin 106) =2sin109 “Me = 56. 


@ Try Exercise 2, page 538 


1 
Question @ Does sin 6 cos 6 = 3 sin 29? 


In Example 2, we use given information concerning the angle a to find the exact value 
of sin 2a. 


EXAMPLE 2_ Evaluate a Trigonometric Function 


4 
If sina = 5 and 0° < a < 90°, find the exact value of sin 2a. 


Solution 


Use the identity sin 2a = 2 sina cosa. Find cos a by substituting for sin a in 
2 2 


sin‘ a + cos’ a = | and solving for cos a. 
fa 4\? 3 Sens 
cosa = 1 — sin‘a = ,/1 — 5 = 5 *cos a > 0 if a@ is in Quadrant I. 


Substitute the values of sin a and cos @ in the double-angle formula for sin 2a. 


nan = asnaowa=2(3)(5) = 35 
mn _ = — 
Ss Qa sin @ COS @ A 5 25 


@ Try Exercise 10, page 538 


2 sin 0 0 in20 61 
Answer ® Yes. sin 6 cos 0 _ 5 _ = 5 sin 20. 
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CALCULUS 
CONNECTION 


EXAMPLE 3 __ Verify an Identity 


1 
Verify the identity csc 2a = 3 (tana + cota). 


Solution 
Work on the right-hand side of the equation. 


1 l/sina cosa 
5 (tan + cota) = + 


2\cosa sin a 
_ 1 sin? a + cos*a@ 
2 cosa sina 
1 = caulk 


= : : = csc 2a 
2 cosa sina sin 2a 


Try Exercise 50, page 539 


@ Power-Reducing Identities 


The double-angle identities can be used to derive the following power-reducing identities. 
These identities can be used to write trigonometric expressions involving even powers of 
sine, cosine, and tangent in terms of the first power of a cosine function. 


Power-Reducing Identities 


> 1 + cos 2a 9 1 — cos 2a 
cos* @ = ————_ an a = ——_ 
2 1 + cos 2a 


The first power-reducing identity is derived by solving the double-angle identity 
cos 2a = 1 — 2sin’a@ for sin?a. The second identity is derived by solving the 
double-angle identity cos 2a = 2 cos’a — 1 for cos’ a. The identity for tan? a can be 
derived by using the ratio identity, as shown below. 
1 — cos 2a 

2 sin a Zz _ 1—cos2a 

cova 1+cos2a 1+ cos2a 
2 


EXAMPLE 4_ Use Power-Reducing Identities 


Write sin‘ a in terms of the first power of one or more cosine functions. 


Solution 
sin* a = (sin? a) 
1 — cos2a\? oh eds 
= as vw * Power-reducing identity 


1 
ri (1 — 2 cos 2a + cos*2a) °¢ Square. 
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1 1 + cos 4a aoe 
= 4 1 — 2cos2a@ + — — * Power-reducing identity 
1/2 —4cos2a + 1+ cos 4a a 
=a 7 ¢ Simplify. 


1 
rac — 4cos 2a + cos 4a) 


H Try Exercise 22, page 538 


® Half-Angle Identities 


The following identities, called half-angle identities, can be derived from the power-reducing 
identities by replacing a with - and taking the square root of each side. Two additional 


: a . a 
identities are given for tan > 


Half-Angle Identities 
1 — cosa 
=a 
V 2 
a Pa 1+ cosa 
~\ 2 


a 1 — cosa sin @ 1 — cosa 
tan=- = = = . 
2 1+ cosa 1+ cosa sin @ 


The choice of the plus or minus sign depends on the quadrant in which . lies. 


In Example 5, we use a half-angle identity to find the exact value of a trigonometric 
function. 


EXAMPLE 5 __ Evaluate a Trigonometric Function 


Find the exact value of cos 105°. 

Solution 

Because 105° = ; (210°), we can find cos 105° by using the half-angle identity for 
cos 5 with a = 210°. The angle ; = 105° lies in Quadrant II, and the cosine function 
is negative in Quadrant II. Thus cos 105° < 0, and we must select the minus sign that 


beans a 1+ cosa 
precedes the radical in cos 7 +, ] 5 to produce the correct result. 


(continued ) 
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_ {1+ cos 210° 
2 


¢ Use the formula for cos kad with a = 210° 


cos 105° = 


and a minus sign in front of the radical. 


3 
*cos 210° = 3 


¢ Simplify the numerator of the radicand. 


¢ Definition of division 


* Simplify. 


Try Exercise 28, page 538 


In Example 6, we use given information concerning an angle a to find the exact 


2 Qa 
values of the cosine and tangent of 3 


EXAMPLE 6 _ Evaluate Trigonometric Functions 


If sina = -= and 180° < a < 270°, find the exact value of 
a a 

a. cos — b. tan — 
2 2 

Solution 


To apply the half-angle identities, we need to find cos a. We can use the identity 
cos’ a = | — sin’ a to find cos a, but first we need to determine the sign of cos a. 
Because 180° < a < 270°, we know that cos a < 0. Thus 


3\2 
co? a= 1 ~ sin? a= 1 - (2) = = and cosa = —,/—=-— 


1 
Multiply each part of 180° < a < 270° by 5 to obtain 90° < 5 < 135°. 


Therefore, . lies in Quadrant II. Thus cos a < 0 and tan = <0. 
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a. In the following work, we use the half-angle identity for cos = with a minus sign in 
front of the radical. 


4 
(a jex _ 
a [itcosa__ CS). fT __ V0 
og 2 2 5 2 10 10 


1 — 
b. We could use the half-angle identity tan w= el — = however, the identity 
2 1+ cosa 


a sin @ 


tan — = ————— is simpler and easier to evaluate. 
2 1 + cosa 
a 
tan? = Si @ 5 ( 2) al ( 2).5=-3 
2 1+ cosa ( *) 5 5 a 
1+ “5 


@ Try Exercise 38, page 538 


The power-reducing identities and half-angle identities can be used to verify some 
identities. 


EXAMPLE 7 _ Verify an Identity 


. . : x sin x 
Verify the identity 2 csc x cos? — = ————-.. 
2 1-—cosx 
Solution 
Work on the left side of the identity. 
x 1 + cosx oe 
2 ese x cos” io 2 ese {it ess) : cos? a = 
1 + cosx 
= *cscx = — 
sin xX sin x 


_ 1l+cosx 1—cosx 


: ¢ Multiply the numerator and denominator 
sin x 1 — cos x 


1 — cos*x 


by the conjugate of the numerator. 


sin x(1 — cos x) 
2 


sin’ x ‘ ti 
=— «1 — cos’ x = sin’ x 
sin x(1 — cos x) 
sin x ores 
= ¢ Simplify. 
1 = cos % 


@ Try Exercise 68, page 539 
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EXERCISE SET 6.3 


In Exercises 1 to 8, write each trigonometric expression 21. cost x m22. sin? xcos*x 
in terms of a single trigonometric function. 


“4 2 ‘6 
1. 2 sin 2a cos 2a m2. 2 sin 30 cos 30 Ae SME Se aa ND 
3. 1 — 2sin? 5p 4. 2cos’? 2B — 1 : une ; 
In Exercises 25 to 36, use the half-angle identities to find 
ee eee B. cos Ba = sin’ ba the exact value of each trigonometric expression. 
25. sin 75° 26. cos 105° 27. tan 67.5° 
2 tan 3a 8 2 tan 40 
“1 = tan? 3a “1 = tan? 40 28. cos 165° 29. cos 157.5° 30. sin 112.5° 
. ° ° : 10 
In Exercises 9 to 18, find the exact values of sin 2a, cos 2a, 31. sin 22.5 32. cos 67.5 33. sin 3 
and tan 2a given the following information. 
5a Sa . 30 
4 34. cr 35. 08 75 36. ae 
9. eS 90° < a < 180° 
24 In Exercises 37 to 44, find the exact values of the sine, 
#10. cosa = — 270° < a < 360° . a. ree 7 
25 cosine, and tangent of 2 given the following information. 
8 37. sna = = 90° < a < 180° 
11. sina = 75 90° < a < 180° 13 
: 7 
9 m38. sma = —~ 180° < a < 270° 
12, sina = —7> 180° < a < 270° 25 
8 
39. cosa = —-— 180° < a < 270° 
24 
13. tana = —— 270° < a < 360° 
dl 12 
40. COR, 0° <a < 90° 
14. tana = = 0° <a < 90° 
4 
41. ae 0° <a < 90° 
1 
15. ioe 0° <a < 90° 
17 : 
3 42. tana = "15 90° < a < 180° 
16. sina = a 180° < a < 270° 
24 
43. cosa = — 270° < a < 360° 
40 25 
17. cosa = AL 270° < a < 360° 
44. sina = -) 270° < a < 360° 


4 
18. cosa = 5 270° < a < 360° 


In Exercises 45 to 90, verify the given identity. 
In Exercises 19 to 24, use the power-reducing identities 1 
to write each trigonometric expression in terms of the 45. sin 3x cos 3x = 3 sin 6x 
first power of one or more cosine functions. 


19. 6 cos? x 20. sin* x cost x 46. cos 8x = cos” 4x — sin? 4x 


47. 


48. 


49. 


#50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


cos 2x 


sin’ x + cos 2x = cos*x 


oo cot?7x — 1 
sin’ x 
1 + cos 2x 
———— = cotx 

sin 2x 

1 2 

———— = =cse~x 
l1—cos2x 2 

sin 2x 
4, = 2 tanx 
1 — sin“ x 


cos*x — sin? x 


F = cot 2x 
2 sin x cos x 
cos 2x 
1 — tan? x = - 
cos” x 


2 sin x cos x 


cos*x — sin? x 


tan 2x 


sin 2x — tanx = tan x cos 2x 


sin 2x — cotx = —cot x cos 2x 


4 


cos’ x — sin" x = cos 2x 


3 3 


sin 4x = 4sinx cos’ x — 4cosx sin’ x 


2 


cos* x — 2 sin? x cos” 


x — sin? x + 2 sin’ x = cos* 2x 


2 cos’ x — cos*x — 2 sin? x cos*x + sin? x = cos” 2x 


cos 4x = 1 — 8cos*x + 8 cos* x 
sin 4x = 4 sinx cosx — 8 cosx sin’ x 


cos 3x — cosx = 4cos*x — 4cosx 


4 sin? x 


sin 3x + sinx = 4 sinx 


1 
sin’ x + cos* x = (sinx 4 c0s.9( 1 = 1 sin2x) 


1 
cos? x — sin? x = (cosx — sin (1 + 2 sin 2x) 


2x _ secx—1 
2; 2 sec x 


268. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 
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7x — secx + 1 


cos — 
2 2 secx 
x 
tan — = csc x — cotx 
2 
x tan x 
tan = = 


2 secx + 1 


2 si x x F 
sin cos > = sinx 
2 2 


2* 2% 
cos’ = — sin’ — = cosx 
2 2 


2X _ secx — 1 
2 secx + 1 


1 
sin’ > secx = 5 (sec x 1) 
cos? ~ sec : (secx + 1) 
aos x Tt 
2 2 
2* 2* 


cos” = — cosx = sin“ = 
2 2. 


ee x 
sin’ 5 + cosx = cos? 


Sy x 
sin? = — cos? = = —cos x 
2 
Xx ee 1 . 
cos“ — — sin* — = —csc x sin 2x 
2 2 2 
sin 2x — cosx = (cos x)(2 sinx — 1) 


cos 2x 
a esc? x — 2 
sin x 
2 
tan 2x = —— 
cotx — tanx 
2 cos 2x 
7 = cotx — tanx 
sin 2x 


x  sin?x + 1 — cos*x 


2 tan— = 
2 ~~ (sinx)(1 + cos x) 
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2% Bi dh 
86. 7 ose 5 esc’ x + cot x csc x 


il sec? x 
87. csc 2x = = csc x secx 88. sec 2x = 5 
2 2 — sec? x 
xe aig ax 2 
89. cos— = 1 — 2 sin* — 90. sec’ — = ————— 
5 10 2 1 + cosx 


91. Mach Numbers Ernst Mach (1838-1916) was an Austrian 
physicist who made a study of the motion of objects at high 
speeds. Today we often state the speed of aircraft in terms of 
a Mach number. A Mach number is the speed of an object 
divided by the speed of sound. For example, a plane flying at 
the speed of sound is said to have a speed M of Mach 1. Mach 2 
is twice the speed of sound. An airplane that travels faster than 
the speed of sound creates a sonic boom. This sonic boom 
emanates from the airplane in the shape of a cone. 


Sonic boom 
cone 


The following equation shows the relationship between the 
measure of the cone’s vertex angle a and the Mach speed M of 
an aircraft that is flying faster than the speed of sound. 


Msin= = 1 
sin — = 
2 


a. Ifa = a determine the Mach speed M of the airplane. State 


your answer as an exact value and as a decimal accurate to 
the nearest hundredth. 


b. Solve M sin 5 = | fora. 


c. Does the vertex angle a increase or decrease as the Mach 
number M increases? 


B In Exercises 92 to 95, compare the graphs of each side 
~* of the equation to predict whether the equation is an 
identity. 

sin 2x 


1 — sin? x 


92. sin? x + cos 2x = cos?x 93. = 2tanx 


94, sin~cos~ = si 95 sg) ees 
. ST 5 ©O8 5 = sinx . cos 5 T am = r Sin x 


In Exercises 96 to 98, verify the identity. 


#23 3 
sin’ x + cos’ x 1. 
96. — = 1 sin 2x 
sinx + cosx 2 
4 1 1 
97. cos'x cos 4x + —cos 2x 4 
8 2 
sin x — sin 2x x 
i tan 
cos x + cos 2x 2 


MID-CHAPTER 6 QUIZ 


1. Verify the identity sec” x — sin? x sec? x = 1. 


; : . COSxX + cotx 
2. Verify the identity —————— = cotx. 
1 + sinx 


3. Find the exact value of sin(45° — 30°). 


4. Write each of the following trigonometric expressions as a sin- 
gle trigonometric function. 


tan 5a — tan 2a@ 
a, 
1 + tan Sa tan 2a 


b. cos 6a cosa + sin 6a sina 


5 4 
5. Given sina = _— for a in Quadrant I] and tan B = 3 for B 


in Quadrant III, find cos(@ — B). 


V10 
6. Find sin 2a, given sina = 0° with 90° < a < 180°. 


7. Use a half-angle identity to find the exact value of cos 75°. 


8. Verify the identity 


. 9x  4—4cosx 
2 sin x sec” — = —— 
2 sin x 
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SECTION 6.4 Identities Involving the Sum 


Product-to-Sum Identities 
Sum-to-Product Identities 


Functions of the Form 
f(x) = asin x + bcos x 


of Trigonometric Functions 
PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A42. 


1 
PS1. Use sum and difference identities to rewrite 5lsin(a + B) + sin(a — B)]. [6.2] 


1 
PS2. Use sum and difference identities to rewrite 5 lcos(a + B) + cos(a — B)]. [6.2] 


xty .x7y 7 
PS3. Compare sinx — sin y and 2 cos 5 aS forx = w andy = 6 [5.4] 


PS4. Use a sum identity to rewrite V2 sn( x + =) [6.2] 


PS5. Find a real number x and a real number y to verify that sinx — sin y = sin(x — y) 
is not an identity. [5.4] 


PS6. Evaluate Va? + b? fora = —landb = V3. [P3] 


® Product-to-Sum Identities 
Some applications require that a product of trigonometric functions be written as a sum 
or difference of these functions. Other applications require that the sum or difference of 


trigonometric functions be represented as a product of these functions. The product-to-sum 
identities are particularly useful in these types of problems. 


Product-to-Sum Identities 


sina cos B = s[sin(a + B) + sin(a — B)] 


cosa sin B = s[sin(a + B) — sin(a — B)] 


cos a cos B = s[cos(a + B) + cos(a — B)] 


sina sin B = {costa — B) — cos(a + B)] 


The product-to-sum identities can be derived by using the sum or difference identities. 
Adding the identities for sin(a + B) and sin(a — B), we have 
sin(a + B) = sinacos B + cosa sin B 
sin(a — B) = sina cos B — cosasin B 
sin(a + B) + sin(a — B) = 2sinacos B + Add the identities. 
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Solving for sin a cos B, we obtain the first product-to-sum identity. 
1 
sina cos B = zisin(a + B) + sin(a — B)] 


The identity for cosa@sin B is obtained when sin(a — 8) is subtracted from 
sin(a + B). The result is 


1 
cosa sin B = zisin(a + B) — sin(a — B)] 
In like manner, the identities for cos(@ + £8) and cos(a — B) are used to derive the 


identities for cos a cos B and sina sin B. 
The product-to-sum identities can be used to verify some identities. 


EXAMPLE 1 _ Verify an Identity 


Verify the identity cos 2x sin 5x = = (sin 7x + sin 3x). 


Nile 


Solution 


1 
cos 2x sin 5x = —[sin(2x + 5x) — sin(2x — 5x)] — * Use the product-to-sum 
2 identity for cosa sin B. 


1 
= 5isin 7x — sin(—3x) ] 


1 
= 3 (sin 7x + sin 3x) * sin(—3x) = —sin 3x 


H Try Exercise 36, page 546 


® Sum-to-Product Identities 


The sum-to-product identities can be derived from the product-to-sum identities. 


Sum-to-Product Identities 


Daag = 
sinx + siny = 2 sin 5 608 a 


oF x= 
cosx + cosy = 2 cos Z e 


sinx — siny = 2 cos 


a, 9 
cosx — cosy = —2 sin 


To derive the sum-to-product identity for sinx + sin y, we first let x = a + B and 
y=a— B.Then 
x+y=atBt+a-—fB and x-y=at+B-(a- B) 
x+y=2a x—-y=2f 
x+y xy 


ar Bes 
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Substituting these expressions for a and 6 into the product-to-sum identity 


s[sin(a + B) + sin(a — B)] = sinacos B 


yields 


x + is x + oe x+ x 
sn( ua 2) sin( — =) = sin 5 608 a 


Simplifying the left side, we have the sum-to-product identity. 


: ; ad 
sinx + siny = 2 sin 5 cos 5 


The other three sum-to-product identities can be derived in a similar manner. The 
proofs of these identities are left as exercises. 


EXAMPLE 2. Write the Difference of Trigonometric 
Expressions as a Product 


Write sin 49 — sin 6 as the product of two functions. 


Solution 


i Aim See > 46+060 . 46-6 50. 36 
sin 2009 a | 


@ Try Exercise 22, page 546 


Question * Does cos 46 + cos 26 = 2 cos 36 cos 6? 


EXAMPLE 3_ Verify a Sum-to-Product Identity 


. : . sin 6x + sin 2x 
Verify the identity — : = tan 4x cot 2x. 
sin 6x — sin 2x 


Solution 
digts 6x + 2x cm Ge = 2x 
sin 6x + sin 2x os 2 
sin 6x — sin2x 6x 2k. OF — 2x 
5 sin 7) 


sin 4x cos 2x 
cos 4x sin 2x 


= tan 4x cot 2x 


@ Try Exercise 44, page 546 


40 — 20 
2 


40 + 20 
Answer ® Yes, cos 49 + cos 20 = 2 cos 5 cos = 2 cos 30 cos 0. 
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Figure 6.6 


® Functions of the Form f(x) = asinx + bcosx 


The function given by the equation f(x) = asinx + bcos x can be written in the form 
f(x) = ksin(x + a). This form of the function is useful in graphing and engineering 
applications because the amplitude, period, and phase shift can be readily calculated. 

Let P(a, b) be a point on a coordinate plane, and let a represent an angle in standard 
position whose terminal side contains P. See Figure 6.6. To rewrite y = asinx + bcosx, 


multiply and divide the expression a sinx + bcos x by Va? + Bb’. 


\/2 4 pe 
; a+b . 
asinx + bcosx = —=—=(asinx + bcosx) 


Vat+ bh 
= Vir e( 


sin x 


a b 
a + ———— cos °) (1) 
Va +B Va +B 
From the definition of the sine and cosine of an angle in standard position, let 


a . b 
k= Va’ + b*, cosa = ————, and sin a = —————— 
at+h Va + b? 


Substituting these expressions into Equation (1) yields 
asinx + bcosx = k(cosasinx + sin a cos x) 
Now, using the identity for the sine of the sum of two angles, we have 


asinx + bcosx = ksin(x + a) 


Thus a sinx + bcosx = ksin(x + a), where k = Va? + b’ and ais the angle for 


: . a 
which sin a = —~—=——. and cosa = 


e+e Va + be 


Functions of the Form a sin x + bcos x 


asinx + bcosx = ksin(x + a) 


: b a 
where k = Va? + 7, sina = ————, and cosa = 
+ 


b Vath 


EXAMPLE 4_ Rewrite asin x + bcos x 


Rewrite sinx + cos x in the form k sin(x + a). 


Solution 
Comparing sinx + cosx toasinx + bcosx,a = 1 and b = 1. Thus 


1 1 T 
k= VP + 2 = V2, sina = —=, and cosa = —=. Thus a = —. 
‘Ja V2 4 


sinx + cosx = ksin(x + a) = Visin( ag =) 


@ Try Exercise 62, page 547 


4 us 
va y= yZsin(x+ Al 
y=sinx+cos x 


Figure 6.7 


P(-1, 3) 


Figure 6.8 
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The graphs of y = sinx + cosx andy = V2 sn( x + =) are both the graph of 


y = V2 sin x shifted z units to the left. See Figure 6.7. 


EXAMPLE 5 Graph a Function of the Form f(x) = asin x + bcos x 


Graph: f(x) = —sinx + V3 cos x 


Solution 

First, we write f(x) as k sin(x + a). Leta = —1 and b = V3; then 

k = V(-1)? + (V3)? = 2. The amplitude is 2. The point P(—1, V3) is in the 
second quadrant (see Figure 6.8). Let a be an angle in standard position with P on its 
terminal side. Let a’ be the reference angle for a. Then 


2 it a 
sina’ = —— 
2 
7 
a= 
3 
; 7 21 
a=T7T-a=7T- -=— 
3 3 


2 
Substituting 2 for & and 7 for a iny = ksin(x + a), we have 


. 27 
y=2 sn( x + 22) 


zg 
The phase shift is — 7 The graph of f(x) = —sinx + V3 cos x is the graph of 


2 
y = 2 sinx shifted a units to the left. See Figure 6.9. 


Sf) =-sinx + 13 cos x | 


Figure 6.9 


@ Try Exercise 70, page 547 
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EXERCISE SET 6.4 


In Exercises 1 to 8, write each expression as the sum or m 36. sin 5x cos 3x = sin 4x cos 4x + sin x cos x 


difference of two functions. 
37. 2 cos 5x cos 7x = cos? 6x — sin? 6x + 2 cos*x — 1 


1. 2 sinx cos 2x 2. 2 sin 4x sin 2x 
38. sin3 = si 3 — 4 sin? 
3. cos 6x sin 2x 4. cos 3x cos 5x BSP OO8 SD EE pe) 
. . 39. sin 3x — sinx = 2 sinx — 4 sin? x 
5. 2 sin 5x cos 3x 6. 2 sin 2x cos 6x 
40. cos 5x — cos 3x = —8 sin’ x(2 cos* x — cos x) 
7. sin x sin 5x 8. cos 3x sin x 


41. sin 2x + sin 4x = 2 sin x cos x(4 cos’ x — 1) 


In Exercises 9 to 16, find the exact value of each 


. 42. x + x =4cosx—2 x 
expression. Do not use a calculator. cen £08 “oe ue 


9. cos 75° cos 15° 10. sin 105° cos 15° sin 3x — sinx 
43. cot 2x 
cos 3x — cos x 
11. cos 157.5° sin 22.5° 12. sin 195° cos 15° 
cos 5x — cos 3x 
i lla It a 44. — : tan x 
13. sin cos — 14. sin —— sin —— sin 5x + sin 3x 
12 12 
sin 5x + sin 3x 
It V0. Ia a 4 sin x cos? x — 4 sin? x cos x a 
15. sin — cos —— 16. cos —— sin — 
12 12 


cos 4x — cos 2x 
46. Gute aade = tan 3x 
In Exercises 17 to 32, write each expression as the a cea 


product of two functions. 47. sin(x + y) cos(x — y) = sinxcosx + sin y cos y 
17. sin 40 + sin 20 18. cos 56 — cos 30 
48. sin(x + y) sin(x — y) = sin’ x — sin? y 
19. cos 36 + cos 6é 20. sin 70 — sin 30 
21. cos 60 — cos 20 wD? Sos Bh SON 56 In Exercises 49 to 58, write the given equation in the form 
y = ksin (x + a), where the measure of a is in degrees. 
23. cos @ + cos 70 24. sin 30 + sin 70 49. y = —sinx — cosx 50. y = V3sinx — cosx 
25. sin 56 + sin 90 26. cos 50 — cos @ l V3 V3 l 
Sly =, sine COs x 52. =—5 Sinx — , cosx 
27. cos 20 — cos 0 28. sin 20 + sin 60 
0 30 0 53. y= Le ae 
29. cos= — cos 6 30. sin— + sin= ee gee 
2 4 2 
wel 
f) f) 54. y = ——— sinx — —cosx 
31. sin 5 = sits 32. cos@ + OSs 2 2 


55. y = —3 sinx + 3 cosx 


In Exercises 33 to 48, verify the identity. V2 

56. y = —sinx + —cosx 
33. 2cosacos B = cos(a + B) + cos(a — B) 2 2 
34. 2 sina sin B = cos(a — B) — cos(a + B) 57. y = 7 sinx — 7 cosx 


35. 2cos3xsinx = 2 sinxcosx — 8 cosx sin’ x 58. y = —0.4 sinx + 0.4 cosx 


In Exercises 59 to 66, write the given equation in the 
form y = ksin (x + a), where the measure of a is in 


radians. 
59. y = —sinx + cosx 
60. y = —V3sinx — cosx 
61. y= ace + Scag 
" 2 2 
m62. y = sinx + V3 cosx 
63. y = —10sinx + 10V3 cosx 
64. y = 3sinx — 3V3cosx 
65. y = —Ssinx + 5cosx 


66. y = 3sinx — 3 cosx 


In Exercises 67 to 76, graph one cycle of the function. 
Do not use a graphing calculator. 


67. y = —sinx — V3 cos x 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


y= —-V3sinx + cosx 

y = 2sinx + 2cosx 

y = sinx + V3 cos x 

y = —-V3sinx — cosx 

y = —sinx + cosx 

y= —Ssinx + 5V/3 cos x 


y= —V2sinx + V2 cos x 


y= 6V/3 sinx — 6 cosx 


76. y = 5V2sinx — 5V2cosx 


Tones on a Touch-Tone Phone In Exercises 77 and 78, 

use the following information about touch-tone phones. 
Every tone made on a touch-tone phone is produced by 
adding a pair of sounds. The following chart shows the 
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sound frequencies used for each key on the telephone 
keypad. For example, the sound emitted by pressing 3 on 
the keypad is produced by adding a 1477-hertz (cycles 
per second) sound to a 697-hertz sound. An equation 
that models this tone is 


s(t) = sin(2a + 14778) + sin(2a + 6971) 


where t is the time in seconds. 


77. 


78. 


ow 5 @ : 
oe %- 8-8 - 
ie 


1209 Hz 1336 Hz 1477 Hz 


Source: Data in diagram from 
http://communication.howstuffworks.com/ 
telephoneS5.htm. 


. Write an equation of the form 


s(t) = sin(2af\t) + sin(27f5t) 


that models the tone produced by pressing the 5 key on a 
touch-tone phone. 


. Use a sum-to-product identity to write your equation from 


a. in the form 


s(t) = A sin(Bat) cos(Czt) 


. When a sound of frequency f, is combined with a sound 


of frequency f;, the combined sound has a frequency of 


fith 
2 


. What is the frequency of the tone produced when 


the 5 key is pressed? 


. Write an equation of the form 


s(t) = sin(2afit) + sin(27f;t) 


that models the tone produced by pressing the 8 key on a 
touch-tone phone. 


. Use a sum-to-product identity to write your equation from 


a. in the form 


s(t) = A sin(Bat) cos(Czt) 


. What is the frequency of the tone produced when the 8 key 


is pressed? (Hint: See c. of Exercise 77.) 
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= In Exercises 79 to 84, compare the graphs of each side 
~* of the equation to predict whether the equation is an 
identity. 


79. sin 3x — sinx = 2sinx — 4sin’x 


sin 3x — sinx 1 


cos 3x — cos x tan 2x 


81. —V3sinx — cosx = 2sin( _ =) 


6 
: . Sa 
82. —V3sinx + cosx = 2sin( + =) 
83 1. ee 7 
“3 sin x cos x = sin|{ x 3 
1 

84. MO i + — COs x sn( x + =) 

2 2 6 


In Exercises 85 and 86, verify the given identity. 


xr y xy 
85. cosx + cosy = 2 cos > cos 5 


1 
86. sin x siny yleos(x y) — cos(x + y)] 


In Exercises 87 and 88, show the result for the given 
angles. 


87. Ifx + y 


180°, show that sinx + siny = 2 sinx. 


88. Ifx + y 


360°, show that cos x + cosy = 2 cosx. 


In Exercises 89 to 94, verify the identity. 


89. sin 2x + sin 4x + sin 6x = 4 sin 3x cos 2x cos x 


4 cos 3x sin 2x cos x 


90. sin 4x — sin 2x + sin 6x 


cos 10x + cos 8x 
91. — : cot x 
sin 10x — sin 8x 


2 tan 3x 


1 — tan? 3x 


sin 10x + sin 2x 


92. 


cos 10x + cos 2x 


sin 2x + sin 4x + sin 6x 
93. tan 4x 
cos 2x + cos 4x + cos 6x 


sin 2x + sin 6x 
94. = —cot 2x 
cos 6x — cos 2x 


95. Verify that cos” x — sin? x = cos 2x by using a product-to-sum 
identity. 


96. Verify that 2 sinx cos x = sin 2x by using a product-to-sum 
identity. 


97. Verify that a sinx + bcosx = kcos(x — a), where 


k= Va + band tana = . 


b 


98. Verify that a sin cx + bcos cx = ksin(cx + a), where 


b 
k= Va? +b andtana = -. 
a 


SECTION 6.5 Inverse Trigonometric Functions 


Inverse Trigonometric Functions 
Composition of Trigonometric 
Functions and Their Inverses 


Graphs of Inverse Trigonometric 
Functions PS1. 


on page A43. 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 


What is a one-to-one function? [2.2] 


PS2. State the horizontal line test. [2.2] 


PS3. Find f[g(x)] given that f(x) = 2x + 4 and g(x) = xx — 2. [2.6] 


Ps4. Iffand/f_! are inverse functions, then determine f[ f—'(x)] for any x in the 


domain of f~!. [4.1] 


Inverse Functions 
See Section 4.1. 


Va 


BY 


y=sin'x:-ls=x<1 


Figure 6.11 
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PSS. Iffand f ! are inverse functions, then explain how the graph of f! is related to 
the graph of f. [4.1] 


PS6. Use the horizontal line test to determine whether the graph of y = sin x, where x 
is any real number, is a one-to-one function. [2.2] 


M® Inverse Trigonometric Functions 


Because the graph of y = sin x fails the horizontal line test, it is not the graph of a one-to- 
one function. Therefore, it does not have an inverse function. Figure 6.10 shows the graph 
of y = sinx on the interval —27 = x = 2a and the graph of the inverse relation 
x = sin y. Note that the graph of x = sin y does not satisfy the vertical line test and there- 
fore is not the graph of a function. 


VA 


“a 


y = sinx 
Figure 6.10 
: : ee : 7 T 
If the domain of the function y = sin x is restricted to-- =x > the graph of 
y = sin x satisfies the horizontal line test; therefore, the function has an inverse function. 
; 7 7 — hte 
The graphs of y = sin x for — S =x 5 and its inverse are shown in Figure 6.11. 


To find the inverse of the function defined by y = sinx, with oF age um 
: 2 2 
interchange x and y. Then solve for y. 


sin epee 

= x (= Se ee 

: 2 2 

x = siny * Interchange x and y. 
y=? * Solve for y. 


Unfortunately, there is no algebraic solution for y. Thus we establish new notation and write 
y = sin 'x 


which is read “y is the inverse sine of x.” Some textbooks use the notation 
arcsin x instead of sin! x. 


Definition of sin! x 


y=sin 'x ifandonlyif x = siny 


where -1 SxS land-> sy <7. 
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Caution It is convenient to think of the value of an inverse trigonometric function as an angle. 
Gal yi ne! 7 7 fc 

The —1 in sin” x is not an For instance, if y = sin (3), then y is the angle in the interval | — —, — | whose sine is 

exponent. The —1 is used to l oe 2 2° 2 

denote the inverse function. To 7 Thus y = eS 


use —1 as an exponent for a sine 


function, enclose the function in Because the graph of y = cos x fails the horizontal line test, it is not the graph of a 


one-to-one function. Therefore, it does not have an inverse function. Figure 6.12 shows the 


parentheses. : ; : 

sitet 1 graph of y = cos x on the interval —277 = x = 27 and the graph of the inverse relation 

(sin x)" = awe x = cos y. Note that the graph of x = cos y does not satisfy the vertical line test and there- 
oe 1 fore is not the graph of a function. 
sin =o 
sin x re v 
x 
y = cosx x = cosy 
y Figure 6.12 


If the domain of y = cos x Is restricted to 0 = x = 7, the graph of y = cos x satis- 
fies the horizontal line test and therefore is the graph of a one-to-one function. The graphs 
of y = cos x for 0 = x = 7 and its inverse are shown in Figure 6.13. 
1 To find the inverse of the function defined by y = cos x, with 0 = x = 7, inter- 
change x and y. Then solve for y. 


at 
RY 


> y = cosx 0S. 0S aT 
-1 
x = cosy ¢ Interchange x and y. 
y=? * Solve for y. 


y=cosx05x=7 


As in the case for the inverse sine function, there is no algebraic solution for y. Thus the 
notation for the inverse cosine function becomes y = cos! x. We can write the following 
definition of the inverse cosine function. 


Definition of cos~' x 


y=cos!x ifandonlyif x = cosy 


where -1 =x = landOS=y<=7q. 


Y 


Because the graphs of y = tan x, y = csc x, y = sec x, and y = cot x fail the horizon- 
tal line test, these functions are not one-to-one functions. Therefore, these functions do not 
y=cos!x:-l<x<1 have inverse functions. If the domains of all these functions are restricted in a certain way, 

Figure 6.13 however, the graphs satisfy the horizontal line test. Thus each of these functions has an 
inverse function over a restricted domain. Table 6.2 on page 551 shows the restricted func- 
tion and the inverse function for tan x, csc x, sec x, and cot x. 
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Table 6.2 


eae -o <x< © ee ee ee x = -lorx=2l 
2 2 2 in 
7 7 
<=] >1 —-—=y=—,y#0 
y ory 2 y ay 
x=0 y=0 
ya Va 


OSxsmx47 x= -lorx=l 0O<x<7 -wo <x< © 
ys-lory2l OS ysmyes —co<y< oO 0<y<7 
7 
nat Pm x=0,x = y=0,y = 
ve vy va v4 


Nila 


1 1 


The choice of ranges for y = sec ‘x and y = csc — x is not universally accepted. 


3 : 
For example, some calculus texts use | 0, a @) cE =z) as the range of y = sec! x. This 


definition has some advantages and some disadvantages that are explained in more 
advanced mathematics courses. 


EXAMPLE 1 __ Evaluate Inverse Functions 


Find the exact value of each inverse function. 


V2 
a. y = tan ~— bh y= cos-'(- ~) 


(continued ) 
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Solution 


v3 aoe . TO 
a. Because y = tan ! cs y is the angle whose measure is in the interval | — cl 


3 
and tan y = a Therefore, y = 2 


b. Because y = cos'(- 4 ye is the angle whose measure is in the interval 


V2 3 
[0, 7] and cos y = | Therefore, y = 47° 


@ Try Exercise 2, page 557 


A calculator may not have keys for the inverse secant, cosecant, and cotangent func- 
tions. The following procedure shows an identity for the inverse cosecant function in terms 
of the inverse sine function. If we need to determine y, which is the angle whose cosecant 
is x, we can rewrite y = csc! x as follows: 


y= esc! x * Domain: x = —lorx = 1 


Range:-— =S=y=—,y#0 
ange: iN 
g at ae ss 


cscy =x ¢ Definition of inverse function 
1 . 1 
: =x ¢ Substitute —— for csc y. 
sin y siny 
; 1 
siny = — * Solve for sin y. 
x 
ee eee 
yrusn ~— ¢ Write using inverse notation. 
x 
7 peopl 
ese! x = sin’! — + Replace y with csc! x. 
x 


1 1 


a ee eet a ee = 
Thus csc”! x is the same as sin! —. There is a similar identity for sec! x. 
x 


Identities for the Inverse Secant, Cosecant, and Cotangent 
Functions 


Ifx = —lorx = 1, then 


Composition of 
Functions 
See Section 2.6. 
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lm Composition of Trigonometric Functions and Their Inverses 


Recall that a function f and its inverse f~' have the property that f[f~!(x)] = x for all 
x in the domain of f—! and that f~'[f(x)] = x for all x in the domain of f Applying this 
property to the functions sin x, cos x, and tan x and their inverse functions produces the fol- 
lowing theorems. 


Composition of Trigonometric Functions and Their Inverses 


If —1 < x < 1, then sin(sin-'x) = x and cos(cos ! x) = x. 
If x is any real number, then tan(tan~! x) = x. 


cars =x si then sin !(sinx) = x. 


If0 = x = a, then cos '(cosx) = x. 


ar <x< ma then tan ~!(tan x) = x. 


In the next example, we use some of the composition theorems to evaluate trigono- 
metric expressions. 


EXAMPLE 2 _ Evaluate the Composition of a Function 
and Its Inverse 


Find the exact value of each composition of functions. 


a. sin(sin ! 0.357) b. cos !(cos 3) ce. tan[tan~! (—11.27)] 
| -1 -1 4a 

d. sin(sin * 77) e. cos(cos 0.277) f. tan | tan = 

Solution 


a. Because 0.357 is in the interval [—1, 1], sin(sin | 0.357) = 0.357. 

b. Because 3 is in the interval [0, 7], cos '(cos 3) = 3. 

c. Because —11.27 is a real number, tan[tan '!(—11.27)] = —11.27. 

d. Because 77 is not in the domain of the inverse sine function, sin(sin | zr) is undefined. 


e. Because 0.277 is in the interval [—1, 1], cos(cos ! 0.277) = 0.277. 


Arr. : . Tv 
f. 4 is not in the interval (- > ): however, the reference angle for 


2 
pate ips et (i a t ( =) B ud 
=—i =—, n n— } = tan “|tan— }. Because — 
3 S 3 us ta a 3 3 3 
ws : 7 7 4 7 7 4 4q\ 7 
is in the interval | ——, — ], tan ‘| tan—] = —. Hence, tan “| tan —] = —. 
2 2 3 3 3 3 


@ Try Exercise 28, page 558 
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Vs? 2?= 21 


2 x 
Figure 6.14 
Va 
5 
3 
V52_32=4 x 


V137-(5)?=12 


Figure 6.15 


Question ¢ Is tan !( tan x) = xan identity? 


It is often easy to evaluate a trigonometric expression by referring to a sketch of a right 
triangle that satisfies given conditions. We use this technique in Example 3. 


EXAMPLE 3 __ Evaluate a Trigonometric Expression 


2 
Find the exact value of sn( cos” 2) 


Solution 
_,;2 ip Bean a8 Z : ws : : 
Let 6 = cos 3° which implies that cos @ = 5 Because cos 6 is positive, 6 is a first- 


quadrant angle. We draw a right triangle with base 2 and hypotenuse 5 so that we can 
view 0, as shown in Figure 6.14. The height of the triangle is V5? — 27 = V21. Our 


V21 
goal is to find sin 6, which by definition is = ——. Thus 
hyp 5 
2 V21 
sn(cos™ 2) = sin(@) = = 


@ Try Exercise 50, page 558 


In Example 4, we sketch two right triangles to evaluate the given expression. 


EXAMPLE 4 Evaluate a Trigonometric Expression 


3 5 
Find the exact value of ios 3 + cos-'(- =) | 


Solution 


3 3 5 
Let a = sin! 5 Thus sina = 5 Let B = cos”'(- 7) which implies that 


5 
cos B = — 1B Sketch angles a and B as shown in Figure 6.15. We wish to evaluate 
. . —1 —] 5 . 
sin] sin" ’ = + cos a6) = sin(a + B) 
= sinacos B + cosa sin B (1) 


A close look at the triangles in Figure 6.15 shows that 


4 ; 12 
cosa =— and sinB = — 
5 13 


7 7 
Answer ¢ No, tan !(tan x) = x only ar <x< 5 


4 
Figure 6.16 


Figure 6.17 
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Substituting in Equation (1) gives us our desired result. 


3 5 . 
io sin 5 + cos" = | = sinacos B + cosa sin B 


” (S)(- 7 7 Ge = 


@ Try Exercise 56, page 558 


In Example 5, we use the identity cos(cos”! x) = x, where —1 = x = 1, to solve an 
equation. 


EXAMPLE 5 _ Solve an Inverse Trigonometric Equation 


esa _ 
Solve sin ae cos !x = 7. 


Solution 


Solve for cos! 


x, and then take the cosine of both sides of the equation. 


Sct al 
sin ae x 


ll 
2 


os 
ll 
2 
| 
4. 
a 


COs 
Wake ee 
cos(cos x) = cos| a — sin 5 


3 
x = cos(7 — a) + Let a = sin | =. Note 
that a is the angle whose 
3 
sine is 5 (See Figure 6.16.) 


= cos 7 cosa + sin 7 sina * Difference identity for cosine 
(—1) cosa + (0) sina 
= —cosa 


4 4 : 
= 73 *cosa = 5 (See Figure 6.16.) 


@ Try Exercise 66, page 558 


EXAMPLE 6 _ Verify a Trigonometric Identity That Involves Inverses 


: de ye ee = 7 
Verify the identity sin"! x + cos-!x = 3 


Solution 
Let a = sin’! x and B = cos ! x. These equations imply that sin a = x and cos B = x. 
From the right triangles in Figure 6.17, 
2 


and sinB = V1-x 


cosa = (= ¥ 


(continued ) 
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. i a 7 
Our goal is to show sin! x + cos! x equals 2 


sin''x + cos !x=a+t 8B 


= cos '[cos(a + B)] *Because0 <a+ 6B <7, 
we can apply 
a+ B= cos |[cos(a + B)]. 


= cos '[cos acos B — sina sin B] + Addition identity 
for cosine 
= cos | (V1 — x7)(x) - (x)(V1 - 2) 
= cos !0 
ee 
y “3 


@ Try Exercise 72, page 558 


® Graphs of Inverse Trigonometric Functions 


re 1 
y=sin x 


The inverse trigonometric functions can be graphed by using the procedures of stretching, 
shrinking, and translation that were discussed earlier in the text. For instance, the graph of 
y = sin '(x — 2) isa horizontal shift 2 units to the right of the graph of y = sin”! x, as 


Figure 6.18 shown in Figure 6.18. 


EXAMPLE 7 Graph an Inverse Function 


Graph: y = cos !x + 1 
vk 
Solution 
Recall that the graph of y = f(x) + c isa vertical translation of the graph of f; Because 
c = 1, a positive number, the graph of y = cos! x + 1 is the graph of y = cos !x 


shifted 1 unit up. See Figure 6.19. 
@ Try Exercise 76, page 559 


Figure 6.19 = 

When you use a graphing utility to draw the graph of an inverse trigonometric 
function, use the properties of these functions to verify the correctness of your graph. 
For instance, the graph of y = 3 sin! 0.5x is shown in Figure 6.20. The domain 

of y = sin"! x is —1 = x = 1. Therefore, the domain of y = 3 sin! 0.5x is 

—1 = 0.5x = 1 or, multiplying the inequality by 2, —2 = x <= 2. This is consistent 
with the graph in Figure 6.20. 


The range of y = sin”! x is = sys = Thus the range of y = 3 sin! 0.5x 


_ 37 DTD aso . ; or 
is — — =Zys cc This is also consistent with the graph. Verifying some of the 
-2 ; — 
. properties of y = sin”! x serves as a check that you have correctly entered the 
y = 3 sin”! 0.5x equation for the graph. 


Figure 6.20 
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EXAMPLE 8 Solve an Application 


A camera is placed on a deck of a 
~ = pool as shown in Figure 6.21. A 
diver is 18 feet above the camera lens. 


The extended length of the diver is 8 feet. 


a. Show that the angle 0 subtended at 
the lens by the diver is 


26 18 
6 = tan’! — — tan7! — 
x x 


b. For what values of x will 6 = 9°? 


g c. What value of x maximizes 0? Figure 6.21 
3 
€ Solution - i 
a. From Figure 6.21 we see that a = tan! — and B = tan! —. Because 
x x 
0 ; 26 18 
— 6 = a — B, we have 6 = tan ! tan”! —, 
Figure 6.22 x 
: ae _, 26 _, 18 
4 b. Use a graphing utility to graph @ = tan”! — — tan~! — and 
x x 
7 TC, : 
= 6= (s: = radians) See Figure 6.22. Use the Intersect 
Z 20 20 
3 command to show that 0 is 9° for x ~ 12.22 feet and x ~ 38.29 feet. 
& 
s ; c. Use the maximum command to show that the maximum value of 
= = _, 26 _, 18 ‘ 
SSCS EE RESETS Bay 6 = tan’! — — tan™! — occurs when x ~ 21.63 feet. See Figure 6.23. 
0 x [in feet) x x 
Figure 6.23 @ Try Exercise 84, page 559 
In Exercises 1 to 18, find the exact radian value. ee V3 11 -f--1 
af va 13. sin Se 14. sin © = 15. cos 5 
2 3 
1. sin’! 1 a2. sin! co 3. cos-'(- ¥) 
16. cos! V3 17. tan? 3 18. tan! 1 
1 
4 cos-"(—+) 5. tan '(—1) 6. tan! V3 
39 In Exercises 19 to 22, use a calculator to approximate 
7. cot?! & a4 9. secm!2 ~* each function accurate to four decimal places. 
19. a. sin '(0.8422) b. tan '(0.2385) 
2V3 a 7 
. seo |= : Ge 12. =2 7 Z 
MO Bee 11. ese" '(—V2) a ae 20. a. cos~!(—0.0356) b. tan7!(3.7555) 
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-1 -1 
21. a. sec !(2.2500) b. cot '(3.4545) a: cos( sin 7 ) wee. tn( cos! 3 ) 
25 5 
22. a. csc” '(1.3465) b. cot '(0.1274) 
2 3 
51. cos(2 sin”! <2) 52. tn( 2 sin”! ¥) 
In Exercises 23 and 24, express 0 as a function of x. 
4 
23. 24. \ 53. sin( 2 sin! “) 54. cos(2 tan! 1) 


, 12 11 

H 55. sin{ sin 3 + cos > 
xO io 

oi 3 a4 2 

ao 56. cos| sin 4 + cos — —— 


In Exercises 25 to 58, find the exact value of the given 
expression. If an exact value cannot be given, give the 57. t apt, acs: 
value to the nearest ten-thousandth. as Vine sa 


4 
1 
25. cos( cos" +) 26. cos(cos | 2) 58. see( cos! 3 4: agin =) 
27. tan(tan~! 2) 528. tn( tan! +) In Exercises 59 to 68, solve the equation for x algebraically. 
5 24 
59. sin”! x = cos”! B 60. tan! x = sin! 25 
3 5 
29. sn( tan 3) 30. cos( sin” =) 
4 13 i 
61. sin'' (x — 1) = a 62. cos(« = i) = = 
lay We if v8 
31. tan| sin’ © —— 32. sin| cos = 
4 2 V2 
63. an'(« + ) 7 i 64. sin '(x — 2) = =e 
33. cos(sec | 2) 34. sin '(sin 2) 
3 
35. si ( . ) 36. si a . =) 65. sin! 5 + cos !x =] 66. sin’! x + cos"! 2 = 
. sin | sin — . sin | sin — 
6 6 
V2 2 
if ..7 = Sar 67. sin! + cos-!x = = 
37. cos ey 38. cos cos 2 3 
. 1 V3 
a pa = On 68. cos) x + sin! cs = = 
39. sin aso 40. cos an 


In Exercises 69 and 70, write each expression in terms 


2 
Al. tan™'(sin =) 42. cot" "(cos =) of x. 


69. tan(cos | x) 70. sin(sec ! x) 
1 20 -1 a . . : . 

43. sin ‘| cos <a 44. cos | tan == In Exercises 71 to 74, verify the identity. 

71. sin’! x + sin-'(—x) = 0 72. cos !x + cos!(—x) = 7 
ee -1 
45. tan| sin © — 46. cot(csc © 2) i = 
2 73. tan! x + tan! = 74> 0 
x 


aq a3 
47. se( sin 2) 48. ese( cos 13) 74. sec! = + esc! = a 
x x 2 


In Exercises 75 to 82, use stretching, shrinking, and 
translation procedures to graph each equation. 


75. y=sin !x+2 §76. y=cos '(x — 1 
Jy J 


77. y= sin (x + 1) -2 78. y = tan !(x — 1) +2 


1 


79. y= 2cos |x 80. y = —2tan x 


81. y= tan (x +1) -2 82. y = sin !(x — 2) +1 

83. Satellite Coverage A communications satellite orbits the 
Earth at an altitude of a miles. The beam coverage provided by 
the satellite is shown in the figure below. 


a. Find the distance s (length of arc MN) as a function of the 
altitude a of the satellite. Assume the radius of the Earth is 
3960 miles. 


b. What altitude does the satellite need to attain to provide 
coverage over a distance of s = 5500 miles? Round to the 
nearest 10 miles. 


= 84. Volume in a Water Tank The volume V of water (mea- 
sured in cubic feet) in a horizontal cylindrical tank with a 
radius of 5 feet and a length of 12 feet is given by 


Vix) = 122s cos'(2==) — (5 — x)V10x — 2 


5 


k 12 ft >| 


where x is the depth of the water in feet. 


a. a Graph V over its domain 0 = x = 10. 
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b. Write a sentence that explains why the graph of 
V increases more rapidly when x increases from 
4.9 feet to 5 feet than it does when x increases from 0.1 foot 

to 0.2 foot. 


c. If x = 4 feet, find the volume (to the nearest 0.01 cubic 
foot) of the water in the tank. 


d. Find the depth x (to the nearest 0.01 foot) if there are 
288 cubic feet of water in the tank. 


85. Graph f(x) = cos !x and g(x) = sin !V1 — x? on the 
same coordinate axes. Does f(x) = g(x) on the interval 


[-1,1]? 


86. Graph y = cos(cos! x) on [—1, 1]. Graph y = cos 1(cos x) 
on [—27, 27]. 


Ee In Exercises 87 to 92, use a graphing utility to graph 
each equation. 


x 
87. y = csc | 2x 88. y = 0.5sec! 2 


89. y = sec (x — 1) 90. y = sec /(x + 77) 
91. y = 2tan ! 2x 92. y = tan (x — 1) 


In Exercises 93 to 96, verify the identity. 
93. cos(sin 'x) = V1 — x2 


94. sec(sin !x) = 7 


V1 — x2 
1 


95. tan(csc !x) = 


Vx2 + 1 


96. sin(cot x) = ; 
eed 


In Exercises 97 to 100, solve for y in terms of x. 


97. 5x = tan! 3y 

I cca 
98. 2x = sn 2y 

ot -1 
aie Oi (y= 3) 


-1 
100. x + .- tan ((2y — 1) 
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SECTION 6.6 Trigonometric Equations 


Solving Trigonometric Equations 
Modeling Sinusoidal Data 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 


on page A43. 
PS1. Use the quadratic formula to solve 3x7 — 5x — 4 = 0. [1.3] 
PS2. Use a Pythagorean identity to write sin’ x as a function involving cos’ x. [5.4] 
PS3. Evaluate a + 2ke for k = 1,2, and 3. [P.1] 
V3 V3 
PS4. Factor by grouping x? — 5 * Se eae cs [P.4] 
PSS. , Graph the scatter plot for the following data. Use a viewing window with 
== Xmin=0, Xmax=U0, Ymin=0, and Ymax=100. [2.7/4.7] 
3| 7] | 15 | 19 | 23 | 27 | 31 
1455 90 99 80 44 3 | 4 
PS6. Solve 2x* — 2x = 0 by factoring. [1.3] 


® Solving Trigonometric Equations 


1 1. 
Consider the equation sin x = 3 The graph of y = sin x, along with the line y = —, is 


2 


shown in Figure 6.24. The x values of the intersections of the two graphs are the solutions 


. 1 . . . 7 
of sinx = 3 The solutions in the interval 0 = x < 27 are x = — and —. 


Sa 


6 


Figure 6.24 


If we remove the restriction 0 = x < 277, there are many more solutions. Because the 
sine function is periodic, with a period of 277, other solutions are obtained by adding 2kz, 


with k as an integer, to either of the previous solutions. Thus the solutions of sin x = = are 


x= ma + 2ka, kan integer 


5 
x= a + 2ka, kan integer 
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3 
Question ® How many solutions does the equation cos x = —— have on the interval 
0s=x< 27? - 


Algebraic methods and trigonometric identities are used frequently to find the solu- 
tions of trigonometric equations. Algebraic methods that are often employed include solving 
by factoring, by squaring each side of the equation, and by using the quadratic formula. 


EXAMPLE 1 Solve a Trigonometric Equation by Factoring 


Solve 2 sin? x cos x — cosx = 0, where 0 = x < 27. 


Algebraic Solution Visualize the Solution 
2 sin? x cosx — cosx = 0 The solutions are the x-coordinates 
cos x(2 sin’ x — 1) = 0 * Factor cos x from each term. of the ees of the graph of 
9 oe y = 2 sin“ x cos x — cos x on the 
cosx = 0 or 2sin*x —1=0 * Use the principle of zero : 
interval [0, 27r). 
3 1 products. 
ae a? bas yy 
x= a) sin* x = 5 * Solve each equation for x 
with 0 =x < 27. 
; V2 
sinx = =+— 
2 
a 30 Sa Tr = 
x 7 x 


The solutions in the interval 0 = x < 27 are 


ww 30 Sa 39 10 
3 > | 2 ’ and 
4°2° 4° 4° 2 4 


y = 2sin’ x cosx — cosx 


@ Try Exercise 14, page 568 


Squaring both sides of an equation may not produce an equivalent equation. Thus, 
when this method is used, the proposed solutions must be checked to eliminate any extra- 
neous solutions. 


EXAMPLE 2 Solve a Trigonometric Equation by Squaring Each Side of the Equation 


Solve sinx + cosx = 1, where 0 = x < 27. 


Algebraic Solution Visualize the Solution 
sinx + cosx = 1 * Solve for sin x. The solutions are the x-coordinates of the 
sinx = 1 — cosx points of intersection of y = sinx + cosx 
: . and y = | on the interval | 0, 277). See the 
sin? x = (1 — cos x) * Square each side. a . [0, 27) 
following figure on page 562. 
sin’ x = 1 — 2cosx + cos? x (continued) 


Answer ® Two. 
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1 — cos? x = 1 — 2 cosx + cos’ x * sin’ x = 1 — cos*x i 


2 cos? x — 2 cosx = 0 


2 cos x(cosx — 1) = 0 * Factor. 
2cosx = 0 or cosx = | 
a 39 : 
x= 5? os x=0 ¢ Solve each equation for x 


with 0 =x < 27. 


3 
A check will show that 0 and = are solutions but = is not a solution. 


y=sinx+cosx 


@ Try Exercise 52, page 568 


EXAMPLE 3_ Solve a Trigonometric Equation by Using the Quadratic Formula 


Solve 3 cos? x — 5cosx — 4 = 0, where 0 S x < 2z. 


Algebraic Solution Visualize the Solution 
The given equation is quadratic in form and cannot be factored easily. The solutions are the 
However, we can use the quadratic formula to solve for cos x. x-coordinates of the x-intercepts of 
y = 3 cos’ x — 5cosx — 40n the 
3.cos?x — 5cosx -4=0 ‘a= 3b 5,¢ 4 interval [0, 27). 
—— = Vis = ses). 2 = Vv yt 
cos x = = 
(2)(3) 6 at 


5 + V73 
The equation cos x = a does not have a solution because aay La 
an * 
—2+4+ 
5+ V73 ; 
= > 2, and for any x the maximum value of cos x is 1. Thus -47 
-6 
5- VB 5-VB. ; 
cosx = a and because 6. is a negative number (about y = 3cos*x — Scosx —4 
5 — V73 . 
—0.59), the equation cos x = -* will have two solutions on the 
interval [0, 27r). Thus 
— V73 
= cos (5 =F) = 2.2027 or 
5 — V73 
x= 20 - cos'( 7 ) ~ 4.0805 


To the nearest 0.0001, the solutions on [0, 27r) are 2.2027 and 4.0805. 
@ Try Exercise 56, page 568 
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When solving an equation that has multiple solutions, we must be sure we find all 
solutions of the equation for the given interval. For example, to find all solutions of 


1 
sin 2x = > where 0 = x < 2m, we first solve for 2x. 


sin 2x = 


aA NIK 


5 
2x =—+ 2kw or 2x = a + 2ka kis an integer. 


5 
Solving for x, we have x = a + ka or x = a + ka. Substituting integers for 4, 
we obtain 


k=0 x= _ or x= ou 
12 12 
137 177 
=| SS Sa 
k x D or x D 
25% 29%r 
k= 2: x=— or x=— 
12 12 


Note that for k = 2, x = 277 and the solu- 
. : 1 : : 
tions to sin 2x = are not in the interval 


0 =x < 2m. Also, if k < 0, then x < 0 and 
no solutions in the interval 0 = x < 277 are 
produced. Thus, for 0 = x < 27, the solutions 


aw Sa 137 17 


and ]) See Figure 6.25. 


ve 9a ge? ge Te 


Figure 6.25 


EXAMPLE 4 _ Solve a Trigonometric Equation 


Solve: sin 3x = 1 


Algebraic Solution 


The equation sin 3x = | implies 


3x = S + 2ka, kan integer 


7 i 2kar ae 
x=—+—_, an integer 
6. 3 . 
Because x is not restricted to a finite interval, the given equation 
has an infinite number of solutions. All of the solutions are 


represented by the equation 


* Divide each side by 3. 


Qkar 


“a k an integer 


H Try Exercise 66, page 569 


Visualize the Solution 


The solutions are the x-coordinates of the points of 
intersection of y = sin 3x and y = 1. The follow- 
ing figure shows eight of the points of intersection. 


= 
vA = 


y=sin 3x | 
a) 
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EXAMPLE 5 _ Solve a Trigonometric Equation 
V3 


V3 
Solve sin? 2x — See sin 2x + sin 2x — a = 0, 


where 0° = x < 360°. 


Algebraic Solution Visualize the Solution 
Factor the left side of the equation by grouping, and then set each factor The solutions are the x-coordinates of the 
equal to zero. x-intercepts of 
3 V3 3 
sin? 2x — YP sin 2x + sin 2x - 3 = 0 y = sin? 2x — YP sin ax 
3 3 V3 
sin 2x( sin 2x — WS) + (sin 2x = “3 ) =0 + sin 2x — —— 
2 2 2 
V3 
(in ie {sin ee a eee on the interval [0, 27r). See the following 
2 figure. 
3 VA 
sin2x + 1 =0 or sindx - 3 = 0 | 
sin2x = —] ose 
2 
The equation sin 2x = —1 implies that 2x = 270° + 360° - k, kan integer. Thus 


x = 135° + 180°-k. The solutions of this equation with 0° = x < 360° are 


135° and 315°. Similarly, the equation sin 2x = “ implies 
2x = 60° + 360°°k or 2x = 120° + 360°-k 
x = 30° + 180°-k x = 60° + 180°-k 
The solutions with 0° = x < 360° are 30°, 60°, 210°, and 240°. Combining 


the solutions from each equation, we have 30°, 60°, 135°, 210°, 240°, and 315° 
as the solutions of the original equation. 


@ Try Exercise 84, page 569 


In Example 6, algebraic methods do not provide the solutions, so we rely on a 
graph. 


EXAMPLE 6 Approximate Solutions Graphically 


Solution 
The solutions are the x-intercepts of y = x + 3 cos x. See Figure 6.26. A close-up view 
of the graph of y = x + 3 cos x shows that, to the nearest thousandth, the solutions are 


x, = —1.170, x, = 2.663, and x3 = 2.938 


y=x+3cosx 
Figure 6.26 


H# Try Exercise 86, page 569 


Path of projectile — 


d 


d (in feet) 


4000 d= 


Figure 6.27 


2 
3 sin 8 cos 6 


@ (in degrees) 
Figure 6.28 


>| 
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EXAMPLE 7 Solve a Projectile Application 


a) A projectile is fired at an angle of inclination @ from the horizon with an initial 
~ = velocity vo. Its range d (neglecting air resistance) is given by 


4 
d= Wd" sin 6 cos 6 
16 


where vy is measured in feet per second and d is measured in feet. See Figure 6.27. 


a. If vo = 325 feet per second, find the angles 6 (in degrees) for which the projectile 
will hit a target 2295 feet downrange. 


b. What is the maximum horizontal range for a projectile that has an initial velocity 
of 474 feet per second? 


c. Determine the angle of inclination that produces the maximum range. 


Solution 


a. We need to solve : 


325°... 
2295 = “6 i 8 cos @ (1) 


for 6, where 0° < @ < 90°. 


Method 1_ The following solutions were obtained by using a graphing utility to 
2 


325 
graph d = 2295 andd = 6 sin 6 cos 6. See Figure 6.28. Thus there are two angles 


for which the projectile will hit the target. To the nearest thousandth of a degree, they are 
6 = 22.025° and 6 = 67.975° 


It should be noted that the graph in Figure 6.28 is not a graph of the path of the 
projectile. It is a graph of the distance d as a function of the angle 0. 


Method 2 To solve algebraically, we proceed as follows. Multiply each side of 
Equation (1) by 16 and divide by 325 to produce 


(16)(2295) 


sin 8 cos 86 = 3 
325 


sin 20 
The identity 2 sin 6 cos @ = sin 26 gives us sin 8 cos 8 = aa Hence, 


sin 20 _ (16)(2295) 


2 3257 
16)(2295 
sin 26 = puis”) = (0.69529 
325 


There are two angles in the interval [0°, 180°] whose sines are 0.69529. One is 
sin”! 0.69529, and the other is the supplement of sin~! 0.69529. Therefore, 


20 = sin! 0.69529 or 20% 180° — sin ! 0.69529 
1 1 
0 5 sin! 0.69529 0 = 5 (180° — sin! 0.69529) 
0 = 22.025° 6 © 67.975° 


These are the same angles that we obtained using Method 1. 
(continued ) 
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8000 


474? 
(45, 7021.125) b. Use a graphing utility to find that the graph of d = —— sin 6 cos @ has a maximum 
value of d = 7021.125 feet. See Figure 6.29. 


c. Inb., the maximum value is attained for 0 = 45°. 


d (in feet) 


@ Try Exercise 92, page 569 


® Modeling Sinusoidal Data 


6 (in degrees) 


ee Data that can be closely modeled by a function of the form y = asin (bx + c) + d are 


= F§ Sin B cos 4 called sinusoidal data. Many graphing utilities are designed to perform a sine regression 
to find the sine function that provides the best least-squares fit for sinusoidal data. For 
instance, the TI-83/TI-83 Plus/TI-84 Plus calculators use the command SinReg and the 
TI-86 calculator uses SinR to perform a sine regression. The process generally works best 
for those sets of data for which we have a good estimate of the period. 

In Example 8, we use a sine regression to model the percent of illumination of the 
moon as seen from Earth. See Figure 6.30. 


Figure 6.29 


Figure 6.30 
EXAMPLE 8 Use a Sine Regression to Model Data 


ay) 2 Table 6.3 shows the percent of the moon that will be illuminated, at midnight 
4 Eastern Standard Time (EST), for selected days of August and September of 2012. 
Table 6.3 


Aug. 31 

Sept. 5 36 80 
Sept. 10 41 34 
Sept. 15 46 1 
Sept. 20 51 22 
Sept. 25 56 75 
Sept. 30 61 100 


Source: The U.S. Naval Observatory. 


Find the sine regression function that models the percent of the moon illuminated as a 
function of the day number, with August 1, 2012, represented by x = 1. Use the function 
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to estimate the percent of the moon illuminated at midnight EST on September 12, 2012. 
(Note: The illumination cycle of the moon has a period of about 29.53 days. The percent 
of the moon illuminated is nearly the same regardless of one’s position on Earth.) 


Solution 


1. Construct a scatter plot of the data. Enter the data from Table 6.3 into your 
Bo reveW graphing utility. See Figure 6.31. The sinusoidal nature of the scatter plot in 
Figure 6.32 indicates that the data can be closely modeled by a sine function. 
How to Construct a Scatter 


Plot 105 
See Section 2.7. 


cim=1_| | __] 


Figure 6.31 Figure 6.32 


2. Find the regression function. On a TI-83/TI-83 Plus/TI-84 Plus graphing calculator, 


™ Integrating Technolo 
le J J oY the input shown in Figure 6.33 produces the sine regression shown in Figure 6.34. 


A sine regression requires at x-values in Ly 
least four data points. The itera- , 
tions number 16 in Figure 6.33, erations d-valugsiny| 
the maximum number of times eat 


" ee SinReg 16,L1,L2, 
the SinReg command will iter- 29.53,Y1 


ate to find a regression equa- 
tion. Any integer from | to 16 
can be used; however, the inte- 
ger 16 generally produces more 
accurate results than do smaller 
integers. Figure 6.33 Figure 6.34 


SinReg 
y=a*sin(bx+c)+d 
a=49.49657274 
b=.2131384304 
c=1.089762743 
d=50.63325276 


Period Regression equation 
- is stored in Yi 


The regression function is given by: 
y & 49.496573 sin(0.213138x + 1.089763) + 50.633253 
3. Examine the fit, and use the regression function to make a prediction. The SinReg 


command does not yield a correlation coefficient. However, a graph of the regression 
function and the scatter plot of the data shows that the regression function provides a 


Caution | good model of the data. See Figure 6.35. Use the value command in the CALC menu 
Your calculator needs to be in to show that the percent of the moon illuminated at midnight (EST) on September 12, 
radian mode to produce the 2012 (x = 43), will be 14%, rounded to the nearest percent. See Figure 6.36. 


graph in Figure 6.35. 105 


Y1=49.496572738156*sin(.. 


VM 


Figure 6.35 Figure 6.36 


@ Try Exercise 94, page 570 
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EXERCISE SET 6.6 


In Exercises 1 to 22, solve each equation for solutions 35. 3tan’?x — 2tanx = 0 36. 4cot?x + 3cotx = 0 

in the interval 0 = x < 27. Round approximate solutions 

to the nearest ten-thousandth. 37. 3cosx + secx = 0 38. 5sinx — cscx = 0 
1. secx — V2 =0 2. 2sinx = V3 


39. tan? x = 3sec*x — 2 


3. tax — V3 =0 4. csx-1=0 
40. csc? x — 1 = 3cot?x +2 
5. 2sinxcosx = V2cosx 


Al. 2sin?x = 1 — cosx 
6. 2sinxcosx = V3 sinx 


2 eee 

7. sinsx —1=0 Bo cosetx—-1=0 42. cos'x + 4 =2sinx — 3 
9. 4sinx cosx — 2V3sinx — 2V2cosx + V6 =0 43. 3cos’x + S5cosx -2=0 
10. sec?x + V3 secx — V2secx — V6 =0 44, 2sin?x + 5sinx +3 =0 
11. csex — V2 =0 12. 3cotx + V3 =0 45. 2tan?x — tanx — 10 = 0 

a) ag 2 a 
13. 2sin’x + 1 = 3 sinx m14. 2cos*x + 1 3 cos x AG. Deo x = Fente + 3-=0 
15. 4cos*x — 3 = 0 16. 2sin?x —1=0 ; 

47. 3sinxcosx — cosx = 0 

17. 2 sin? x = sinx 18. 4cos?x = 3cosx 


48. tanxsinx — sinx = 0 


19. 4sin?x + 23 sinx — V3 = 2sinx 


49. 2sinxcosx — sinx — 2cosx + 1=0 
20. tan? x + tanx — V3 = V3 tanx 


50. 6cosxsinx — 3cosx —4sinx +2=0 


21. sin*x = sin’ x 22. cos*x = cos’ x 


ll 


51. 2 sinx — cosx 


In Exercises 23 to 60, solve each equation, where 
0° = x < 360°. Round approximate solutions to the 
nearest tenth of a degree. 


ll 


m52. sinx + 2cosx 


53. 2sinx — 3cosx = 1 


23. cosx — 0.75 = 0 24. sinx + 0.432 = 0 

25. 3sinx -5 =0 26. 4cosx —1=0 54. V3sinx + cosx = | 
27. 3secx —-8 = 0 28. 4cscx + 9 = 0 55. 3sin’x — sinx —1=0 
29. cosx +3 = 0 30. sinx —-4=0 


m56. 2cos*x — Scosx -5=0 


31. 3 —5sinx = 4sinx + 1 


57. 2cosx —1+3secx = 0 
32. 4cosx — 5 = cosx — 3 


58. 3sinx — 5+ cscx = 0 


oe eae ee 
. py PU T 3 400 T 


59. cos*x — 3sinx + 2sin’x = 0 


. sin? x = 2 cosx + 3 cos’ x 


34 2 1 1 1 
. x 
5 COS X 3 3 cos 60 


In Exercises 61 to 70, find the exact solutions, in radians, 
of each trigonometric equation. 


2V3 _ 


61. tan2x —1=0 62. sec 3x — 3 0 

63. sin5x = 1 64. cos 4x = me 

65. sin2x — sinx = 0 ™ 66. cos 2x = ae 

67. sin( 2 i =) = 68. cos( 2x = =) __v2 
6 2 4 2 


69. sin’ > + cosx = | 70. cos? > — cosx = l 


In Exercises 71 to 84, solve each equation for exact 
solutions in the interval 0 s x < 27. 


71. cos2x = 1 — 3 sinx 72. cos 2x = 2cosx — 1 


73. sin 4x — sin2x = 0 74. sin 4x — cos 2x = 0 


x : x 
75. ce = sinx 76. ne = 1 — cosx 


ll 
ro) 


77. sin 2x cosx + cos 2x sin x 


78. cos 2x cosx — sin 2x sinx = 


79. sinx cos 2x — cos x sin 2x 


80. cos 2x cosx + sin 2x sinx = 


81. sin 3x — sinx = 0 82. cos 3x + cosx = 0 


83. 2sinxcosx + 2sinx — cosx —1=0 


m84. 2 sin x cosx — 2V2 sinx _ V3 cos x + V6 =0 


= In Exercises 85 to 88, use a graphing utility to solve 
the equation. State each approximate solution 
accurate to the nearest ten-thousandth. 


85. cosx = x, where 0 = x < 27 


m86. 2 sinx = x, where 0 = x < 27 
. i 
87. sin2x =—,where-4 5x54 
x 
1 
88. cosx = —, where0 = x = 5 
x 


89. ze Use a graphing utility to solve cosx = x*— x by 
~~ graphing each side and finding the x value of each point 
of intersection. Round to the nearest hundredth. 
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90. Ee Approximate the largest value of k for which the equation 
* sin x cos x = k has a solution. 


Projectiles In Exercises 91 and 92, use the following. A 
projectile is fired at an angle of inclination 6 from the 
horizon with an initial velocity vo. Its range d (neglecting 
air resistance) is given by 


(Vo)? 
16 


where vo is measured in feet per second and d is measured 
in feet. 


d= sin 0 cos 0 


91. & If vo = 288 feet per second, use a graphing utility 

to find the angles 9 (to the nearest hundredth of a 

degree) for which the projectile will hit a target 1295 feet 
downrange. 


092. & Find the maximum horizontal range, to the nearest tenth of 


a foot, for a projectile that has an initial velocity of 
375 feet per second. What value of @ produces this maximum 
horizontal range? 


93. 4 2 Sunrise Time The following table shows the sunrise 
: time for Arlington, Virginia, for selected days 


in 2013. 
Day Sunrise Time 
Date Number (h:min) 
Jan. 1 1 V2) 
Mar. 1 60 6:40 
May 1 121 5:10 
July 1 182 4:47 
Sept. 1 244 5:38 
Nov. 1 305 6:36 


Source: The U.S. Naval Observatory. The times are in Eastern 
Standard Time. 


a. Find the sine regression function that models the sunrise 
time, in hours, as a function of the day number. Let x = 1 
represent January, 1, 2013. Use 365.25 days for the period 
of the data. (Hint: Each sunrise time, given in the 
hours:minutes format, needs to be converted to hours. For 
instance, 7:27 is 


27 
7+—=7+4 045 
60 


which is 7.45 hours.) 


b. Use the regression function to estimate the sunrise time, in 
hours:minutes, for July 25, 2013 (x = 206) . Round to the 
nearest minute. 
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094, P) Sunset Time The following table shows the sunset a. Find the sine regression function that models the percent 
= time for Des Moines, Iowa, for selected days of the moon illuminated as a function of the day number. 
in 2012. Let x = 1 represent June, 1, 2013. Use 29.53 days for the 


period of the data. 


b. Use the regression function to estimate the percent of the 
moon illuminate at midnight CST on July 18, 2013 (x = 48). 
Round to the nearest percent. 


Hours of Daylight The following table shows the 
hours of daylight (rounded to the nearest thousandth 
of an hour) for Chicago, Illinois, for selected days in 2014. 


Source: The U.S. Naval Observatory. The times are in Central 
Standard Time. 


a. Find the sine regression function that models the sunrise time, 
in hours, as a function of the day number. Let x = 1 represent 
January, 1, 2012. Use 365.25 days for the period of the data. 
(Hint: Each sunrise time, given in the hours:minutes format, 
needs to be converted to hours.) 


b. Use the regression function to estimate the sunset time, in 
hours:minutes, for March 22, 2012 (x = 82) . Round to the 
nearest minute. 


95. 4 P.) Percent of the Moon Illuminated The following 

table shows the percent of the moon illuminated at 

midnight, Central Standard Time (CST), for selected days in 
June and July of 2013. 


Source: The U.S. Naval Observatory. Data extracted from sunrise— 


1 45 sunset tables. 

6 5 a. Find the sine regression function that models the hours of day- 
ll 6 light as a function of the day number. Let x = 1 represent 
16 45 January, 1, 2014. Use 365.25 days for the period of the data. 
21 93 
26 89 b. Use the regression function to estimate the hours of day- 
mF = light for Chicago on March 12, 2014 (x = 71). Round to 

the nearest thousandth of an hour. 
36 4 
41 8 97. 2 Altitude of the Sun The following table, on 
46 51 page 571, shows the altitude of the Sun for Dallas, 
zi be Texas, at selected times during September 15, 2013. 
oP oF a. Find the sine regression function that models the altitude, in 
degrees, of the Sun as a function of the time of the day. Use 
61 36 24.017 hours (the time from sunrise September 15 to sun- 


rise September 16) for the period. 
Source: The U.S. Naval Observatory. 


98. 


99. 


Source: The U.S. Naval Observatory. 


b. Use the regression function from part a., to estimate the alti- 
tude of the Sun on September 15, 2013, at 9:30 a.m. Round 
to the nearest tenth of a degree. 


“= Model the Daylight Hours For a particular day of the 
year ft, the number of daylight hours in New Orleans can be 
approximated by 


27(t — 80) 


) + 12.145 
365 


d(t) = 1.792 sin( 
where f is an integer and ¢ = | corresponds to January 1. 
According to d, how many days per year will New Orleans 
have at least 10.75 hours of daylight? 


Cross-Sectional Area A rain gutter is constructed from a 
long sheet of aluminum that measures 9 inches in width. The 
aluminum is to be folded as shown by the cross section in the 
following diagram. 


a. Verify that the area of the cross section is given by 
A = 9sin @(cos 8 + 1), where 0° < @ = 90°. 


b. 4 What values of 0, to the nearest degree, produce a 
~~ cross-sectional area of 10.5 square inches? 


c. &2 Determine the value of 0 that produces the cross section 
~ with the maximum area. 


100. 


101. 


102. 
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Observation Angle A person with an eye level of 5 feet 
6 inches is standing in front of a painting, as shown in the fol- 
lowing diagram. The bottom of the painting is 3 feet above 
floor level, and the painting is 6 feet in height. The angle 6 
shown in the figure is called the observation angle for the 
painting. The person is d feet from the painting. 


6d 
a. Verify that 0 = tan( 5 } 
ad” = 8.15 


b. 4 Find the distance d, to the nearest tenth of a foot, for 
~ which 6 = 7 


d 


Model the Movement of a Bus As bus 4, makes a left turn, 
the back B of the bus moves to the right. If bus 4, were wait- 
ing at a stoplight while A, turned left, as shown in the follow- 
ing figure, there is a chance the two buses would scrape against 
one another. For a bus 28 feet long and 8 feet wide, the move- 
ment of the back of the bus to the right can be approximated by 


x = V(4 + 18 cot 0)? + 100 — (4 + 18 cot 4) 


where 6 is the angle the bus driver has turned the front of the 
bus. Find the value of x for @ = 20° and @ = 30°. Round to the 
nearest hundredth of a foot. 


Optimal Branching of Blood Vessels Scientists have hypoth- 
esized that the system of blood vessels in primates has evolved 
so that it has an optimal structure. In the case of a blood vessel 
splitting into two vessels, as shown in the accompanying figure, 
on page 572, we assume that both new branches carry equal 
amounts of blood. A model of the angle 6 is given by the equa- 
tion cos 9 = 2°°~4)"*4) The value of x is such that 1 < x < 2 
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and depends on assumptions about the thickness of the blood In Exercises 103 to 108, solve each equation for exact 
vessels. Assuming this is an accurate model, find the range of solutions in the intervalO = x< 27. 
values of the angle 6. 103. V3 sinx + cosx = V3 104. sinx — cosx = 1 


105. —sinx + V3 cos x = 4 106. —~V3 sinx —cosx = 1 


107. cos 5x — cos 3x = 0 


108. cos 5x — cosx — sin3x = 0 


G= Exploring Concepts with Technology 


cscs 


_ Approximate an Inverse Trigonometric Function 


with Polynomials 


1 


The function y = sin" x can be approximated by polynomials. For example, consider: 


3 
f@=*+> 5 where -1 <x <1 
3 5 
x 1+3x 
=x ap -1=x= 
Six) = x 3-3 + D405 where -l =x <1 
3 5 7 
x 1+3x 1°3°5x 
=F + here -1<x<1 
A) = x 2-3 2-4-5 2-4°6°7 where x 
3 5 7 9 
x baa. Teta. Dea 
=a = + + here -l1 <x<1 
Sax) x 2-3 2°4°5 2*4+6°7 FAG seo wnere x 
: 5 7 Qnt1 
L: 1:3: 2n)! 
ade 
2°30 24°50 -2+4+6+7 (2"n!)°(2n + 1) 
where —1<x<1,n! =1-2°3-:-(n— In 


and (2n)! = 1+2+3--+-(2n — 1)(2n) 
| ea Use a graphing utility for the following exercises. 


1. Graph y = fix), vy = A(x), vy = fx), and y = fi(x) in the viewing window 
Xmin = —1, Xmax = 1, Ymin = —1.5708, Ymax = 1.5708. 


2. Determine the values of x for which f,(x) and sin”! x differ by less than 0.001. 
That is, determine the values of x for which | f(x) — sin7'x| < 0.001. 


3. Determine the values of x for which |f,(x) — sin™'x| < 0.001. 


1 


4. Write all seven terms of f,(x). Graph y = f6(x) and y = sin‘ x on the viewing 


window Xmin = —1, Xmax = 1, Ymin = — = Ymax = = 


5. Write all seven terms of f6(1). What do you notice about the size of a term 
compared to that of the preceding term? 


| 6. What is the largest-degree term in fio(x)? 
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The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


6.1 Verification of Trigonometric Identities 


= Guidelines for Verifying Trigonometric Identities 


If one side of the identity is more complex than the other, then it is 
generally best to try to simplify the more complex side. 

Perform indicated operations such as adding fractions or squaring a 
binomial. Also be aware of any factorization that may help you 
achieve your goal. 

Use previously established identities that enable you to rewrite one 
side of the identity in an equivalent form. 

Rewrite one side of the identity so that it involves only sines and/or 
cosines. 

Rewrite one side of the identity in terms of a single trigonometric 
function. 

Multiply both the numerator and the denominator of a fraction by the 
same factor (such as the conjugate of the denominator or the numerator). 
Keep your goal in mind. Knowing exactly what your goal is may 
provide the insight you need to verify the identity. 


6.2 Sum, Difference, and Cofunction Identities 


= Sum and Difference Identities 


cos(a — B) = cosacos B + sina sin B 


cos(a + B) = cosacos B — sina sin B 
sin(a — B) = sinacos B — cosasin B 
sin(a + B) = sinacos B + cosa sin B 
tana + tan 
tan(a + B) = B 
1 — tana tan B 
tan a — tan 
tan(a — B) B 


1+ tan a tan B 


See Examples 3 and 4, page 518, and then 
try Exercises 34 and 36, page 577. 


See Example |, page 524, and then try 
Exercises | and 5, page 576. 


= Cofunction Identities 
If 6 is in degrees, then 


sin(90° — 6) = cos @ cos(90° — 6) = siné 
tan(90° — 6) = coté cot(90° — @) = tand 
sec(90° — 6) = csc 0 csc(90° — 0) = sec 0 


If 6 is in radians, replace 90° with =e 


See Example 2, page 525, and then try 
Exercise 15, page 576. 
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6.3 Double- and Half-Angle Identities 


= Double-Angle Identities See Example |, page 533, and then try 


sin 2a = 2 sinacosa Exercises 19 and 22, page 576. 


cos 2a = cos* a — sin’ a 
=1-2sina 


= 2cos’a — 1 


2 tana 
i 2a == 
1 — tan‘ a 
= Power-Reducing Identities See Example 4, page 534, and then try 
1 = 608 2a Exercise 25, page 576. 
sin?a = ————— 
2 
4 1 + cos 2a@ 
cosa = ————— 
2 
2 1 — cos 2a 
tana = ————_ 
+ cos 2a 
= Half-Angle Identities See Example 5, page 535, and then try 


Exercises 7 and 9, page 576. 


Qa /1 — cosa@ 
=f 

2 p) 

Qa ae 1+ cosa 
cos— = +./ 

2 2 

a 1 — cosa sin a@ 1 — cosa 
tan=- = + = = ; 

2 1+ cosa 1 + cosa sin @ 


The choice of the plus sign or the minus sign depends on the quadrant in 


which . lies. 


6.4 Identities Involving the Sum of Trigonometric Functions 


= Product-to-Sum Identities See Example 1, page 542, and then try 
Exercise 28, page 577. 


sin a cos B = 5 [sin(a + B) + sin(a — B)] 
cos asin 6 = 5[sin(a + B) ~ sin(a ~ B)) 
cosa cos B = 5 [cos(a + B) + cos(a — B)] 
sin a sin B = 5 [cos(a — B) — cos(a + B)] 
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= Sum-to-Product Identities 


Pe = 

sinx + siny = 2 sin » cos z 
2 2 

Xb x= 

cos x + cosy = 2 cos ~ cos x 
2 2 

; . > ery eS yp 

sinx — siny = 2 cos sin 

» 2 5 

_xty . x7y 

cosx — cosy = —2 sin sin 5 


See Examples 2 and 3, page 543, and then 
try Exercises 29 and 31, page 577. 


= Functions of the Form f(x) = a sinx + b cos x 
Functions of the form a sin x + b cos x, can be written as 


asinx + bcosx = ksin(x + a) 


. b a 
where k = Va’ + Bb’, sina = SS and cos a = ea aa, 
a+t+b Va +b 


6.5 Inverse Trigonometric Functions 


= Graphs of the Inverse Trigonometric Functions 


yA yA 


; 
. 


ll Fs = 
yeese! x y=sec!x y=cot! x 


See Examples 4 and 5, pages 544 and 545, 
and then try Exercises 63 and 66, pages 577 
and 578. 


See Example 7, page 556, and then try 
Exercises 69 and 70, page 578. 


= Composition of Trigonometric Functions and Their Inverses 
* If—1 <x <1, then sin(sin ! x) = x and cos(cos ! x) = x. 
+ Ifx is a real number, then tan(tan | x) = x. 
° a Ssxs = then sin” '(sin x) = x. 


+ If0 =x Sa, then cos '(cos x) = x. 


. f= = KS a then tan’ '(tan x) = x. 


See Example 2, page 553, and then try 
Exercises 67 and 68, page 578. 
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6.6 Trigonometric Equations 


= Solve Trigonometric Equations 


Algebraic methods and identities are used to solve many trigonometric 
equations. If solutions cannot be found by algebraic methods, then we 
often use a graphing utility to find approximate solutions. 


See Examples | and 3, pages 561 and 562, 
and then try Exercises 57 and 59, page 577. 


= Model Sinusoidal Data 


provides the best least-squares fit for sinusoidal data. 


Data that can be closely modeled by a function of the form 
y = asin(bx + c) + dare called sinusoidal data. Graphing utilities can 
be used to perform a sine regression to find the sine function that 


See Example 8, page 566, and then try 
Exercises 73, page 578. 
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In Exercises 1 to 10, find the exact value. 


1. cos(45° + 30°) 


) a(t) 
3. 4 as ee 


5. sin(60° — 135°) 


2. tan(210° — 45°) 


Ww 
an 
m. 
5 


Pa 


1 ° 
sin(22) 8. cos 105° 


Ke) 


1 fe} 
‘ tan( 67) 10. sin 112.5° 


In Exercises 11 to 14, find the exact value of the given 
function. 


1 1 
11. Given sina = 3 with 0° < a < 90°, and cos B = S with 
270° < B < 360°, find 
a. cos(a — B) b. tan 2a C. sin( £) 


3 1 
12. Given sina = “ with 90° < a < 180°, and cos B = = 
with 180° < B < 270°, find 
e Qa 
a. sin(a + B) b. sec 28 c. cos( “) 


1 
13. Given sina = — 5 With 270° < a < 360°, and 
3 
cos B = = with 180° < B < 270°, find 


a. sin(a — B) b. tan 2a ic cos( 5) 


2 3 
14. Given sina = a with 0° < a < 90° and cos B = “ 


with 270° < B < 360°, find 


a. cos(a — B) b. tan 26 c. sin 2a 


In Exercises 15 to 18, use a cofunction identity to write 
an equivalent expression for the given value. 


15. sin 58° 16. tan 72° 


7 7 
IZ; os 18. = 
cos 5 sec 7 


In Exercises 19 to 24, write the given expression as a 
single trigonometric function. 

. tan 2x + tan x 
19. 2 sin 3x cos 3x 20 ee 
1 — tan 2x tan x 
21. sin 4x cos x — cos 4x sin x 


22. cos* 26 — sin? 20 


sin 20 24. 1 — cos 20 


23. 
cos 20 sin 20 


In Exercises 25 and 26, use power-reducing identities to 
verify each identity. 


Le 4 
25. sin? x cos?x = —— = 
3-4 2x + 4x 
26. sin? x tan? x _ = 
4 + 4cos 2x 


In Exercises 27 and 28, use a product-to-sum identity to 


verify each identity. 


27. 


28. 


In Exercises 29 to 32, write each expression as the product 


1 
sin 2x cos 3x = 3 (sin 5x — sin x) 


1 
cosx cos 2x = 73 (©os 3x + cos x) 


of two trigonometric functions. 


29. 


31. 


cos 20 — cos 46 30. sin 36 — sin 50 


sin 66 + sin 20 32. sin 56 — sin@ 


In Exercises 33 to 50, verify the identity. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


47. 


1 1 


; i 2 tan x sec x 
sinx — | sinx + 1 


sin x 7 
escx + cotx, 0<x<— 
1 — cosx 2 
1+ sinx 2 
an’ x + 1 + tanxsecx 
2 
cos’ x 


cos? 2x — sin? 2x 


cos*x — sin? x — sin 2x : 
cos 2x + sin 2x 


— cosx = tanx sinx 
cos x 


sin(270° — @) — cos(270° — 0) = sin@ — cosé 


: (2 ) V2 : 
sin a (cos a — sina) 
4 2 
sin(180° — a + B) = sinacos B — cosa sin B 


sin 4x — sin 2x 
= —cot 3x 


cos 4x — cos 2x 


. 2sinx sin3x = (1 — cos 2x)(1 + 2 cos 2x) 


. sinx — cos 2x = (2sinx — 1)(sinx + 1) 


cos 4x = 1 — 8 sin? x + 8 sin’ x 


4tanx — 4 tan? x 


. tan 4x 5 7 
1 — 6tan* x + tan" x 
sin 2x — sinx 1 — cosx 
cos 2x + cosx sin x 
2 cos 4x sin 2x = 2 sin 3x cos 3x — 2 sin x cos x 


CHAPTER 6 REVIEW EXERCISES 577 


48. 2 sinx sin 2x = 4cosx sin? x 


49. cos(x + y) cos(x — y) = cos*x + cos?y — 1 


50. cos(x + y) sin — y) = sinxcosx — sinycosy 


In Exercises 51 to 54, evaluate each expression. 


51 se( sin! 2) 52 cos(sin~! 3) 
: 13 ; 5 
53. cos sin~'(-2) + cos! -| 
5 13 
ee) 
54. cos| 2 sin 5 


In Exercises 55 and 56, solve each equation. 


55. 2sin-\x — 1) = . 


4 
56. sin! x + Pe 
sin x + cos 5° 


In Exercises 57 and 58, find all solutions of each equation 
with 0° = x < 360°. 


57. 4sin’ x + 2V3 sinx — 2sinx — V3 = 0 


58. 2sinxcosx — V2cosx — 2sinx + V2 =0 


In Exercises 59 and 60, solve the trigonometric equation 
where x is in radians. Round approximate solutions to 
four decimal places. 


59. 3.cos?x + sinx = 1 


60. tan?x — 2tanx —3 =0 


In Exercises 61 and 62, solve each equation on 0 = x < 2z. 


1 
61. sin 3x cos x — cos 3x sinx = 3 


T V3 
2. 2x -—)=-— 
6. cos( x = 5 


In Exercises 63 to 66, write the equation in the form 
y = ksin(x + a), where the measure of a is in radians. 
Graph one period of each function. 


63. f(x) = V3sinx + cosx 


64. f(x) = —2sinx — 2 cosx 
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65. f(x) = —sinx — V3 cosx 


3 1 
66. f(x) = NB sins = 7 008% 


In Exercises 67 and 68, find the exact value of each 
composition of functions. 


67. sin(sin ! 0.4) 


=1 
68. tan (ian mz) Source: The U.S. Naval Observatory. The times are in Eastern Standard 
Time. 
In Exercises 69 to 72, graph each function. a. Find the sine regression function that models the sunrise 


time, in hours, as a function of the day number. Let x = 1 
represent January, 1, 2012. Assume the sunrise times have a 
period of 365.25 days. Each sunrise time (given in the 


69. f(x) = 2cos |x 


70. f(x) = sin” (x — 1) hours:minutes format) needs to be converted to hours. For 
instance, 7:21 is 
71. f(x) = sin”! = 21 
2 7 + © = 7 + 0.35 = 7.35 hours 


72. f(x) = sec! 2x 
b. Use the regression function to estimate the sunrise time for 
73. 4 P) Sunrise Time The following table shows the sunrise November 12, 2012 (x = 317). Round the time to the near- 
time for Tampa, Florida, for selected days in 2012. est minute. 


In Exercises 1 to 4, verify the given identity. In Exercises 10 and 11, verify the given identity. 
1. 1 + sin? x sec? x = sec? x 0 cosé 
10. tan— + — = csc 0 
1 1 2 sin 8 
2. = 2 tanx 
secx — tanx  secx + tanx 11. sin? 2x + 4cos’x = 4cos?x 


3. cos? x + cos x sin? x = cos x 


12. Find the exact value of sin 15° cos 75°. 


4 r a V3 1 
. cscx — cotx = —_—— : ‘ F : 
sin x 13. Write y = iq ee + 3 cos x in the form y = & sin (x +a), 
5. Find the exact value of sin 195°. where a is measured in radians. 
6. Given sing = = a in Quadrant III, and cos B = ave 14. Use # calculator to approximate the radian measure of 
5 2 cos — 0.7644 to the nearest thousandth. 


B in Quadrant II, find sin (a + B). 


12 
15. Find the exact value of sn( cos” 2) 
3 
7. Verify the identity sin( 6 2 =z) = cos 6. 
2 16. Graph y = sin '(x + 2). 


8. Write cos 6x sin 3x + sin 6x cos 3x in terms of a single trigo- 


: : 17. Solve 3 sinx — 2 = 0, where 0° = x < 360°. (State solutions 
nometric function. 


to the nearest tenth of a degree.) 


4 
9. Find the exact value of cos 26 given that sin @ = = and @ is in 3 
Quadrant II. 5 18. Solve sin x cos x — c= sinx = 0, where 0 = x < 27. 


19. Find the exact solutions of sin 2x + sinx — 2 cos x 


where 0 S x < 277. 


1 = 0, 


20. 4 2 Hours of Daylight The following table shows the 
hours of daylight (rounded to the nearest thousandth 
of an hour) for Denver, Colorado, for selected days in 2014. 


Source: The U.S. Naval Observatory. Data extracted from 
sunrise—sunset tables. 
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a. Find the sine regression function that models the hours of 
daylight as a function of the day number. Let x = | represent 
January, 1, 2014. Use 365.25 days for the period of the data. 


b. Use the regression function to estimate the hours of daylight 
for Denver on June 21, 2014 (x = 172). Round to the near- 
est thousandth of an hour. 


2. Solve: |x — 5| = 3 


1. Factor: x? — y° 


3. Explain how to use the graph of y = f(x) to produce the graph 
ofy = f(x + 1) 4+ 2. 


4. Explain how to use the graph of y = f(x) to produce the graph 
of y = —f(x). 
: : x3 
5. Find the vertical asymptote for the graph of f(x) = eee 
6. Determine whether f(x) = x — sin x is an even function or an 
odd function. 
5x 
x-1 


7. Find the inverse of f(x) = 
8. Write x = 2° in logarithmic form. 
9. Evaluate: log), 1000 

10. Convert 240° to radians. 


5 
11. Convert = to degrees. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 


2 
Find tan 6, given @ is an acute angle and sin 0 = 3° 


3 
Determine the sign of cot 6 given 7 <@< ao 


What is the measure of the reference angle for the angle 
6 = 310°? 


What is the measure of the reference angle for the angle 


9=—? 
3 


Find the x- and y-coordinates of the point defined by w(=) 


Find the amplitude, period, and phase shift of the function 


y = 0.43 sin( 2 = =) 


1 
Evaluate: sin! 3 


Use interval notation to state the domain of f(x) = cos! x. 


Use interval notation to state the range of f(x) = tan! x. 
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Trigonometry and Indirect Measurement 


In Chapter 5, we used trigonometric functions to find the unknown length 
of a side of a given right triangle. In this chapter, we develop theorems that 
can be used to find the length of a side or the measure of an angle of any 
triangle, even if it is not a right triangle. These theorems are often used 

in the areas of navigation, surveying, and building design. Meterologists 
use these theorems to estimate the distance from an approaching hurricane 
to cities in the projected path of the hurricane. For instance, in the diagram 
above, the distance from the hurricane to Nags Head can be determined 
using the Law of Sines, a theorem presented in this chapter. 


See Exercises 30 and 31 on page 589 for additional applications that can 
be solved by using the Law of Sines. 
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SECTION 7.1 Law of Sines 


Law of Sines A 
Ambiguous Case (SSA) ® Law of Sines 


Applications of the Law of Sines 


Solving a triangle involves finding the lengths of all sides and the measures of all angles 
in the triangle. In this section and the next, we develop formulas for solving an oblique 
triangle, which is a triangle that does not contain a right angle. The Law of Sines can be 
used to solve oblique triangles in which either two angles and a side or two sides and an 
angle opposite one of the sides are known. In Figure 7.1, altitude CD is drawn from C. The 
length of the altitude is h. Triangles ACD and BCD are right triangles. 

Using the definition of the sine of an angle of a right triangle, we have from Figure 7.1 


| 
| 
| 
'h 


| 
| 
= 


Il 
c h h 
= e sin B = — and sin A = — 
Figure 7.1 a b 
h=asnB h=bsinA 


Equating the values of / in these equations, we obtain 
asinB = bsinA 
Dividing each side of the equation by sin 4 sin B, we obtain 


a 4b 
sin A sin B 


Similarly, when an altitude is drawn to a different side, the following formulas result. 


c b c a 
, =—— and ——>=-— 
sin C sin B sin C sin A 


ve 


The Law of Sines may also be 
written as If A, B, and C are the measures of the angles of a triangle and a, b, and c are the 


lengths of the sides opposite those angles, then 


sinA  sinB sinc 
a b c a b c 


sin A sin B sin C 


EXAMPLE 1 Solve a Triangle Using the Law of Sines 


Solve triangle ABC if A = 42°, B = 63°, and c = 18 centimeters. 


Solution 
Find C by using the fact that the sum of the measures of the interior angles of a triangle 
is 180°. 
A+ B+ C= 180° 
42° + 63° + C = 180° 
C = 75° 


Study tip 


We have used the rounding 
conventions stated on page 448 
to determine the number of 
significant digits to be used for 
aand b. 


18 cm 


Figure 7.2 


A c 


1. a < h; no triangle 


7.1 LAW OF SINES 


Use the Law of Sines to find a. 


a c 


sin A sin C 


e " A= 42°,c = 18, C= 75° 
sin 42° sin 75° ee 
18 sin 42° : 
a = —.—.— *®& 12 centimeters 
sin 75° 


Use the Law of Sines again, this time to find b. 


bo e¢ 
sinB  sinC 
2 = “ ° B= 63°,c = 18, C = 75° 
sin 63° sin 75° 
b= ne ~ 17 centimeters 
sin 75° 
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The solution is C = 75°, a © 12 centimeters, and b ~ 17 centimeters. A scale drawing 


can be used to show that these results are reasonable. See Figure 7.2. 


@ Try Exercise 4, page 589 


™ Ambiguous Case (SSA) 


When you are given two sides of a triangle and an angle opposite one of them, you may 
find that the triangle is not unique. Some information may result in two triangles, and some 
may result in no triangle. It is because of this that the case of knowing two sides and an 


angle opposite one of them (SSA) is called the ambiguous case of the Law of Sines. 


Suppose that sides a and c and the nonincluded angle A of a triangle are known and 
we are asked to solve triangle ABC. The relationships among /, the height of the triangle, 
a (the side opposite 7A), and c determine whether there are no, one, or two triangles. 


Case 1 
are four possible situations. 


1. a < h; there is no possible triangle. 

= h; there is one triangle, a right triangle. 

< a < c; there are two possible triangles. 

= c; there is one triangle, which is not a right triangle. 


ey 
ag >a 


A 


2. a = h; one triangle 


b G 


4. a = c; one triangle 


3. h <a < c; two triangles 


Figure 7.3 
Case 1: A is an acute angle. 


First consider the case in which 7A is an acute angle (see Figure 7.3). There 
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Case 2. Now consider the case in which 7A is an obtuse angle (see Figure 7.4). Here, 
there are two possible situations. 


1. a Sc; there is no triangle. 
2. a > c; there is one triangle. 


B 
! 

| 

| 

| h 
| 


B 
! 
| 
| 
h 1 
| 
i 
LH 


1. a = c; no triangle 2. a > c; one triangle 
Figure 7.4 
Case 2: A is an obtuse angle. 


The next three examples illustrate how to use the Law of Sines to determine both the num- 
ber of solutions to expect and the actual solution or solutions in an SSA situation. 


EXAMPLE 2 Use the Law of Sines to Solve a Triangle 
(SSA, One Solution) 


Solve triangle ABC, given A = 32.2°,b = 21.3, anda = 34.5. 


Solution 
Use the Law of Sines to find the measure of angle B. 
Ca The t f Si 
sind sinB ee 
34.5 21,3 


=— 4 =345,A4=322" b= 213 
sin 32.2° sin B 


34.5 sin B = 21.3 sin 32.2° * Solve for sin B. 
21.3 sin 32.2° 
34.5 
sin B © 0.328993 
There are two angles B, where B is between 0° and 180°, such that sin B = 0.328993. 
One of the angles is an acute angle, and the other is an obtuse angle. The inverse sine 
function can be used to find the acute angle. 
B & sin | 0.328993 
B = 19.2° (to the nearest tenth of a degree) 


sin B = 


The obtuse angle is the supplement of 19.2°, which is 180° — 19.2° = 160.8°. We can 
determine that the 160.8° value for B is not a valid result, because A = 32.2° and the 
sum of 32.2° and 160.8° is greater than 180°. (The sum of the measures of the angles 
in any triangle is 180°.) Thus the only possibility for B is B ~ 19.2°. We can now esti- 
mate the measure of angle C. 

C= 180° -A-B 
180° — 32.2° — 19.2° 
128.6° 


2 


2 


Cc 
b=213 ne a=34.5 
322° 19.2° 
c= 50.6 
Figure 7.5 
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The Law of Sines can now be used to find c. | 


c Ola 
sinC sind 


¢ The Law of Sines 


asin C 
c=— ¢ Solve for c. 
sin A 
34.5 sin 128.6° 
cr ; ea = 34.5, A = 32.2°,C ~ 128.6° 
sin 32.2° 
= 50.6 


There is only one triangle with the given dimensions, and the solution is 
Be 19.2°,C = 128.6°, andc = 50.6. 
See Figure 7.5. 
m Try Exercise 14, page 589 | 


EXAMPLE 3__ Use the Law of Sines to Solve a Triangle 
(SSA, Two Solutions) 


Solve triangle ABC, given A = 25.5°, b = 41.2, anda = 29.6. | 


Solution 
Use the Law of Sines to find the measure of angle B. 
Lee The:L f Si 
sinA sinB eee ere 
29.6 41.2 


; a er °a= 29.6, A = 25.5°, b = 41.2 
sin 25.5° sin B : 


29.6 sin B = 41.2 sin 25.5° * Solve for sin B. 
41.2 sin 25.5° 

29.6 
sin B & 0.599225 


sin B = 


There are two angles B, where B is between 0° and 180°, such that sin B = 0.599225. 
One of the angles is an acute angle, and the other is an obtuse angle. The inverse 
sine function can be used to find the acute angle. 


B & sin! 0.599225 
B & 36.8° (to the nearest tenth of a degree) 


The obtuse angle is the supplement of 36.8°, which is 
180° — 36.8° = 143.2° 


We can determine that B ~ 143.2° is a valid result because A = 25.5° and the sum 
of 25.5° and 143.2° is less than 180°. Thus, there are two triangles with the given 


dimensions. In one triangle B ~ 36.8°, and in the other triangle B ~ 143.2°. 
(continued) | 
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A Cc B 
Case 1 Case 2 


Two triangles can be formed with the given dimensions 


Case 1 If B  36.8°, then 
= 180° -A-B 
= 180° — 25.5° — 36.8° 
= 117.7° 


a ey ee ten da 08 
oS ie) eee 


Case 2 If B > 143.2°, then 


= 180° -A-B 
=~ 180° — 25.5° — 143.2° 
= 11.3° 
and 
a : 29.6 : 
c= “nso C)*& sin 255° 8 11.3°) © 13.5 


The two solutions are 
Casel B & 36.8°,C & 117.7°, andc 
Case2 B® 143.2°,C = 11.3°, andc 


60.9. 
13.5. 


2 


2 


@ Try Exercise 20, page 589 


EXAMPLE 4 Use the Law of Sines to Solve a Triangle 
(SSA, No Solution) 


Solve triangle ABC, given A = 57°, a = 15, and b = 22. 


Solution 
Use the Law of Sines to find the measure of angle B. 


—_— u The L: f Si 
sin A sin B Se ee 
15 22, 


: =e ea=15,A = 57°, b= 22 
sin 57° sin B 
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15 sin B = 22 sin 57° * Solve for sin B. 
22 sin 57° 

15 
sin B © 1.230050 


sin B = 


Because 1.230050 is not in the range of the sine function, we know that there is no B 
value for which sin B = 1.230050. Thus no triangle can be formed by using the given 
values of A, a, and b. See Figure 7.6. 


No triangle can be formed 
with the given dimensions 


Figure 7.6 @ Try Exercise 24, page 589 


§ Applications of the Law of Sines 


EXAMPLE 5 __ Solve an Application Using the Law of Sines 


A radio antenna 85 feet high is located on top of an office building. At a distance AD 
from the base of the building, the angle of elevation to the top of the antenna is 26°, 
and the angle of elevation to the bottom of the antenna is 16°. Find the height of the 
building to two significant digits. 


Solution 
Sketch a diagram. See Figure 7.7. Find the measure of angle B and the measure of 
angle B. 


B = 90° — 26° = 64° 
B = 26° — 16° = 10° 


Because we know the length BC and the measure of B, we can use triangle ABC and 
the Law of Sines to find the length AC. 


BC _ AC 
Figure 7.7 sin B sin B 
= = BC = 35 10°, B = 64° 
sinl0° sin 64° ve : 
85 sin 64° 
AC = ——_ 
sin 10° 
Study tip Having found AC, we can now find the height of the building. 
In Example 5, we rounded the : h 
height of the building to two sin 16° = ~~ 
ay oie AC 
significant digits to comply with ; 
the rounding conventions given h = ACsin 16° 
on page 448. $5 cin 64° 
= ere sin 16° © 121 feet * Substitute for AC. 
sin 


The height of the building, to two significant digits, is 120 feet. 
@ Try Exercise 30, page 589 
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Starting point 


Figure 7.10 


In navigation and surveying problems, there are two commonly used methods for 
specifying direction. The angular direction in which a craft is pointed is called the head- 
ing. Heading is expressed in terms of an angle measured clockwise from north. Figure 7.8 
shows a heading of 65° and a heading of 285°. 

The angular direction used to locate one object in relation to another object is called 
the bearing. Bearing is expressed in terms of the acute angle formed by a north-south 
line and the line of direction. Figure 7.9 shows a bearing of N38°W and a bearing of 
S15°E. 


N 
N 4 
—| N38°W 
Ww ~E 
65° 

L-\ S15°E 

285° Ss 
Figure 7.8 Figure 7.9 


Question @ Can a bearing of N50°E be written as N310°W? 


EXAMPLE 6 _ Solve an Application 


A ship with a heading of 330° first sighted a lighthouse at a bearing of N65°E. After 
traveling 8.5 miles, the ship observed the lighthouse at a bearing of S50°E. Find the 
distance from the ship to the lighthouse when the first sighting was made. 


Solution 

Use the given information to draw a diagram. See Figure 7.10, which shows that the 
measure of Z CAB = 65° + 30° = 95°, the measure of ZBCA = 50° — 30° = 20°, 
and B = 180° — 95° — 20° = 65°. Use triangle ABC and the Law of Sines to find c. 


b  ¢ 
sinB sinC 
oe... * +b = 8.5, B = 65°, C = 20° 
sin 65° sin 20° 
— Sneo 20° ie 
sin 65° 


The lighthouse was 3.2 miles (to two significant digits) from the ship when the first 
sighting was made. 


@ Try Exercise 40, page 591 


Answer @ No. A bearing is always expressed using an acute angle. 
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EXERCISE SET 7.1 


In Exercises 1 to 44, round answers according to the 
rounding conventions on page 448. 


In Exercises 1 to 14, solve the triangles. 
1. A = 42°,B= 61°,a= 12 


2, B= 25,0 = 125°, b= 5.0 
4, AS 100 C= 2H 

4.8 = 39.0 = 7840 > 44 
5. A = 132°,a = 22,b = 16 
6. B = 82.0°,b = 6.0,c = 3.0 


7. A = 22.5°, B = 112.4°,a = 163 
8. A = 21.5°, B = 104.2°,c = 57.4 
9. A = 82.0°, B = 65.4°, b = 36.5 
10. B = 54.8°, C = 72.6°,a = 14.4 
11. A = 33.8°, C = 98.5°, c = 102 
12. B= 36.9°, C = 69.2°,a = 166 
13. C = 114.2°,c = 87.2,b = 12.1 


m14. 4 = 54.32°,a 


24.42,c = 16.92 

In Exercises 15 to 28, solve the triangles that exist. 
15. C = 64.2°,a = 75.5,c = 71.6 

16. B = 32°,c = 14,b = 9.0 

17. B = 82.6°,b = 9.25,c = 5.44 


18. A = 42°,a = 12,c = 18 


19. A = 30°,a = 1.0,b=24 
m20. B= 22.6°,b = 5.55,a = 13.8 


21. A = 14.8°,c = 6.35,a = 4.80 


22. C = 37.9°, b = 3.50, ¢ = 2.84 


23. C = 47.2°,a = 8.25,c = 5.80 


mo 24 


25. 


26. 


27 


28 


29. 


030. 


31. 


. B= 52.7°, b = 12.3,¢ = 16.3 


B 


117.32°, b = 67.25, a = 15.05 
A = 49.22°, a = 16.92, c = 24.62 


. A= 20.5°,a 


10.3, ¢ 


ll 


14.1 
. B= 41.2°,a = 315,56 = 21.6 


Hurricane Watch A satellite weather map shows a hurricane 
off the coast of North Carolina. Use the information in the map 
to find the distance from the hurricane to Nags Head. 


Elizabeth City @ 
Nags Head 


North 
Carolina 


New Bern YW, 
e 
is 


Morehead City 


Hurricane 


Naval Maneuvers The distance between an aircraft carrier 
and a Navy destroyer is 7620 feet. The angle of elevation from 
the destroyer to a helicopter is 77.2°, and the angle of elevation 
from the aircraft carrier to the helicopter is 59.0°. The helicop- 
ter is in the same vertical plane as the two ships, as shown in 
the following figure. Use this data to determine the distance x 
from the helicopter to the aircraft carrier. 


Helicopter 
— 


i Morb 
Aircraft F— 7620%—| Navy 
carrier destroyer 


Choosing a Golf Strategy The following diagram, on 
page 590, shows two ways to play a golf hole. One is to hit the 
ball down the fairway on your first shot and then hit an approach 
shot to the green on your second shot. A second way is to hit 
directly toward the pin. Due to the water hazard, this is a more 
risky strategy. The distance AB is 165 yards, BC is 155 yards, 
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and angle A is 42.0°. Find the distance AC from the tee directly 34. Height of a Space Shuttle Use the Law of Sines to solve 
to the pin. Assume that angle B is an obtuse angle. Example 6 on page 449. Compare this method with the method 
used in Example 6. Which method do you prefer? Explain. 


35. Runway Replacement An airport runway is 3550 feet long 
and has an incline of 3.0°. The airport planning committee 
plans to replace this runway with a new runway, as shown in 
the following figure. The new runway will be inclined at an 
angle of 2.2°. What will be the length of the new runway? 


New runway nN Cc 
22° 
~~ Current runway 
4 See ae 


B 3.0° Horizontal 


(Not drawn to scale) 


36. Height of a Kite Two observers, in the same vertical plane 
as a kite and 30 feet apart, observe the kite at angles of 62° and 
78°, as shown in the following diagram. Find the height of the 
kite. 


32. Driving Distance A golfer drives a golf ball from the tee at 
point A to point B, as shown in the following diagram. The dis- 
tance AC from the tee directly to the pin is 365 yards. Angle A 
measures 11.2°, and angle C measures 22.9°. 


a. Find the distance AB that the golfer drove the ball. 


b. Find the distance BC from the present position of the ball 
to the pin. 


37. Length of a Guy Wire A telephone pole 35 feet high is situ- 
ated on an 11° slope from the horizontal. The measure of angle 
CAB is 21°. Find the length of the guy wire AC. 


33. Distance to a Hot Air Balloon The angle of elevation to 
a balloon from one observer is 67°, and the angle of ele- 
vation from another observer, 220 feet away, is 31°. If the bal- 
loon is in the same vertical plane as the two observers and 
between them, find the distance of the balloon from the first 38. Dimensions of a Plot of Land Three roads intersect in 
observer. such a way as to form a triangular piece of land. See the 


39. 


40. 


41. 


42. 


43. 


following figure. Find the lengths of the other two sides of 
the land. 


Height of a Hill A surveying team determines the height of a 
hill by placing a 12-foot pole at the top of the hill and measur- 
ing the angles of elevation to the bottom and the top of the 
pole. They find the angles of elevation to be as shown in the 
following figure. Find the height of the hill. 


Distance to a Fire Two fire lookouts are located on moun- 
tains 20 miles apart. Lookout B is at a bearing of S65°E from 
lookout A. A fire was sighted at a bearing of N50°E from A and 
at a bearing of N8°E from B. Find the distance of the fire from 
lookout A. 


Distance to a Lighthouse A navigator on a ship sights a 
lighthouse at a bearing of N36°E. After traveling 8.0 miles at a 
heading of 332°, the ship sights the lighthouse at a bearing of 
S82°E. How far is the ship from the lighthouse at the second 
sighting? 


Minimum Distance The navigator on a ship traveling due 
east at 8 miles per hour sights a lighthouse at a bearing of 
S55°E. One hour later the lighthouse is sighted at a bearing of 
S25°W. Find the closest the ship came to the lighthouse. 


Distance Between Airports An airplane flew 450 miles 
at a bearing of N65°E from airport A to airport B. The plane 
then flew at a bearing of S38°E to airport C. Find the distance 
from A to C if the bearing from airport A to airport C is S60°E. 
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44. Length of a Brace A 12-foot solar panel is to be installed on 
a roof with a 15° pitch. Find the length of the vertical brace d 
if the panel must be installed to make a 40° angle with the 
horizontal. 


45. Distances Between Houses House B is located at a bearing 
of N67°E from house A. House C is 300 meters from house A at 
a bearing of S68°E. House B is located at a bearing of N11°W 
from house C. Find the distance from house A to house B. 


In Exercises 46 to 48, show that each statement is true 
for any triangle ABC. 


a—b_ sinA — sinB 


46. 
b sin B 
47. a+b Le Ba sin B 
b sin B 
48. a—b_ sind — sinB 


a+b sinA + sinB 


49. = Maximum Length of a Rod The longest rod that can be 

carried horizontally around a corner from a hall 3 meters 

wide into one that is 5 meters wide is the minimum of the 
length L of the black dashed line shown in the figure below. 


<- 3 m>| 
dh. 
iN 
SS 
SS 
NY 
SS 
eae 
am |S 
S 
ll As 
5 m| =e 5m 
I ‘ 
Ios | 
1 \ 


Use similar triangles to show that the length L is a function of 
the angle 6, given by 


L(0) = 


Graph L and estimate the minimum value of L. Round to the 
nearest hundredth of a meter. 


5 3 
sin@  cos@ 
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SECTION 7.2 Law of Cosines and Area 


peewee ines PREPARE FOR THIS SECTION 


Area of a Triangle Prepare for this section by completing the following exercises. The answers can be found 
Heron’s Formula on page A46. 


PS1. Evaluate Va? + b? — 2ab cos C for a = 10.0, b = 15.0, and C = 110.0°. 
Round your result to the nearest tenth. [5.3] 


PS2. Find the area of a triangle with a base of 6 inches and a height of 8.5 inches. [1.2] 
PS3. Solve c? = a’? + b? — 2abcos C for C. [6.5] 


PS4. The semiperimeter of a triangle is defined as one-half the perimeter of the 
triangle. Find the semiperimeter of a triangle with sides of 6 meters, 9 meters, 
and 10 meters. [P.1] 


PS5. Evaluate Vs(s — a)(s — b)(s — c) fora = 3,b = 4,c = 5, and 


+b+ 
s= a [P2] : : 
PS6. State a relationship between the lengths a, b, and c in the triangle 


shown at the right. [1.3] 


® Law of Cosines 


y The Law of Cosines can be used to solve triangles in which two sides and the included 
B(a cos C, asin C) angle (SAS) are known or in which three sides (SSS) are known. Consider the triangle in 
Figure 7.11. The height BD is drawn from B perpendicular to the x-axis. The triangle BDA 
is a right triangle, and the coordinates of B are (a cos C, a sin C). The coordinates of A are 
(b, 0). Using the distance formula, we can find the distance c. 


c= V(a cos C — b)? + (asin C — 0)? 
c = a’ cos* C — 2abcosC + Bb? + a’ sin? C 
ce” = a’(cos’* C + sin? C) + b* — 2abcos C 


C=a+4+ 8 — 2abcosC 


Figure 7.11 


If A, B, and C are the measures of the angles of a triangle and a, b, and c are the 
lengths of the sides opposite these angles, then 


a + b? — 2abcosC 
= hb? + c — 2becosA 


=a +c’ — 2accosB 


c=15.0cm 


B a=10.0cm 


Figure 7.12 


€ 


Figure 7.13 
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EXAMPLE 1 _ Use the Law of Cosines (SAS) 


In triangle ABC, B = 110.0°, a = 10.0 centimeters, and c = 15.0 centimeters. See 
Figure 7.12. Find 5. 
Solution 
The Law of Cosines can be used because two sides and the included angle are known. 
b =a + — 2accosB 
= 10.0? + 15.0? — 2(10.0)(15.0) cos 110.0° 


V'10.02 + 15.02 — 2(10.0)(15.0) cos 110.0° 
b = 20.7 centimeters 


H Try Exercise 12, page 598 


In the next example, we know the length of each side, but we do not know the measure 
of any of the angles. 


EXAMPLE 2 Use the Law of Cosines (SSS) 


In triangle ABC, a = 32 feet, b = 20 feet, and c = 40 feet. Find B. This is the SSS case. 
Solution 


b =a +c — 2accosB 
et+e-P 


cos B = * Solve for cos B. 
2ac 
a See * Substitute for a, b, and c 
2(32)(40) oe ‘ 
B= cost(22 sate 2") * Solve for angle B. 
2(32)(40) 
B® 30° * To the nearest degree 


@ Try Exercise 18, page 598 


EXAMPLE 3 __ Solve an Application Using the Law of Cosines 


A boat sailed 3.0 miles at a heading of 78° and then turned to a heading of 138° and 
sailed another 4.3 miles. Find the distance and the bearing of the boat from the starting 
point. 


Solution 
Sketch a diagram (see Figure 7.13). First find the measure of angle B in triangle ABC. 
B= 78° + (180° — 138°) = 120° 


(continued ) 
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Use the Law of Cosines first to find b and then to find A. 


be =a +c? — 2accosB 
= 4,37 + 3.0? — 2(4.3)(3.0) cos 120° * Substitute for a, c, and B. 


b = V4.3? + 3.02 — 2(4.3)(3.0) cos 120° 
b = 6.4 miles 
P+e-a@ F 
cos A = ———_ ¢ Solve the Law of Cosines 
2be for cos A. 


P+ “) (S + 3.0? - | 
A = cos"! = cos | ~ 35° 
as ( 2be ©8 “\(2)(6.4)(3.0) 


Study tip 


The measure of angle A in 
Example 3 can also be 
determined by using the Law a © 180° — (78° + 35°) = 67° 
of Sines. 


The bearing of the present position of the boat from the starting point A can be deter- 
mined by calculating the measure of angle a in Figure 7.13, on page 593. 


The distance is approximately 6.4 miles, and the bearing (to the nearest degree) is 
S67°E. 


@ Try Exercise 52, page 599 


There are five different cases that we may encounter when solving an oblique triangle. 
Each case is listed below under the law that can be used to solve the triangle. 


Choosing Between the Law of Sines and the Law of Cosines 


Apply the Law of Sines to solve an oblique triangle for each of the following cases. 


ASA _ The measures of two angles of the triangle and the length of the 
included side are known. 


AAS _ The measures of two angles of the triangle and the length of a side 
opposite one of these angles are known. 


SSA The lengths of two sides of the triangle and the measure of an angle 
opposite one of these sides are known. This case is called the ambigu- 
ous case. It may yield one solution, two solutions, or no solution. 


Apply the Law of Cosines to solve an oblique triangle for each of the following cases. 


SSS The lengths of all three sides of the triangle are known. After find- 
ing the measure of an angle, you can complete your solution by 
using the Law of Sines. 


The lengths of two sides of the triangle and the measure of the 
included angle are known. After finding the measure of the third 
side, you can complete your solution by using the Law of Sines. 


Question ¢ In triangle ABC, A = 40°, C = 60°, and b = 114. Should you use the Law of Sines 
or the Law of Cosines to solve this triangle? 


Answer ® Because the measure of two angles and the length of the included side are given, the 
triangle can be solved by using the Law of Sines. 


B 
} 
| 
| 
lh 


| 
| 
= 
l 
Cc b A 


Acute triangle 


Obtuse triangle 
Figure 7.14 


Study tip 


Because each formula requires 
two sides and the included angle, 
it is necessary to learn only one 
formula. 


Figure 7.15 
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® Area of a Triangle 


1 
The formula A = ave can be used to find the area of a triangle when the base and height 


are given. In this section we will find the areas of triangles when the height is not given. 
We will use K for the area of a triangle because the letter A is often used to represent the 
measure of an angle. 

Consider the areas of the acute and obtuse triangles in Figure 7.14. 


Height of each triangle: h =csinA 
1 
Area of each triangle: K= Ok 
1 ; 
K= 5 be sin A * Substitute for h. 


Thus we have established the following theorem. 


Area of a Triangle 


The area K of triangle ABC is one-half the product of the lengths of any two sides 
and the sine of the included angle. Thus 


1 
K= Phas sin A 


1 1 
K= 3% sin C K= ae sin B 


EXAMPLE 4 Find the Area of a Triangle 


Given angle A = 62°, b = 12 meters, and c = 5.0 meters, find the area of triangle ABC. 


Solution 


In Figure 7.15, two sides and the included angle of the triangle are given. Using the 
formula for area, we have 


1 1 
K= 3 b¢ sin A = 3 (12)(5.0)(sin 62°) = 26 square meters 


@ Try Exercise 30, page 598 


When two angles and an included side are given, the Law of Sines is used to derive a 
formula for the area of a triangle. First, solve for c in the Law of Sines. 


c Ob 

sinC  sinB 
_ bsinc 
sin B 


1 
Substitute for c in the formula K = 3 0¢ sin A. 


1 1 
R= bead = 1(2 = c) sin A 
2 n 


b* sin C sin A 
2 sin B 
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Math Matters 


Recent findings indicate that 
Heron’s formula for finding the 
area of a triangle was first 
discovered by Archimedes. 
However, the formula is called 
Heron’s formula in honor of the 
geometer Heron of Alexandria 
(A.D. 50), who gave an ingenious 
proof of the theorem in his work 
Metrica. Because Heron of 
Alexandria was also known as 
Hero, some texts refer to Heron’s 
formula as Hero’s formula. 


In like manner, the following two alternative formulas can be derived for the area of a 
triangle. 
a’ sin B sin C 


K = —@@— and K= 
2 sin A 


c? sin A sin B 
2 sin C 


EXAMPLE 5 Find the Area of a Triangle 


Given A = 32°, C = 77°, and a = 14 inches, find the area of triangle ABC. 


Solution 
To use the preceding area formula, we need to know two angles and the included side. 
Therefore, we need to determine the measure of angle B. 


B= 180° — 32° — 77° = 71° 


Thus 
14? sin 71° sin 77° 
2 sin 32° 


a sin B sin C 


2 sin A 


= 170 square inches 


m@ Try Exercise 32, page 598 


® Heron’s Formula 


The Law of Cosines can be used to derive Heron’s formula for the area of a triangle in 
which three sides of the triangle are given. 


Heron’s Formula for Finding the Area of a Triangle 


If a, b, and c are the lengths of the sides of a triangle, then the area K of the 
triangle is 


K= Vs(s — a)(s — b)(s — c), 


1 
where s = 5 (a +b+t+c) 


Because s is one-half the perimeter of the triangle, it is called the semiperimeter. 


EXAMPLE 6 Find an Area by Heron’s Formula 


Find, to two significant digits, the area of the triangle with a = 7.0 meters, 
b = 15 meters, and c = 12 meters. 


Solution 
Calculate the semiperimeter s. 


atb+c 70+ 15+ 12 
s= = = 


2 2 


17 
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Use Heron’s formula. 


K = Vs(s — a)(s — b)(s — c) 
= VI7(I7 — 7.0)(17 — 15)(17 — 12) 


= V1700 * 41 square meters 


@ Try Exercise 40, page 598 


EXAMPLE 7 _ Use Heron’s Formula to Solve an Application 


The original portion of the Luxor Hotel in Las Vegas has the shape of a square 

pyramid. Each face of the pyramid is an isosceles triangle with a base of 646 feet 
and sides of length 576 feet. Assuming that the glass on the exterior of the Luxor Hotel 
costs $35 per square foot, determine the cost of the glass, to the nearest $10,000, for 
one of the triangular faces of the hotel. 


Solution 


The lengths (in feet) of the sides of a triangular face are a = 646, b = 576, and 
c = 576. 


at+b+ec_ 646+ 576 + 576 
2 2 


K = Vs(s — a)(s — b)(s — c) 


s= 


= 899 feet 


V899(899 — 646)(899 — 576)(899 — 576) 


V23,729,318,063 
154,043 square feet 


2 


The cost C of the glass is the product of the cost per square foot and the area. 


C & 35+ 154,043 = 5,391,505 


Macduff Everton/CORBIS 


The approximate cost of the glass for one face of the Luxor Hotel is $5,390,000. 
@ Try Exercise 60, page 600 


The pyramid portion of the Luxor 
Hotel in Las Vegas, Nevada 


EXERCISE SET 7.2 


In Exercises 1 to 52, round answers according to the 5. b = 60,c = 84,4 = 13° 
rounding conventions on page 448. 


6. 122, 144, B = 48° 
In Exercises 1 to 14, find the third side of the triangle. = 


1. a = 12,6 = 18,C = 44° 7. a = 9.0, b = 7.0, C = 72° 
2. b = 30,c = 24,4 = 120° 8. b= 12,.¢ = 22, A = 55° 
3. a = 120, c = 180, B = 56° 9. a = 4.6,b = 7.2,C = 124° 


4. a = 400, b = 620, C = 116° 10. b = 12.3,c = 14.5, A = 6.5° 
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11. a = 25.9,c = 33.4, B = 84.0° 34. a = 32,b = 24,c = 36 

m12. a= 14.2,b = 9.30, C = 9.20° 35. B= 54.3°,a = 22.4,b = 26.9 
13. a = 122,c = 55.9, B = 44.2° 36. C = 18.2°,b = 13.4,a = 9.84 
14. b = 444.8, c = 389.6, A = 78.44° 37. A = 116°, B = 34°,c = 85 


38. B 


42.8°, C = 76.3°,c = 17.9 
In Exercises 15 to 24, given three sides of a triangle, 
find the specified angle. 39. a = 3.6,b = 4.2,c = 48 


15. a = 25, b = 32,c = 40; find A. 


040. a = 10.2,b = 13.3,¢c = 15.4 


16. a 


60, b = 88,¢ = 120; find B. 41. Distance Between Airports A plane leaves airport A and 


travels 560 miles to airport B at a bearing of N32°E. The plane 
leaves airport B and travels to airport C 320 miles away at a 
bearing of S72°E. Find the distance from airport A to airport C. 


17. a = 8.0, b = 9.0, c = 12; find C. 


#18. a = 108, b = 132,c = 160; find A. 


42. Length of a Street A developer owns a triangular lot at the 
intersection of two streets. The streets meet at an angle of 
72°, and the lot has 300 feet of frontage along one street and 
416 feet of frontage along the other street. Find the length of 
the third side of the lot. 


19. a = 80.0, b = 92.0, c = 124; find B. 


20. a = 166,b = 124, c = 139; find B. 


21. a = 1025, b = 625.0, c = 1420; find C. 


43. Baseball Ina baseball game, a batter hits a ground ball 26 feet 
in the direction of the pitcher’s mound. See the figure below. 
The pitcher runs forward and reaches for the ball. At that 
moment, how far is the ball from first base? (Note: A baseball 
infield is a square that measures 90 feet on each side.) 


22. a = 4.7, b = 3.2,c = 5.9; find A. 


23. a = 32.5,b = 40.1, c = 29.6; find B. 


24. a = 112.4, b = 96.80, c = 129.2; find C. 


In Exercises 25 to 28, solve the triangle. 
25. A = 39.4°, b = 15.5,c = 17.2 


26. C = 98.4°,a = 141,b = 92.3 


27. a = 83.6,b = 144,¢ = 98.1 


28. a = 25.4,6 = 36.3, c = 38.2 
44. B-2 Bomber The leading edge of each wing of the B-2 


In Exercises 29 to 40, find the area of the given triangle. Stealth Bomber measures 105.6 feet in length. The angle 
Round each area to the same number of significant digits between the wing's leading edges ( 2 ABC) is 109.05°. What is 
given for each of the given sides. the wing span (the distance from A to C) of the B-2 Bomber? 
29. A = 105°, b = 12,c = 24 


: 
w 
° 
& 
ll 


127°, a = 32,¢ = 25 


31. A = 42°, B = 76°,c = 12 


B-2 Stealth Bomber 


m32. B= 102°, C = 27°,a = 8.5 
45. Angle Between the Diagonals of a Box The rectangular 
33. a= 16,b = 12,c = 14 box in the following figure measures 6.50 feet by 3.25 feet 


by 4.75 feet. Find the measure of the angle @ that is formed 
by the union of the diagonal shown on the front of the box 
and the diagonal shown on the right side of the box. 


4.75 ft 


3.25 ft 


|x 6.50 ft momen 


46. Submarine Rescue Mission Use the distances shown in the 
following figure to determine the depth of the submarine 
below the surface of the water. Assume that the line segment 
between the surface ships is directly above the submarine. 


| 615 ft 


47. Distance Between Ships Two ships left a port at the same 
time. One ship traveled at a speed of 18 miles per hour at a 
heading of 318°. The other ship traveled at a speed of 22 miles 
per hour at a heading of 198°. Find the distance between the 
two ships after 10 hours of travel. 


48. Distance Across a Lake Find the distance across the lake 
shown in the figure. 


49. Geometry A regular hexagon is inscribed in a circle with a 
radius of exactly 40 centimeters. Find the exact length of one 
side of the hexagon. 


50. Angle Between Boundaries of a Lot A triangular city lot 
has sides of 224 feet, 182 feet, and 165 feet. Find the angle 
between the longer two sides of the lot. 


31. 


052. 


53. 


34. 


55. 


56. 


57. 


38. 


59. 
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Distance to a Plane A plane traveling at 180 miles per hour 
passes 400 feet directly over an observer. The plane is traveling 
along a straight path with an angle of elevation of 14°. Find the 
distance of the plane from the observer 10 seconds after the 
plane has passed directly overhead. 


Distance Between Ships A ship leaves a port at a speed of 
16 miles per hour at a heading of 32°. One hour later another 
ship leaves the port at a speed of 22 miles per hour at a heading 
of 254°. Find the distance between the ships 4 hours after the 
first ship leaves the port. 


Distance and Bearing from a Starting Point A plane flew 
181 miles at a heading of 108.5° and then turned to a heading 
of 124.6° and flew another 225 miles. Find the distance and the 
bearing of the plane from the starting point. 


Engine Design An engine has a 16-centimeter connecting 
rod that is attached to a rotating crank with a 4-centimeter 
radius. See the following figure. 


Piston 


» 
Cc 


se the Law of Cosines to find an equation that relates c 
and A. 


b. Use the quadratic formula to solve the equation in 
a. for c. 


c. Use the equation from b. to find c when A = 55°. Round to 
the nearest centimeter. 


d. Use the Law of Sines to find c when A = 55°. Round to the 
nearest centimeter. How does this result compare with the 
result in ¢.? 


Area of a Triangular Lot Find the area of a triangular piece 
of land that is bounded by sides of 236 meters, 620 meters, and 
814 meters. Round to the nearest hundred square meters. 


Geometry Find the exact area of a parallelogram with sides of 
exactly 8 feet and 12 feet. The shorter diagonal is exactly 10 feet. 


Geometry Find the exact area of a square inscribed in a cir- 
cle with a radius of exactly 9 inches. 


Geometry Find the exact area of a regular hexagon inscribed 
in a circle with a radius of exactly 24 centimeters. 


Cost of a Lot A commercial piece of real estate is priced at 
$2.20 per square foot. Find, to the nearest $1000, the cost of a 
triangular lot measuring 212 feet by 185 feet by 240 feet. 
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"60. Cost of a Lot An industrial piece of real estate is priced at 
$4.15 per square foot. Find, to the nearest $1000, the cost of a 
triangular lot measuring 324 feet by 516 feet by 412 feet. 


61. Area of a Pasture Find the number of acres in a pasture 
whose shape is a triangle measuring 800 feet by 1020 feet by 
680 feet. Round to the nearest hundredth of an acre. (An acre 
is 43,560 square feet.) 


62. Area of a Housing Tract Find the number of acres in a 
housing tract whose shape is a triangle measuring 420 yards by 
540 yards by 500 yards. Round to the nearest tenth of an acre. 
(An acre is 4840 square yards.) 


The identity at the right is one 
of Mollweide’s formulas. 
It applies to any triangle ABC. 


*  m(s) 

cos| — 

2 

The formula is intriguing because it contains the 
dimensions of all angles and all sides of triangle ABC. 
The formula can be used to check whether a triangle has 
been solved correctly. Substitute the dimensions of a 
given triangle into the formula and compare the value of 
the left side of the formula with the value of the right 
side. If the two results are not reasonably close, then you 
know that at least one dimension is incorrect. The results 
generally will not be identical because each dimension 
is an approximation. In Exercises 63 and 64, you can 
assume that a triangle has an incorrect dimension if the 
value of the left side and the value of the right side of 
the above formula differ by more than 0.02. 


63. 4 Check Dimensions of Trusses The following diagram 
shows some of the steel trusses in an airplane hangar. 


An architect has determined the following dimensions for 
AABC and ADEF: 
AABC: A = 53.5°, B = 86.5°, C = 40.0° 
a = 13.0 feet, b = 16.1 feet, c = 10.4 feet 
ADEF: D = 52.1°, E = 59.9°, F = 68.0° 
d = 17.2 feet, e = 21.3 feet, f = 22.8 feet 


Use Mollweide’s formula to determine whether either AABC 
or ADEF has an incorrect dimension. 


64. [2 Check Dimensions of Trusses The following diagram 
shows some of the steel trusses in a railroad bridge. 


65 


66 


67 


68 


69 


70 


A structural engineer has determined the following dimensions 
for AABC and ADEF: 


AABC: A = 34.1°, B = 66.2°, C = 79.7° 

a = 9.23 feet, b = 15.1 feet, c = 16.2 feet 
ADEF: D = 45.0°, E = 56.2°, F = 78.8° 

d = 13.6 feet, e = 16.0 feet, f= 18.9 feet 


Use Mollweide’s formula to determine whether either AABC 
or ADEF has an incorrect dimension. 


. Find the measure of the angle formed by the sides P,P, and 
P,P; of a triangle with vertices at P,|(—2,4), P,(2, 1), and 
P3(4, —3). 


. Given a triangle ABC, prove that 
@=b +c —2becosA 
. Use the Law of Cosines to show that for any triangle ABC, 


(b+c-—a)(b+c+a) 
2be 


cos A = 


. Prove that K = xy sin A for a parallelogram, where x and y are 
the lengths of adjacent sides, A is the measure of the angle 
between side x and side y, and K is the area of the parallelogram. 


. Find the volume of 
the triangular prism 
shown in the 
figure. 


. Show that the area of the circumscribed triangle in the fol- 
: . . at+tbt+e 
lowing figure is K = rs, where s = _——— 
B 
c 
a 
A b C 
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SECTION 7.3 - Vectors 


Vectors 

Unit Vectors 

Applications of Vectors 

Dot Product 

Scalar Projection 

Parallel and Perpendicular 
Vectors 

Work: An Application of the 
Dot Product 


Figure 7.16 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A46. 


3\2 rhe 
PS1. Evaluate: (2) + (-2) [P.2] 


PS2. Use a calculator to evaluate 10 cos 228°. Round to the nearest thousandth. [5.3] 


PS3. Solve tana = i 


for a, where a is an acute angle measured in degrees. [6.5] 


V338 


Round to the nearest tenth of a degree. [6.5] 


PS4. Solve cosa = for a, where a is an obtuse angle measured in degrees. 


1 
PS5. Rationalize the denominator of —~. [P.2 
V5 [Pe] 


28 
V68 


PS6. Rationalize the denominator of [P.2] 


® Vectors 


In scientific applications, some measurements, such as area, mass, distance, speed, 
and time, are completely described by a real number and a unit. Examples include 
30 square feet (area), 25 meters/second (speed), and 5 hours (time). These measure- 
ments are called scalar quantities, and the number used to indicate the magnitude of 
the measurement is called a scalar. Two other examples of scalar quantities are volume 
and temperature. 

For other quantities, in addition to the numerical and unit description, it is necessary 
to include a direction to describe the quantity completely. For example, applying a force of 
25 pounds at various angles to a small metal box will influence how the box moves. In 
Figure 7.16, applying the 25-pound force straight down (A) will not move the box to the 
left. However, applying the 25-pound force parallel to the floor (C) will move the box 
along the floor. 

Vector quantities have a magnitude (numerical and unit description) and a direction. 
Force is a vector quantity. Velocity is another. Velocity includes the speed (magnitude) and 
a direction. A velocity of 40 miles per hour east is different from a velocity of 40 miles per 
hour north. Displacement is another vector quantity; it consists of distance (a scalar) moved 
in a certain direction. For example, we might speak of a displacement of 13 centimeters at 
an angle of 15° from the positive x-axis. 


Definition of a Vector 


A vector is a directed line segment. The length of the line segment is the magnitude 
of the vector, and the direction of the vector is measured by an angle. 
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Terminal point 


.B 


A 


Initial point 


Figure 7.17 


Figure 7.18 


Figure 7.19 


40m 


Figure 7.20 


30m 


The point A for the vector in Figure 7.17 is called the initial point (or tail) of the vec- 
tor, and the point B is the terminal point (or head) of the vector. An arrow over the letters 
(AB), an arrow over a single letter (V ), or boldface type (AB or V) is used to denote a 
vector. The magnitude of the vector is the length of the line segment and is denoted by 
|4Bl|, Vl, | ABI, or [VI]. 

Equivalent vectors have the same magnitude and the same direction. The vectors in 
Figure 7.18 are equivalent. They have the same magnitude and direction. 

Multiplying a vector by a positive real number (other than 1) changes the magnitude 
of the vector but not its direction. If v is any vector, then 2v is the vector that has the same 
direction as v but is twice the magnitude of v. The multiplication of 2 and v is called 
the scalar multiplication of the vector v and the scalar 2. Multiplying a vector by a negative 
number a reverses the direction of the vector and multiplies the magnitude of the vector by 
|a|. See Figure 7.19. 

The sum of two vectors, called the resultant vector or the resultant, is the single 
equivalent vector that will have the same effect as the application of those two vectors. For 
example, a displacement of 40 meters along the positive x-axis and then 30 meters in the 
positive y direction is equivalent to a vector of magnitude 50 meters at an angle of approx- 
imately 37° to the positive x-axis. See Figure 7.20. 

Vectors can be added graphically by using the triangle method or the parallelogram 
method. In the triangle method, shown in Figure 7.21, the initial point of V is placed at the 
terminal point of U. The vector connecting the initial point of U with the terminal point of 
V is the sum U + V. 

The parallelogram method of adding two vectors graphically places the initial point of 
the two vectors U and V together, as in Figure 7.22. Complete the parallelogram so that U 
and V are sides of the parallelogram. The diagonal beginning at the initial point of the two 
vectors is U + V. 

To find the difference between two vectors, first rewrite the expression as 
V—U=V+4+ (-U). The difference is shown geometrically in Figure 7.23. 


U+V 


U 


Figure 7.21 Figure 7.22 Figure 7.23 


By introducing a coordinate plane, it is possible to develop an analytic approach to vec- 
tors. Recall from our discussion of equivalent vectors that a vector can be moved in the 
plane as long as the magnitude and direction are not changed. 

With this in mind, consider AB, whose initial point is A(2, —1) and whose terminal 
point is B(—3, 4). If this vector is moved so that the initial point is at the origin O, the ter- 
minal point becomes P(—5, 5), as shown in Figure 7.24, on page 603. The vector OP is 
equivalent to the vector AB. 

In Figure 7.25, on page 603, let P,(x,,y,) be the initial point of a vector and 
P (x2, 2) its terminal point. Then an equivalent vector OP has its initial point at the ori- 
gin and its terminal point at P(a, b), where a = x. — x; and b = yy — y;. The vector OP 
can be denoted by v = (a, b); a and b are called the components of the vector. 
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Pa, b) 


Pleu9) 


jo) 


sy 


A(2,-1) P(X) 


Figure 7.24 Figure 7.25 


EXAMPLE 1_ Find the Components of a Vector 


Find the components of the vector AB whose initial point is A(2, —1) and whose 
terminal point is B(— 2, 6). Determine a vector v that is equivalent to AB and has 
its initial point at the origin. 


Algebraic Solution Visualize the Solution 


The components of AB are (a, b), where nay yt 


a =X, — x, = —2 —2 = —4 and B-2, 6) 
b=y.-y=6-(-1)=7 


Thus v = (—4, 7). 


RY 


5 


A(2, -1) 


m@ Try Exercise 10, page 613 Figure 7.26 


The magnitude and direction of a vector can be found from its components. For 
instance, the terminal point of vector v sketched in Figure 7.26 is the ordered pair (— 4, 7). 
Applying the Pythagorean Theorem, we find 


Il = V4) +P = VIO + 49 = VO5 


Let 6 be the angle made by the positive x-axis and v. Let a be the reference angle for 6. 
Then 


7 
4 = 60° * a is the reference angle. 


6 = 180° — 60° = 120° * @ is the angle made by the vector and the positive x-axis. 


The magnitude of v is 65, and its direction is 120° as measured from the positive x-axis. 
The angle between a vector and the positive x-axis is called the direction angle of the 
vector. Because AB in Figure 7.26 is equivalent to v, || AB|| = 65 and the direction angle 
of AB is 120°. 
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Expressing vectors in terms of components provides a convenient method for perform- 
ing operations on vectors. 


Definitions of Fundamental Vector Operations 


If v = (a, b) and w = (c, d) are two vectors and k is a real number, then 


1. |v] = Va? + 2? 
; (a,b) + (c,d) = (a+ c,b + ad) 
= (ka, kb) 


In terms of components, the zero vector 0 = (0, 0). The additive inverse of a vector 
v = (a, b) is given by —v = (—a, —b). 


EXAMPLE 2 _ Perform Operations on Vectors 


Given v = (—2, 3) and w = (4, —1), find 


a. |lwil bvt+w c. —3Vv d. 2v — 3w 

Solution 

a. |iw| = V4? + (-1)? = VI7 c. —3v = —3(—2,3) = (6, -9) 

b. v + w= (2,3) + (4, -1) d. 2v — 3w = 2(—2, 3) — 3(4,-1) 
= (-2 + 4,3 + (-1)) = (-4, 6) — (12, -3) 
= (2,2) = (16,9) 


Try Exercise 24, page 613 


B® Unit Vectors 


A unit vector is a vector whose magnitude is 1. For example, the vector 


4\. : 
v = (=, —— ) is a unit vector because 


5 5 
3\7 4\7 9 16 25 
lvl =,/([2} +(- = += =1 
5 5 35. 95 25 


Given any nonzero vector v, we can obtain a unit vector in the direction of v by dividing 
each component of v by the magnitude of y, ||v|. 


EXAMPLE 3__ Find a Unit Vector 


Find a unit vector u in the direction of v = (—4, 2). 


Solution 
Find the magnitude of v. 


Ilvll = V(—4)? + 2? = V6 + 4 = V20 = 2V5 


Figure 7.28 
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Divide each component of v by |ly||. 


ere Ce aaa) 


A unit vector in the direction of v is u. 


@ Try Exercise 12, page 613 


Two unit vectors, one parallel to the x-axis and one parallel to the y-axis, are of special 
importance. See Figure 7.27. 


Definitions of Unit Vectors i and j 


i= (1,0) j = (0, 1) 


The vector v = (3,4) can be written in terms of the unit vectors i and j as shown in 
Figure 7.28. 


(3,4) = (3,0) + (0, 4) ¢ Definition of vector addition 
= 3(1,0) + 4(0, 1) * Definition of scalar multiplication of a vector 
= 31+ 4j ¢ Definition of i and j 


By means of scalar multiplication and addition of vectors, any vector can be expressed 
in terms of the unit vectors i and j. Let v = (a), a>). Then 


v= (a, a>) = a,(1, 0) + a,(0, 1) = ai + adj 


This gives the following result. 


Representation of a Vector in Terms of i and j 


If v is a vector and v = (a), a>), then v = qi + aj. 


The definitions for addition and scalar multiplication of vectors can be restated in 
terms of i and j. If v = aji + aj and w = b,i + bj, then 
vt+w= (ai + dj) + (bi + byj) a (a, “+ b,)i “+ (ay + by)j 
kv = kK(ayi + aj) = kai + kaj 


EXAMPLE 4 Operate on Vectors Written in Terms of i and j 


Given v = 3i — 4j and w = Si + 3j, find 3v — 2w. 


Solution 
3v — 2w = 3(3i — 4j) — 2(5i + 3)) 


= (91 — 12j) — (10i + 6j) 
= (9 — 10)i + (-12 — 6)j 
-i — 18 


@ Try Exercise 30, page 613 


606 CHAPTER7 APPLICATIONS OF TRIGONOMETRY 


Figure 7.29 


The components a and a, of the vector v = (a,, ay) can be expressed in terms of the mag- 
nitude of v and the direction angle of v (the angle that v makes with the positive x-axis). 
Consider the vector v in Figure 7.29. Then 


Iv = V(a1)? + (a2)? 


From the definitions of sine and cosine, we have 
ay 


a) ; 
—— and sin@ = ~— 
Ilv\I Ilv\I 


Rewriting the last two equations, we find that the components of v are 


cos 0 = 


a, = ||\v|cos@ and a, = |lv|| sing 


Definitions of Horizontal and Vertical Components of a Vector 


Let v = (a,, a2), where v # 0, the zero vector. Then 


a, = |lvl|cos@ and a, = |lv|| sind 


where @ is the angle between the positive x-axis and v. 
The horizontal component of v is ||v|| cos 6. The vertical component of v is 
\|v|| sin 0. 


Question ¢ Is u = cos i + sin 6j a unit vector? 


Any nonzero vector can be written in terms of its horizontal and vertical components. 
Let v = ai + aj. Then 
V=qirt aj 
= (|lvl| cos 6)i + ([lvl| sin 0)j 
= |vI|(cos Oi + sin 6j) 
where ||v|| is the magnitude of v and the vector cos 6i + sin 6j is a unit vector. The last 


equation shows that any vector v can be written as the product of its magnitude and a unit 
vector in the direction of v. 


EXAMPLE 5 __ Find the Horizontal and Vertical Components 
of a Vector 


Find, to the nearest tenth, the horizontal and vertical components of a vector v of mag- 
nitude 10 meters with direction angle 228°. Write the vector in the form a,i + aj. 
Solution 
a, = 10 cos 228° 
a = 10 sin 228° 


2 


~6.7 
-7.4 


2 


The approximate horizontal and vertical components are —6.7 and —7.4, respectively. 
vV & —6.7i — 7.4j 
Try Exercise 40, page 613 


Study tip 


Ground speed is the magnitude 
of the resultant of the plane’s 
velocity vector and the wind’s 
velocity vector. 
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® Applications of Vectors 


Vectors are used to solve applied problems in which forces are acting simultaneously on 
an object. For instance, an airplane flying in a wind is being acted upon by the force of its 
engine, F,, and the force of the wind, F,. The combined effect of these two forces is given 
by the resultant F,; + F,. In the following example, the airspeed of the plane is the speed 
at which the plane would be moving if there were no wind. The actual velocity of the plane 
is the plane’s velocity with respect to the ground. The magnitude of the plane’s actual 
velocity is called its ground speed. 


EXAMPLE 6 Solve an Application Involving Airspeed 


An airplane is traveling with an airspeed of 320 miles per hour and a heading of 62°. A 
wind of 42 miles per hour is blowing at a heading of 125°. Find the ground speed and 
the course of the airplane. 


Solution 


Sketch a diagram similar to Figure 7.30 showing the relevant vectors. AB represents the 
heading and the airspeed, AD represents the wind velocity, and AC represents the course 
and the ground speed. 


Figure 7.30 


By vector addition, AC = AB + AD. From the figure, 


AB = 320(cos 28° + sin 28°j) 

AD = 42[cos (—35°)i + sin (—35°)j] 

AC = 320(cos 28° + sin 28°j) + 42[cos (—35°)i + sin (—35°)j] 
~~ (282.51 + 150.2j) + (34.41 — 24.1j) 
= 316.91 + 126.1] 


AC is the course of the plane. The ground speed is ||AC||. The heading is a = 90° — 0. 


|AC| = V(316.9" + (126.1)? © 340 


126.1 
a = 90° — 6 = 90° — tan! (=) = 68° 
316.9 


The ground speed is approximately 340 miles per hour at a heading of 68°. 
Try Exercise 44, page 613 


We can add two vectors to produce a resultant vector, and we can find two vectors 
whose sum is a given vector. The process of finding two vectors whose sum is a given vec- 
tor is called resolving the vector. 
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Figure 7.31 


Many applied problems can be analyzed by resolving a vector into two vectors that are 


perpendicular to each other. For instance, Figure 7.31 shows a car on a ramp. The force of 
gravity on the car is shown by the downward vector w, which has been resolved into the vec- 
tors F, and F,. The vector F, is parallel to the ramp and represents the force pushing the car 
down the ramp. The vector F, is perpendicular to the ramp and represents the force the car 
exerts against the ramp. These two perpendicular forces F, and F, are vector components 
of w. That is, w = F, + F). The force needed to keep the car from rolling down the ramp 
is —F,. The angle formed by w and F, is complementary to the 75.0° angle. Thus the angle 
formed by w and F, has a measure of 15.0°, which is the same as the angular measure of 
the incline of the ramp. 


EXAMPLE 7 Solve an Application Involving Force 


The car shown in Figure 7.31 has a weight of 2855 pounds. 


a. 


Find the magnitude of the force needed to keep the car from rolling down the ramp. 
Round to the nearest pound. 


b. Find the magnitude of the force the car exerts against the ramp. Round to the nearest 
ten pounds. 
Solution 
a. The force needed to keep the car from rolling down the ramp is represented by —F, 
in Figure 7.31. The magnitude of —F, equals the magnitude of F,. The triangle 
F 
formed by w, F,, and F; is a right triangle in which sin 15.0° = Til Use this 
; |wll 
equation to find ||F,|. 
F 
sin 15.0° = a 
wll 
sin 15.0° = JB « wl = 2855 
2855 
F, = 2855 sin 15.0° * Solve for ||F; || 
= 739 
Approximately 739 pounds of force is needed to keep the car from rolling down 
the ramp. 
b. The vector F, in Figure 7.31 is the force the car exerts against the ramp. The triangle 


formed by w, F;,, and F, is a right triangle in which cos 15.0° = Fol Use this 
equation to find ||F)|. lw 
cos 15.0° = Fell 
|wl| 
cos 15.0° = IPall * ||wi| = 2855 
2855 
\|F,|| = 2855 cos 15.0° * Solve for ||F5| 
=~ 2758 


The magnitude of the force the car exerts against the ramp is approximately 
2760 pounds. 


@ Try Exercise 48, page 614 
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® Dot Product 


We have considered the product of a real number (scalar) and a vector. We now turn our 
attention to the product of two vectors. Finding the dot product of two vectors is one way 
to multiply a vector by a vector. The dot product of two vectors is a real number and not a 
vector. The dot product is also called the inner product or the scalar product. This product 
is useful in engineering and physics. 


Definition of Dot Product 


Given v = (a, b) and w = (c, d), the dot product of v and w is given by 


view =ac + bd 


EXAMPLE 8 Find the Dot Product of Two Vectors 


Find the dot product of v = (6, —2) and w = (—3, 4). 


Solution 
viw = 6(—3) + (—2)4 = -18 — 8 = —26 


@ Try Exercise 60, page 614 


Question @ Is the dot product of two vectors a vector or a real number? 


If the vectors in Example 8 were given in terms of the vectors i and j, then 
v = 6i — 2j and w = —3i + 4j. In this case, 


view = (61 — 2j)-(—3i + 4j) = 6(-3) + (-2)4 = —26 


Properties of the Dot Product 


In the following properties, u, v, and w are vectors and a is a scalar. 
2, u:(v + w) =u-vt+u-w 
4. v-v = |lv||* 


6. ici=j-j=l 


The proofs of these properties follow from the definition of dot product. Here is the proof 
of the fourth property. Let v = ai + Dj. 


viv = (ai + bj)+ (ai + bj) = a° + B? = |v? 


Rewriting the fourth property of the dot product yields an alternative way of express- 
ing the magnitude of a vector. 


Magnitude of a Vector in Terms of the Dot Product 


If v = (a, b), then |\v| = Vv-v. 


Answer @ A real number. 
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Bc, d) 


O(0, 0) 


RY 


Figure 7.32 


Figure 7.33 


The Law of Cosines can be used to derive an alternative formula for the dot product. 
Consider the vectors v = (a, b) and w = (c,d) as shown in Figure 7.32. Using the Law 
of Cosines for triangle OAB, we have 

| ABI? = |v? + [wl? — 2llv|ll wl cos a 
By the distance formula, ||AB|? = (a — c)? + (b- 4d)’, |v’ =a@ + 5’, and 
|w||? = c? + d?. Thus 
(a — c)’ + (b - dy’ = (a? + B) + (c* + d’) — 2lv|lI wI|cos a 
a@-act+ C+ -%wWd+ P= 4+? +e 4+ dad — 2IIv\I|lwl cosa 
—2ac — 2bd = —2|\v|\||w|| cos a 
ac + bd = |ly|\|lw|| cos a 


ve w = |lyv|lw|| cos a *vew=ac + bd 


Alternative Formula for the Dot Product 


If v and w are two nonzero vectors and a is the smallest nonnegative angle 
between v and w, then v- w = ||v||||w|| cos a. 


Solving the alternative formula for the dot product for cos a, we have a formula for 
the cosine of the angle between two vectors. 


Angle Between Two Vectors 


If v and w are two nonzero vectors and a is the smallest nonnegative 


veiw veiw 
angle between v and w, then cos a = and a = cos""( ) 
Ivillwll villlwl 


EXAMPLE 9 Find the Angle Between Two Vectors 


Find, to the nearest tenth of a degree, the measure of the smallest nonnegative angle 
between the vectors v = 2i — 3j and w = —i + 5j, as shown in Figure 7.33. 


Solution 
Use the equation for the angle between two vectors. 


view (2i — 3j)-(-i + Sj) 
cosa = = 

Ilvilwl = 22 + (3 V1? + 8? 

Sn ee 


V13V26 = =0V338 


-17 
a= cos"! 5) =~ 157.6° 


The measure of the smallest nonnegative angle between the two vectors is approxi- 
mately 157.6°. 


@ Try Exercise 70, page 614 


tis ~./ 


Figure 7.34 


Figure 7.35 


Y 


a=0° 


a = 180° 
Figure 7.36 


Figure 7.37 
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® Scalar Projection 


Let v = (a, a) and w = (b,,b,) be two nonzero vectors, and let a be the angle 
between the vectors. Two possible configurations, one for which a is an acute angle and one 
for which a@ is an obtuse angle, are shown in Figure 7.34. In each case, a right triangle is 
formed by drawing a line segment from the terminal point of v to a line through w. 


Definition of the Scalar Projection of v onto w 


If v and w are two nonzero vectors and a is the angle between v and w, then the 
scalar projection of v onto w, proj,,v, is given by 


ProjyV = [|v cos a 


To derive an alternate formula for proj,,v, consider the dot product v- w = ||v||||w|| cos a. 
Solving for ||v|| cos a, which is proj,,v, we have 
view 
projy¥ = ——- 
lw 


When the angle a between the two vectors is an acute angle, proj,,Vv is positive. When a is 
an obtuse angle, proj,,v is negative. 


EXAMPLE 10 Find the Projection of v onto w | 


Given v = 2i + 4j and w = —2i + 8j as shown in Figure 7.35, find proj,,v. | 


Solution 

v°w 

l|wll 

_ Qi + 4j)-(-2i + 8) _ 28 147 £4 


TO]wV 
ie V(-2" + 8° V 68 17 


@ Try Exercise 72, page 614 


Use the equation proj,,v = 


® Parallel and Perpendicular Vectors 


Two vectors are parallel when the angle a between the vectors is 0° or 180°, as shown in 
Figure 7.36. When the angle a is 0°, the vectors point in the same direction; the vectors 
point in opposite directions when a is 180°. 

Let v = ai + b,j, let c be a real number, and let w = cv. Because w is a constant 
multiple of v, w and v are parallel vectors. When c > 0, the vectors point in the 
same direction. When c < 0, the vectors point in opposite directions. 

Two vectors are perpendicular when the angle between the vectors is 90°. See 
Figure 7.37. Perpendicular vectors are referred to as orthogonal vectors. If v and w are 
two nonzero orthogonal vectors, then from the formula for the angle between two vectors 
and the fact that cos a = 0, we have 


v°'w 


~ viii 
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Work = 20 ft-Ib 


5 |b 


Figure 7.38 


Figure 7.39 


Figure 7.40 


If a fraction equals zero, the numerator must be zero. Thus, for orthogonal vectors v and 
w, v'w = 0. This gives the following result. 


Condition for Perpendicular Vectors 


Two nonzero vectors v and w are orthogonal if and only if v7 w = 0. 


® Work: An Application of the Dot Product 


When a 5-pound force is used to lift a box from the ground a distance of 4 feet, work 
is done. The amount of work is the product of the force on the box and the distance the 
box is moved. In this case the work is 20 foot-pounds. When the box is lifted, the force 
and the displacement vector (the direction in which and the distance the box was 
moved) are in the same direction. (See Figure 7.38.) 

Now consider a sled being pulled by a child along the ground by a rope attached to 
the sled, as shown in Figure 7.39. The force vector (along the rope) is not in the same direc- 
tion as the displacement vector (parallel to the ground). In this case the dot product is used 
to determine the work done by the force. 


Definition of Work 


The work W done by a force F applied along a displacement s is 


W =F +s = |F\\||s|| cos a 


where a is the angle between F and s. 


In the case of the child pulling the sled a horizontal distance of 7 feet, the work done is 
W=F°s 
= |F\llls|| cos a * a is the angle between F and s. 
= (25)(7) cos 37° © 140 foot-pounds 


EXAMPLE 11 Solve a Work Problem 


A force of 50 pounds on a rope is used to drag a box up a ramp that is inclined 10°. If 
the rope makes an angle of 37° with the ground, find the work done in moving the box 
15 feet along the ramp. See Figure 7.40. 


Solution 


In the formula W = ||F'|||s|| cos a, a is the angle between the force and the displacement. 
Thus a = 37° — 10° = 27°. The work done is 


W = |Flllls| cos @ = 50+ 15+cos 27° © 670 foot-pounds 


@ Try Exercise 80, page 614 
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EXERCISE SET 7.3 


In Exercises 1 to 10, find the components of the vector In Exercises 28 to 36, perform the indicated operations, 
with the initial point P; and terminal point P,. Use these where u = 3i — 2j and v = —2i + 3j. 
components to write a vector that is equivalent to P, P2. 28. —2u 29. 4v a30. Su 4 Sy 
1 . Va 2. va 
if “| 7 31. 6u + 2 a 3. 
ral A | . 6u Vv pu ay -gvtqu 
+ *, $+ 
Pa 2 4 
2+ + 34. ||v|| 35. |lu — 2vl| 36. ||2v + 3ull 
P 
1 if 24 e Pe 
2 4 * | In Exercises 37 to 40, find the horizontal and vertical 
components of each vector. Round to the nearest tenth. 
3. 4. yt Write an equivalent vector in the form v = aji + aj. 
P ~“ 37. Magnitude = 5, direction angle = 27° 
+ @P * e. ‘i 
2 38. Magnitude = 4, direction angle = 127° 
2 4 
7 39. Magnitude = 4, direction angle = A 
= aca as aaa a a 
: mithus 87 
u40. Magnitude = 2, direction angle = —— 
5. Pi(—3, 0); Po(4, —1) 6. P(5, —1); P23, 1) 7 
7. P,(4, 2); P»(-3, —3) 8. P,(0, —3); P,(0, 4) 41. Ground Speed of a Plane A plane is flying at an airspeed of 
340 miles per hour at a heading of 124°. A wind of 45 miles 
9. P,(2, —5); P,(2, 3) #10. P,(3, —2); P,(3, 0) per hour is blowing from the west. Find the ground speed of 
the plane. 
In Exercises 11 to 18, find the magnitude and direction 42. Heading of a Boat A person who can row 2.6 miles per hour 


of each vector. Find the unit vector in the direction of the 
given vector. 


1. v= (-3, 4) "12. v = (6, 10) 
13. v = (20, —40) 14. v = (—50, 30) 43. 
15. v= 2-4 16. v= —Si + 6j 

044. 
17. v = 42i — 18; 18. v = —22i — 32j 


In Exercises 19 to 27, perform the indicated operations, 


where u = (—2, 4) and v = (-3, —2). AS. 


19. 3u 20. —4v 21. 2u-—v 
2 1 3 

22. 4v — 2u 23. -u+-—v u24. —u — 2v 
3 6 4 


25. |lul 26. |v + 2ul 27. ||3u — 4y|| 


46. 


in still water wants to row due east across a river. The river is 
flowing from the north at a rate of 0.8 miles per hour. 
Determine the heading of the boat required for the boat to 
travel due east across the river. 


Ground Speed and Course of a Plane A pilot is flying at a 
heading of 96° at 225 miles per hour. A 50-mile-per-hour wind is 
blowing from the southwest at a heading of 37°. Find the ground 
speed and course of the plane. 


Course of a Boat The captain of a boat is steering at a head- 
ing of 327° at 18 miles per hour. The current is flowing at 
4 miles per hour at a heading of 60°. Find the course (to the 
nearest degree) of the boat. 


Magnitude of a Force Find the magnitude of the force 
necessary to keep a 3000-pound car from sliding down a 
ramp inclined at an angle of 5.6°. Round to the nearest 
pound. 


Angle of a Ramp A 120-pound force keeps an 800-pound 
object from sliding down an inclined ramp. Find the angle of 
the ramp. Round to the nearest tenth of a degree. 
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47. Magnitude of a Force A 345-pound box is placed on a ramp 
that is inclined 22.4°. 


a. Find the magnitude of the force needed to keep the box 
from sliding down the ramp. Ignore the effects of friction. 
Round to the nearest pound. 


b. Find the magnitude of the force the box exerts against the 
ramp. Round to the nearest pound. 


#48. Magnitude of a Force A motorcycle that weighs 811 pounds 
is placed on a ramp that is inclined 31.8°. 


a. Find the magnitude of the force needed to keep the 
motorcycle from rolling down the ramp. Round to the 
nearest pound. 


b. Find the magnitude of the force the motorcycle exerts 
against the ramp. Round to the nearest pound. 


The forces F,, F2, F3,..., F, acting on an object are in 
equilibrium provided the resultant of all the forces is the 
zero vector. 


F, +F,+F3+---+F,=0 


In Exercises 49 to 53, determine whether the given forces 
are in equilibrium. If the forces are not in equilibrium, 
determine an additional force that would bring the 
forces into equilibrium. 


49. F, = (18.2, 13.1), F, = (— 12.4, 3.8), F; = (—5.8, -16.9) 


50. F, = (—4.6, 5.3), Fp = (6.2, 4.9), F; = (—1.6, —10.2) 
51. F, = 155i — 257j, F) = —124i + 149j, F; = —31i + 98] 
52. F, = 23.5i+ 18.9j, F) = —18.7i+ 2.5j, F; = —5.6i — 15.6j 


53. F, = 189.3i + 235.7j, F, = 45.81 — 205.6j, 
F; = —175.2i — 37.7j, Fy = —59.9i + 7.6j 


54. Equilibrium The cranes in the following figure are holding a 
9450-pound steel girder in midair. The forces F; and F), along 
with the force F; = (0, —9450), are in equilibrium as defined 
before Exercise 49. Find the magnitude of F, given that 
\|F,|| = 6223 pounds. Round to the nearest 10 pounds. 


In Exercises 55 to 62, find the dot product of the vectors. 
55. v = (3, —2); w = (1, 3) 56. v = (2,4); w = (0, 2) 
57. v = (4,1); w = (-1,4) 


58. v = (2, —3); w = (3, 2) 


59. v=i+ 2j;w=-it+j 


m60. v = Si + 3j;w = 4i — 2j 


61. v = 6i — 4j;w = —2i — 3j 


62. v = —4i + 2j;w = —2i - 4j 
In Exercises 63 to 70, find the measure of the smallest 
nonnegative angle between the two vectors. State which 


pairs of vectors are orthogonal. Round approximate 
measures to the nearest tenth of a degree. 


63. v = (2, —1); w = (3, 4) 


64. v 


(1,-5); w = (—2, 3) 
65. v = (0,3); w = (2, 2) 
66. v = (—1,7); w = (3, —2) 


67. v = Si — 2j;w = 21+ 5j 


68. v = 81+ j;w i+ 8j 
69. v = Sit 2j;w = —Si — 2j 
870. v = 3i — 4j;w = 6i — 12j 


In Exercises 71 to 78, find proj,v. 


71. v = (6,7); w = (3,4) 
m72. v = (—7,5); w = (-4, 1) 
73. v = (—3,4); w = (2,5) 


74. v = (2,4); w = (-1,5) 


75. v= 21+ j;w = 61 + 3j 


76. v = 5i + 2j;w = —Si — 2j 


77. v = 3i — 4j;w = —6i + 12j 


78. v = 21+ 2j;w = —4i — 2j 


79. Work A 150-pound box is dragged 15 feet along a level floor. 
Find the work done if a force of 75 pounds, with a direction 
angle of 32° is used. Round to the nearest foot-pound. 


= 80. Work A 100-pound force is pulling a sled loaded with bricks 
that weighs 400 pounds. The force is at an angle of 42° with 
the displacement. Find the work done in moving the sled 25 feet. 
Round to the nearest foot-pound. 


81. Work A rope is being used to pull a box up a ramp that is 
inclined at 15°. The rope exerts a force of 75 pounds on the 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


box, and the rope makes an angle of 30° with the plane of the 
ramp. Find the work done in moving the box 12 feet. Round to 
the nearest foot-pound. 


Work A dock worker exerts a force on a box sliding down the 
ramp of a truck. The ramp makes an angle of 48° with the road, 
and the worker exerts a 50-pound force parallel to the road. Find 
the work done in sliding the box 6 feet. Round to the nearest 
foot-pound. 


For u = (—1, 1), v = (2,3), and w = (5,5), find the sum of 
the three vectors geometrically by using the triangle method of 
adding vectors. 


For u= (1,2), v = (3,—-2), and w= (1,4), find 
u + v — w geometrically by using the triangle method of 


adding vectors. 


Find a vector that has initial point (3, —1) and is equivalent to 
v = 2 — 3]. 


Find a vector that has initial point (—2, 4) and is equivalent to 
v= (—1,3). 


wif v= 2i-5j and w=5i+ 2j have the same 
initial point, is v perpendicular to w? Why or why not? 


If v = (5, 6) and w = (6,5) have the same initial point, 
is V perpendicular to w? Why or why not? 


Let v = (—2, 7). Find a vector perpendicular to v. 


Let w = 4i + j. Find a vector perpendicular to w. 


91. 


92. 


93. 


94. 


95. 
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Is the dot product an associative operation? That is, given any 
nonzero vectors u, v, and w, is the following true? 


(uv): w = u-(v-w) 
Prove that v-w = w-v. 
Prove that c(v: w) = (cv): w. 


Show that the dot product of two nonzero vectors is positive if 
the angle between the vectors is an acute angle and negative if 
the angle between the two vectors is an obtuse angle. 


Comparison of Work Done Consider the following two sit- 
uations. (1) A rope is being used to pull a box up a ramp 
inclined at an angle a. The rope exerts a force F on the box, 
and the rope makes an angle @ with the ramp. The box is 
pulled s feet. (2) A rope is being used to pull the same box 
along a level floor. The rope exerts the same force F on the 
box. The box is pulled the same s feet. In which case is more 
work done? 


(2) 
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. In triangle ABC, A = 71.2°, B = 62.7°, and c = 18.5 inches. 


Find b. 


A ship sailed 43.5 miles at a heading of 74.2° and then turned 
to a heading of 95.5° and sailed another 67.2 miles. Find the 
distance, to the nearest mile, from the starting point to the 
ship’s current position. 


In triangle ABC, B = 
c = 32.5 meters. Find A. 


105.5°, a = 21.2 meters, and 


Perform the indicated operations, where 
u = (3,5),v = (—2,7), andw = (4,1). 
a. 3u+ 2v b. |lul| 


c. proj,u d. u-v 


5: 


Find the area of triangle ABC, given A = 34.5°, b = 15.4 meters, 
and c = 16.5 meters. Round to the nearest square meter. 


Find, to the nearest tenth of a degree, the measure of the 
smallest nonnegative angle between the vectors v = 3i + 5j and 
w= —6i + 5j. 


A motorcycle that weighs 725 pounds is placed on a ramp that 
is inclined 9.5°. Find the magnitude of the force needed to 
keep the motorcycle from rolling down the ramp. Round to the 
nearest 10 pounds. 


A 65-pound force is used to pull a cart across a level floor. 
The applied force is at an angle of 35° with the floor. Find the 
work done in moving the cart a distance of 45 feet. Round to the 
nearest foot-pound. 
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SECTION 7.4 Trigonometric Form of Complex Numbers 


Trigonometric Form of a 
Complex Number 

Product and Quotient of 
Complex Numbers Written 


in Trigonometric Form PS1. Simplify: (1 + i)(2 + i) [P.6] 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A47. 


. on 2 EE 
PS2. Simplify: = [P.6] 
—1 


PS3. What is the conjugate of 2 + 37? [P.6] 
PS4. What is the conjugate of 3 — 57? [P.6] 
PS5. Use the quadratic formula to find the solutions of x7 + x = —1. [1.3] 


PS6. Solve: x* + 9 = 0[1.3] 


® Trigonometric Form of a Complex Number 


Real numbers are graphed as points on a number line. Complex numbers can be graphed 
in a coordinate plane called the complex plane. The horizontal axis of the complex plane 
—_— is called the real axis; the vertical axis is called the imaginary axis. 


SOmp ls Supers A complex number written in the form z = a + bi is written in standard form or 


S 60. ‘ P : ; ; 
mpegs rectangular form. The graph of a + bi is associated with the point P(a, b) in the com- 
plex plane. Figure 7.41 shows the graphs of several complex numbers. 
The length of the line segment from the origin to the point (—3, 4) in the complex 
plane is the absolute value of z = —3 + 41. See Figure 7.42. From the Pythagorean 
Theorem, the absolute value of z = —3 + 47 is 
V(-3P + 4 = V25 =5 
sal _ Imaginary axis tek 
7 s+ 
+ ‘tT ana} z=-344i 
243i 
Real axis 
an 
-4 4 Re 
-3-3i 
e +——+— +++ —> 
-4@-4i -4 4 Re 
Im Figure 7.41 Figure 7.42 


Definition of the Absolute Value of a Complex Number 


The absolute value of the complex number z = a + bi, denoted by |z], is 


lz] = |a + bl = Va? + 


Figure 7.43 Thus \z| is the distance from the origin to z (see Figure 7.43). 


Figure 7.44 
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Question © The conjugate of a + bi is a — bi. Does |a + bil = |a — bil? 


A complex number z = a + bi can be written in terms of trigonometric functions. 
Consider the complex number graphed in Figure 7.44. We can write a and 6 in terms of 
the sine and the cosine. 


a : 
cos @ = — sin? = — 
r r 
a=rcosé b=rsin0 
where r = |z| = Va? + 5°. Substituting for a and b in z = a + bi, we obtain 
z=rcos@ + irsin@ = r(cos @ + isin 6) 

The expression z = r(cos 6 + i sin 0) is known as the trigonometric form of a complex 
number. The trigonometric form of a complex number is also called the polar form of the 


complex number. The notation cos 6 + isin @ is often abbreviated as cis @ using the c 
from cos 6, the imaginary unit i, and the s from sin 6. 


Trigonometric Form of a Complex Number 


The complex number z = a + bi can be written in trigonometric form as 


z= r(cos@ + isin@) = rcis@ 


. b 
where a = rcos0,b =rsin6,r = Va?’ + b’, and tan@ = —. 
a 


In this text, we will often write the trigonometric form of a complex number in its 
abbreviated form z = r cis 6. The value of r is called the modulus of the complex number 
z, and the angle 6 is called the argument of the complex number z. The modulus r and the 
argument 0 of a complex number z = a + bi are given by 


b 
r=Va+s? and cos = *, sin @ = — 


r i 


i|2 


We also can write a = tan™ , where a is the reference angle for 6. Due to the periodic 


nature of the sine and cosine functions, the trigonometric form of a complex number is not 
unique. Because cos 6 = cos(@ + 27r) and sin @ = sin(@ + 2k), where kis an integer, 
the complex numbers r cis 6 and r cis(@ + 2k7r) are equal. 


_ 7 {7 
For example, 2 cis 6 =2 ois( 2 + 2m). 


Answer ® Yes, because Va? + b? = Va? + (—b). 
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Im + 


Figure 7.45 


Figure 7.46 


EXAMPLE 1_ Write a Complex Number in Trigonometric Form 


Write z = —2 — 2i in trigonometric form. 


Solution 


Find the modulus and the argument of z. Then substitute these values in the trigonometric 
form of z. 


r= V(-2)? + (-2)? = V8 = 2Vv2 


To determine 0, we first determine a. See Figure 7.45. 


b 
a = tan! |— * a is the reference angle of angle 0. 
a 
| =? =] 
qa = tan -> = tan ‘1 = 45° *a=-—2andb= —2 
6 = 180° + 45° = 225° * Because z is in the third quadrant, 


180° < @ < 270°. 


The trigonometric form is 
z=rcisO =2V2cis225° «rr = 2V2,6 = 225° 


@ Try Exercise 12, page 621 


EXAMPLE 2. Write a Complex Number in Standard Form 


Write z = 2 cis 120° in standard form. 


Solution 
Write z in the form r(cos 9 + i sin 6) and then evaluate cos @ and sin 6. See Figure 7.46. 
1 v3 
Zz = 2 cis 120° = 2(cos 120° + isin 120°) = (4 + ; ‘ =-1+iv3 


@ Try Exercise 30, page 621 


® Product and Quotient of Complex Numbers Written 
in Trigonometric Form 


Let z, and z, be two complex numbers written in trigonometric form. The product of z, and 
Z) can be found by using trigonometric identities. If z; = r,;(cos 6; + isin @,) and 
Z) = (cos 6, + isin 62), then 


Z\Z) = r\(cos 6, + isin 6,)+72(cos 6) + isin 6) 
= r1r>(cos 6, cos 0) + icos 6; sin @, + isin @, cos 6 + i sin 6, sin Oy) 


rira[ (cos 0; cos 6, — sin 0; sin 62) + i(sin 6; cos 6 + cos 6; sin 0) | 
= r rz[cos(O; + 02) + isin(@, + 65) | + Identities for cos(0, + 05) 
and sin(@,; + 02) 


Thus, using cis notation, we have z|z) = rr cis(@; + 62). 


Im + 
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The previous result is called the product property of complex numbers. It states that 
the modulus for the product of two complex numbers in trigonometric form is the product 
of the moduli of the two numbers and the argument of the product is the sum of the argu- 
ments of the two numbers. 


EXAMPLE 3__ Find the Product of Two Complex Numbers 


Find the product of z} = —1 + iV3 and z, = —V3 + i by using the trigonometric 
forms of the complex numbers. Write the answer in standard form. 
Solution 


Write each complex number in trigonometric form. Then use the product property of 
complex numbers. See Figure 7.47. 


Figure 7.47 


_ 2 2 
a= -14iV3 = 2cis— eLKa 
5 
m= -V3+1= Deis 17 = 2,0 = 
_ 20 . oa 
ZZ. = 2 cis 3 *2 cis 6 
_(20 5a 
= 4cis 3 + 6 * The product property 
e of complex numbers 
Re ? 3%0r : . 
= 4cis a * Simplify. 
a( 307 Src Soh =m | 
= 4| cos — + isin — 
2 2 
= 4(0 — i) = —4i 


@ Try Exercise 56, page 621 


Similarly, the quotient of z, and z, can be found by using trigonometric identities. 
If z; = r,(cos 6; + isin @,) and z) = r,(cos 6, + isin 62), then 


z,  ry(cos@, + isin d, 


Z,  1(cos@, + isin A, 


(cos 6) — isin 65) 


Sa! |S Na | 


r,(cos 8, + isin 6, 


( 
( 

ri(cos 0, + isin 6 
( (cos 0) — isin 05) 
( 


r1(cos 0, cos 6, — icos 6; sin 8) + isin O, cos 6) — i” sin O, sin 62) 


r,(cos* 6, — i* sin’ 45) 
r;[ (cos 6, cos 6, + sin 6, sin 8.) + i(sin 6, cos 02 — cos 0, sin 63) | 


r)(cos* 6, + sin’ 65) 


ry soa ¢ Identities for cos (9; — 02) 
= —|cos(0, — 0,) + isin(@, — 0 ! ae 
=a (41 2) (61 2) sin (0, — 0>), and cos” 6, + sin? 0, 


: 4 ; al il 2s 
Thus, using cis notation, we have — = — cis(@, — 0). 
22 r2 
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Figure 7.48 


The previous result is called the quotient property of complex numbers. It states 
that the modulus for the quotient of two complex numbers in trigonometric form is the 
quotient of the moduli of the two numbers and the argument of the quotient is the differ- 
ence of the arguments of the two numbers. 


EXAMPLE 4 Find the Quotient of Two Complex Numbers 


Find the quotient of z, = —1 + iand z. = V3 — i by using the trigonometric forms 
of the complex numbers. Write the answer in standard form. Round constants to the 
nearest ten-thousandth. 
Solution 
Write the numbers in trigonometric form. Then use the quotient property of complex 
numbers. See Figure 7.48. 

zy = -1+i= V2 cis 135° “7 = V2, 0, = 135° 

Zz = V3 —i = 2cis 330° ° ry = 2,05 = 330° 


4 =l+i _ V2eis 135° 
m W3—-% 2cis330° 


WO 
= — cis(—195°) * The quotient property of 
7 complex numbers 


V2 
= ~z Leos(— 195°) + isin(—195°) ] * Simplify. 


2 
= ——(cos 195° — isin 195°) * cos(—x) = cos x, 
- sin(—x) = —sinx 


2 


—0.6830 + 0.1830i 


@ Try Exercise 60, page 621 


Here is a summary of the product and quotient theorems. 


Product and Quotient Properties of Complex Numbers 
Written in Trigonometric Form 
Product Property of Complex Numbers 
Let z,} = r;(cos 6; + isin @,) and z) = r(cos 6) + i sin 62). Then 

242. = rir2[cos(0, “+ 62) + i sin(6, + 02) | 

ZZ) = MF, cis(O, + 02) * Using cis notation 
Quotient Property of Complex Numbers 
Let z,} = r;(cos 6; + isin @,) and z) = r:(cos @) + i sin 62). Then 


Z| 


“1 cos(6, — 6) + isin(@, — 6)] 


22 io) 


21 age ; F : 
— = —cis(6,; — 63) * Using cis notation 
47 


In Exercises 1 to 8, graph each complex number. Find the 


absolute value of each complex number. 


1.2=-2-2i 2.72=4- 4i 3.z2= 
4.z2=1+iVv3 5.z2= -2i 6. z= —5 
7.z2=3-5i 8. 2=—-5 -4i 


In Exercises 9 to 20, write each complex number in 
trigonometric form. 


92=1-i 10.2=-4-4 W.z=V3-i 
a12.2=1+iV3 13. 2=3i 14. 2 = -2i 
15. z= —5 16. z =3 


17. z= —-8 + 8i'V3 18. z = —2V2 + 2iV2 


19. z= -2-2iV3 20.2 = V2 —iv2 


In Exercises 21 to 38, write each complex number in 
standard form. 


21. z = 2(cos 45° + isin 45°) 
22. z = 3(cos 240° + isin 240°) 
23. z = (cos 315° + isin 315°) 


24. z = 5(cos 120° + isin 120°) 


25. z = 6cis 135° 26. z = cis 315° 
27. z = 8 cis 0° 28. z = 5 cis 90° 
29 2( Sa iu as =) 
_Z= + isin 
z cos 6 S , 


V3-i 
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EXERCISE SET 7.4 


37. z =2cis2 


38. z= 5cis4 


In Exercises 39 to 46, multiply the complex numbers. 
Write the answer in trigonometric form. 


39. 2 cis 30°*3 cis 225° 


40. 4 cis 120°° 6 cis 315° 


41. 3(cos 122° + isin 122°) -4(cos 213° + isin 213°) 


A2. 8(cos 88° + isin 88°) + 12(cos 112° + isin 112°) 


21 _ 20 Qa _ 27 
43. s( cos + isin =) -2( cos = + isin =) 


44, 5 cis +3 cis = 
. C1S D2 vie 


46. 7 cis 0.885 cis 1.32 


5 


45. 4cis2.4:-6cis 4.1 


In Exercises 47 to 54, divide the complex numbers. Write 
the answer in standard form. Round approximate 
constants to the nearest thousandth. 


47 32 cis 30° 15 cis 240° 
* Acis 150° 3 cis 135° 
a 27(cos 315° + isin 315°) an 9(cos 25° + isin 25°) 
* 9(cos 225° + isin 225°) * 3(cos 175° + isin 175°) 
_ 27 _ 7 
12 cis ra 10 cis * 
51. 52. 
ree lla7 5 ci 7 
cs cis 7 


25(cos 3.5 + isin 3.5) 
5(cos 1.5 + isin 1.5) 


18(cos 0.56 + isin 0.56) 
6(cos 1.22 + isin 1.22) 


In Exercises 55 to 62, perform the indicated operation 
in trigonometric form. Write the solution in standard 
form. Round approximate constants to the nearest 


030. z= 4( cos = + isin =) 


3 3 
31. z 3(cos = + 7 sin =) 
3a 
33. z = 8 cis — 
Zz cis P| 
35 9 ci lla 
. Z = 9cis — 
6 


ten-thousandth. 
55. (1 — iV3)(1 + i) 


32. z = 5(cos 7m + isin 77) 
57. (3 — 3i)(1 + i) 


34, z= Seis 55, LS 
“1 iV3 
30r V2 — iVv2 


. Z = cis — 61. ——__— 
36. z as ras 


m56. (V3 — i)(1 + iV3) 
58. (2 + 2i)(V3 — i) 


l+i 


0. 
ae ee 
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In Exercises 63 to 68, perform the indicated operation in (2 — 5i)(1 — 67) 


trigonometric form. Write the solution in standard form. 67. (1 — 3i)(2 + 3i)(4 + Si) 68. 


63. (V3 — i)(2 + 2i)(2 — 2iV3) 
64. (1 — (1 + iV3)(V3 — 1) 


V3 + iV3 
a (1 — iV3)(2 - 22) ee 


SECTION 7.5 


De Moivre’s Theorem 


De Moivre’s Theorem for 
Finding Roots 


3+ 41 
In Exercises 69 and 70, the notation Z is used to 
represent the conjugate of the complex number z. 


69. Use the trigonometric forms z and z to find zz. 


(2 — 2i-V3)(1 — iV3) 


4V3 + 4i 70. Use the trigonometric forms of z and Z to find = 


De Moivre’s Theorem 
PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A47. 


2 
PS1. Find (“ 4 v2)  [P.6] 


PS2. Find the real root of x> — 8 = 0. [3.3] 
PS3. Find the real root of x» — 243 = 0. [3.3] 


PS4. Write 2 + 2: in trigonometric form. [7.4] 


PSS. Write 2(cos 150° + isin 150°) in standard form. [7.4] 


2 V2 
PS6. Find the absolute value of “2 = ae [7.4] 


® De Moivre’s Theorem 


De Moivre’s Theorem is a procedure for finding powers and roots of complex numbers 
when the complex numbers are expressed in trigonometric form. This theorem can be illus- 
trated by repeated multiplication of a complex number. 

Let z = rcis 0. Then z” can be written as 


z-z=rcis@'rcisé 
z? = r* cis 20 
The product z?+z is 
z*+z =r’ cis 20-rcis 6 
2 =r cis 30 
If we continue this process, the results suggest a formula known as De Moivre’s Theorem 
for the nth power of a complex number. 


Math Matters 


The Granger Collection 


Abraham de Moivre (1667-1754) 
was a French mathematician who 
fled to England during the expul- 
sion of the Huguenots in 1685. 
De Moivre made important 
contributions to probability theory 
and analytic geometry. In 1718 he 
published The Doctrine of Chance, 
in which he developed the theory 
of annuities, mortality statistics, 
and the concept of statistical 
independence. In 1730 de Moivre 
stated the theorem shown above 
Example 1, which we now call De 
Moivre’s Theorem. This theorem 
is significant because it provides a 
connection between trigonometry 
and mathematical analysis. 
Although de Moivre was well 
respected in the mathematical 
community and was elected to 
the Royal Society of England, he 
never was able to secure a 
university teaching position. 
His income came mainly from 
tutoring, and he died in poverty. 
De Moivre is often remem- 
bered for predicting the day of his 
own death. At one point in his 
life, he noticed that he was sleep- 
ing a few minutes longer each 
night. Thus he calculated that 
he would die when he needed 
24 hours of sleep. As it turned 
out, his calculation was correct. 
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De Moivre’s Theorem 


If z = rcis 6 and n is a positive integer, then 


z" =r" cis nd 


EXAMPLE 1 _ Find the Power of a Complex Number 


Find (2 cis 30°)°. Write the answer in standard form. 


Solution 
By De Moivre’s Theorem, 
(2 cis 30°)? = 2° cis(5+ 30°) 
= 2°[cos(5+30°) + isin(5-30°)] 
= 32(cos 150° + isin 150°) 
3. 1 
=x 


5 + 31) = -16v3 + 16i 


@ Try Exercise 6, page 625 


EXAMPLE 2. Use De Moivre’s Theorem 


Find (1 + i)® using De Moivre’s Theorem. Write the answer in standard form. 


Solution 
Convert | + i to trigonometric form and then use De Moivre’s Theorem. 


(1 + i)8 = (V2 cis 45°)® = (V2)8 cis 8(45°) = 16 cis 360° 
= 16(cos 360° + isin 360°) = 16(1 + 0i) = 16 


@ Try Exercise 16, page 625 
Question ¢ Is (1 + i)‘ a real number? 


® De Moivre’s Theorem for Finding Roots 


De Moivre’s Theorem can be used to find the nth roots of any number. 


De Moivre’s Theorem for Finding Roots 


If z = rcis @ is a complex number, then there exist n distinct nth roots of z given by 


fork = 0,1,2,...,n — l,andn = 1 


Un 0 + 360% 
We= Pr cis 


Answer ° Yes. (1 + i)4 = (V2 cis 45°)" = (v2)" cis 180° = —4. 
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ET 


EXAMPLE 3__ Find Cube Roots by De Moivre’s Theorem 


Find the three cube roots of 27. 


Algebraic Solution Visualize the Solution 
Write 27 in trigonometric form: 27 = 27 cis 0°. Then, from De Moivre’s Im 
Theorem for finding roots, the cube roots of 27 are 
0° + 360° 
w, = 27! cis 5 fork = 0,1,2 


Substitute for k to find the three cube roots of 27. 


0° + 360°(0 
Wp = 27 ee” +k = 0; : O 9 
= 3(cos 0° + isin 0°) 
= 0 360°(1) 
te} oe Le} 
Ww = 27? cis 120° “k= 1; : 120° 
= 3(cos 120° + isin 120°) 
3 4 a5. Figure 7.49 
= Se 1 
2 2 ‘i 5 Note that the arguments of 
w> = 27" cis 240° pew 0° + 360°(2) 240° the three cube roots of 27 are 
: ee ; 3 0°, 120°, and 240° and that 
= 3(cos 240° + isin 240°) lwol = [wil = [wo] = 3. 
3 33 In geometric terms, this means 
SS i that the three cube roots of 27 
2 2 are equally spaced on a circle 
0° + 1080° . centered at the origin with a 
For k = 3, 3 = 360°. The angles start repeating; thus there are fads oF: ° 
only three cube roots of 27. The three cube roots are graphed in Figure 7.49. 
@ Try Exercise 28, page 626 
EXAMPLE 4 Find the Fifth Roots of a Complex Number 
Find the fifth roots of z = 1 + iV3. 
Algebraic Solution Visualize the Solution 
Write z in trigonometric form: z = r cis 6. Im} 
r= VI? + (v3) =2 
hia 4 WS 
z = 2 cis 60 *@ = tan jo 
From De Moivre’s Theorem, the modulus of each root is V/2, and the 
; 60° + 360° . 
arguments are determined by a for k= 0, 1,2, 3,4. Re 
. 60° + 360°k 
w, = W2 cis Fi *k=0,1,2,3,4 
Substitute for k to find the five fifth roots of z. : 
Figure 7.50 
60° + 360°(0) The five fifth roots of 1 + iV3 are 
= 49 ° - ‘ ° 
wo = V2 cis 12 aka 5 e graphed in Figure 7.50. Note that the 
60° + 360°(1) roots are equally spaced on a circle with 


w, = W2 cis 84° ae = it 


5 84° center (0, 0) and a radius of W/2 ~ 1.15. 
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60° + 360°(2) 


Ww, = W2cis 156° # k= 2; , = Be 
60° + 360°(3 
Ws = W2cis228° +k = 3; ; ©) _ gogo 
60° + 360°(4 
ws = W2cis300° * k= 4; : © = 300° 
H Try Exercise 30, page 626 


Keep the following properties in mind as you compute the n distinct nth roots of the 
complex number z. 


Properties of the nth Roots of z 


Geometric Property 


All nth roots of z are equally spaced on a circle with center (0, 0) and a radius 
of |z|". 


Absolute Value Properties 


. If |z| = 1, then each nth root of z has an absolute value of 1. 


. If |z| > 1, then each nth root of z has an absolute value of |z|!, where |z|!” is 
greater than 1 but less than |z|. 


ee 


. If |z| < 1, then each nth root of z has an absolute value of |z|!", where |z|!” is 


less than 1 but greater than |z|. 


Argument Property 


‘ . . 0 
Given that the argument of z is 0, then the argument of wy is — and the arguments 


60° 2 
of the remaining th roots can be determined by adding multiples of (or ails 
n n 


0 
if @ is in radians) to 7 


Question ® Are all fourth roots of 1 equally spaced on a circle with center (0, 0) and radius 1? 


EXERCISE SET 7.5 


In Exercises 1 to 16, find the indicated power. Write the 5. (2 cis 225°)° m6. (2 cis 330°)4 
answer in standard form. 
1. [2(cos 30° + isin 30°) ]8 2x \ 5r\3 
2 ) 7: (2 cis 2) 8. (4 cis =) 
2. (cos 240° + i sin 240°)" 
-\10 : 8 
3. [2(cos 240° + isin 240°) ]8 9. (1 — i) 10. (1 + V3) 
4. [2(cos 45° + isin 45°)]!° 11. (1 + i)4 12. (2 — 2iV3)? 


Answer ® Yes. 
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13. (2+ aa 14. (2V3 = 2i)° 35. x - 27=0 36. x + 327=0 
V2 v2 V2 V2\2 37. x1 + 81 =0 38. x° — 641 = 0 
15. (2 + 2) o16. (-2 + 2) 
39. x4 — (1 -iV3) =0 40. x + (2V3 —- 2i) =0 
3 . = 6 of. 
In Exercises 17 to 30, find all of the indicated roots. 41. x + (1 + 1V3) = 0 42. x — (4— 4i) = 0 


Write all answers in standard form. Round approximate 


constants to the nearest thousandth. 
In Exercises 43 to 45, show that the given statements 


17. The two square roots of 9 are true. 


18. The two square roots of 16 43. The conjugate of z = r(cos @ + isin @) is equal to 
z= r(cos@ — isin). 
19. The six sixth roots of 64 


44. Ifz = r(cos @ + isin @), then 
20. The five fifth roots of 32 -| - a 
z =r (cos@ — isin@) 
21. The five fifth roots of —1 45. Ifz = r(cos @ + isin@), then 
—2 = 2, a : 
22. The four fourth roots of —16 z* = “(cos 26 — isin 26) 
23. The three cube roots of 1 Note that Exercises 44 and 45 suggest that if 


z= r(cos @ + isin 0) then, for positive integers n, 
24. The three cube roots of i 


z "=r "(cos né — isin nd) 
25. The four fourth roots of 1 + i 


46. Use the above equation to find z* for z = 1 — iV3. 


26. The five fifth roots of —1 + i 


47. Sum of the nth Roots of 1 Make a conjecture about the sum 


27. The thr b ts of 2 — 2iV3 
ee ee tes eye of the nth roots of 1 for any natural number n = 2. (Hint: 


m28. The three cube roots of —2 + 2iV3 Experiment by finding the sum of the two square roots of 1, the 
sum of the three cube roots of 1, the sum of the four fourth 
29. The two square roots of -16 + 16iV3 roots of 1, the sum of the five fifth roots of 1, and the sum of 


the six sixth roots of 1.) 


m30. The two square roots of —1 + iV3 
48. Product of the nth Roots of 1 Make a conjecture about the 


In Exercises 31 to 42, find all roots of the equation. product of the nth roots of 1 for any natural number n = 2. 
Write the answers in trigonometric form. (Hint: Experiment by finding the product of the two square 
3 5 roots of 1, the product of the three cube roots of 1, the product 
i ei an 2 ae 0 of the four fourth roots of 1, the product of the five fifth roots 
deb 3 ; of 1, and the product of the six sixth roots of 1.) 
33. x +i=0 34. x -— 21=0 


Ga Exploring Concepts with Technology 


Optimal Branching of Arteries 


The physiologist Jean Louis Poiseuille (1799-1869) developed several laws concern- 
ing the flow of blood. One of his laws states that the resistance R of a blood vessel of 
length / and radius r is given by 


R= = (1) 
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The number is a variation constant that depends on the viscosity of the blood. Fig- 
ure 7.51 shows a large artery with radius r, and a smaller artery with radius r,. The 
branching angle between the arteries is 0. Use Poiseuille’s Law, Equation (1), to show 
that the resistance R of the blood along the path P, P»P3 is 


= t 

R= (2 ae 0 fn es8) (2) 
(1) (r2) 

Figure 7.51 Use a graphing utility to graph R with k = 0.0563, a = 8 centimeters, b = 4 centi- 


meters, 7; = 0.4 centimeter, and r, = ra = 0.3 centimeter. Then estimate (to the 


nearest degree) the angle @ that minimizes R. By using calculus, it can be demon- 
strated that R is minimized when 
Fy 4 
cos @ = | — (3) 
ry 


This equation is remarkable because it is simpler than Equation (2) and because it 
does not involve the distance a or b. Solve Equation (3) for 6, with ry. = righ How 


does this value of 8 compare with the value of 6 you obtained by graphing? 


CHAPTER 7 TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


7.1 Law of Sines 


= Law of Sines See Example 1, page 582, and then try 
If A, B, and C are the measures of the angles of a triangle and a, b, and c Exercise 1, page 630. 
are the lengths of the sides opposite these angles, then 


a b Cc 


sinA  sinB sinC 
The Law of Sines can be used to solve triangles when two angles 


and a side are given or when two sides and an angle opposite 
one of them are given. 


= The Ambiguous Case (SSA) See Examples 2 to 4, pages 584-586, and 
The case in which you are given the lengths of two sides of a triangle and __ then try Exercises 9 and 10, page 630. 
the measure of an angle opposite one of these sides (SSA) is called the 
ambiguous case. There may be two distinct triangles, one triangle, or no 
triangle with the given dimensions. 


7.2 Law of Cosines and Area 


= Law of Cosines See Examples | to 3, page 593, and then 
If A, B, and C are the measures of the angles of a triangle anda, b,andc | try Exercises 3 and 6, page 630. 
are the lengths of the sides opposite these angles, then 


=a +b — 2abcosC (continued) 
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a= b? +c — 2becosA 
be =a +c? — 2accosB 


The Law of Cosines can be used to solve triangles when two sides and 
the included angle or three sides of a triangle are given. 


ll 


= Area of a Triangle 
¢ The area K of triangle ABC is one-half the product of the lengths of 
any two sides and the sine of the included angle. 


1 1 1 
K = —bc sin A K = =ab sin C K = =ac sin B 
2 2 2 


See Examples 4 and 5, pages 595 and 596, 
and then try Exercise 14, page 630. 


= Heron’s Formula 
If a, b, and c are the lengths of the sides of a triangle, then the area K of 
the triangle is 


K = Vs(s — a)\(s — b\(s — c), where s = x(a +b+c) 


See Example 6, page 596, and then try 
Exercise 12, page 630. 


= Fundamental Vector Operations 
If v = (a,b) and w = (c, d) are two vectors and k is a real number, then 


1. |v) = Ve +2? 
2. v + w= (a,b) + (c,d) = (at+c,b + d) 
3. kv = k(a, b) = (ka, kb) 


See Example 2, page 604, and then try 
Exercises 30 and 31, page 630. 


= Dot Product 
The dot product of v = (a, b) and w = (c, d) is given by 


vew=ac + bd 


See Example 8, page 609, and then try 
Exercises 38 and 39, page 631. 


m= Angle Between Two Vectors 
If v and w are two nonzero vectors and a is the smallest nonnegative 
angle between v and w, then 


vew a vew ) 
cos@ = ~—— and a=cos | —— 
Ilviliwil Ilviliwil 


See Example 9, page 610, and then try 
Exercises 41 and 43, page 631. 


= Scalar Projection of v onto w 
If v and w are two nonzero vectors and a is the angle between v and w, 
then the scalar projection of v onto w is given by 


projyv = ||v|| cos a 


An alternative formula for proj,v is 


: vew 
projywY = > 
| w| 


See Example 10, page 611, and then try 
Exercises 45 and 46, page 631. 


= Definition of Work 
The work W done by a force F applied along a displacement s is 
W = F +s = |F\|ls|| cos a, where a is the angle between F and s. 


See Example 11, page 612, and then try 
Exercise 47, page 631. 


7.4 Trigonometric Form of Complex Numbers 


= Trigonometric Form of a Complex Number 
The complex number z = a + bi can be written in trigonometric form as 


z =r(cos@ + isin) 


. b 
where a = rcos6,b = rsiné,r = Va? + b*, and tan@ = —. 
a 
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See Examples | and 2, page 618, and then 
try Exercises 50 and 52, page 631. 


= Product and Quotient Properties of Complex Numbers 
¢ Product property of complex numbers 
Let z; = r;(cos 6; + isin 0;) and z, = r2(cos 0) + isin 62). Then 
ZZ. = ryr2[cos(@, + 02) + isin(@; + 65)] 
In cis notation the product property is written as z1z) = rir cis(O; + 02). 
* Quotient property of complex numbers 
Let z; = r;(cos 6; + isin 0,) and z, = r,(cos 0) + isin @,). Then 
7102+"; : 
— = —[cos(6, — 02) + isin(@, — 42)] 
nw) 
In cis notation the quotient property is written as 
Z| ry 


= = —cis(o, — 0 
a 


7.5 De Moivre’s Theorem 


= De Moivre’s Theorem 
If z = rcis 6 and nis a positive integer, then 


z”=r"cis nd 


See Examples 3 and 4, pages 619 and 620, 
and then try Exercises 54 and 60, page 631. 


See Examples | and 2, page 623, and then 
try Exercises 62 and 63, page 631. 


De Moivre’s Theorem for Finding Roots 
If z = rcis 6 is a complex number, then there exist n distinct nth roots 
of z given by 


Un... 9 + 360° 
cis 
n 
¢ A geometric property of the nth roots of z 
All nth roots of z are equally spaced on a circle with center (0, 0) and 
a radius of |z|!””, 


oO, =r for k=0,1,2,...,n — l,andn = 1 


¢ An absolute value property of the nth roots of z 


1. If |z| = 1, then each nth root of z has an absolute value of 1. 
2. If |z| > 1, then each nth root of z has an absolute value of |z|!"", 


ee 


where |z is greater than | but less than |z]. 


3. If |z| < 1, then each nth root of z has an absolute value of |z|!/”, 


i 


where |z|!”" is less than 1 but greater than |z]. 


¢ An argument property of the mth roots of z r 
Given that the argument of z is 0, then the argument of w, is — and the 
n 


arguments of the remaining nth roots can be determined by adding 


360° 2 i) 
multiples of —— (or <7 if @ is in radians) to —. 
n n n 


See Examples 3 and 4, page 624, and then 
try Exercises 68 and 69, page 631. 
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CHAPTER 7 REVIEW EXERCISES 


In Exercises 1 to 10, solve each triangle. In Exercises 29 and 30, perform the indicated operation, 
1. A= 104.5°, B = 34.1,c = 155 WHERE Me (22 ANY i A). 
29. v—-—u 30. 2u — 3v 


2. A = 44.4°, B = 37.7°, a = 58.5 


In Exercises 31 and 32, perform the indicated operation, 


ey eee where u = 10i + 6j and v = 8i — 5j. 


4. a =24,b = 32,c = 28 ee. oe 
31.. =u + 5 Vv 32. 3 Vv Fi u 
5. a = 18,5 = 22,C = 35° 33. Distance Between Airports An airplane flew 345 miles at a 
heading of 222.1° from airport A to airport B. The plane then 
6. b = 102,c = 150, A = 82° flew at a heading of 332.4° to airport C. The bearing from air- 
port A to airport C is N84.5°W. Find the distance from airport 
7. A= 105°,a = 8,c = 10 A to airport C. Round to the nearest mile. 


8. C = 55°,c = 80,b = 110 


9. C = 121.5°, b = 32.5,¢ = 54.4 


10. A = 45.2°,b = 71.4,a = 61.5 


In Exercises 11 to 18, find the area of each triangle. 
Round each area accurate to two significant digits. 


11. a = 24,b = 30,c = 36 12. a = 9.0, b = 7.0,¢ = 12 


13. a = 60,b = 44,C = 44°14. b = 8.0,c = 12, A = 75° 


34. Slant Height The Veer Towers, in Las Vegas, are scheduled 
for completion in 2009. Each tower will house 337 luxury con- 
dominium units. The dimensions of the towers are the same, 
but they tilt in opposite directions, as shown in the following 
figure. 


15. b= 50,¢ = 75,C = 15° 16. b = 18, a = 25, A = 68° 
17. A= 110°,a = 32,b=15 18. A = 45°, c = 22,5 = 18 


In Exercises 19 and 20, find the components of each 
vector with the given initial and terminal points. Write an 
equivalent vector in terms of its components. 


19. P,(—2, 4); P2(3, 7) 20. P,(—4, 0); P2(—3, 6) 

In Exercises 21 to 24, find the magnitude and direction 
angle of each vector. 

21. v = (-4, 2) 22. v = (6, —3) 


23. u=—2i + 3j 24, u= —4i - 7j 


In Exercises 25 to 28, find a unit vector in the direction of 
the given vector. 


25. w = (-8, 5) 26. w = (7, —12) 


Point B is at street level and 285 feet away from the base of one 
of the towers. The angle of elevation from point B to the top of 
the tower is 62.1°. Find 5, the slant height of the tower. Round 
to the nearest foot. 


27. v = 5i + j 28. v = 3i — 5j 


35. Ground Speed of a Plane A plane is flying at an airspeed of 
400 miles per hour at a heading of 204°. A wind of 45 miles 
per hour is blowing from the east. Find the ground speed of 
the plane. 


36. Angle of aRamp A 40-pound force keeps a 320-pound object 
from sliding down an inclined ramp. Find the angle of the ramp. 


In Exercises 37 to 40, find the dot product of the vectors. 
37. u = (3,7); v = (-1,3) 


38. v = (—8,5); u = (2, -1) 


39. v= —4i — j;u = 2i+j 


40. u = —3i + 7j;v = —2i + 2 


In Exercises 41 to 44, find the measure of the smallest 
nonnegative angle between the vectors. Round to the 
nearest degree. 


41. u = (7,—4); v = (2,3) 


42. v = (—5,2); u = (2, —4) 


43. v= 61 — 11j;u = 21+ 4 
44.u=i-SjvHit+ 5 


In Exercises 45 and 46, find proj,v. 
45. v = (—2,5); w = (5, 4) 


46. v = 4i — 7j;w = —2i - 5j 


47. Work A box is dragged 14 feet along a level floor. Find the 
work done if a force of 60 pounds, with a direction angle of 38° 
is used. Round to the nearest foot-pound. 


In Exercises 48 and 49, find the modulus and the 
argument, and graph the complex number. 


48. 2=2-3i 49.2= -5 + iV3 
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In Exercises 50 and 51, write the complex number in 
trigonometric form. 


50. z=2-2i 51. 2 = —-V3 4+ 33 


In Exercises 52 and 53, write the complex number in 


standard form. 
. _ Ar 
52. z = Scis 315° 53. z= Oa 


In Exercises 54 to 57, multiply the complex numbers. 
Write the answers in standard form. Round approximate 
constants to the nearest thousandth. 


54. (5 cis 162°)(2 cis 63°) 55. (3 cis 12°)(4 cis 126°) 


56. ( 7cis = )(4 cis = 
. ate a | 


In Exercises 58 to 61, divide the complex numbers. Write 
the answers in trigonometric form. 


57. (3 cis 1.8)(5 cis 2.5) 


6 cis 50° 30 cis 165° 
* 2 cis 150° 10 cis 55° 
40 cis 66° ea V3-i 
* 8 cis 125° “ L+i 


In Exercises 62 to 65, find the indicated power. Write the 
answers in standard form. 
a3 ( al 
. { cis —— 
6 


65. (—2 — 2i)'° 


62. (3 cis 45°)° 
64. (1 — iV3)’ 


In Exercises 66 to 69, find all of the indicated roots. Write 
the answers in trigonometric form. 


66. Cube roots of 277 67. Fourth roots of 81 


68. Fourth roots of 256 cis 120° 


1 
69. Fifth roots of 5 + a 


2 


1. Solve triangle ABC, given A = 65.5°, C= 11.2°, andc = 16.2. 
2. Solve triangle ABC, given A = 58.8°, b = 47.5, anda = 42.5. 
3. Solve triangle ABC, given a = 36.5, B = 51.5°, and c = 42.4. 


4. In triangle ABC, given a = 24.75, b = 42.25, and c = 31.45, 
find B. 

5. Given angle C = 110°, side a = 7.0, and side b = 12, find 
the area, to two significant digits, of triangle ABC. 


6. Given side a = 17, side b = 55, and side c = 42, find the 
area, to two significant digits, of triangle ABC. 


7. A vector has a magnitude of 12 and direction 220°. Write an 
equivalent vector in the form v = a,i + aj. Round constants 
to the nearest tenth. 


8. Find 3u — Sv given the vectors u = 2i — 3jandv = Si + 4j. 


9. Find the dot product of u = —2i + 3j and v = 5i + 3j. 


632 CHAPTER7 APPLICATIONS OF TRIGONOMETRY 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


10. 


Find the smallest positive angle, to the nearest degree, between 
the vectors u = (3,5) and v = (—6, 2). 


Write z = —3V2 + 3: in trigonometric form. 


Write z = 5 cis 315° in standard form. 


1 3 
Find (; + “ i ) . Write the answer in standard form. 


Find 25 cis 115° 


ind —————, Write the answer in trigonometric form. 
10 cis 210° : 


Use De Moivre’s Theorem to find (V2 — i)°. Write the answer 
in standard form. Round constants to the nearest thousandth. 


Find the three cube roots of 277. Write your answers in standard 
form. 


Distance Between Ships One ship leaves a port at 1:00 P.M. 
traveling at 12 miles per hour at a heading of 65°. At 2:00 P.M. 
another ship leaves the port traveling at 18 miles per hour at 


CUMULATIVE REVIEW EXERCISES 


. Given f(x) = cos(x) and g(x) = x? + 1, find (f° g)(x). 


Given f(x) = 2x + 8, find f~'(x). 
IT es 
Convert a radians to degrees. 


For the right triangle shown at the 
right, find sin 0, cos 0, and tan 0. 


For the right triangle shown at the right, 
find c. € 


Graph y = 3 sin 7x. 


. What are the amplitude, period, and phase shift of the 


7 
graph of y = 4 cos( 2x = = 
Write sinx — cos x in the form k sin(x + a). 
Is y = sin x an even function, an odd function, or neither? 


fe. Ait i : 
Verify the identity ——- — sinx = cosx cotx. 
sin x 


18. 


19. 


20. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


a heading of 142°. Find the distance between the ships at 
3:00 P.M. 


Ground Speed and Course of an Airplane A small air- 
plane is flying with an airspeed of 145 miles per hour and a 
heading of 84.5°. A wind of 24.6 miles per hour is blowing 
at a heading of 68.4°. Find the ground speed and the course 
of the airplane. 


84.5° 
24.6 mph |_68.4° 
b> 


V2 W2 
Find the five fifth roots of so st ae i. Write your answers in 
trigonometric form. 


x 


Cost of Land A triangular commercial piece of real estate is 
priced at $8.50 per square foot. Find, to the nearest $1000, the 
cost of the lot, which measures 112 feet by 165 feet by 140 feet. 


12 
Evaluate tan (sion (72)) \ 


Express sin 2x cos 3x — cos 2x sin3x in terms of a sine 
function. 


Solve: 2 cos*x + sinx — 1 = 0 for0 <x < 27 


Solve: sin 2x = V3 sin x for 0 <x < 27 


Find the magnitude and direction angle for the vector (—3, 4). 
Round the angle to the nearest tenth of a degree. 


Find the measure of the smallest nonnegative angle between 
the vectors v = (2, —3) and w = (—3, 4). Round to the near- 
est tenth of a degree. 


Ground Speed and Course of a Plane An airplane is trav- 
eling with an airspeed of 415 miles per hour at a heading of 
48.0°. A wind of 55 miles per hour is blowing at a heading of 
115.0°. Find the ground speed and the course of the plane. 


For triangle ABC, B = 32°, a = 42 feet, and b = 51 feet. 
Find, to the nearest degree, the measure of angle A. 


Use De Moivre’s Theorem to find (1 — i)°. 


Find the two square roots of i. 


TOPICS IN ANALYTIC 
CHAPTER 8 GEOMETRY 


8.1 Parabolas 

8.2. Ellipses 

8.3 Hyperbolas 

8.4 Rotation of Axes 


8.5 Introduction to Polar 
Coordinates 


8.6 Polar Equations of the 
Conics 


8.7 Parametric Equations 


Jim West/Alamy 


Conic Sections and Their Applications 


In this chapter you will study special types of geometric figures known as 
conic sections. Each of these figures is formed by the intersection of a 
plane and a cone. 


The ancient Greeks were the first to analyze these figures and their 
properties. Their study was motivated by the many new and interesting 
mathematical concepts they were able to discover, without regard to 
finding or producing practical applications. The ancient Greeks would be 
surprised to learn that their study of conic sections has helped produce a 
body of knowledge with many practical applications, in several diverse 
fields, such as astronomy, architecture, engineering, and satellite com- 
munications. Exercise 55 on page 655 involves a medical application of 
conic sections, and Exercise 37 page 642 illustrates an application 

of conic sections in the design of mirrored solar collectors. 
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SECTION 8.1 Parabolas 


Parabolas with Vertex at (0, 0) 
Parabolas with Vertex at (h, k) 
Applications of Parabolas 


Math Matters 


Appollonius (262-200 B.c.) wrote 
an eight-volume treatise titled On 
Conic Sections in which he derived 
the formulas for all the conic 
sections. He was the first to use 
the words parabola, ellipse, and 
hyperbola. 


~ 
x 


Directrix 

Vertex 
Figure 8.2 
Ya 
Focus 
F(0, p) 
P(x, y) 
Directrix VO, 0) * 
VSP 
D(x, -p) 


Figure 8.3 


The graph of a circle, an ellipse, a parabola, or a hyperbola can be formed by the intersec- 
tion of a plane and a cone. Hence, these figures are referred to as conic sections. See 
Figure 8.1. 


Hyperbola 


Ellipse 


Circle 
dn 7 Cc 
= 


Parabola 


Cones intersected by planes 


Figure 8.1 


A plane perpendicular to the axis of the cone intersects the cone in a circle (plane C). 
The plane £, tilted so that it is not perpendicular to the axis, intersects the cone in an 
ellipse. When the plane is parallel to a line on the surface of the cone, the plane intersects 
the cone in a parabola. When the plane intersects both portions of the cone, a hyperbola is 
formed. If the intersection of a plane and a cone is a point, a line, or two intersecting lines, 
then the intersection is called a degenerate conic section. 


® Parabolas with Vertex at (0, 0) 


In addition to the geometric description of a conic section just given, a conic section can 
be defined as a set of points. This method uses specified conditions about a curve to deter- 
mine which points in the coordinate system are points of the graph. For example, a parabola 
can be defined by the following set of points. 


Definition of a Parabola 


A parabola is the set of points in a plane that are equidistant from a fixed line (the 
directrix) and a fixed point (the focus) not on the directrix. 


The line that passes through the focus and is perpendicular to the directrix is called the axis 
of symmetry of the parabola. The midpoint of the line segment between the focus and the 
directrix on the axis of symmetry is the vertex of the parabola, as shown in Figure 8.2. 

Using this definition of a parabola, we can determine an equation of a parabola. 
Suppose that the coordinates of the vertex of a parabola are V(0, 0) and the axis of sym- 
metry is the y-axis. The equation of the directrix is y = —p, p > 0. The focus lies on the 
axis of symmetry and is the same distance from the vertex as the vertex is from the direc- 
trix. Thus the coordinates of the focus are F(0, p), as shown in Figure 8.3. 

Let P(x, y) be any point P on the parabola. Then, using the distance formula and 
the fact that the distance between any point P on the parabola and the focus is equal to the 
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distance from the point P to the directrix, we can write the equation 
d(P, F) = d(P, D) 


By the distance formula, 


V(x - 0) +(y-pP=ytp 
Now, squaring each side and simplifying, we get 
(V@=0P + (y=p)) = (y+ py 
x+y? — 2pyt p? =? + py + p? 


STO REVIEW 


Axis of Symmetry 
See page 201. 


This is the standard form of the equation of a parabola with vertex at the origin and 
the y-axis as its axis of symmetry. The standard form of the equation of a parabola with 
vertex at the origin and the x-axis as its axis of symmetry is derived in a similar manner. 


Standard Forms of the Equation of a Parabola with Vertex 
at the Origin 


Axis of Symmetry Is the y-Axis 
The standard form of the equation of a parabola with vertex (0, 0) and the y-axis 
as its axis of symmetry is 


= 4py 
The focus is (0, p), and the equation of the directrix is y = —p. If p > 0, 
the graph of the parabola opens up. See Figure 8.4a. If p < 0, the graph of the 


parabola opens down. See Figure 8.4b. 


Axis of Symmetry Is the x-Axis 
The standard form of the equation of a parabola with vertex (0, 0) and the x-axis 
as its axis of symmetry is 


y* = 4px 
The focus is (p, 0), and the equation of the directrix isx = —p. If p > 0, 
the graph of the parabola opens to the right. See Figure 8.4c. If p < 0, the graph 
of the parabola opens to the left. See Figure 8.4d. 


Va Va 


a(P F)=d(P D) vt 
Focus | | 
irectix y = — _ Dep) C= == P(x, y) P(x, y) ---7-9 DC y) 

x? = 4py, p> 0 pron / cl Soc inte: eae, Memeo ia \ / 5 
Si u \\dP, F)=d(P,D) — d(P, F)= dP, D) 
P ise P(x, ¥) ply | Vertex | Vertex ‘ Focus Focus ‘a Vertex 
es VO, 0) | 1 (0,0) ‘Fp. 0) Fp, 0) J v(0,0) | 

} > H > - > - ~ 

Vertex | x | x i x ara x 
| P(x, y) ! pl | 
py|7O9 | bl er ! 
ae I i 
Sires eyetcbenert ch ete ly ie _ [A \ I 
Directix y =—p D(x, -p) x? = 4py, p <0 Focus i y= 4px, p>0 re eer, } 

F(0, p) Directix . Es P® P | Directix 
d(P, F)=d(P, D) x=-p | \x=—p 


a. The graph of x? = 4py 
with p > 0 


b. The graph of x? = 4py 
with p < 0 


c. The graph of y? = 4px 
with p > 0 


Figure 8.4 


d. The graph of y? = 4px 
with p < 0 
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Question © Does the graph of y> = —4x open up, down, to the left, or to the right? 


EXAMPLE 1 Find the Focus and Directrix of a Parabola 


1 
Find the focus and directrix of the parabola given by the equation y = — ae 
Solution 
Because the x term is squared, the standard form of the equation is x? = 4py. 
1 4 
y= 2 x 
x= =2y. ¢ Write the given equation 


in standard form. 
Comparing this equation with x* = 4py gives 
1 
4p =-2 VA Vs ay 
1 4 


a 


Because p is negative, the parabola opens down, 
and the focus is below the vertex (0, 0), as shown 
in Figure 8.5. The coordinates of the 


1 a 
focus are (0, = *) The equation of the 4g 
1 


directrix is y = * Figure 8.5 


@ Try Exercise 6, page 641 


EXAMPLE 2 Find the Equation of a Parabola in Standard Form 


Find the equation in standard form of the parabola with vertex at the origin and focus 
at (—2, 0). 


Solution 


Because the vertex is (0, 0) and the focus is at (—2, 0), p = —2. The graph of the 
parabola opens toward the focus, so in this case the parabola opens to the left. The 
equation in standard form of the parabola that opens to the left is > = 4px. Substitute 
—2 for p in this equation and simplify. 


y? = 4(-2)x = -8x 
The equation of the parabola is y> = —8x. 


H# Try Exercise 30, page 642 


Answer ® The graph opens to the left. 


Figure 8.6 


(h, k) 


as 


(0, 0) 


Figure 8.7 


ay 
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Integrating Technology 


The graph of y? = —8x is shown in Figure 8.6. Note that the graph is not the graph 
| of a function. To graph y’ = —8x with a graphing utility, we first solve for y to pro- 
| duce y = +V—8x. From this equation we can see that for any x < 0 there are two 


values of y. For example, when x = —2, 
PESV(-e2) = 2V6==24 


The graph of y? = —8x in Figure 8.6 was constructed by graphing both Yi = V—8x 
| and Y2 = —V—8x in the same window. 


® Parabolas with Vertex at (h, k) 


The equation of a parabola with a vertical or horizontal axis of symmetry and with vertex 
at a point (A, k) can be found by using the translations discussed previously. Consider 
a coordinate system with coordinate axes labeled x’ and y’ placed so that its origin is at 
(h, k) of the xy-coordinate system. 

The relationship between an ordered pair in the x’y’-coordinate system and one in the 
xy-coordinate system is given by the transformation equations 


x’ =x-h 
=k 


Now consider a parabola with vertex at (/, k), as shown in Figure 8.7. Create a new co- 
ordinate system with axes labeled x’ and y’ and with its origin at (A, k). The equation of a 
parabola in the x’y'-coordinate system is 


(x)? = 4py' 


Using the transformation equations, we can substitute the expressions for x’ and y’ 
into the equation above. The standard form of the equation of a parabola with vertex (h, x) 
and a vertical axis of symmetry is 


(x — h)? = 4p(y — &) 


Similarly, we can derive the standard form of the equation of a parabola with vertex 
(h, k) and a horizontal axis of symmetry. 


Standard Forms of the Equation of a Parabola with Vertex at (h, k) 


Vertical Axis of Symmetry 
The standard form of the equation of a parabola with vertex (A, k) and a vertical 
axis of symmetry is 


(x — h)? = 4p(y — k) 


The focus is (4, A + p), and the equation of the directrix is y = k — p. Ifp > 0, 
the parabola opens up. If p < 0, the parabola opens down. See Figure 8.8a and 
Figure 8.8b on page 638. 


(continued ) 
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Horizontal Axis of Symmetry 
The standard form of the equation of a parabola with vertex (h, k) and a horizontal 
axis of symmetry is 


(y — k)? = 4p(x — A) 


The focus is (A + p,k), and the equation of the directrix isx = h — p. Ifp > 0, 
the parabola opens to the right. See Figure 8.8c. If p < 0, the parabola opens to 
the left. See Figure 8.8d. 


Directrix Duco Directrix 
x=h—p =h—- 
y=k-p ee P 
F(h, k +p) 
, V(h, k) 
Yih, i) i 
Mh, k) - z Fhtp,b © = 
td 
F(h, k +p) 
Directrix 
MELE 
x x x 
a. The graph of (x — hy = 4p(v — k) b. The graph of (x — h)? = 4p(y — &) c. The graph of (y — 4)? = 4p(x — h) d. The graph of (y — k)? = 4p(x — h) 
with p > 0 with p < 0 with p > 0 with p < 0 
Figure 8.8 


In Example 3 we complete the square to find the standard form of a parabola, and then 
use the standard form to determine the vertex, focus, and directrix of the parabola. 


EXAMPLE 3 __ Find the Focus and Directrix of a Parabola 


Find the equation of the directrix and the coordinates of the vertex and focus of the 
parabola given by the equation 3x + 2y? + 8y — 4 = 0. 
Solution 
Rewrite the equation so that the y terms are on one side of the equation, and then 
complete the square on y. 
3x + 2y? + BY -4=0 
2y? + By = —3x +4 


2"(y? + 4y + 4) = -3x +448 * Complete the square. Note that 


Completing the Square 2-4 = 8 is added to each side. 
See page 99. 2 rr 
2(y + 2)° = —3(x — 4) * Simplify and factor. 
3 
(yt 2)? =- > (x — 4) * Write the equation in standard form. 


Comparing this equation to (y — k)? = 4p(x — h), we have a parabola that opens to 


3 3 
the left with vertex (4, —2) and 4p = — - Thus p = -% 


x=-1 


Figure 8.9 


Figure 8.10 
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The coordinates of the focus are 


(++ (-3)-2) -(@-) 


The equation of the directrix is 


( >) 35 
x=4- = 
8 8 


Choosing some values for y and finding the corresponding values for x, we plot 
a few points. Because the line y = —2 is the axis of symmetry, for each point on one 
side of the axis of symmetry there is a corresponding point on the other side. Two 
points are (—2, 1) and (—2, —5). See Figure 8.9. 


Try Exercise 22, page 642 


EXAMPLE 4 Find the Equation in Standard Form of a Parabola 


Find the equation in standard form of the parabola with directrix x = —1 and 
focus (3, 2). 


Solution 
The vertex is the midpoint of the line segment joining the focus (3, 2) and the point 


(—1, 2) on the directrix. 
=r 3 242 
k= = (1,2 
(4,4) = (=EE 2?) <2) 


The standard form of the equation is (y — k)* = 4p(x — h). The distance from the 
vertex to the focus is 2. Thus 4p = 4(2) = 8, and the equation of the parabola in 
standard form is (y — 2)? = 8(x — 1). See Figure 8.10. 


H# Try Exercise 32, page 642 


® Applications of Parabolas 


A principle of physics states that when light is reflected from a point P on a surface, 
the angle of incidence (that of the incoming ray) equals the angle of reflection (that of 
the outgoing ray). See Figure 8.11. This principle applied to parabolas has some useful 
consequences. 


Incident Reflected 

beam beam 
Angle of Angle of 
incidence reflection 


Figure 8.11 
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Reflective Property of a Parabola 


The line tangent to a parabola at a point P makes equal angles with the line 


Parabolic 
satellite 


Tangent at P 


a= 8B 
Figure 8.12 


Incoming 


rox 
~ Naxis 
(parallel to 
incoming 
signal) 


Receiver 


Figure 8.15 


through P and parallel to the axis of symmetry and the line through P and the 
focus of the parabola (see Figure 8.12). 


A cross section of the reflecting mirror of a telescope has the shape of a parabola. The 
incoming parallel rays of light are reflected from the surface of the mirror to the eyepiece. 
See Figure 8.13. 

Flashlights and car headlights also use this reflective property. The lightbulb is posi- 
tioned at the focus of the parabolic reflector, which causes the reflected light to be reflected 
outward in parallel rays. See Figure 8.14. 


Parabolic 
mirror 


Figure 8.13 Figure 8.14 


When a parabola is revolved about its axis, it produces a three-dimensional surface 
called a paraboloid. The focus of a paraboloid is the same as the focus of the parabola 
that was revolved to generate the paraboloid. The vertex of a paraboloid is the same as 
the vertex of the parabola that was revolved to generate the paraboloid. In Example 5 we 
find the focus of a satellite dish that has the shape of a paraboloid. 


EXAMPLE 5 __ Find the Focus of a Satellite Dish 


A satellite dish has the shape of a paraboloid. The signals that it receives are 
reflected to a receiver that is located at the focus of the paraboloid. If the dish is 
8 feet across at its opening and 1.25 feet deep at its center, determine the location 
of its focus. 


Solution 

Figure 8.15 shows that a cross section of the paraboloid along its axis of symmetry 

is a parabola. Figure 8.16 on page 641 shows this cross section placed in a rectangular 
coordinate system with the vertex of the parabola at (0, 0) and the axis of symmetry of 
the parabola on the y-axis. The parabola has an equation of the form 


4py = x? 


8.1. PARABOLAS 641 


Yt Because the parabola contains the point (4, 1.25), this equation is satisfied by the sub- 
Focus ral stitutions x = 4 and y = 1.25. Thus we have 
Op) <f Satellite 
dish — 42 
(4,125) 2+ 4p(1.25) = 4 
J (4, 1.25) 5p = 16 
= + a A + ; + is 7 16 
Figure 8.16 i 5 


1 
The focus of the satellite dish is on the axis of symmetry of the dish, and it is 3 5 feet 
above the vertex of the dish. See Figure 8.16. 


H# Try Exercise 40, page 643 


EXERCISE SET 8.1 


In Exercises 1 and 2, examine the four equations and the i. yh ii. ve 
graphs labeled i, ii, iii, and iv. Determine which graph is 4+ V 4+ an 
the graph of each equation. + (2,3) A gs 
; ae a ae a a aa Be 
lo ay=x ' r 
=A ie 
b. x? = 4y ’ ’ 
Ya 
ee ii, iv. 
: 2 
d. y? = —12x 4 - 


BY 


In Exercises 3 to 28, find the vertex, focus, and directrix of 
the parabola given by each equation. Sketch the graph. 


3. x7 = —4y 4. 2y? =x 
1 1 
5. =a m6. x? oer’. 
7. (x — 2)? = 8(y + 3) 8. (y + 1)? = 6(x - 1) 


9. (y + 4)? = -4(x -— 2) = 10. (x — 3)? = -(y + 2) 


= 
—_ 
— 
Xe 
| 
= 
WN 
re) 
ll 
N 
a 
+ 
ioe} 


12. (x + 2)? = 3y - 6 


13. (2x — 4)? = 8y — 16 14, (3x + 6)? = 18y — 36 
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15. x7 + 8k —-y + 6=0 16. x7 -6x+y+10=0 


17.x+)? -3y+4=0 18. x -—y? — 4y +9 =0 
) , 


19. 2x -y—-6y+1=0 20. x+y? + 8y+4=0 


21. x7 + 3x +3y-1=0 


m22. x7 + 5x —-4y -1=0 


23. 2x7 — 8x —-4y +3 =0 


24. 6x — 3y? - 12y+4=0 


25. 2x + 4? + 8y —-5=0 
26. 4x7 -— 12x + 12y+7=0 


27. 3x* — 6x — 9v + 4=0 


28. 2x — 3y7 + 9v + 5=0 


29. Find the equation in standard form of the parabola with vertex 
at the origin and focus (0, —4). 


= 30. Find the equation in standard form of the parabola with vertex 
at the origin and focus (5, 0). 


31. Find the equation in standard form of the parabola with vertex 
at (—1, 2) and focus (—1, 3). 


32. Find the equation in standard form of the parabola with vertex 
at (2, —3) and focus (0, —3). 


33. Find the equation in standard form of the parabola with focus 
(3, —3) and directrix y = —5. 


34. Find the equation in standard form of the parabola with focus 
(—2, 4) and directrix x = 4. 


35. Find the equation in standard form of the parabola that has ver- 
tex (—4, 1), has its axis of symmetry parallel to the y-axis, and 
passes through the point (—2, 2). 


36. Find the equation in standard form of the parabola that has ver- 
tex (3, —5), has its axis of symmetry parallel to the x-axis, and 
passes through the point (4, 3). 


37. Solar Collector Design A mirrored parabolic trough is used 
to focus rays of sunlight on a pipe that contains fluid. The 
heated fluid is sent to a heat exchanger, where steam is created 
and used to turn a turbine that generates electricity. See a photo- 
graph of this solar collector on page 633. 

The center of the pipe is located at the focus of the para- 
bolic trough. The following figure shows an end view of the 
trough when the sun is directly overhead. Find the distance 
from the vertex to the center of the pipe. 


Ya 
a oo a 
1 I I | 
1 I rls I 1 
i} I I | 
Y Y ee 27 Y Rays of 
' ! Pipe | sunlight 
I H URS I 
Li | 
C1) 71% _ (5, 1.5) 
y Y Y y ate 
sal MY 
=) Vertex”. 5: 
|« 10 ft >| 


End view of the mirrored parabolic trough 


38. Ski Design Many contemporary skis have parabolic 
sidecuts that allow a skier to carve tighter turns than are pos- 
sible with traditional skis. In the following diagram, x is the 
directed distance to the right or left of the y-axis (with x and 
y measured in millimeters). The x-axis is on the center 
horizontal axis of the ski. The vertex of the parabolic sidecut 
is V(0, 32). 


Parabolic 
sidecut 


(800, 53) 110, 32) 


Tail Waist Shovel 


a. Find the equation in standard form of the parabolic sidecut. 


b. How wide is the ski at its shovel (the widest point near the 
front of the ski), where x = 900? Round to the nearest 
millimeter. 


39. Satellite Dish A satellite dish has the shape of a parabo- 
loid. The signals that it receives are reflected to a receiver that 
is located at the focus of the paraboloid. If the dish is 8 feet 
across at its opening and 1 foot deep at its vertex, determine the 
location (distance from the vertex of the dish) of its focus. 


= 40. Radio Telescopes The antenna of a radio telescope is a parab- 
oloid measuring 81 feet across with a depth of 16 feet. 
Determine, to the nearest tenth of a foot, the distance from the 
vertex to the focus of this antenna. 


y 


Parabolic 
cross section 


k 81 ft | 


41. Capturing Sound During televised football games, a para- 
bolic microphone is used to capture sounds. The shield of the 
microphone is a paraboloid with a diameter of 18.75 inches 
and a depth of 3.66 inches. To pick up the sounds, a micro- 
phone is placed at the focus of the paraboloid. How far (to the 
nearest tenth of an inch) from the vertex of the paraboloid 
should the microphone be placed? 


y 


42. P.) The Lovell Telescope The Lovell Telescope is a radio 

telescope located at the Jodrell Bank Observatory in 

Cheshire, England. The dish of the telescope has the shape of 

a paraboloid with a diameter of 250 feet. The distance from the 
vertex of the dish to its focus is 75 feet. 


Lan Morison/Jodrell Bank Conservatory 


a. Find an equation of a cross section of the paraboloid that 
passes through the vertex of the paraboloid. Assume that 
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the dish has its vertex at (0,0) and a vertical axis of 
symmetry. 

b. Find the depth of the dish. Round to the nearest foot. 


43. P.) The surface area of a paraboloid with radius r and depth 


=? + 4d?)3/? — +3]. Approximate 


d is given by S = 
g ry ba 
(to the nearest 100 square feet) the surface area of 


a. the radio telescope in Exercise 40. 


b. the Lovell Telescope in Exercise 42. 


44. 2 The Hale Telescope The parabolic mirror in the Hale 
Telescope at the Palomar Observatory in Southern 
California has a diameter of 200 inches and a concave depth of 
3.75375 inches. Determine the location of its focus (to the 
nearest inch). 


Focus 

(0, p) 
Not drawn 
to scale 

Parabolic 


mirror 


(100, 3.75375) 


3.75375 | 


(100, 3.75375) 
50. 100. * 
- 200 in. | 


Cross section of the mirror in the Hale Telescope 


45. P.) The Lick Telescope The parabolic mirror in the Lick 
Telescope at the Lick Observatory on Mount Hamilton 
has a diameter of 120 inches and a focal length of 600 inches. 
(Note: The focal length of a parabolic mirror is the distance 
from the vertex of the mirror to the mirror’s focus.) In the con- 
struction of the mirror, workers ground the mirror as shown in 
the following diagram. Determine the dimension a, which is 

the concave depth of the mirror. 


VA 
Focus 
® (0, 600) 
Not drawn 
to scale 7 
600 in. | Parabolic 
mirror 
(60, a) 
60 x 


| 120 in. | 


Cross section of the mirror in the Lick Telescope 
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46. Headlight Design A light source is to be placed on the axis 
of symmetry of the parabolic reflector shown in the figure 
below. How far to the right of the vertex point should the light 
source be located if the designer wishes the reflected light rays 
to form a beam of parallel rays? 


Parabolic 
reflector 


symmetry 


47. Structural Defects Ultrasound is used as a nondestructive 
method of determining whether a support beam for a structure 
has an internal fracture. In one scanning procedure, if the 
resulting image is a parabola, engineers know that there is 
a structural defect. Suppose that a scan produced an image 
whose equation is 


x 0.325y? + 13y + 120 


Determine the vertex and focus of the graph of this parabola. 


1998 Intemational Conference 
on Quality Control by Artificial 
Convention Center, Takamatsu, 
Kagawa, Japan, November 
10-12, 1998, pp. 521-528 


Vision—OQCAV '98, Kagawa 


48. Fountain Design A fountain in a shopping mall has two par- 
abolic arcs of water intersecting as shown below. The equation 
of one parabola is 


y = —0.25x? + 2x 


and the equation of the second parabola is 


y 0.25x7 + 4.5x — 16.25 


How high above the base of the fountain do the parabolas inter- 
sect? All dimensions are in feet. 


In Exercises 49 to 51, use the following definition 

of latus rectum: The line segment that has endpoints 

on a parabola, passes through the focus of the parabola, 
and is perpendicular to the axis of symmetry is called the 
latus rectum of the parabola. 


Latus rectum 


ay 


49. Find the length of the latus rectum for the parabola x? = 4y. 
50. Find the length of the latus rectum for the parabola y> = —8v. 


51. Find the length of the latus rectum for any parabola in terms of 
|p|, the distance from the vertex of the parabola to its focus. 


The result of Exercise 51 can be stated as the following 
theorem: Two points on a parabola will be 2|p| units on 
each side of the axis of symmetry on the line through the 
focus and perpendicular to that axis. Use this theorem 
for Exercises 52 and 53. 


52. Use the theorem to sketch a graph of the parabola given by the 
equation (x — 3)? = 2(y + 1). 


53. Use the theorem to sketch a graph of the parabola given by the 
equation (y + 4)? = —(x — 1). 


54. By using the definition of a parabola, find the equation in stan- 
dard form of the parabola with V(0, 0), F(—c, 0), and direc- 
trix x =. 


55. Sketch a graph of 4(y — 2) = x|x| — 1. 


56. Find the equation of the directrix of the parabola with the 
vertex at the origin and focus at the point (1, 1). 


57. Find the equation of the parabola with vertex at the origin and 
focus at the point (1, 1). (Hint: You will need the answer to 
Exercise 56 and the definition of a parabola.) 


58. | The ai oe we have about a particular parabola 

is that (2,3) and (—2,3) are points on the parabola. 

Explain why fe is in possible to find the equation of this par- 
ticular parabola using just this information. 
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SECTION 8.2 Ellipses 


Ellipses with Center at (0, 0) 
Ellipses with Center at (h, k) 
Eccentricity of an Ellipse 
Applications of Ellipses 


Note 


If a plane intersects a cone at 

the vertex of the cone so that the 
resulting figure is a point, the 
point is called a degenerate 
ellipse. See the accompanying 
figure. 


Degenerate ellipse 


Figure 8.18 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page AS50. 


PS1. Find the midpoint and the length of the line segment between P;(5, 1) and 
P,(-1, 5). [2.1] 


PS2. Solve: x? + 6x — 16 = 0[1.3] 

PS3. Solve: x? — 2x = 2 [1.3] 

PS4. Complete the square of x7 — 8x, and write the result as the square of a binomial. [1.3] 
PSS. Solve (x — 2)? + y? = 4 fory. [1.3] 

PS6. Graph: (x — 2)? + (y + 3)? = 16 [2.1] 


An ellipse is another of the conic sections formed when a plane intersects a right circular 
cone. If B is the angle at which the plane intersects the axis of the cone and a is the angle 
shown in Figure 8.17, an ellipse is formed when a < B < 90°. If B = 90°, then a circle 
is formed. 


Axis 


Figure 8.17 


As was the case for a parabola, there is a definition for an ellipse in terms of a certain 
set of points in the plane. 


Definition of an Ellipse 


An ellipse is the set of all points in the plane the sum of whose distances from two 
fixed points (foci) is a positive constant. 


Equipped only with a piece of string and two tacks, we can use this definition to draw 
an ellipse (see Figure 8.18). Tack the ends of the string to the foci, and trace a curve with 
a pencil held tight against the string. The resulting curve is an ellipse. The positive con- 
stant mentioned in the definition of an ellipse is the length of the string. 
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Figure 8.19 
ya 
a-c 
x 
V,(a, 0) 
Figure 8.20 
Pos») | 
x 
Figure 8.21 


@ Ellipses with Center at (0, 0) 


The graph of an ellipse has two axes of symmetry (see Figure 8.19). The longer axis is 
called the major axis. The foci of the ellipse are on the major axis. The shorter axis 
is called the minor axis. It is customary to denote the length of the major axis by 2a 
and the length of the minor axis by 2b. The center of the ellipse is the midpoint of the 
major axis. The endpoints of the major axis are the vertices (plural of vertex) of the 
ellipse. 

A semimajor axis of an ellipse is a line segment that connects the center point of the 
ellipse with a vertex. Its length is half the length of the major axis. A semiminor axis of 
an ellipse is a line segment that lies on the minor axis and connects the center point with 
a point on the ellipse. Its length is half the length of the minor axis. 

Consider the point V3(a, 0), which is one vertex of an ellipse, and the points F>(c, 0) 
and F\(—c, 0), which are the foci of the ellipse shown in Figure 8.20. The distance from 
V2 to F; isa + c. Similarly, the distance from V> to Fy is a — c. From the definition of an 
ellipse, the sum of the distances from any point on the ellipse to the foci is a positive 
constant. By adding the expressions a + c and a — c, we have 


(a+c)+(a-c)=2a 


Thus the positive constant referred to in the definition of an ellipse is 2a, the length of the 
major axis. 

Now let P(x, y) be any point on the ellipse (see Figure 8.21). By using the definition 
of an ellipse, we have 


d(P, F,) + d(P,F) = 2a 
VixteP+ty+Vix—-cP? + = 2a 


Subtract the second radical from each side of the equation, and then square each side of 
the equation. 


[Ver Feo = [ze - Vea 


(x + c)? + = 4a? - 4a (x-cP+y4+(x-cP+y 


wrt+2xt ety? = 4a -4aV(x—cPtytxrP-2xt+ CP +y 
Acx — 4a? = —4aV (x —cyP+y 

[-ex + &P = [aV(x — ec? + ¥*)? * Divide by —4, and 
then square each side. 


cx? — 2exa? + a* = a?x? — 2cxa? + arc? + ay’ 


—a’x? + c?x? — a’y* = -a* + a’c? * Rewrite with x and y 
terms on the left side. 
(a? — c?)x? — a’y? = —a*(a? — c”) * Factor. 
bx? = ay? = —a2h? tie ey =e 
I os 
oe a 1 * Divide each side by 
a b —a°b’. The result is 


an equation of an 
ellipse with center 
at (0, 0). 
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Standard Forms of the Equation of an Ellipse 
with Center at the Origin 


Major Axis on the x-Axis 
The standard form of the equation of an ellipse with center at the origin and major 
axis on the x-axis (see Figure 8.22a) is given by 
= 
we 


— =1, a>b 

The length of the major axis is 2a. The length of the minor axis is 2b. The coordi- 
nates of the vertices are (a, 0) and (—a, 0), and the coordinates of the foci are 

(c, 0) and (—c, 0),where c? = a* — b’. 


Major Axis on the y-Axis 
The standard form of the equation of an ellipse with center at the origin and major 
axis on the y-axis (see Figure 8.22b) is given by 


The length of the major axis is 2a. The length of the minor axis is 2b. The coordi- 
nates of the vertices are (0, a) and (0, —a), and the coordinates of the foci are 
(0, c) and (0, —c), where c? = a? — b’. 


(0, -b) se 


a. Major axis on the x-axis b. Major axis on the y-axis 


Figure 8.22 


2 2 
Question ¢ For the graph of 16 +F 95 = |, is the major axis on the x-axis or the y-axis? 


EXAMPLE 1 __ Find the Vertices and Foci of an Ellipse 


2 2 
Find the vertices and foci of the ellipse given by the equation ie 1. Sketch 
25 49 
the graph. 


(continued ) 


Answer ® Because 25 > 16, the major axis is on the y-axis. 
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(0, -2-V6) 


(0, -7) 

x? y 
—+—=1 
25 49 
Figure 8.23 


y 


5 


icine to ae 
25 16 


cay 


(0, 0) 


Figure 8.25 


ay 


Solution 
Because the y” term has the larger denominator, the major axis is on the y-axis. 


a=49 fF =25 C=a—-b 
a=7 p=s = 49 — 25 = 24 
c= V24 = 2V6 


The vertices are (0, 7) and (0, —7). The foci are (0, 26) and (0, -2V6). See 
Figure 8.23. 


H Try Exercise 22, page 654 


An ellipse with foci (3,0) and (—3,0) and major axis of length 10 is shown in 
Figure 8.24. To find the equation of the ellipse in standard form, we must find a” and 5”. 
Because the foci are on the major axis, the major axis is on the x-axis. The length of the 
major axis is 2a. Thus 2a = 10. Solving for a, we have a = 5 and a? = 25. 

Because the foci are (3, 0) and (—3, 0) and the center of the ellipse is the midpoint 
between the two foci, the distance from the center of the ellipse to a focus is 3. Therefore, 
c = 3.To find b’, use the equation 


Page =e 
9= 25-8 
b° = 16 
ry 
The equation of the ellipse in standard form is 35 + a 1. 


® Ellipses with Center at (h, k) 


The equation of an ellipse with center at (A, k) and with a horizontal major axis can be 
found by using a translation of coordinates. On a coordinate system with axes labeled x’ 
and y’, the standard form of the equation of an ellipse with center at the origin of the x'y’- 
coordinate system is 


Now place the origin of the x’y’-coordinate system at (, k) in an xy-coordinate system. 
See Figure 8.25. 

The relationship between an ordered pair in the x’y’-coordinate system and one in the 
xy-coordinate system is given by the transformation equations 


x =x—-h 

yoayrk 

Substitute the expressions for x’ and y’ into the equation of an ellipse. The equation of the 
ellipse with center at (h, k) is 


— f)2 = 
cy), Gay 


= 1 
a“ b 


V(h—a,k) } Vi(h+a,k) 


ey 


a. Major axis parallel to the x-axis 


yA 


Fy(h,k+c) 


b. Major axis parallel to the y-axis 


Figure 8.26 


“Y 


V(-2, -2) V(4, -—2) 


R= 45-2) | F,+-5,-2) 
(e-1P (vy + 27 
+ — 
9 4 
Figure 8.27 
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Standard Forms of the Equation of an Ellipse with Center at (h, k) 


Major Axis Parallel to the x-Axis 
The standard form of the equation of an ellipse with center at (h, /) and major axis 
parallel to the x-axis (see Figure 8.26a) is given by 
x — hy y — ky 
EE Es, gk 
a b 


The length of the major axis is 2a. The length of the minor axis is 2b. The coordi- 
nates of the vertices are (h + a, k) and (A — a, k), and the coordinates of the foci 
are (h + c,k) and (h — c, k), where c? = a* — b’. 


Major Axis Parallel to the y-Axis 
The standard form of the equation of an ellipse with center at (A, k) and major axis 
parallel to the y-axis (see Figure 8.26b) is given by 

x—h) y — ky 

( 2 et 4 asd 

a 

The length of the major axis is 2a. The length of the minor axis is 2b. The coordi- 
nates of the vertices are (h, k + a) and (h, k — a), and the coordinates of the foci 
are (h, k + c) and (h, k — c), where c? = a* — b’. 


EXAMPLE 2 _ Find the Center, Vertices, and Foci of an Ellipse 


Find the center, vertices, and foci of the ellipse 4x7 + 9y? — 8x + 36y + 4 = 0. 
Sketch the graph. 


Solution 
Write the equation of the ellipse in standard form by completing the square. 


4x? + 9y? — 8x + 36y +4 =0 


Ax? — 8x + 9y? + 36y = —4 ¢ Rearrange terms. 
A(x? — 2x) + 9(y7 + 4y) = -4 * Factor. 
A(x? — 2x + 1) + 9(y? + 4y + 4) = -4 44436 — + Complete the square. 
A(x — 1)? + 9(y + 2)? = 36 * Factor. 
x= 1) +2) 
( ) + 2 ) = 1 * Divide each side by 36. 


9 4 


From the equation of the ellipse in standard form, the coordinates of the center of the 
ellipse are (1, —2).Because the larger denominator is 9, the major axis is parallel to the 
x-axis and a” = 9. Thus a = 3. The vertices are (4, —2) and (—2, —2). 

To find the coordinates of the foci, we find c. 

C=07-P=9-4=5 
c= V5 

The foci are (1 + V5, —2) and (1 — V5, —2). See Figure 8.27. 
@ Try Exercise 28, page 654 
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Quadratic Formula 
See page 101. 


Figure 8.29 


ay 


| Integrating Technology 


A graphing utility can be used to graph an ellipse. For instance, consider the equation 
4x? + 9y* — 8x + 36y + 4 = 0 from Example 2. Rewrite the equation as 
Oy? + 36y + (4x7 — 8x + 4) = 0 
In this form, the equation is a quadratic equation in terms of the variable y with 
A = 9, B = 36, and C = 4x” — 8x + 4. 
Apply the quadratic formula to produce 


_ —36 + V1296 — 36(4x? — 8x + 4) 
18 


y 


—36 + V1296 — 36(4x2 — 8x + 4) 


18 
on or above the line y = —2 (see Figure 8.28). 


The graph of Yi = is the part of the ellipse 


—36 — V'1296 — 36(4x2 — 8x + 4) 


18 

or below the line y = —2, as shown in Figure 8.28. 
One advantage of this graphing procedure 

is that it does not require us to write the given -4.7 . 47 

equation in standard form. A disadvantage of the 

graphing procedure is that it does not indicate 

where the foci of the ellipse are located. Yo 


The graph of Y2 = is the part of the ellipse on 


3 


-6 


Figure 8.28 


EXAMPLE 3 __ Find the Equation of an Ellipse 


Find the standard form of the equation of the ellipse with center at (4, —2), foci 
F (4, 1) and F\(4, —5), and minor axis of length 10, as shown in Figure 8.29. 
Solution 
Because the foci are on the major axis, the major axis is parallel to the y-axis. The 
distance from the center of the ellipse to a focus is c. The distance between the center 
(4, —2) and the focus (4, 1) is 3. Therefore, c = 3. 
The length of the minor axis is 2b. Thus 2b = 10 and b = 5. 
To find a’, use the equation C=a — bd. 
9 =a? — 25 
yo = 34 
Thus the equation in standard form is 
x — 4)? ae 
( yy tt ns 
25 34 


H@ Try Exercise 44, page 655 


Study tip 


Eccentric literally means “out of 
the center.” Eccentricity is a mea- 
sure of how much an ellipse is 
unlike a set of points the same 
distance from the center. The 
higher the eccentricity, the more 
unlike a circle the ellipse is, and 
therefore, the longer and thinner 


it is. A circle is also a conic section. 


Its standard form is given on 
page 162. 
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® Eccentricity of an Ellipse 


The graph of an ellipse can be long and thin, or it can be much like a circle. The eccen- 
tricity of an ellipse is a measure of its “roundness.” 


Eccentricity (e) of an Ellipse 


The eccentricity e of an ellipse is the ratio of c to a, where c is the distance from the 
center to a focus and a is one-half the length of the major axis. That is, 


c 
e=- 
a 


Each ellipse in Figure 8.30 has an eccentricity of 0.87. 


Eccentricity = 0.87 
Figure 8.30 


Figure 8.31 


Because c < a, for an ellipse, 0 < e < 1. When e ~ 0, the graph is almost a circle. 
When e © 1, the graph is long and thin. See Figure 8.31. 


EXAMPLE 4 Find the Eccentricity of an Ellipse 


Find the eccentricity of the ellipse given by 8x7 + 9y? = 18. 


Solution 


First, write the equation of the ellipse in standard form. Divide each side of the equation 
by 18. 


8x? Oey 

18 18 

4x? D4 

9 2 

HH cy oe A. 
9/4 2 9 9/4 


The last step is necessary because the standard form of the equation has coefficients of 
1 in the numerator. Thus 


(continued ) 
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Table 8.1 
Planet Eccentricity 
Mercury 0.206 
Venus 0.007 
Earth 0.017 
Mars 0.093 
Jupiter 0.049 
Saturn 0.051 
Uranus 0.046 
Neptune 0.005 


Use the equation c? = a’ — b* to find c. 


9 1 tod 
2 
es ey ees 
c i 4 and c ae 
Now find the eccentricity. 
c «(1/2 
CSS SS SS 
a 3/2 3 


1 
The eccentricity of the ellipse is rs 


@ Try Exercise 50, page 655 


® Applications of Ellipses 


2 The planets travel around the sun in elliptical orbits. The sun is located at a focus of 
the orbit. The eccentricities of the orbits for the planets in our solar system are given 
in Table 8.1. 


Question ¢ Which planet has the most nearly circular orbit? 


The terms perihelion and aphelion are used to denote the position of a planet in its orbit 
around the sun. The perihelion is the point nearest the sun; the aphelion is the point far- 
thest from the sun. See Figure 8.32. The length of the semimajor axis of a planet’s ellipti- 
cal orbit is called the mean distance of the planet from the sun. 


= 4 
s 


a pa Perihelion —>|—___ Aphelion 
! 


ws < Sy 


, <l 
Center Planet \' 
e Age “e 


}x—— Mean distance ——>| 
y 


Figure 8.32 


EXAMPLE 5 _ Determine an Equation for the Orbit of Earth 


P.) Earth has a mean distance of 93 million miles and a perihelion distance of 
91.5 million miles. Find an equation for Earth’s orbit. 


Solution 
A mean distance of 93 million miles implies that the length of the semi-major axis of 


the orbit is a = 93 million miles. Earth’s aphelion distance is the length of the major 
axis less the length of the perihelion distance. Thus 


Aphelion distance = 2(93) — 91.5 = 94.5 million miles 


Answer ® Neptune has the smallest eccentricity, so it is the planet with the most nearly circular orbit. 
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The distance c from the sun to the center of Earth’s orbit is 


c = aphelion distance — 93 = 94.5 — 93 = 1.5 million miles 
The length b of the semiminor axis of the orbit is 
b= Va — 2 = V93? — 1.57 = V'8646.75 


An equation of Earth’s orbit is 


a 
x? y 


>+ = 
932 8646.75 


@ Try Exercise 58, page 656 


Sound waves, although different from light waves, have a similar reflective property. 
When sound is reflected from a point P on a surface, the angle of incidence equals the 
angle of reflection. Applying this principle to a room with an elliptical ceiling results in 
what are called whispering galleries. These galleries are based on the following theorem. 


i Reflective Property of an Ellipse 


The lines from the foci to a point on an ellipse make equal angles with the tangent 
line at that point. See Figure 8.33. 


The reflective property of an ellipse can be used to show that sound waves, or light waves, 
that emanate from one focus of an ellipse will be reflected to the other focus. 
wR The Statuary Hall in the Capitol Building in Washington, D.C., is a whispering gallery. 
Figure 8.33 A person standing at one focus of the elliptical ceiling can whisper and be heard by a 
person standing at the other focus. John Quincy Adams, while a member of the House of 
Representatives, was aware of this acoustical phenomenon. He situated his desk at a focus 
of the elliptical ceiling, which allowed him to eavesdrop on the conversations of his polit- 
ical adversaries, who were located near the other focus. 


Elliptical ceiling of a ] 


whispering gallery © EXAMPLE 6 _ Locate the Foci of a Whispering Gallery 


A room 88 feet long is constructed to be a whispering gallery. The room has an ellipti- 
cal ceiling, as shown in Figure 8.34. If the maximum height of the ceiling is 22 feet, 
determine where the foci are located. 


0 , 
| 88 ft >| 


Solution 
The length a of the semimajor axis of the elliptical ceiling is 44 feet. The height b of 
the semiminor axis is 22 feet. Thus 
Pe ae 
c? = 447 — 22? 
c = V44? — 22? & 38.1 feet 


Figure 8.34 


The foci are located about 38.1 feet from the center of the elliptical ceiling, along its 
major axis. 


@ Try Exercise 60, page 656 
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EXERCISE SET 8.2 


In Exercises 1 and 2, examine the four equations and the ey ey 
graphs labeled i, ii, iii, and iv. Determine which graph is 5 eS Sul 6.—+—=1 
‘ 9 4 64 25 
the graph of each equation. 
(x + 1) (ie 2) x? y? x? y x? a 
1. a. t 1 b. + 1 7. ~+>=1 8 —+—=1 
9 1 16 4 9 7 5 + 
2: (ti? (y=2/P 
x y J 
¢ —+—=1 d. 1 2 y 2 Qy? 
4 9 9 16 ae ieee 
16 16 
I Va ii. Va 
| | x-3)y + 2)? x +3) + 1)? 
4 4 ‘< y 0 ) ; re yy ) 
25 16 9 16 
x ~ ea ae: 2 2 _ 9/2 
KAD. 2 yo? 
ie jn 4 4 
_44 9 25 25 81 
sf 
Ue " v4 ge eg EE og. Ge Mea 4 ney 
cel,2)— a J “21 4 : 9 7 
is. ne ikea Ae Wea IP (ede 
x 4 il 4 x 17. 16 t 9 
44 _44 
Y y ie (x h 6) 25y" 1 
(x _ 3)? (y = 2) x2 y 25 144 
2. a b. 1 
1 4 9 4 19. 3x2 + 4y? = 12 20. 5x? + 4y? = 20 
e=3)  @-2yP ? yy 
. =1 d. =1 24 16y2 = 2 2 
c 5 16 4 16 21. 25x l6oy 400 m22. 25x° + 12y 300 
i. yy ii. vy 23. 64x + 25y? = 400 24. 9x? + 64y? = 144 
4+ 4 
25. 4x? + y? — 24x — 8y + 48 = 0 
a ree are yo 26. x? + 9 + 6x — 36y + 36 = 0 
ay | 27. 5x? + Oy? — 20x + 54y + 56 = 0 
Y y 
oe yt si m28. 9x” + 16y? + 36x — 16y — 104 = 0 
“ CB, 2) 
| 29. 16x? + 9y? — 64x — 80 = 0 
— oh 2 * 7 30. 16x? + 9y? + 36y — 108 = 0 
—-4+ 7 
| al 31. 25x? + 16y? + 50x — 32y — 359 = 0 
¥ 
In Exercises 3 to 34, find the center, vertices, and foci of 32. 16x? + 9y* — 64x — 54y + 1 = 0 


the ellipse given by each equation. Sketch the graph. 


33. 8x? + 25y? — 48x + 50y + 47 = 0 


2 2 2 2 


+=] Wo += 1 
16 25 49 36 34, 4x? + Oy? + 24x + 18y + 44 = 0 


In Exercises 35 to 46, find the equation in standard form 
of each ellipse, given the information provided. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


044, 


45. 


46. 


Center (0, 0), major axis of length 10, foci at (4, 0) and (—4, 0) 


Center (0, 0), minor axis of length 6, foci at (0, 4) and (0, —4) 


Vertices (6,0), (—6, 0); ellipse passes through (0, —4) and 
(0, 4) 


Vertices (7,0), (—7,0); ellipse passes through (0,5) and 
(0, = 5) 


Major axis of length 12 on the x-axis, center at (0,0); 
ellipse passes through (2, —3) 


Major axis of length 8, center at (0, 0); ellipse passes through 
(=2, 2) 


Center (—2, 4), vertices (—6, 4) and (2, 4), foci at (—5, 4) 
and (1, 4) 


Center (0, 3), minor axis of length 4, foci at (0, 0) and (0, 6) 


Center (2,4), major axis parallel to the y-axis and of 
length 10; ellipse passes through the point (3, 3) 


Center (—4, 1), minor axis parallel to the y-axis and of length 
8; ellipse passes through the point (0, 4) 


Vertices (5, 6) and (5, —4), foci at (5, 4) and (5, —2) 


Vertices (—7, —1) and (5, —1), foci at (—5, —1) and (3, —1) 


In Exercises 47 to 54, use the eccentricity of each ellipse 
to find its equation in standard form. 


47. 


48. 


49. 


#50. 


2 
Eccentricity 5 major axis on the x-axis and of length 10, 


center at (0, 0) 


3 
Eccentricity 7 foci at (9, 0) and (—9, 0) 
. wy 2 
Foci at (0, —4) and (0, 4), eccentricity 3 


: ee | 
Foci at (0, —3) and (0, 3), eccentricity 4 


51. 


52. 


53. 


34. 


55. 


56. 
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dole piece 

Eccentricity 3 foci at (—1, 3) and (3, 3) 
a. ‘ 

Eccentricity ri foci at (—2, 4) and (—2, —2) 


2 
Eccentricity —, major axis of length 24 on the y-axis, center 
at (0, 0) 


3 
Eccentricity =, major axis of length 15 on the x-axis, center 
at (0, 0) 


P) Medicines A /ithotripter is an instrument used to remove 
a kidney stone in a patient without having to do surgery. 
A high-frequency sound wave is emitted from a source that is 
located at the focus of an ellipse. The patient is placed so that 
the kidney stone is located at the other focus of the ellipse. 
@-Hy 
484 + a 1 @ and y 
are measured in centimeters), where, to the nearest centimeter, 


should the patient’s kidney stone be placed so that the reflected 
sound hits the kidney stone? 


If the equation of the ellipse is 


Ultrasound —] 


Kidney 
emitter 


Elliptic 
reflector 


stone 


Construction A circular 
vent pipe is placed on a 
roof that has a slope of 


4 
5° as shown in the figure 


at the right. 


a. Use the slope to find the 
value of h. 


b. The intersection of the 
vent pipe and the roof is an ellipse. To the nearest thousandth 
of an inch, what are the lengths of the major and minor 
axes? 


]k-—— 4.5 in. ——>| 
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57. The Orbit of Saturn The distance from Saturn to the 
sun at Saturn’s aphelion is 934.34 million miles, and the 
distance from Saturn to the sun at its perihelion is 835.14 mil- 

lion miles. Find an equation for the orbit of Saturn. 


—— Perihelion tie ees Aphelion™ — 
“ §35.14 million — 934.34 million ~S 


miles 7 : miles 


wl 
Ni 
can 
| 


a 
<— Saturn 


058. The Orbit of Venus Venus has a mean distance from the 
sun of 67.08 million miles, and the distance from Venus 
to the sun at its aphelion is 67.58 million miles. Find an equa- 

tion for the orbit of Venus. 


59. Whispering Gallery An architect wishes to design a large room 
that will be a whispering gallery. The ceiling of the room has a 
cross section that is an ellipse, as shown in the following figure. 
How far to the right and left of center are the foci located? 


Va 
Elliptical ceiling of a 
whispering gallery 


k 100 ft | 


#60. Whispering Gallery An architect wishes to design a large 
room 100 feet long that will be a whispering gallery. The ceil- 
ing of the room has a cross section that is an ellipse, as shown 
in the following figure. 


Elliptical ceiling of a 
whispering gallery 


t + + t + t +e + > 
—50 k— 32 ft —>| 50% 
k 100 ft -| 


If the foci are to be located 32 feet to the right and the left of 
center, find the height h of the elliptical ceiling (to the nearest 
tenth of a foot). 


61. 2 Halley’s Comet Find the equation of the path of Halley’s 

comet in astronomical units (AUs) by letting one focus 
(the sun) be at the origin and letting the other focus be on 
the positive x-axis. The length of the major axis of the orbit 
of Halley’s comet is approximately 36 AU, and the length of 
92.96 million miles). 


62. 


63. 


64. 


the minor axis is 9 AU (LAU © 


Elliptical Pool Table A pool table in the shape of an 

ellipse has only one pocket, which is located at a focus of 
the ellipse. A cue ball is placed at the other focus of the ellipse. 
Striking the cue ball firmly in any direction causes it to go into 
the pocket (assuming no side or back spin is introduced to the 
motion of the cue ball). Explain why this happens. 


Bridge Clearance During the 1960s, the London Bridge was 
dismantled and shipped to Lake Havasu City, Arizona, where it 
was reconstructed. Use the following diagram of an arch of the 
bridge to determine the vertical distance / from the water to 
the arch 55 feet to the right of point O, which is the center 
of the semielliptical arch. The distance from O to the water is 
1 foot. Round to the nearest foot. 


1f~$O 


Water level 


ks 150 ft >| 


Elliptical Gears The figure on the next page shows two ellip- 
tical gears. Search the Internet for an animation that demon- 
strates the motion of an elliptical gear that is driven by another 
elliptical gear rotating at a constant speed. Explain what happens 


to the gear on the left as the gear on the right rotates once at a 
constant angular speed. 


65. Construction A carpenter needs to cut a semielliptical form 
from a 3-foot by 8-foot sheet of plywood, as shown in the fol- 
lowing diagram. 


a. Where should the carpenter place the push pins? 


b. How long is the string that connects the push pins? 


——48 
8 ft - 


66. P) Orbit of Mars Mars travels around the sun in an ellipti- 
cal orbit with the sun located at a focus of the orbit. The 

orbit has a major axis of 3.04 astronomical units (AU) and a 
minor axis of 2.99 AU. (1 AU is approximately 92.96 million 
miles, the average distance of Earth from the sun.) Estimate, to 

the nearest million miles, the perimeter of the orbit of Mars. 
(Note: The approximate perimeter of an ellipse with semimajor 


axis a and semiminor axis b is P = 7\V/2(a? + b’).) 


ee In Exercises 67 to 69, use the quadratic formula to 
~= solve for y in terms of x. Then use a graphing utility 
to graph each equation. 


67. 16x? + 9y? + 36y 


108 = 0 


68. 8x? + 25y? — 48x + 50y + 47 = 0 


69. 4x? + 9)? + 24x + 18y + 44 =0 


The area A of the ellipse with standard form 


is given by the formula A = zab. Use this formula to find 
the area of each ellipse defined in Exercises 70 and 71. 


2 


2 
e 2 
9 


2 
y x 

70. +—= 1] 71. ~+—=1 
4 } 3 
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72. Explain why the graph of 4x? + 9y — 16x — 2 = 0 is or is not 
an ellipse. Sketch the graph of this equation. 


In Exercises 73 to 76, find the equation in standard form 
of each ellipse by using the definition of an ellipse. 


73. Find the equation of the ellipse with foci at (—3, 0) and (3, 0) 
9 
that passes through the point (3 >). 


74. Find the equation of the ellipse with foci at (0, 4) and (0, —4) 


9 
that passes through the point (3 4). 


75. Find the equation of the ellipse with foci at (—1, 2) and (3, 2) 
that passes through the point (3, 5). 


76. Find the equation of the ellipse with foci at (—1, 1) and (—1, 7) 
3 
that passes through the point (3. 1) 


A line segment with endpoints on an ellipse that is 
perpendicular to the major axis and passes through a 
focus is a latus rectum of the ellipse. In Exercises 77 and 
78, find the length of the latus rectum of the given 
ellipse. 


77. Find the length of a latus rectum of the ellipse given by 
(y +1) 


(x- 1/7 
=1 
9 16 


78. Find the length of a latus rectum of the ellipse given by 


9x + 16y* — 36x + 96y + 36 = 0 


79. Show that for any ellipse the length of a latus rectum 


_ 2b 
LS} 
a 


80. Use the definition of an ellipse to find the equation of an 
ellipse with center at (0, 0) and foci at (0, c) and (0, —c). 
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SECTION 8.3 


Hyperbolas with Center at (0, 0) 
Hyperbolas with Center at (h, k) 
Eccentricity of a Hyperbola 
Applications of Hyperbolas 


Note 


If a plane intersects a cone along 

the axis of the cone, the resulting 
curve is two intersecting straight 

lines. This is the degenerate form 

of a hyperbola. See the accompa- 
nying figure. 


Degenerate hyperbola 


Hyperbolas 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A352. 


PS1. Find the midpoint and the length of the line segment between P,(4, —3) and 
P(—-2, 1): 24] 


PS2. Solve: (x — 1)(x + 3) = 5 [1.3] 
PS3. Simplify: = [P2] 


PS4. Complete the square of 4x” + 24x, and write the result as the square of a 
binomial. [1.3] 


er y 
PS5. Solve rae) = | for y. [1.3] 


(x — 2) gt 3)? 


PS6. Graph: 
rap im 9 


= | [5.2] 


A hyperbola is a conic section formed when a plane intersects a right circular cone at a cer- 
tain angle. If 6 is the angle at which the plane intersects the axis of the cone and a is the 
angle shown in Figure 8.35, a hyperbola is formed when 0° < 6 < a or when the plane is 
parallel to the axis of the cone. 

As with the other conic sections, there is a definition of a hyperbola in terms of a cer- 
tain set of points in the plane. 


Axis 


Figure 8.35 


Definition of a Hyperbola 


A hyperbola is the set of all points in the plane the difference between whose 
distances from two fixed points (foci) is a positive constant. 


Conjugate 
axis 


Transverse 
axis 


Figure 8.36 


Figure 8.37 


a. Transverse axis on the x-axis 


vA 
OF (0, c) 


v,(0,a) 


BY 


,(0,-a) 


PFO, -c 


b. Transverse axis on the y-axis 


Figure 8.38 
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This definition differs from that of an ellipse in that the ellipse was defined in terms 
of the sum of two distances, whereas the hyperbola is defined in terms of the difference of 
two distances. 


M@ Hyperbolas with a Center at (0, 0) 


The transverse axis of a hyperbola shown in Figure 8.36 is the line segment joining 
the intercepts. The midpoint of the transverse axis is called the center of the hyperbola. 
The conjugate axis is a line segment that passes through the center of the hyperbola and 
is perpendicular to the transverse axis. 

The length of the transverse axis is customarily represented as 2a, and the distance 
between the two foci is represented as 2c. The length of the conjugate axis is represented 
as 2b. 

The vertices of a hyperbola are the points where the hyperbola intersects the trans- 
verse axis. 

To determine the positive constant stated in the definition of a hyperbola, consider the 
point V|(a, 0), which is one vertex of a hyperbola, and the points F)(c, 0) and F>(—c, 0), 
which are the foci of the hyperbola (see Figure 8.37). The difference between the distance 
from V;(a,0) to F\(c, 0), c — a, and the distance from V;(a,0) to F>(—c, 0), c + a, 
must be a constant. By subtracting these distances, we find 


l(c — a) — (ec + a)| = |—2a| = 2a 


Thus the constant is 2a, and it is the length of the transverse axis. The absolute value is 
used to ensure that the distance is a positive number. 


Standard Forms of the Equation of a Hyperbola 
with Center at the Origin 


Transverse Axis on the x-Axis 
The standard form of the equation of a hyperbola with center at the origin and 
transverse axis on the x-axis (see Figure 8.38a) is given by 


La 
a b? 


The coordinates of the vertices are (a, 0) and (—a, 0), and the coordinates of the 


foci are (c, 0) and (—c, 0), where c? = a? + b’. 


Transverse Axis on the y-Axis 
The standard form of the equation of a hyperbola with center at the origin and 
transverse axis on the y-axis (see Figure 8.38b) is given by 


The coordinates of the vertices are (0, a) and (0, —a), and the coordinates of the 
foci are (0, c) and (0, —c), where c? = a? + b’. 
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By looking at the equations, it is possible to determine the location of the transverse axis 
by finding which term in the equation is positive. When the x” term is positive, the transverse 
axis is on the x-axis. When the y” term is positive, the transverse axis is on the y-axis. 


2 2 
y 
Question ® For the graph of “9 = 7 = |, is the transverse axis on the x-axis or the y-axis? 
x2 
Consider the hyperbola given by the equation i oS = 1. Because the x’ term is 


positive, the transverse axis is on the x-axis, a’ = 16, and thus a = 4. The vertices are 
(4, 0) and (—4, 0).To find the foci, we determine c. 


C=aa+h=164+9=25 


c= V25=5 
ce The foci are (5, 0) and (—5, 0). The graph is shown in Figure 8.39. 
a . a6 Each hyperbola has two asymptotes that pass through the center of the hyperbola. The 
igure 8. 


asymptotes of the hyperbola are a useful guide to sketching the graph of the hyperbola. 


Asymptotes of a Hyperbola with Center at the Origin 


2 2 
The asymptotes of the hyperbola defined by a = = = | are given by the 
a 


b b 
equations y = —x and y = — —x (see Figure 8.40a). 
a a 
2 2 
The asymptotes of the hyperbola defined by 4s = 2 = | are given by the 
a 


equations y = ee and y = — a (see Figure 8.40b). 


2 

y x 

b. Asymptotes of — —- — 
ab? 


Figure 8.40 


One method for remembering the equations of the asymptotes is to write the equation 
of a hyperbola in standard form and then replace | with 0 and solve for y. 


x2 yo 5. 0 a 

Aer Ae: SO yo= 5X ,0ry = =X 
a b a a 
yp x : ae ‘ 4 
3g es SO re Oty = Sk 
a b b b 


Answer ° Because the y” term is positive, the transverse axis is on the y-axis. 


y x 
—[—— ss 1 
9 4 
Figure 8.41 
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EXAMPLE 1 _ Find the Vertices, Foci, and Asymptotes 
of a Hyperbola 


Find the vertices, foci, and asymptotes of the hyperbola given by the equation 


yp 2 
ie? = |. Sketch the graph. 
Solution 


Because the y* term is positive, the transverse axis is on the y-axis. We know that 
a” = 9; thus a = 3. The vertices are V;(0, 3) and (0, —3). 


e=a7+h=94+4 
c=V13 
The foci are F;(0, V13) and F(0, -V 13). 
3 
Because a = 3 and b = 2 (b* = 4), the equations of the asymptotes are y = x 
and : 
ort eg 
a 


To sketch the graph, we draw a rectangle that has its center at the origin and has 
dimensions equal to the lengths of the transverse and conjugate axes. The asymptotes 
are extensions of the diagonals of the rectangle. See Figure 8.41. 


# Try Exercise 6, page 666 


® Hyperbolas with Center at (h, k) 


Using a translation of coordinates similar to that used for ellipses, we can write the equa- 
tion of a hyperbola with center at the point (/, k).Given coordinate axes labeled x’ and y’, 
an equation of a hyperbola with center at the origin is 


ll (1) 


Now place the origin of this coordinate system 
at the point (h,k) of the xy-coordinate system, as 
shown in Figure 8.42. The relationship between an 
ordered pair in the x’y’-coordinate system and one 
in the xy-coordinate system is given by the transfor- 
mation equations 


x  =x-h 


a ae 


Substitute the expressions for x’ and y’ into 
Equation (1). The equation of a hyperbola with center 
at (h, k) is 


(x— AP (y— bP 
2 2 =1 i 
a b Figure 8.42 
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Standard Forms of the Equation of a Hyperbola 
with Center at (h, k) 


Transverse Axis Parallel to the x-Axis 


V(h+a, k) : é 
The standard form of the equation of a hyperbola with center at (/, k) and transverse 


eF(ht+c,k) axis parallel to the x-axis (see Figure 8.43a) is given by 
=A aay 
= a’ 7 b* ie 
The coordinates of the vertices are V,(h + a,k) and V3(h — a, k). The 
coordinates of the foci are F,(h + c, k) and F,(h — c, k), where c* = a* + b’. 


b 
The equations of the asymptotes are y — k = +—(x — A). 
a 


a. Transverse axis parallel to the x-axis 


Yh Transverse Axis Parallel to the y-Axis 
The standard form of the equation of a hyperbola with center at (, k) and transverse 


axis parallel to the y-axis (see Figure 8.43b) is given by 
=a _ Gay 


F(h, k +c) 
e 


=1 


~, 
V,(h, k-+ a) ; a See) Z Be 
= 
Hk a) ae % The coordinates of the vertices are V,(h, k + a) and V3(h, k — a). The 


coordinates of the foci are F,(h, k + c) and F>(h, k — c),where c* = a* + Bb’. 


The equations of the asymptotes are y — k = + . (x — h). 


yok=-Fe-b) 


| 


ia Ae a EXAMPLE 2 Find the Center, Vertices, Foci, and 
Figure 843 Asymptotes of a Hyperbola 


Find the center, vertices, foci, and asymptotes of the hyperbola given by the equation 
4x? — 9y? — 16x + 54y — 29 = 0. Sketch the graph. 

Solution 

Write the equation of the hyperbola in standard form by completing the square. 


4x? — 9y? — lox + 54y — 29 = 0 


4x? — 16x — 9y? + 54y = 29 ¢ Rearrange terms. 
A(x? — 4x) — 9(y* — 6y) = 29 + Factor. 
A(x? — 4x + 4) — 9(y? — 6y + 9) = 29 + 16 — 81 + Complete the square. 
A(x — 2)? — %(y — 3)? = -36 * Factor. 
— 3)? x-—2) 
Y a ) = ( 9 ) 1 * Divide each side by —36. 


The coordinates of the center are (2, 3). Because the term containing (y — 3)? is 
positive, the transverse axis is parallel to the y-axis. We know that a* = 4; thus a = 2. 
The vertices are (2, 5) and (2, 1). See Figure 8.44. To find the coordinates of the foci, 
we find c. 
C=aav+h=44+9 
c= V1I3 


VA 


8+ 
F (2,3 + 13) 
e 


@-3P @-29 
4 9 
Figure 8.44 


e=141 


Figure 8.46 
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The foci are (2,3 + V13) and (2,3 — V13). We know that b* = 9; thus b = 3. 


2 
The equations of the asymptotes are y — 3 = + (2)c 2), which simplifies to 


2 ‘ 5 d 2 % 13 
Se nae an = Se oe 
Mv Cg 3 - 


@ Try Exercise 28, page 666 


A graphing utility can be used to graph a hyperbola. For instance, consider the equation 
4x? — 9y? — 16x + 54y — 29 = 0 from Example 2. Rewrite the equation as 


—9y? + 54y + (4x — lox — 29) = 0 
In this form, the equation is a quadratic equation in terms of the variable y with 
A= —9,B = 54, and C = 4x” — 16x — 29. 
Apply the quadratic formula to produce 
—54 + V2916 + 36(4x” — 16x — 29) 
—18 
—54 + 2916 + 36(4x* — 16x — 29) 
—18 


y= 


The graph of Yi = is the upper branch of 
the hyperbola (see Figure 8.45). 


—54 — V/2916 + 36(4x2 — 16x — 29) 


The graph of Y2 = is the lower branch of 
10 


—18 
the hyperbola, as shown in Figure 8.45. 

One advantage of this graphing procedure 
is that it does not require us to write the given 
equation in standard form. A disadvantage 
of the graphing procedure is that it does not 
indicate where the foci of the hyperbola 
are located. 


Figure 8.45 


® Eccentricity of a Hyperbola 


The graph of a hyperbola can be wide or narrow. The eccentricity of a hyperbola is a meas- 
ure of its “wideness.” 


Definition of the Eccentricity (e) of a Hyperbola 


The eccentricity e of a hyperbola is the ratio of c to a, where c is the distance from 


the center to a focus and a is half the length of the transverse axis. 


For a hyperbola, c > a and therefore e > 1. As the eccentricity of the hyperbola 
increases, the graph becomes wider and wider, as shown in Figure 8.46. 
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x y 
16 20 
Figure 8.47 


Math Matters 


The Granger Collection 


Caroline Herschel (1750-1848) 
became interested in mathe- 
matics and astronomy after her 
brother William discovered the 
planet Uranus. She was the first 
woman to receive credit for the 
discovery of a comet. In fact, 
between 1786 and 1797, she 
discovered eight comets. In 1828 
she completed a catalog of more 
than 2000 nebulae, a feat for 
which the Royal Astronomical 
Society of England presented her 
with its prestigious gold medal. 


EXAMPLE 3 __ Find the Equation of a Hyperbola Given 


Its Eccentricity 


; 3 
Find the standard form of the equation of the hyperbola that has an eccentricity of —, 
vee 2 
center at the origin, and a focus at (6, 0). 


Solution 


Because a focus is located at (6, 0) and the center is at the origin, c = 6. An extension 
of the transverse axis contains the foci, so the transverse axis is on the x-axis. 


e 


¢ Substitute 6 for c. 


FRIARISA 


* Solve for a. 


2 


To find b’, use the equation c? = a? + b* and the values for c and a. 


C=aavt+h 
36 = 16 + Bb? 
b* = 20 


2 2 
The equation of the hyperbola is — = = = |. See Figure 8.47. 


Try Exercise 50, page 667 


® Applications of Hyperbolas 


Orbits of Comets In Section 8.2 we noted that the orbits of the planets are elliptical. Some 
comets also have elliptical orbits, the most notable being Halley’s comet, whose eccentricity 
is 0.97. See Figure 8.48. 


Orbit of 
Halley's 
comet 


Saturn 


Not drawn to scale. 


Figure 8.48 


Other comets have hyperbolic orbits with the sun at a focus. These comets pass by the 
sun only once. The velocity of a comet determines whether its orbit is elliptical or hyperbolic. 


Hyperbolas as an Aid to Navigation Consider two radio transmitters, 7, and 7), placed 
some distance apart. A ship with electronic equipment measures the difference between the 
times it takes signals from the transmitters to reach the ship. Because the difference between 
the times is proportional to the difference between the distances of the ship from the trans- 
mitters, the ship must be located on the hyperbola with foci at the two transmitters. 
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Using a third transmitter, T,, we can find a second hyperbola with foci T, and 7;. The 
ship lies on the intersection of the two hyperbolas, as shown in Figure 8.49. 


EXAMPLE 4 _ Determine the Position of a Ship 


Two radio transmitters are positioned along a coastline, 500 miles apart. See Figure 8.50. 

3 Using a long range navigation (LORAN) system, a ship determines that a radio signal 
from transmitter 7; reaches the ship 1600 microseconds before it receives a simultaneous 
signal from transmitter 7. 


a. Find an equation of a hyperbola (with foci located at 7; and T,) on which the 
Figure 8.49 ship lies. See Figure 8.50. (Assume the radio signals travel at 0.186 mile per 
microsecond.) 


b. Ifthe ship is directly north of transmitter 7,, determine how far (to the nearest 
mile) the ship is from the transmitter. 


Solution 
a. The ship lies on a hyperbola at point B, with foci at T; and T,. The difference of the 
distances d(T>, B) and d(T,, B) is given by 
Distance = rate X time 
= 0.186 mile/microsecond X 1600 microseconds 
297.6 mile 
This indicates that the ship is located on a hyperbola with transverse axis of length 


297.6 miles. Thus 2a = 297.6 miles and a = 148.8 miles. Figure 8.50 shows that 
the foci are located at (250, 0) and (—250, 0). Thus c = 250 miles, and 


Figure 8.50 


b = Vc? — a2 = V2502 — 148.82 © 200.9 miles 


The ship is located on the hyperbola given by 


2 
x Bg 


148.82 200.97 — 


b. Ifthe ship is directly north of 7,, then x = 250, and the distance from the ship to 
the transmitter 7, is y, where 


y? i 2507 


200.92 —s«*148.82 
2009). pasa 
ae — 148.82 ~ 271 mil 
y 1488 250 8.8 miles 


The ship is about 271 miles north of transmitter 7). 


@ Try Exercise 56, page 667 


Hyperbolas also have a reflective property that makes them useful in many applications. 


Reflective Property of a Hyperbola 


The lines from the foci to a point on a hyperbola make equal angles with the tangent 
ee line at that point. See Figure 8.51. 
B 
Figure 8.51 
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EXERCISE SET 8.3 


In Exercises 1 and 2, examine the four equations and the 
graphs labeled i, ii, iii, and iv. Determine which graph is 


the graph of each equation. 


x-1) y-2)/ 2 2 
4: re yf a a eee 
9 16 9 4 
ae oo way 
"4° 9 ae 9 


In Exercises 3 to 28, find the center, vertices, foci, and 
asymptotes for the hyperbola given by each equation. 
Graph each equation. 


2 2. vs] 2 
ee ee Paes es 
16 25 16. 9 
2 2 2 2 
y x y x 
5. —- 7-1 Bo oS 4 
4 25 me 55 36 


2 2 2 2 
7 9 | 
Ax? 2 2 92 
eee sees, | a ee 
9 16 9 16 
iat) ee es 8 x+37P 52 
11! gi ib =1 12! yy 1 
16 9 25 4 
y +2) x-1) y-2/ x +1) 
(gn ee 
4 16 36 49 
Ca ee eG oy 
iS. Se 1 se eh 
9 25 25 81 
9(x-1)? (y+1)? (x +6)? 252 
i7 =1 18. 1 
16 9 25 144 
19. x7 -y? =9 20. 4x2 — y? = 16 
21. 16y? — 9x? = 144 22. 9y? — 25x? = 225 
23. 9y? — 36x” = 4 24. 16x? — 25y? = 9 


25. x7 -y — 6x + By -3 =0 


26. 4x* — 25y? + 16x + 50y — 109 = 0 


27. 9x* — 4y* + 36x — 8y + 68 = 0 


m28. 16x? — 9y? — 32x — 54y + 79 = 0 


ea In Exercises 29 to 34, use the quadratic formula to 
= solve for yin terms of x. Then use a graphing utility 
to graph each equation. 


29, 4x* — y? + 32x + 6y + 39 = 0 


30. x? — 1l6y? + 8x — 64y + 16 =0 


31. 


32. 


33. 


34. 


16y* — 36x — 64y + 116 =0 
Oy? + 12x — 18y + 18 = 0 
Oy? + 8x — 18y —-6 = 0 
Oy — 8x + 36y — 46 = 0 


In Exercises 35 to 48, find the equation in standard form 
of the hyperbola that satisfies the stated conditions. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


AA. 


45. 


46. 


47. 


48. 


Vertices (3, 0) and (—3, 0), foci (4, 0) and (—4, 0) 
Vertices (0, 2) and (0, —2), foci (0, 3) and (0, —3) 

Foci (0, 5) and (0, —5), asymptotes y = 2x and y = —2x 
Foci (4, 0) and (—4, 0), asymptotes y = x andy = —x 
Vertices (0, 3) and (0, —3), passing through (2, 4) 


Vertices (5, 0) and (—5, 0), passing through (—1, 3) 


1 1 
Asymptotes y = ra and y = — 5% vertices (0, 4) and (0, —4) 


2 2 
Asymptotes y = 3% andy = — 3% vertices (6, 0) and (—6, 0) 


Vertices (6, 3) and (2, 3), foci (7, 3) and (1, 3) 


Vertices (—1, 5) and (—1, —1), foci (—1, 7) and (—1, —3) 


>) 
Foci (1, —2) and (7, —2), slope of an asymptote 4 


Foci (—3, —6) and (—3, —2), slope of an asymptote 1 


1 
Passing through (9, 4), slope of an asymptote > center (7, 2), 
, transverse axis parallel to the y-axis 


Passing through (6, 1), slope of an asymptote 2, center (3, 3), 
transverse axis parallel to the x-axis 


In Exercises 49 to 54, use the eccentricity to find the 
equation in standard form of each hyperbola. 


49. 


250. 


51. 


52. 


53. 


Vertices (1, 6) and (1, 8), eccentricity 2 
. ae 
Vertices (2, 3) and (—2, 3), eccentricity 2 
Eccentricity 2, foci (4, 0) and (—4, 0) 
ee 
Eccentricity 3° foci (0, 6) and (0, —6) 


4 
Center (4,1), conjugate axis of length 4, eccentricity 3 
(Hint: There are two answers.) 


54. Center (—3, 


55. 


0 56. 
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—3), conjugate axis of length 6, eccentricity 2 
(Hint: There are two answers.) 


Loran Two radio transmitters are positioned along the coast, 
250 miles apart. A signal is sent simultaneously from each 
transmitter. The signal from transmitter 7, is received by a 
ship’s LORAN 500 microseconds after the ship receives the 
signal from 7,. The radio signals travel at 0.186 mile per 
microsecond. 


a. Find an equation of a hyperbola, with foci at 7, and 7), on 
which the ship is located. 


b. If the ship is 100 miles east of the y-axis, determine its dis- 
tance from the coastline (to the nearest mile). 


Loran Two radio transmitters are positioned along the coast, 
300 miles apart. A signal is sent simultaneously from each 
transmitter. The signal from transmitter 7; is received by a 
ship’s LORAN 800 microseconds after the ship receives the 
signal from 7>. The radio signals travel at 0.186 mile per 
microsecond. 


a. Find an equation of a hyperbola, with foci at 7, and 7), on 
which the ship is located. 


b. If the ship continues to travel so that the difference of 
800 microseconds is maintained, determine the point at 
which the ship will reach the coastline. 
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37. 


58. 


59. 


P.) Sonic Booms When a plane exceeds the speed of sound, 
a sonic boom is produced by the wake of the sound waves. 
For a plane flying at 10,000 feet, the circular wave front can be 
given by 
y? = x° + (z — 10,000)? 
where z is the height of the wave front above Earth. See the 
diagram below. Note that the xy-plane is Earth’s surface, which 


is approximately flat over small distances. Find and name the 
equation formed when the wave front hits Earth. 


Cooling Tower A vertical cross section of a cooling tower is a 
portion of a hyperbola, as shown in the following diagram. The 
standard form of the equation of the hyperbolic cross section is 
x? (y — 220) 
80° 180° 
where x and y are measured in feet. The horizontal cross sec- 
tions of the tower are circles. 


1, 0<y < 380 


VA 


a. Find the radius of the top and the base of the tower. Round 
to the nearest foot. 


b. What is the smallest radius of a horizontal cross section? 


Hyperbolic Gear The following diagram shows a cylindrical 
worm gear driving a hyperbolic gear. 


hyperbolic gear 


worm gear 


Source: http://www.zakgear.com/Wormoid.html. 


A center vertical cross section of the hyperbolic gear is shown at 
the top of the next column. The dimensions given are in inches. 


60. 


| y=0.6 
/ 


hi 
NAVARA \ \ \ 
WAV 
Tmnenaln 
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UNAS i 


ets 


y=-0.6 


The vertical cross section of a hyperbolic gear 


The eccentricity of the hyperbolic cross section is 


a. What is the equation in standard form of the hyperbolic 
cross section? 


b. Find the length of diameter FG. Round to the nearest hun- 
dredth of an inch. 


Water Waves If two peb- 
bles are dropped into a 
pond at different places 
F\(—2,0) and F,(2, 0), 
circular waves are propa- 
gated with F; as the center 
of one set of circular 
waves (in green) and F, as 
the center of the other set 
of circular waves (in red). 
Let P be a point at which 
the waves intersect. In the 
diagram, |F\P — F5P| = 2. 


——SS 
Yow 
Lo 


\ 


a. What curve is generated by connecting all points P for 
which |F\P — F,P| = 2? 


b. What is the equation of the curve in a.? 


In Exercises 61 to 68, identify the graph of each equation as 
a parabola, an ellipse, or a hyperbola. Graph each equation. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


4x? + 9 — lox — 36y + 16 = 0 
2x? + 3y — 8k +2 =0 

5x — 47 + 24y — 11 =0 

9x? — 257 — 18x + 50y = 0 

x + 2y — 8x = 0 

9x7 + 16y" + 36x — 64y — 44 = 0 
25x + 9 — 50x — 72y — 56 = 0 
(n= 3) aay? = (ee 1 


In Exercises 69 to 72, use the definition of a hyperbola to 
find the equation of the hyperbola in standard form. 


69. 


70. 


Foci (2, 0) and (—2, 0), passes through the point (2, 3) 


5 
Foci (0, 3) and (0, —3), passes through the point (3. 3) 
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7 ig 
71. Foci (0,4) and (0, —4), passes through the point @ 4) 
7 LF,(0, 16) 


. ; 9 Incoming 
72. Foci (5,0) and (—S, 0), passes through the point | 5, 4 Hijpeitolie light ray 


mirror with 


vertex V,(0, 12) 


x|x] _ ylyl _, 
16 9 


73. Sketch a graph of 


74. Eccentricity Which of the following hyperbolas has the larger 
eccentricity? 


Cylindrical 
tube 
a 


75. Telescope Design An astronomer is designing the telescope 
shown in the next column. The diagram shows a cross section 
of the telescope, which has a large parabolic mirror and a 
smaller hyperbolic mirror. The parabolic mirror has focus F; Parabolic 


and vertex V at the origin. Light rays that strike the parabolic e 

mirror are reflected toward F. The hyperbolic mirror (with foci * 

F and F)) reflects these light rays to F. An opening in the cen- Eyepiece | A 

ter of the parabolic mirror allows the light rays to be seen by an 

observer. ==" F,(0, -2) 

a. Find the equation, in standard form, of the surface of each AB =< inches /and Q are 1 inchito the right of the y-axis, 

: BC = 0.5 inch All x- and y-coordinates are in inches. 

Penne PO = 0.125 inch 

b. Find the coordinates of D and P. Round the y-value of P to c. Find, to the nearest ten-thousandth of an inch, BE, which is 


the length of the cylindrical tube. (Hint: BE equals AV;, plus 
VV, plus the vertical distance between V, and P, plus PQ.) 


the nearest ten-thousandth of an inch. 


Ga Integrating Technology 


Illustrate a Property of Parabolas 


Some graphing calculators can be used to graph a family of curves. For instance, on a TI-83/TI-83 Plus/TI-84 Plus graphing 
calculator, the graph of Yi={-1,0,1,2,3,4} is six horizontal lines. The graphs of 


Ya=l+ V {1,2,3,4}" — X? and = Y3=I-V{1,2,3,4}* - X2 
form four circles. Each circle has a center at (0, 1). The radii of the four circles are r; = 1, 7. = 2,73 = 3, and rg = 4. 
The graph of Yu=0.25X? is a parabola with focus (0, 1) and directrix y = —1. 


a. Graph Yi, Y2, Y3, and Yu on the same screen with Xmin=-4.7, Xmax=4.7, Xscl=1l, Ymin=-2, Ymax=.2, and Yscl=1. 
b. Locate point A in Quadrant I, where the parabola intersects the line y = 3 and the circle with radius 4. How far is it from 


A to the focus (0, 1)? How far is it from A to the directrix y = —1? 
c. Locate point B in Quadrant I, where the parabola intersects the line y = 2 and the circle with radius 3. How far is it from 
B to the focus (0, 1)? How far is it from B to the directrix y = —1? 


d. Eg Why should you not be surprised by the results from b. and ¢.? 
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SECTION 8.4 Rotation of Axes 


Rotation Theorem for Conics 

Conic Identification Theorem 

Using a Graphing Utility to 
Graph Second-Degree 
Equations in Two Variables 


Study tip 


Some choices of the constants A, 
B, C, D, E, and F may result in a 
degenerate conic or an equation 
that has no solutions. 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A54. 


PS1. Expand: cos(@ + B) [6.2] 
PS2. Expand: sin(a + B) [6.2] 


Ww 


PS3. Solve cot 2a = = forO <a< mn [6.6] 


1 3 
PS4. Ifsina = 5 and cos a = a with 0° = a < 360°, find a. [6.6] 


PSS. Identify the graph of 4x7 — 67 + 9x + l6y — 8 = 0. [8.3] 
PS6. Graph: 4x — y’ — 2y + 3 = 0[8.1] 


® Rotation Theorem for Conics 


The equation of a conic with axes parallel to the coordinate axes can be written in a gen- 
eral form. 


General Equation of a Conic with Axes Parallel to Coordinate Axes 


The general equation of a nondegenerate conic with axes parallel to the coordi- 
nate axes and not both A and C equal to zero is 


Ax? + Cy? + Dx + Ey + F=0 


The graph of the equation is a circle when A = C, a parabola when AC = 0, an 
ellipse when A # C and AC > 0, and a hyperbola when AC < 0. 


The terms Dx, Ey, and F' determine the translation of the conic from the origin. The 
general equation of a conic is a second-degree equation in two variables. A more general 
second-degree equation can be written that contains a Bxy term. 


General Second-Degree Equation in Two Variables 


The general second-degree equation in two variables is 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


The Bxy term (B # 0) determines a rotation of the conic so that its axes are no longer 
parallel to the coordinate axes. 

A rotation of axes is a rotation of the x- and y-axes about the origin to another posi- 
tion denoted by x’ and y’. We denote the measure of the angle of rotation by a. 

Let P be some point in the plane, and let r represent the distance of P from 
the origin. The coordinates of P relative to the xy-coordinate system and the 
x'y'-coordinate system are P(x, y) and P(x’, y’), respectively. 

Let Q(x, 0) and R(0, y) be the projections of P onto the x- and the y-axis, and let 
O'(x',0') and R'(0',y’) be the projections of P onto the x'- and the y’-axis. 


P(x, y) 


R(0', v’) 


Figure 8.52 
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(See Figure 8.52.) The angle between the x’-axis and line segment OP is denoted by 0. We 
can express the coordinates of P in each coordinate system in terms of @ and 6. 
x = rcos(0 + a) x’ = rcos@ 
y =rsin(@ + a) y’ =rsing 
Applying the addition formulas for cos(@ + a) and sin(@ + @), we get 
x = rcos(@ + a) = rcos@cosa — rsiné sina 
y=rsin(d + a) =rsinécosa + rcosé@sina 
Now, substituting x’ for r cos 6 and y’ for r sin @ into these equations yields 
x = x' cosa — y’ sina °x' = rcos6,y’ =rsina 
y=y' cosa + x' sina 


This proves Equation (1) of the following theorem. 


Rotation-of-Axes Formulas 


Suppose that an xy-coordinate system and an x’y’-coordinate system have the same 
origin and that a is the angle between the positive x-axis and the positive x’-axis. 
If the coordinates of a point P are (x,y) in one system and (x’, y’) in the rotated 


system, then 


mes, a) oe Q) 
y=y'cosa+x' sina ycosa@ — xsina 


The derivations of the formulas for x’ and y’ are left as an exercise. 

As we have noted, the appearance of the Bxy (B # 0) term in the general second- 
degree equation indicates that the graph of the conic has been rotated. The angle through 
which the axes have been rotated can be determined from the following theorem. 


Rotation Theorem for Conics 


Let Ax? + Bxy + Cy? + Dx + Ey + F = 0, B # 0, be the equation of a conic in 
an xy-coordinate system, and let a be an angle of rotation such that 


A-C 
cot2a = =, 0° < 2a < 180° (3) 


Then the equation of the conic in the rotated x’y'-coordinate system will be 
A'(x')? + cry + D'x' A Ey! aL F' = 
where 0° < 2a < 180° and 


A' = Acos?a + Bcosasina + Csin’ a 


= Asin? a — Bcosasina + Ccos’a 


Dceosa + Esina 
—Dsina+ Ecosa 
=F 


Equation (3) has an infinite number of solutions. Any rotation through an angle a that 


‘ : aa Ce TO oe ‘ 
is a solution of cot 2a = a will eliminate the xy term. However, the equations of the 
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Tx? 


16 


6 V3xy + 13y? 
Figure 8.53 


0 


conic in the rotated coordinate systems may differ, depending on the value of a that is used 
to produce these transformed equations. To avoid any confusion, we will always choose a 
to be the acute angle that satisfies Equation (3). 


Question * For x” — 4xy + 9y° + 6x — 8y — 20 = 0, what is the value of cot 2a? 


EXAMPLE 1_ Use the Rotation Theorem to Sketch a Conic 


Sketch the graph of 7x2 — 6 V3xy + 13y? — 16 = 0. 


Solution 
We are given 


A=7, B=-6V3, C=13, D=0, E=0, and F=~-16 
The angle of rotation a can be determined by solving 
A-C_ 7-13 -6 1 V3 
B -6V3 -6V3 V3 3 


This gives us 2a = 60°, or a = 30°. Because a = 30°, we have 


cot 2a = 


. 1 
sina = 5 and cos a = —— 


We determine the coefficients A’, C’, D', E’, and F” by using Equation (4) to 
Equation (8), on page 671. 
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(x')?  (y'? 
a 7 - 


This is the equation of an ellipse that is centered at the origin of an x’y'-coordinate system. 
The ellipse has a semimajor axis a = 2 and a semiminor axis b = 1. See Figure 8.53. 


@ Try Exercise 10, page 676 
ASO. Ie9 


Answer @ A = 1,C = 9, and B = —4. Thus cot 2a = B —4 2. 


—7 x 


Figure 8.54 


32x? — 48xy + 18y? — 15x — 20y = 0 
Figure 8.55 
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In Example 1, the angle of rotation a was 30°, which is a special angle. In the next 
example, we demonstrate a technique that is often used when the angle of rotation is not a 
special angle. 


EXAMPLE 2_ Use the Rotation Theorem to Sketch a Conic 


Sketch the graph of 32x” — 48xy + 18y” — 15x — 20y = 0. 
Solution 
We are given 
A=32, B=-48, C=18, D=-15, E=-20, and F=0 
Therefore, 
A-C_ 32-18 #7 
B —48 24 


cot 2a = 


; . 7 : 
Figure 8.54 shows an angle 2a@ for which cot 2a = — 34° From Figure 8.54 we 


7 as : : 
conclude that cos 2a = — 35° Since 2a is a Quadrant II angle, we know that a is a 
Quadrant I angle. Thus sin @ and cos a are both positive. The half-angle identities can 


be used to determine sin a and cos a. 


. 1 — cos 2a 1 + cos 2a 
sin a = , {/——_——_ and cos a = ,|/—————_ 

2 2 
jl—(-7/25) 4 Jl + (-7/25) 3 
sina = 5 = 5 cosa = 5 5 


A calculator can be used to determine that a ~ 53.1°. 
Equation (4) to Equation (8) give us 


v3 +-a2)() ule) = 
c= a(5)—cam()8) a) = 


F'=F=0 


The equation of the conic in the x’y’-plane is 50( y’)? — 25x’ = 0, or 


1 1 
This is the equation of a parabola. Because 4p = > we know p = re and the focus 


1 
of the parabola is at (2 0) on the x’-axis. See Figure 8.55. 


@ Try Exercise 20, page 677 
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® Conic Identification Theorem 


The following theorem provides us with a procedure that can be used to identify the type of 
conic that will be produced by graphing a general second-degree equation in two variables. 


Conic Identification Theorem 


The graph of 
Ax? + Bxy + Cy? + Dx + Ey + F=0 


is either a conic or a degenerate conic. If the graph is a conic, then the graph can 
be identified by its discriminant B’ — 4AC. The graph is 


. an ellipse or a circle, provided B? — 44C < 0. 
= a parabola, provided B? — 44C = 0. 
. a hyperbola, provided B? — 4AC > 0. 


EXAMPLE 3 Identify Conic Sections 


Each of the following equations has a graph that is a nondegenerate conic. Compute 
B’ — 4AC to identify the type of conic given by each equation. 


a. 2x* — 4xy + 2y* — 6x — 10 = 0 b. —2xy + 11 =0 
c. 3x7 + dxy + 4y? — 8x + 10y + 6 =0 d. xy -—3y°+2=0 
Solution 


a. Because B* — 4AC = (-4)? — 
b. Because B? — 44C = (—2)? — 
c. Because B* — 44C = 5? — 4(3 
d. Because B? — 44C = 1? — 4(0 


2)(2) = 0, the graph is a parabola. 
0)(0) > 0, the graph is a hyperbola. 
4) < 0, the graph is an ellipse or a circle. 


—3) > 0, the graph is a hyperbola. 


@ Try Exercise 32, page 677 


® Using a Graphing Utility to Graph Second-Degree 
Equations in Two Variables 


Integrating Technology 


To graph a general second-degree equation in two variables with a graphing utility, we 
first must solve the general equation for y. Consider the general second-degree equa- 
tion in two variables 

Ax? + Bxy + Cy? + Dx + Ey + F=0 (1) 
where A, B, C, D, E, and F are real constants, and C # 0. To solve Equation (1) for y, 
we first rewrite the equation as 


Cy? + (Bx + E)y + (Ax? + Dx + F) =0 (2) 


4 Integrating Technology 


A TI-83/TI-83 Plus/TI-84 Plus 
graphing calculator program is 
available to graph a rotated conic 
section by entering its coeffi- 
cients. This program, ROTATE, 
can be found our website at 
http://www.cengage.com/math/ 
aufmann/algtrig7e. 
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Applying the quadratic formula to Equation (2) yields 


—(Bx + E) + V(Bx + E) — 4C(Ax? + Dx + F) 


y= IC (3) 


Thus the graph of Equation (1) can be constructed by graphing both 


—(Bx + E) + V(Bx + EY — 4C(Ax* + Dx + F) 


n= oa (4) 
and 
—(Bx + E) — V(Bx + E)? — 4C(Ax? + Dx + F) 
y= oa (5) 


on the same screen. 


EXAMPLE 4_ Use a Graphing Utility to Graph a Conic 


a Use a graphing utility to graph each conic. 


a. 7x? + 6xy + 2.5y* — 14x + 4y + 9 =0 
b. x? + Sxy + 3y? — 25x — 84y + 375 = 0 
c. 3x7 — 6xy + 3y? — 15x — 12y — 8 = 0 


Solution 


Enter y,; (Equation 4) and y, (Equation 5) into the function editing menu of a graphing 
utility. See Figure 8.56. 


a. Store the following constants in place of the indicated variables. 
A=T7, B=6, C=2.5, D=-—14, E=4, and F=9 
(Note: To store 7 to the variable A, press 7| STO >| A [ENTER}.) 


Graph y, and yy on the same screen. The union of the two graphs is an ellipse. See 
Figure 8.57. 


Plot! Plote Plot3 


\Y1 & (-(BX+E)+ /((BX+E)2-4c] 
(AX2+DX+F)))/(2C) 


\Y2 & (-(BX+E)-/((BX+E)2-UC 
(AX2+DX+F))) / (2C) 


\Y3 = 


Tx? + Oxy + 2.5y? — 14x + 4y + 9=0 
Figure 8.56 Figure 8.57 


(continued) 
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b. 


Store the following constants in place of the indicated variables. 


A=1, B=5, C 


3, D=-25, E=—84, and F = 375 


Graph y, and y, on the same screen. The union of the two graphs is a hyperbola. See 
Figure 8.58. 


Store the following constants in place of the indicated variables. 


A=3, B=-6 C=3, D=—I15, E=-12, and F=-8 


Graph y, and y, on the same screen. The union of the two graphs is a parabola. See 


Figure 8.59. 


x? + 5xy + 3y? — 25x — 84y + 375 = 0 


Figure 8.58 


# Try Exercise 26, page 677 


3x? 


3y? — 15x 
Figure 8.59 


6xy 4 12v-8=0 


EXERCISE SET 8.4 


In Exercises 1 to 8, find the acute angle of rotation a that 
can be used to rewrite the equation in a rotated x’y’- 


In Exercises 9 to 20, find an equation of the conic in a 
rotated x’y’-system without an x’y’ term. Graph the 


system without an x’y’ term. State approximate equation. 
solutions to the nearest 0.1°. 9. xy =4 
1. x =3 
#10. xy = —10 
2. 5x? — 3xy — 57-1 =0 
11. 6x” — 6xy + 14y’ — 45 = 0 
3. 9x? — 24xy + 16y? — 320x — 240y = 0 
12. 11x? — 10 V3xy + y? — 20 = 0 
4. x° + 4xy + 4° - 6x —-5 = 0 
13. x? + 4xy — 2y7- 1 =0 
5. 5x2 — 6 V3xy — lly? + 4x — 3y +2 = 0 ia 
6. 5x2 + Axy + 8? — 6x + 3y — 12 =0 14. 9x? — 24xy + 16? + 100 = 0 
7. 2t+xuy+y-4=0 15. 3x2 + 2V/3xy + y? + 2x 2V3y + 16 0 
8. —2x2 + V3xy — 3y? + 2x + 6y + 36 = 0 16. x2 + 2xy + y? + 2V2x — 2V2y = 0 


17. 9x7 — 24xy + 16y? — 40x — 30y + 100 = 0 


18. 24x? + 16V/3xy + 82 —x + V3y — 8 =0 


19. 6x7 + 24xy — y? — 12x + 26y + 11 =0 


m20. x7 + 4xy + 4y” 2V5x 4 V5y = 0 


) In Exercises 21 to 26, use a graphing utility to graph 
each equation. 


21. 6x? — xy + 2y? + 4x — 12y +7 =0 


22. 5x? — 2xy + 10y* — 6x — 9y — 20 = 0 


23. x? — Oxy + y? — 2x — Sy + 4=0 


24, 2x7 — 10xy + 3y? — x — 8y -7=0 


25. 3x7 — 6xy + 3y? + 10x — 8y -2=0 


m26. 2x7 — 8xy + 8y? + 20x — 24y —-3 = 0 


27. Hyperbola Find the equations of the asymptotes, relative to 
an xy-coordinate system, for the hyperbola defined by the 
equation in Exercise 13. Assume that the xy-coordinate system 
has the same origin as the x’y’-coordinate system. 


28. Parabola Find the coordinates of the foci and the equation of 
the directrix, relative to an xy-coordinate system, for the para- 
bola defined by the equation in Exercise 16. Assume that the 
xy-coordinate system has the same origin as the x’y’-coordinate 
system. 


29. Ellipse Find the coordinates of the foci, relative to an xy- 
coordinate system, for the ellipse defined by the equation in 
Exercise 11. Assume that the xy-coordinate system has the 
same origin as the x'y’-coordinate system. 


In Exercises 30 to 40, use the Conic Identification 
Theorem to identify the graph of each equation as 
a parabola, an ellipse or a circle, or a hyperbola. 


30. xy = 4 
31. x + xy — y? — 40=0 


32. lix? — 10V3xy + 2 — 20=0 


33. 3x2 + 2 V3xy + y? — 3x + 2y + 20 = 0 


34. 9x? — 24xy + 16y? + 8x — 12y — 20 = 0 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 
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4x? — 4xy + y? — 12y + 20 =0 


5x? + 4xy + 8y? — 6x + By — 12 = 0 


5x2 — 6V3xy — lly? + 4x — 3y +2 =0 


6x? — 6xy + 14y? — 14x + 12y — 60 = 0 


6x? + 2V3xy 5y — 3x + 2y — 20 =0 


5x7 — 2V3xy av —-x+y-12=0 


By using the rotation-of-axes equations, show that for 
every choice of a, the equation x7 + y* =r? becomes 
(x')? 4: (y')? = Pr. 


The vertices of a hyperbola are (1,1) and (—1, —1). The 
foci are (V2, V2) and (—V2, —V2). Find an equation of 
the hyperbola. 


The vertices on the major axis of an ellipse are the points 
(2,4) and (—2,—4). The foci are the points (V2,2V2) 
and (—V2, —2V2). Find an equation of the ellipse. 


The vertex of a parabola is the origin, and the focus is the point 
(1, 3). Find an equation of the parabola. 


An Invariant Theorem Let 


be an equation of a conic in an xy-coordinate system. Let the 
equation of the conic in the rotated x’y’-coordinate system be 


A(x + Bey +O (yl) + De + By +P = 0 
Show that 


A+C =A+C 


An Invariant Theorem Let 


be an equation of a conic in an xy-coordinate system. Let the 
equation of the conic in the rotated x’y’-coordinate system be 


AGS SBS + CYS + DY + Ey +r =0 
Show that 


(B')? — 44'C' = B? — 4AC 


Use the result of Exercise 46 to verify the Conic Identification 
Theorem, stated on page 674. 


Derive Equation (2), page 671, of the rotation-of-axes formulas. 
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MID-CHAPTER 8 QUIZ 


1. Find the equation in standard form of the parabola with vertex 5. Find the center, verticies, foci, and asymptotes for the hyper- 


at (6, 2) and focus at (4, 2). 


2. Find the standard form of the equation of the ellipse with 
center (5, —3), foci (5, —1) and (5 


length 2. 


bola given by 


4x — 9? — 24x + 18y —-9 = 0 


, —5), and minor axis of Sketch the graph of the hyperbola. 


6. The equation of a conic is given by 


3. Find the vertex, focus, and directrix of the parabola given by 


—2x + 3 + 6y =3 


Sketch the graph of the parabola. 


4. Find the center, vertices, and foci of the ellipse given by 


Ix? — 4V3xy + 3° — 9 = 0 


Use the Rotation Theorem for Conics to find an equation of the 
conic in a rotated x’y’-system without an x’y’ term. Sketch the 
graph of the resulting equation. Label the x-axis, y-axis, x’-axis, 
and y’-axis. 


4x° + 25y? + 32x — 150y 
Sketch the graph of the ellipse. 


+ 189 = 0 


SECTION 8.5 


Polar Coordinate System 


Graphs of Equations in a Polar 
Coordinate System 


Transformations Between 
Rectangular and Polar 
Coordinates 

Writing Polar Equations as 
Rectangular Equations and 
Rectangular Equations as 
Polar Equations 


P(r, @) 


O Pole Polar axis 


Figure 8.60 


Introduction to Polar Coordinates 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A55. 


PS1. Is sin x an even or odd function? [5.5] 


PS2. Is cos x an even or odd function? [5.5] 


yA 

PS3. Solve tana = —V3 for 0 < a < 2m. [6.6] 64 
3 1 [ 

PS4. Ifsina = — ae and cos a = — > with at 


0° < a < 360°, find a. [6.6] 


PS5. Write (r cos 0)? + (rsin 6)? in simplest form. [6.1] 


PS6. For the graph at the right, find the coordinates of point | | “> 4. 6 
A. Round each coordinate to the nearest tenth. [5.2] 


® Polar Coordinate System 


Until now, we have used a rectangular coordinate system to locate a point in the coordi- 
nate plane. An alternative method is to use a polar coordinate system, wherein a point is 
located by giving a distance from a fixed point and an angle from some fixed direction. 

A polar coordinate system is formed by drawing a horizontal ray. The ray is called 
the polar axis, and the initial point of the ray is called the pole. A point P(r, @) in the plane 
is located by specifying a directed distance r from the pole and an angle 6 measured from 
the polar axis to the line segment OP. The angle can be measured in degrees or radians. 
See Figure 8.60. 

The coordinates of the pole are (0,6), where @ is an arbitrary angle. Positive 
angles are measured counterclockwise from the polar axis. Negative angles are measured 


3n 
2 


Figure 8.62 


ae 
6 
Figure 8.63 


d= 
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clockwise from the axis. Positive values of 7 are measured along the ray that makes an 
angle of 6 from the polar axis. Negative values of r are measured along the ray that makes 
an angle of 6 + 180° from the polar axis. See Figure 8.61 and Figure 8.62. 

In a rectangular coordinate system, there is a one-to-one correspondence between the 
points in the plane and the ordered pairs (x, y). This is not true for a polar coordinate sys- 
tem. For polar coordinates, the relationship is one to many. Infinitely many ordered-pair 
descriptions correspond to each point P(r, @) in a polar coordinate system. 

For example, consider a point whose coordinates are P(3, 45°). Because there are 
360° in one complete revolution around a circle, the point P also could be written as 
(3, 405°), as (3, 765°), as (3, 1125°), and generally as (3, 45° + n+ 360°), where n is an 
integer. It is also possible to describe the point P(3, 45°) by (—3, 225°), by (—3, —135°), 
and by (3, —315°), to name just a few options. 

The relationship between an ordered pair and a point is not one to many. That is, given 
an ordered pair (7,6), there is exactly one point in the plane that corresponds to that 
ordered pair. 


® Graphs of Equations in a Polar Coordinate System 


A polar equation is an equation in r and @. A solution to a polar equation is an ordered 
pair (r, 0) that satisfies the equation. The graph of a polar equation is the set of all points 
whose ordered pairs are solutions of the equation. 


The graph of the polar equation 8 = 7 is a line. Because @ is independent of 7, 0 is z 
radian from the polar axis for all values of r. The graph is a line that makes an angle of 


@ radian (30°) from the polar axis. See Figure 8.63. 


Polar Equations of a Line 


The graph of 6 = a isa line through the pole at an angle of a from the polar axis. 
See Figure 8.64a. 


The graph of r sin 86 = a is a horizontal line passing through the point (« =) 
‘ 2 
See Figure 8.64b. 


The graph of r cos 6 = a isa vertical line passing through the point (a, 0). See 
Figure 8.64c. 


NIA 
Nia 


—— 0 
(a, 0) 


a.0=a b. rsind =a c. rcosd =a 


Figure 8.64 
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4 4n 51 4 
3 3n 3 
2. 
r=2 
Figure 8.65 

= 
2 
(r, 8) 
@ 
0 
-0 
(r, -0) 


Symmetry with respect to 
the line 6 = 0 


Figure 8.66 


Figure 8.65 is the graph of the polar equation r = 2. Because r is independent of 6, 
r is 2 units from the pole for all values of 6. The graph is a circle of radius 2 with center 
at the pole. 


Graph of r= a 


The graph of r = a is a circle with the center at the pole and the radius a. 


Suppose that whenever the ordered pair (r, @) lies on the graph of a polar equation 
(r, —@) also lies on the graph. From Figure 8.66, the graph will have symmetry with 
respect to the line 6 = 0. Thus one test for symmetry is to replace 6 by —@ in the polar 
equation. If the resulting equation is equivalent to the original equation, the graph is sym- 
metric with respect to the line 0 = 0. 

Table 8.2 shows the types of symmetry and their associated tests. For each type, if the 
recommended substitution results in an equivalent equation, the graph will have the indi- 
cated symmetry. Figure 8.67 illustrates the tests for symmetry with respect to the line 


0= zn and for symmetry with respect to the pole. 


Table 8.2 Tests for Symmetry 
| Substitution Symmetry with Respect to 
—6 for 0 | The line 6 = 0 
a — @ for 6, —r forr The line 6 = 0 


T 
a — @foré The et 5 
| . T 
—6 for 6, —r for r The line 0 = 5 
—r forr The pole 
a + @ ford The pole 
a 
2 
(r, 8) 
6 
\ 0 
¢7 
¢ 
¢? 
a 
7 (-1r, 0 
rs ee ay T) 
Symmetry with respect to the line 6 = ; Symmetry with respect to the pole 


Figure 8.67 


The graph of a polar equation may have a type of symmetry even though a test for that 
symmetry fails. For example, as we will see later, the graph of r = sin 20 is symmetric 
with respect to the line 9 = 0. However, using the symmetry test of substituting —6 for 6, 
we have 


sin2(—0) = —sin20 = -r#r 


r= 4cosé 
Figure 8.68 
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Thus this test fails to show symmetry with respect to the line 6 = 0. The symmetry test 
of substituting 7 — 6 for @ and —r for r establishes symmetry with respect to the line 
d= 0. 


EXAMPLE 1_ Graph a Polar Equation 


Show that the graph of r = 4 cos @ is symmetric with respect to the line 9 = 0. Graph 
the equation. 


Solution 
Test for symmetry with respect to the line 6 = 0. Replace @ with —6. 


r = 4cos(—0) = 4cos@ * cos(—0) = cos 6 


Because replacing 6 with —@ results in the original equation r = 4 cos 6, the graph is 
symmetric with respect to the line 6 = 0. 

To graph the equation, begin choosing various values of 6 and finding the corre- 
sponding values of r. However, before doing so, consider two further observations that 
will reduce the number of 6-values you must choose. 

First, because the cosine function is a periodic function with period 277, it is 
only necessary to choose 6-values between 0 and 27 (0° and 360°). Second, when 
> <¢0< =. cos @ is negative, which means that any 6 between these values will 
produce a negative 7. Thus the point will be in the first or fourth quadrant. That is, we 
need consider only angles 6 in the first or fourth quadrants. However, because the 
graph is symmetric with respect to the line 0 = 0, it is only necessary to choose values 


of 0 between 0 and ms 


By symmetry 
e—eeeeeooooOoOoOO-:eeaeee3 
a | «wil ai © 
4 3 | 2 


The graph of r = 4 cos @ is a circle with center at (2, 0). See Figure 8.68. 
@ Try Exercise 14, page 690 | 


Polar Equations of a Circle 


The graph of the equation r = a is a circle with center at the pole and radius a. 
See Figure 8.69a on page 682. 


The graph of the equation r = a cos @ is a circle that is symmetric with respect to 
the line 0 = 0. See Figure 8.69b. 


The graph of r = asin @ is a circle that is symmetric with respect to the line 


6= me See Figure 8.69c. 
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Math Matters 


A limagon (le-ma-’so") is a “heart- 
shaped” curve. The name limagon 
derives from the Latin word limax, 
which means “snail.” The Renais- 


sance artist Albrecht Diirer was 
the first person to investigate 
curves of this type. In 1525 he 
published Underweysung der 
Messung (Instruction in 
Measurement), which illustrated 
geometric procedures for 
producing limagons. 


Albrecht Durer (1471-1528) 


The Gallery Collection/CORBIS 


x 


ar=a b. r = acos0 c. r= asind 


Figure 8.69 


Just as there are specifically named curves in an xy-coordinate system (such as 
parabola and ellipse), there are named curves in an r@-coordinate system. Three of the 
many types are the /imagon, the rose curve, and the lemniscate. 


Polar Equations of a Lima¢gon 


The graph of the equation r = a + bcos @ is a limacon that is symmetric with 


respect to the line 6 = 0. 


The graph of the equation r = a + b sin @ is a limacon that is symmetric with 


respect to the line 6 = a 


In the special case where la| = |d|, the graph is called a cardioid. 


The graph of r = a+ bcos@ is shown in Figure 8.70 for various values of a 
and b. 


{\s2 1<|2| <2 {) a1 Sci 
b b b 
Convex limagon Limagon Cardioid Limagon 
(no dimple) (with a dimple) (heart-shaped limagon) (with an inner loop) 
Figure 8.70 

EXAMPLE 2 Sketch the Graph of a Limacon 
Sketch the graph of r = 2 — 2 sin @. 
Solution 
From the general equation of a limacon r = a + b sin @ with |a| = |b| (|2| = |—2)), 


the graph of r = 2 — 2 sin @ is a cardioid that is symmetric with respect to the 


lineo = — 
in rs 
oo 


r=2-2sin60 
Figure 8.71 


-4 


r=3-—2cos0 
Figure 8.74 
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Because we know that the graph is heart-shaped, we can sketch the graph by find- 
ing r for a few values of 8. When 6 = 0,r = 2. When 6 = af r = 0. When 6 = 7, 
3 
r = 2. When 0 = — r = 4. Sketching a heart-shaped curve through the four points 


(2, 0), (0,2), (2,7), and (4,22) 


produces the cardioid in Figure 8.71. 


@ Try Exercise 20, page 690 


Example 3 shows how to use a graphing utility to construct a polar graph. 


EXAMPLE 3 Use a Graphing Utility to Graph a Polar Equation 


(Ae Use a graphing utility to graph r = 3 — 2 cos @. 


3255 


Solution 


From the general equation of a limagon r = a + bcos 0, with a = 3 and b = —2, we 
know that the graph will be a limagon with a dimple. The graph will be symmetric with 
respect to the line 6 = 0. 

Select polar mode with angle measure in radians. (See Figure 8.72.) Enter the 
equation r = 3 — 2 cos @ in the polar function editing menu. (See Figure 8.73.) 


NORMAL aa Plotl Plot2 Plot3 
ug Oal2 3456789 
ash) DEGREE \r, B 3-e2COS{(6) 


FUNC PAR [Ela SEQ \to= 


N 3 = 

\ fy = 

: \fs = 
SETCLOCK Wj a= eee \ fe = 


Figure 8.72 Figure 8.73 


The graph in Figure 8.74 was produced with a TI-84 calculator using the following 
window settings. 

emin=0 Xmin=-6 Ymin=-4 

émax=e2n Xmax=6 Ymax=4 

ostep=0.1 Xscl=l Yscl=1 


# Try Exercise 28, page 690 


When using a graphing utility in polar mode, choose the value of 0 step carefully. If 
0 step is set too small, the graphing utility may require an excessively long period of time 
to complete the graph. If @ step is set too large, the resulting graph may give only a rough 
approximation of the actual graph. 
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r = 2sin36 
Figure 8.76 


Polar Equations of Rose Curves 


The graphs of the equations r = a cos n@ andr = asin né are rose curves. When 
n is an even number, the number of petals is 2n. See Figure 8.75a. When 7 is an 
odd number, the number of petals is n. See Figure 8.75b. 


T 0 1 0 
3a 
2 
a. r = acos 40 b. r = acos 50 
n = 4 is even, 2n = 8 petals n = 5 is odd, 5 petals 
Figure 8.75 


Question ¢ How many petals are in the graph of 
a. r = 4cos 36? b. r = 5 sin 26? 


EXAMPLE 4 _ Sketch the Graph of a Rose Curve 


Sketch the graph of r = 2 sin 30. 


Solution 

From the general equation of a rose curve r = a sin nO, with a = 2 andn = 3, the graph 
: : : ae ; 7 

of r = 2 sin 36 is a rose curve that is symmetric with respect to the line 6 = 3° Because 


nis an odd number (n = 3), there will be three petals in the graph. 
Choose some values for 6 and find the corresponding values of r. Use symmetry 
to sketch the graph. See Figure 8.76. 


7 7 5a 7 V1 7 
18 6 18 3 18 2 
0.0 | 1.0) 2.0) 1.0 0.0 | -—1.0 | —2.0 


0 


# Try Exercise 16, page 690 


EXAMPLE 5 Use a Graphing Utility to Graph a Rose Curve 


BA Use a graphing utility to graph r = 4 cos 20. 


Solution 


From the general equation of a rose curve r = a cos n@, with a = 4 andn = 2, we 
know that the graph will be a rose curve with 2n = 4 petals. The very tip of each petal 


Answer ® a. Because 3 is an odd number, there are three petals in the graph. 
b. Because 2 is an even number, there are 2(2) = 4 petals in the graph. 


Math Matters 


The word /emniscate (lem-nis-kit) 
derives from the Latin word /emnis- 
catus, which means “decorated 
with ribbons.” The lemniscate 
curve is used as the mathematical 
symbol for infinity. 
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will be a = 4 units away from the pole. Our symmetry tests also indicate that the graph 
is symmetric with respect to the line @ = 0, the line 6 = = and the pole. 


Use the polar mode with the angle measure in radians. Enter the equation 
r = 4cos 26 in the polar function editing menu. The graph in Figure 8.77 was 
produced with a TI-84 calculator using the following window settings. 


émin=0 Xmin=-6 Ymin=-4 
Omax=2n Xmax=6 Ymax=4 
éstep=0.1 Xscl=l Yscl=1 


r = 4cos 20 
Figure 8.77 


# Try Exercise 34, page 690 


Polar Equations of Lemniscates 


The graphs of the polar equations 77 = a’ sin 26 and r° = a’ cos 20 are called 
lemniscates. Their graphs have a characteristic shape consisting of two loops that 
intersect at the pole. See Figure 8.78 and Figure 8.79. 


Figure 8.78 Figure 8.79 
The graph of :* = a” sin 20 is symmetric The graph of 7? = a’ cos 26 is symmetric 
with respect to the line @ = 7/4 and the with respect to the line 6 = 0, the line 
pole. 0 = w/2, and the pole. 
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EXAMPLE 6 _ Sketch the Graph of a Lemniscate 


Sketch the graph of r7 = 9 cos 20. 


Solution 

The equation r? = 9 cos 26 is of the form r? = a’ cos 20 with a = 3. Thus the graph 

is a lemniscate that is symmetric with respect to the line 6 = 0, the line 6 = 7/2, and 
the pole. Start by plotting a few points in the interval 0 = 6 < 7/4. The points from 

the following table are plotted in Figure 8.80. 


0 7 T T 
12 6 4 
9V3 9 
9 ee = 0 
2 2 
+3 |X +2.79'% +212) 0 


The complete graph can now be produced by using symmetry with respect to the line 
0 = 0 or by using symmetry with respect to the line 6 = 77/2. See Figure 8.81. 
lt & Sa 


2n 72 2 12 
3 


3 
a 


SHLD 
NS 


a|3 


an Sa 
3 It 3_ 19" 3 


2 > 72 


r=9%cos20, 0X05 r° = 9cos 20 


ae 
4 . 
Figure 8.80 Figure 8.81 


@ Try Exercise 24, page 690 


Question ¢ Are there any points on the graph of 7 = 9 cos 26 for 7/4 < 0 < 37/4? 


M® Transformations Between Rectangular and Polar Coordinates 


A transformation between coordinate systems is a set of equations that relate the coordi- 
nates of a point in one system with the coordinates of the point in a second system. By 
superimposing a rectangular coordinate system on a polar system, we can derive the set of 
transformation equations. 

Construct a polar coordinate system and a rectangular system such that the pole coin- 
cides with the origin and the polar axis coincides with the positive x-axis. Let a point P 
have the coordinates (x, y) in one system and (r, 6) in the other (r > 0). 


Answer ® No. When 77/4 < @ < 377/4, the expression 9 cos 20 is negative but r? is never nega- 
tive. Thus the equation r? = 9 cos 26 has no solutions on the interval 7/4 < 0 < 37/4. 


Figure 8.82 


LK 
IY. <> 
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From the definitions of sin 6 and cos 6, we have x = rcos 6 and y = rsin@. It can be 
shown that these equations are also true when r < 0. 

Thus given the point (7, @) in a polar coordinate system (see Figure 8.82), the coordi- 
nates of the point in the xy-coordinate system are given by x = rcos @ andy = rsin 0. 

For example, to find the point in the xy-coordinate system that corresponds to the point 


2 21 
(4, = in the r@-coordinate system, substitute 4 for r and = for 6 into the equations 


and simplify. 


2 1 2 3 
x =4cos— = (-4)--2 and y tsin 2 = a( V3) = 2v5 


2 


2 
The point (4 =) in the r6-coordinate system is (—2, 2V3) in the xy-coordinate system. 


To find the polar coordinates of a given point in the xy-coordinate system, use the 
Pythagorean Theorem and the definition of the tangent function. Let P(x, y) bea point in 
the plane, and let r be the distance from the origin to the point P. Then r = Vx? + y”. 

From the definition of the tangent function of an angle in a right triangle, 


ims 
x 


Thus @ is the angle whose tangent is a The quadrant for 6 depends on the sign of x and 
the sign of y. * 


Transformations Between Polar and Rectangular Coordinates 


Given the point (7, @) in the polar coordinate system, the transformation equations 
to change from polar to rectangular coordinates are 


x =rcosé y=rsiné 


Given the point (x, y) in the rectangular coordinate system, the transformation 
equations to change from rectangular to polar coordinates are 


Pa=yrt+y tan =~, x #0 
xX 


where @ is chosen so that the point lies in the appropriate quadrant. If x = 0, then 
9 7 9 37 
=—ord=—. 
2 2 


EXAMPLE 7 Transform from Polar to Rectangular Coordinates | 


Find the rectangular coordinates of the points whose polar coordinates are as follows. 


3 
a. (« =z) b. (—4, 30°) 


(continued) | 
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EXAMPLE 8 Transform from Rectangular to Polar Coordinates 


Solution 
Use the transformation equations x = r cos @ and y = r sin 0. 


3 3 
a. x = 600s = -3V2 y = 6sin= = 3V2 


3 
The rectangular coordinates of G =) are (-3V2, 3V2). 


b. x = —4cos30° = -2V3 ~~ y = —4sin 30° = -2 
The rectangular coordinates of (—4, 30°) are =75 2) 


@ Try Exercise 44, page 690 


Converting from rectangular coordinates (x, y) to polar coordinates (7, @) is slightly more 
complicated than converting from polar to rectangular, because a point in polar coordinates 
has many representations. 


Find polar coordinates, with 0 <= @ < 27, for the point with rectangular coordinates (— V3, —1). 


Algebraic Solution 


Since x = —V3 and y = —1, we see that 7° = x? + y? = (-V3)? + (-1)P = 4. yh 
Thus r = 2 or —2. Now we need to find 0. 
2- 
‘aie y =] V3 
and =—= = 
x -V3 3 In OL 


Visualize the Solution 


o=— re 
on | Gale at > 


3 
Two solutions of tan 6 = ue are 9 = . and 6 = a ae. ate 2 


Because the point (— V3, —1) lies in Quadrant III, we can write it in polar 


(2, 7) and (-2 =) ms a 


coordinates as 


@ Try Exercise 56, page 690 


® Writing Polar Equations as Rectangular Equations 
and Rectangular Equations as Polar Equations 


Using the transformation equations, it is possible to write a polar equation in rectangular 
form or a rectangular equation in polar form. 


EXAMPLE 9 Write a Polar Equation in Rectangular Form 


Find a rectangular form of the equation r? cos 26 = 3. 
Solution 
r’ cos 20 = 3 


r-(1 — 2 sin’? 6) = 3 cos 20 = 1 — 2 sin’ 0 
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r? — 2r’ sin? 9 = 3 
r’ — 2(rsin@)? = 3 
r+ yy — 27 =3 r= x24 y2 sing =~ 
vr -—y=3 
A rectangular form of r? cos 20 = 3 is x? — y* = 3. 


Try Exercise 66, page 690 


Sometimes the procedures of squaring each side of a polar equation or multiplying 
each side of a polar equation by 7 can be used to write the polar equation in rectangular 
form. In Example 10 we multiply each side of a polar equation by r to convert the equa- 
tion from polar to rectangular form. 


EXAMPLE 10 Write a Polar Equation in Rectangular Form 


Find a rectangular form of the equation r = 8 cos 6. 


Solution 
r= 8cos0 
r = 8rcosé ¢ Multiply each side by r. 
vr+y = 8x + Use the equations 77 = x° + )” andx = rcos@. 
(x? — 8x) +y =0 + Subtract 8x from each side. 
(x? — 8x + 16) + = 16 * Complete the square in x. 
(x-4P +y=4 * Write in standard form. 


A rectangular form of r = 8 cos 6 is (x — 4)? + )° = 4°. The graph of each of these 
equations is a circle with the center (4, 0) and the radius 4. 


# Try Exercise 58, page 690 


In Example 11, we use the transformation equations x = r cos 6 and y = rsin@ to 
convert a rectangular equation to polar form. 


EXAMPLE 11 Write a Rectangular Equation in Polar Form 


Find a polar form of the equation x7 + y* — 2x = 3. 

Solution 
x+y? — 2x =3 

(7 cos 0)? + (rsin@)* — 2rcos@ = 3 ¢ Use the transformation equations 
x = rcos@ andy = rsiné. 
r*(cos” § + sin’ 6) — 27 cos @ = 3 + Simplify. 

r? — 2rcos@ = 3 

A polar form of x? + y” — 2x = 3 isr? — 2rcos@ = 3. 


@ Try Exercise 78, page 691 
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EXERCISE SET 8.5 


In Exercises 1 to 8, plot the point on a polar coordinate In Exercises 43 to 48, find the rectangular coordinates of 


system. the points with the given polar coordinates. 
1. (2, 60°) 2. (3, -90°) 3. (1, 315°) a3 (-: 2) a4 (2 =) 
, ° 3 . > 3 
7 
4. (2, 400°) 5. (-2.7) 6. (4 mm) 


7. 


(4) 


In Exercises 9 to 26, sketch the graph of each polar 


equeuer: In Exercises 49 to 52, find two pairs of polar coordinates, 
9.r=3 10. r=5 with 0 = @ < 2z, for each point with the given 
fe rectangular coordinates. 
hee 2 = 5 49. (1,-V3) 50. (-4V2, 4V2) 
13. r = 6 cos u14. r= 4sin0 51. (—3, —3) 52. (3V3, 3) 
15. r = 4 cos 20 m16. r = 5 cos 30 In Exercises 53 to 56, find two pairs of polar coordinates, 
with 0° = @ < 360°, for each point with the given 
17. r = 2 sin 50 18. r = 3 cos 50 rectangular coordinates. Round approximate angle 
measures to the nearest tenth of a degree. 
19. r=2-—3sin0 g20.r=2-2 0 
‘ -_ . _ 53. (=7,7) 54, (-5'V3,=5) 
21. r=4+4+ 3sind 22. r=2+ 4sin0 
. ee . mn 55. (3,4) 56. (12, —5) 
23. 7° = —16 cos 20 m24, 7° = 25 sin 20 
In Exercises 57 to 70, find a rectangular form of each of 
25. r=2[1+ 15sin(—@)] 26. r= 4(1 — sin@) the equations. 
57. r = 3cos0 058. r = 2sin0 
=) In Exercises 27 to 42, use a graphing utility to graph 
each equation. 59. r = 3 secd 60. r = 4csc 0 
27. r= 3+ 3cosd m28. r=4- 4sin0 T 
61. r=4 62. 0 = re 
29. r = 4cos 30 30. r = 2 sin 40 
7 
31. r = 3 sec 32. r = 4csc0 Be ae 
33. r= —Sescé m34. r= —4sec0 65. r = tand ™66. r = cotd 
35. r = 4sin (3.50) 36. r = 6cos (2.250) 2 2 
67. r = ———_ 68. r = ——— 
1 + cos @ 1 — sin é 


37. 


39. 


41. r 


r=0,0=05 67 


r=2°0<0<27 


6 cos 70 + 2 cos 30 
cos @ 


38. r= -0,0=605 67 


1 
40. r=75,0<0 540 


4 cos 30 + cos 50 


42. r 


cos 8 


69. r(sin@ — 2cos 6) = 6 70. r(2.cos@ + sin@) = 3 
In Exercises 71 to 82, find a polar form of each of the 
equations. 


71. y=2 72. x= —4 
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73. y= V3x 74. y =x 95. r = 2(1 + sec @) (conchoid) (Use DOT mode.) 
75: x= 3 76. xy =4 96. r = 2 cos 26 sec 4 (strophoid) 

77. x + yy =4 m78. 2x — 3y = 97. r0 = 2 (spiral) -40 <0 540 

79, x? = By 80. y? = 4y 98. r = 2 sin 6 cos 20 (bifolium) 0 <6 <7 

81. x? — y? = 25 82. x7 + 4)? = 16 99. r= |0| -30=<0 = 30 


100.r=In@d 0<6<=107 


In Exercises 83 to 90, use a graphing utility to graph 101. ee Butterfly Curve The graph of 
each equation. a 
sin ql 0 
83. r= 3 cos( 0 + *) 84. r=2 sin( 0 2 =) r= 15" — 2.5 cos 40 + sin’ = 
is a butterfly curve similar to the one shown below. 
85. r= 2 sn( 20 - =) 86. r = 3 cos(20 + =) 
x 
F 7 7 2n 2 x 
87. r= 24 2sin| 06 - — 88. r = 3 — 2cos| 0+ — 3n 3 3 0 
' : 5 Ey tes ‘ T 
= a Ay)» 6 
7 7 T x) 
89. r= 1+ 3c0(0 +7) 90. r= 2 —4sin( 0 - 7) m WF \ ' 
Ni i) A 
SVs 


In Exercises 91 and 92, give the requested explanation. 


Toe 


7 11 
91. ie Explain why the graph of r* = cos’ @ and the graph of a E 
r = cos @ are not the same. 
4 4x sx 4 
92. ie Explain why the graph of r = cos 26 and the graph of 2 = 3 


r = 2 cos” — 1 are identical. 
Use a graphing utility to graph the butterfly curve for 


pe) In Exercises 93 to 100, use a graphing utility to graph 


“E a 050557 b. 0 = 6 5 207 
each equation. 


For additional information on butterfly curves, read “The 
Butterfly Curve” by Temple H. Fay, The American 
94, +? = —2 sin 26 (lemniscate) Mathematical Monthly, vol. 96, no. 5 (May 1989), p. 442. 


SECTION 8.6 Polar Equations of the Conics 


Polar Equations of the Conics 
Graphing a Conic Given in Polar 


© 
w 
“ 
i) 
ll 


4 cos 20 (lemniscate) 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 


Fed on page A56. 
Writing the Polar Equation of a 2 2 
eile PS1. Find the eccentricity of the graph of - + - = 1. [8.2] 


PS2. What is the equation of the directrix of the graph of ? = 4x? [8.1] 
PS3. Solve y = 2(1 + yx) for y. [1.1] 
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3 a 
PS4. For the function f(x) = 7 bean what is the smallest positive value of x that 
sin x 


must be excluded from the domain of f? [5.3] 


PSS. Let e be the eccentricity of a hyperbola. Which of the following statements is 
true:e = 0,0 <e< l,e = l,ore > 1? [8.3] 
4 


sec : 
PS6. Write eee in terms of cos x. [6.1] 
2secx — 1 


® Polar Equations of the Conics 


The definition of a parabola was given in terms of a point (the focus) and a line (the direc- 
trix). The definitions of both an ellipse and a hyperbola were given in terms of two points 
(the foci). It is possible to define each conic in terms of a point and a line. 


CALCULUS 
CONNECTION 


Focus—Directrix Definitions of the Conics 


Let F be a fixed point and D a fixed line in a plane. Consider the set of all points P 


such that 7 (P. ) = e, where e is a constant. The graph is a parabola for e = 1, 


an ellipse for 0 < e < 1, anda hyperbola for e > 1. See Figure 8.83. 


The fixed point is a focus of the conic, and the fixed line is a directrix. The constant e is 
the eccentricity of the conic. Using this definition, we can derive the polar equations of the 
conics. 


Figure 8.83 Standard Forms of the Polar Equations of the Conics 


Let the pole be a focus of a conic section of eccentricity e, with directrix d units 
from the focus. Then the equation of the conic is given by one of the following. 


ed ed 
= ——— __ (] 2 
1 + ecos@ © 2) 


Vertical directrix to the Vertical directrix to the 
right of the pole left of the pole 


r SSS 
1 — ecos@ 


‘d d 
1+ esind 1 —esin@ 
Horizontal directrix Horizontal directrix 

above the pole below the pole 


r 


(4) 


When the equation involves cos 6, the line 6 = 0 is an axis of symmetry. 


ae : : MT. : 
When the equation involves sin 0, the line 9 = 3 isan axis of symmetry. 


Graphs of examples are shown in Figure 8.84. 
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r 


(1) 


~ 1+ ecosé 


Directrix _ 


«~—_— qd —_+| 


Figure 8.85 


£ 
re 
3 3 
3m x 
6 6 
a 0 
Tn lx 
6 6 
An Sn 
3 3x 3 
2 
ed ed 
rT ecse™ rT eeune Teme” 
Figure 8.84 
Question ¢ Is the graph of r = 5—3sn0 a parabola, an ellipse, or a hyperbola? 
— 3sin 


We will derive Equation (2). Let P(r, 0) be any point on a conic section. Then, by 
definition, 
a) d(P, F) = e-d(P,D 
oD (P, F) = e-d(P, D) 
From Figure 8.85, d(P, F) = rand d(P, D) = d(A, Q). But note that 
d(A, Q) = d(A, F) + d(F,Q) = d+ rcosé 
Thus 


r= e(d + rcosé) 
= ed + ercos@ 


¢d(P,F) = e-d(P, D) 
r— ercos@ = ed ¢ Subtract er cos 6 from each side. 
ed 


p= * Solve for r. 
1 — ecos@ 


The remaining standard forms can be derived in a similar manner. 


™ Graphing a Conic Given in Polar Form 


EXAMPLE 1_ Sketch the Graph of a Hyperbola Given in Polar Form 
Describe and sketch the graph of r = — 
2 — 3sin@ 


Solution 


Write the equation in standard form by dividing the numerator and denominator by 2, 
the constant term in the denominator. 


4 


3 
1 — =sin 0 
2 (continued ) 


3 
Answer ® The eccentricity is 5 which is less than 1. The graph is an ellipse. 
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Figure 8.86 


Figure 8.87 


3 : : 
Because e is the coefficient of sin 8 and e = 5 > 1, the graph is a hyperbola with a 
focus at the pole. Because the equation contains the expression sin 6, the transverse 
axis is on the line 8 = a 
3 ; 

To find the vertices, choose 6 equal to = and i The corresponding values of r 
ea 
5° 2 
7, we can determine the points (4, 0) and (4, 7) on the upper branch of the hyperbola. 
The lower branch can be determined by symmetry. 


Plot some points (7, 0) for additional values of 6 and corresponding values of r. 
See Figure 8.86. 


8 ; 
are —8 and 5" The vertices are (-8 =) and ( ) By choosing 0 equal to 0 and 


@ Try Exercise 2, page 695 


EXAMPLE 2 Sketch the Graph of an Ellipse Given in Polar Form 


4 


Describe and sketch th h of r = ——_.. 
escribe and sketch the graph of r 5 ceed 


Solution 


Write the equation in standard form by dividing the numerator and denominator by 2, 
which is the constant term in the denominator. 


2 


1 
1 + —cos 0 
7 008 


1 : 
Thus e = 5 and the graph is an ellipse with a focus at the pole. Because the equation 


contains the expression cos 0, the major axis is on the polar axis. 
To find the vertices, choose 6 equal to 0 and 77. The corresponding values for r are 


4 4 
5 and 4. The vertices on the major axis are (Z, 0) and (4, 7). Plot some points (r, 6) 
for additional values of 6 and the corresponding values of r. Two possible points are 


3 
(2, =) and (2, =), See the graph of the ellipse in Figure 8.87. 


@ Try Exercise 4, page 695 


® Writing the Polar Equation of a Conic 


EXAMPLE 3 __ Find the Equation of a Conic in Polar Form 


Find the polar equation of the parabola, shown in Figure 8.88, on page 695, with vertex 
and focus at the pole. 


7 
at {| 2, — 
2 


Figure 8.88 


EXERCISE SET 8.6 


In Exercises 1 to 14, describe and sketch the graph of In Exercises 15 to 20, find a rectangular equation for the 


each equation. 


12 
1 r= —,- 
3 — 6cos 0 
8 
sot T= snd 
5 9 
_r= > 
3 — 3 sind 
10 
7. 6 = > 
5 + 6cos@ 
S.4e 4 sec 0 
2secO — 1 
12 
io. 
6cscO — 2 
3 
13. r = —— 
cos @ — | 


a2. 


a4. 


10. 


12. 


14. r 
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Solution 
. ; 7 . ; 
Because the vertex is on the line 0 = > and the focus is at the pole, the axis of 


symmetry is the line 6 = a Thus the equation of the parabola must involve sin 6. 


The parabola has a horizontal directrix above the pole, so the equation has the form 


ed 


| Ts 
1+ esin@ 


The distance from the vertex to the focus is 2, so the distance from the focus to the directrix 
is 4. Because the graph of the equation is a parabola, the eccentricity is 1. The equation is 


— (4) 

~ 1+ (1) sing 
4 

1 + sind 


‘e=l1,d=4 


@ Try Exercise 24, page 695 


37 
Question ¢ In Example 3, why is there no point on the parabola that corresponds to 6 = a. ? 


given polar equation. 


8 12 8 
= ——___ 15. ¢ = 16. r = ————__ 
2 —4cosé 3 — 6cos 6 2—4cosé 
8 6 
Ree es See 17, 18, r = ——___ 
3+2co0s0 4+ 3sin6 3 + 2cos0 
9 5 
_ 5 19. , = ————__ 20. r = ——_— 
Pa Gan 3 — 3siné 2—2sin0 
8 In Exercises 21 to 28, find a polar equation of the conic with 
~ 2+ 4cos6 focus at the pole and the given eccentricity and directrix. 
3 . — 
38sec 6 21. e = 2,rcosd = —1 te ae a 
2 sec 6 + 2 
23. e = l,rsin@ = 2 m24. e = l,rcos@ = —2 
_  3cscé 2 1 
~ 2esc@ + 2 25. e=5,rsin@ = —4 26. e= 7, rcos8 = 2 
—— 27 3 r= 2sec0 28. ¢=>,r = 2csc6 
and a ear sec ea aG csc 
37 . 4 ' ; 
Answer ® When 0 = —-, sin @ = —1. Thus 1 + sin @ = 0, and r = —————— is undefined. 
2 1 + sind 
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In Exercises 29 to 32, find the polar equation. 
29. Find the polar equation of the parabola with a focus at the pole 
and vertex (2, 7r). 
30. Find the polar equation of the ellipse with a focus at the pole, 


1 
vertex at (4, 0), and eccentricity ri 


31. Find the polar equation of the hyperbola with a focus at the 


3a = 
pole, vertex at (.. > Sp and eccentricity 2. 


32. Find the polar equation of the ellipse with a focus at the pole, 


3a a 2 
vertex at | 2, es , and eccentricity a 


es Ea In Exercises 33 to 40, use a graphing utility to 
graph each equation. Write a sentence that 

explains how to obtain the graph from the graph of ras 

given in the exercise listed to the right of each equation. 


12 
33. r = ——————— (Compare with Exercise 1.) 


ee: (0 a 
= cos = 
6 


8 
34. r= (Compare with Exercise 2.) 
7 
2-4 => 
cos( 5 
8 : , 
35. r - (Compare with Exercise 3.) 
4 + 3sin(@ — 7) 
6 ‘ 3 
36. r = ——————— _ (Compare with Exercise 4.) 
7 
3+ 2 ¢= > 
cos( 3 ) 


37. r= (Compare with Exercise 5.) 
T 
3 — 3 sin| 0+ — 
sin( 6 
5 . ; 
38. r = ———————— (Compare with Exercise 6.) 
T 
2 —2sin| 6+ — 
sin( 5 
10 : : 
39. r= (Compare with Exercise 7.) 
5 + 6cos(@ + 7) 
8 : F 
40. r= (Compare with Exercise 8.) 


T 
2+ 4cos 9+) 


In Exercises 41 to 46, use a graphing utility to graph 
* each equation. 


a a 
3 — sec 0 4 —2csc0 

3 4 
43. r = ———_ 44. r = —————- 
1 + 2cscé@ 1 + 3 sec 0é 


45. r= 4sin V20,0 < 6 < 120 


46. r = 4cos V30,0 < 6 < 8a 


d 

47. Let P(r, @) satisfy the equation r = eT Show that 

d(P, F) e cos 

d(P,D) 
48. Show that the equation of a conic with a focus at the pole and 

ed 
directri in @ = d is given by r = ————_—_., 
irectrix r sin is Given byes aad 


SECTION 8.7 Parametric Equations 


Parametric Equations 


Eliminating the Parameter of a 
Pair of Parametric Equations 


Time as a Parameter 
Brachistochrone Problem 


on page A57. 


Parametric Equations and [1.3] 


Projectile Motion 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 


PS1. Complete the square of y’ + 3y and write the result as the square of a binomial. 


PS2. Ifx = 2t+ landy = - write y in terms of f. [P.1] 


. x-2\ y-3\)? 
PS3. Identify the graph of ss + a a 1. [8.2] 


PS4. Let x = sinf and y = cos t. What is the value of x* + y*? [6.1] 


PS5. Solve y = Int for ¢. [4.5] 


PS6. What are the domain and range of f(t) = 3 cos 2t? Write the answers using inter- 


val notation. [5.5] 


CALCULUS 
CONNECTION 


Figure 8.89 
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® Parametric Equations 
The graph of a function is a graph for which no vertical line can intersect the graph more 


than once. For a graph that is not the graph of a function (an ellipse or a hyperbola, for 
example), it is frequently useful to describe the graph by parametric equations. 


Curve and Parametric Equations 


Let ¢ be a number in an interval /. A curve is a set of ordered pairs (x, vy), where 


x = f(t), y=g(t) fortEel 


The variable ¢ is called a parameter, and the equations x = f(t) and y = g(t) are 
parametric equations. 


For instance, 
x=2t-1, y=4t+1 fortE(—o, 0) 


is an example of a pair of parametric equations. By choosing arbitrary values of ¢, ordered 
pairs (x, y) can be created, as shown in the table below. 


-2 —5 -7 (-5, -7) 
0 -1 1 (-1,1) 
1 
; 0 3 (0, 3) 
2 3 9 (3,9) 


By plotting the points and drawing a smooth curve through the points, a graph of the para- 
metric equations is produced. See Figure 8.89. 


Question ¢ If x = f° + 1 and y = 3 — #, what ordered pair corresponds to ¢ = —3? 


EXAMPLE 1 Sketch the Graph of a Curve Given in Parametric Form 


Sketch the graph of the curve given by the parametric equations 
x=Ptt, y=t-1 fortER 


Solution 


Begin by making a table of values of ¢ and the corresponding values of x and y. Five 
values of ¢ were arbitrarily chosen for the table that follows, on page 698. Many more 


values might be necessary to determine an accurate graph. 
(continued ) 


Answer ® (10, 6). 


698 CHAPTER 8 TOPICS IN ANALYTIC GEOMETRY 


‘| ~2 2 = (2, -3) 
F = 0 2 (0, -2) 
0 0 = (0, -1) 

2 0 (2, 0) 

2 6 1 (6, 1) 


Graph the ordered pairs (x, vy), and then draw a smooth curve through the points. See 


Figure 8.90. 
x=Pt+t @ Try Exercise 6, page 702 
yet 1 
Figure 8.90 @ Eliminating the Parameter of a Pair of Parametric Equations 


It may not be clear from Example | and the corresponding graph that the curve is a 
parabola. By eliminating the parameter, we can write one equation in x and y that is 
equivalent to the two parametric equations. 

To eliminate the parameter, solve y = ¢ — 1 fort. 


y=t-1 or t=ytl1 
Substitute y + 1 for tin x = f° + tand then simplify. 
x= (y+ 1)? +(y+ 1) 


x=y?+3y+2 * The equation of a parabola 
Complete the square and write the equation in standard form. 
1 ca * This i 
(: fe ) _ (> sie ) This is the equation of a parabola 
i 2 ith t t ( : 2) 
with vertex a ra 


EXAMPLE 2 _ Eliminate the Parameter and Sketch the Graph 
of a Curve 


Eliminate the parameter and sketch the curve of the parametric equations 


x = sint, y=cost for0 =t< 27 
Solution 


The process of eliminating the parameter sometimes involves trigonometric identities. 
To eliminate the parameter for the equations, square each side of each equation and 
then add. 

4 = sin? 


y? = cos*t 


BY 


x? + y* = sin? t + cost 


Thus using the trigonometric identity sin? t + cos? t = 1, we get 
g g y g 


rt+y=1 


Figure 8.91 This is the equation of a circle with center (0, 0) and radius equal to 1. See Figure 8.91. 


@ Try Exercise 12, page 702 
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A parametric representation of a curve is not unique. That is, it is possible that a curve may 
be given by many different pairs of parametric equations. We will demonstrate this by using 
the equation of a line and providing two different parametric representations of the line. 

Consider a line with slope m passing through the point (x,,,). By the point-slope 
formula, the equation of the line is 

y— Y= mx — x) 
Let t = x — x,. Then y — y, = mt. A parametric representation is 
x=x+4, y=y, + mt fortareal number 
Let x — x; = cot ¢. Then y — y,; = mcot t. A parametric representation is 


x =x, + cott, y=y,+ moeott forO<t<a7 


It can be verified that each of these two pairs of parametric equations represent the 
original line. 

Example 3 illustrates that the domain of the parameter ¢ can be used to determine the 
domain and range of the curve defined by the parametric equations. 


EXAMPLE 3_ Sketch the Graph of a Curve Given 
by Parametric Equations 


Eliminate the parameter and sketch the graph of the curve that is given by the 
parametric equations 

x =2+ 3cost, y=3+4+2snt forOsSts7 
Solution 


Solve each equation for its trigonometric function. 


Dea! , y= 3 
= cos 
3 


= sint 
Using the trigonometric identity cos” ¢ + sin? t = 1, we have 


2, 2 
2 pay) = 2 y—) _ 
t+ t= + = 1 
cos sin ( 3 ) ( ) 


ely) 3) 
9 4 


=1 


This is the equation of an ellipse with center at (2, 3) and major axis parallel to the x-axis. 
However, because 0 = t = 77, it follows that -1 = cost = 1 andO S sin¢t = 1. 
Therefore, we have 

=2 = 3 - 3 
Se =1 and gas =1 ‘t= — Sige 


3 2 3 2 


Solving these inequalities for x and y yields 


=l=7=5 and 33ys5 


Because the values of y are between 3 and 5, the graph of the parametric equations is 
Figure 8.92 only the top half of the ellipse. See Figure 8.92. 


@ Try Exercise 14, page 702 


7OO CHAPTER 8 


t=-l 


C1, 0) 


(4, -1) 
t=-2 


Figure 8.93 


(0, 1) 


(1, 0) 


(0,-1) 


Figure 8.94 


TOPICS IN ANALYTIC GEOMETRY 


® Time as a Parameter 


Parametric equations are often used to show the movement of a point or object as it travels 
along a curve. For instance, consider the parametric equations 


x=, y=tt+1 for—251s53 


For any given value of f in the interval [—2, 3], we can evaluate x = t? andy = ¢ + 1 
to determine a point (x, y) on the curve defined by the equations. See the following table 
and Figure 8.93. 


y=t+1 | (@y) 
1 (4, -1) 
0 (1, 0) 

1 (0, 1) 
2 (1,2) 
3 

4 


(4, 3) 
(9, 4) 


Win) le | Oo] 


As t¢ takes on values from —2 to 3, the curve defined by the parametric equations is 
traced in a particular direction. The direction in which the curve is traced—by increasing 
values of the parameter t—is referred to as its orientation. In Figure 8.93 the arrowheads 
show the orientation of the curve. 

In Example 4 we let the parameter ¢ represent time. Then the parametric equations 
x = f(é and y = g(t) indicate the x- and y-coordinates of a moving point as a function 
of t. 


EXAMPLE 4 Describe the Motion of a Point 


A point moves in a plane such that its position P(x, y) at time ¢ is 
x=sint, y=cost for0 =t<27 
Describe the motion of the point. 


Solution 


In Example 2 we determined that the graph of x = sint, y = costfor0 = ¢ S 27 isa 
circle with center (0, 0) and radius 1. When t = 0, the point P is at (sin 0, cos 0) = (0, 1). 


3 
When ¢t = ae at (1, 0); when ¢ = 7a, P is at (0, —1); when ¢ = ee at (—1, 0); 


and when ¢ = 27, P is back to its starting position (0, 1). Thus P starts at the point 
(0, 1) and rotates clockwise around the circle with center (0, 0) and radius 1 as the time 
t increases from 0 to 277. See Figure 8.94. 


@ Try Exercise 24, page 703 


® Brachistochrone Problem 


One famous problem, involving a bead traveling down a frictionless wire, was posed in 
1696 by the mathematician Johann Bernoulli. The problem was to determine the shape of 
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a wire a bead could slide down such that the distance between two points was traveled in 
the shortest time. Problems that involve “shortest time” are called brachistochrone prob- 
lems. They are important in physics and form the basis for much of the classical theory of 
light propagation. 

The answer to Bernoulli’s problem is an arc of an inverted cycloid. See Figure 8.95. A 
cycloid is formed by letting a circle of radius a roll on a straight line without slipping. See 
Figure 8.96. The curve traced by a point on the circumference of the circle is a cycloid. To 
find an equation for this curve, begin by placing a circle tangent to the x-axis with a point 
P on the circle and at the origin of a rectangular coordinate system. 

Roll the circle along the x-axis. After the radius of the circle has rotated through an 

Figure 8.95 angle 6, the coordinates of the point P(x, y) can be given by 


x=h-—asind, y=k-—acosé 


where C(h, k) is the current center of the circle. 

Because the radius of the circle is a, k = a. See Figure 8.96. Because the circle rolls 
without slipping, the arc length subtended by @ equals h. Thus A = a@. Substituting for h 
and k in the preceding equations, we have, after factoring, 


x = a(6 — sin@), y=a(l—cos@) ford=0 


See Figure 8.97. 


y=k-acos@ 


Gg 
| | 


> 
x 


| 
I 
I 
I + + 
t > Ta 2na 3na 


x=h-asin@ 


<———— h 


x = a(@ — sin), y = a(1 — cos @) 


Figure 8.96 Figure 8.97 
A cycloid 


EXAMPLE 5 Graph a Cycloid 
f=) Use a graphing utility to graph the cycloid given by 
= x=4(0-—sin@), y=4(l1—cosé) for0=60=547 


Solution 

Although 6 is the parameter in the above equations, many graphing utilities, such as the 
TI-83/TI-83 Plus/TI-84 Plus calculators, use T as the parameter for parametric equations. 
Thus to graph the equations for 0 = 6 = 47, we use Tmin = 0 and Tmax = 47, as 
shown below. Use radian mode and parametric mode to produce the graph in Figure 8.98. 


Tmin=0 Xmin=-6 Ymin=-4 
Tmax=Un Xmax=167 Ymax=10 
; Tstep=0.5 Xscl=e2n Yscl=1 
x = 4(0 — sin 0) 
y = 4(1 — cos 0) 


@ Try Exercise 32, page 703 
Figure 8.98 i pag 
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® Parametric Equations and Projectile Motion 


The path of a projectile (assume air resistance is negligible) that is launched at an angle @ from 
the horizon with an initial velocity of vo feet per second is given by the parametric equations 


x =(vcos6)t, y= —16t? + (vosiné)t 


where ¢ is the time in seconds since the projectile was launched. 


EXAMPLE 6 Graph the Path of a Projectile 


=) Use a graphing utility to graph the path of a projectile that is launched at an angle 

= of @ = 32° with an initial velocity of 144 feet per second. Use the graph to deter- 
mine (to the nearest foot) the maximum height of the projectile and the range of the 
projectile. Assume the ground is level. 


Path of 
projectile 


t=2.38s 
\__Z (290.64, 90.98) 


Solution 
Use degree mode and parametric mode. Graph the parametric equations 


= ° tote 2, 7 ° 
eee x = (1440s 32°), y= —16t + (144sin32°)t forO <4 = 5 


x 


y 


J 600 to produce the graph in Figure 8.99. Use the Maximum and the Zero features to 
determine that the maximum height of 91 feet is attained when ¢ © 2.38 seconds and 
= (144 cos 32°) that the projectile strikes the ground about 581 feet downrange when t ~ 4.76 seconds. 
= —16P + (144 sin 32°)¢ In Figure 8.99, the angle of launch does not appear to be 32° because | foot on the 
Figure 8.99 x-axis is smaller than | foot on the y-axis. 


H Try Exercise 36, page 704 


EXERCISE SET 8.7 


In Exercises 1 to 10, graph the parametric equations In Exercises 11 to 20, eliminate the parameter and graph 
by plotting several points. the equation. 
1. x = 2t4,y = —-t,fortER 7 7 
11. eo eechy = tant r=] eS 
2. x = —3t,y = 6t, forte R 
g12. x =3+2cost,y = —-1 —3sin¢,for0 = t < 27 
3.x=-4y=f —1,fortER ) 5 
13. x =2-¢f,y=3 + 2tr,fortER 
4.x =2t,y =2° —t+ 1, fortER j 5 
g14.x=1+¢,y=2-f,fortER 
5. 8 
si Maa aa 15. x = cos*t,y = sin’ ¢, for0 = ¢ < 27 
= 2 =e 
m6.x=¢+1y=t l,fortE R 16.x=ety =e',fortER 
7. x =2cost,y = 3sint,for0 = t< 27 17. x= Vtt+ Ly=tfort=-—1 
8. x =1-—sint,y = 1+ cost, for0 St < 27 18. x = Vi,y = 2t — 1, fort = 0 
9.x = 2) y = 2"! fortER 19. x =f,y = 3Inz, fort > 0 
10. x =?,y = 2logyt, fort = 1 20. x = ey = e*, fortER 


In Exercises 21 to 26, the parameter t represents time and 
the parametric equations x = f(t) and y = g(t) indicate the 
x- and y-coordinates of a moving point P as a function 
of t. Describe the motion of the point as t increases. 


21.x=2+3costjy=3+2sin¢,for0 =t=7 


: 377 
22. x = sint, y = —cos ft, for 0 ates: 


23. x =2t- ly =t+ 1,for0<1t <3 


m24.x=ft+1yp= Vifor0<s1=<4 


Fan en ee er te 
an\ | APS SECL »forO= t= 5 


26.x=1-ty=P,for0=1=2 


25. 


ca 


In Exercises 27 and 28, eliminate the parameter for 
the given equations and then discuss the differences 
between their graphs. 
27. CC): x=24+?, y=1-2P 

Ohi #24 po l= 2t 


28. C\: x = sec*t, y= tan’ ¢ 


Cr: x=1+?, y= 


7 
for0 =t<— 
or 5 


29. Compare Graphs Sketch the graph of 


x = sint¢, y=csct forO0<ts 


N]a 


Sketch another graph for the same pair of equations but 


choose the domain of tobe 7 << tS oo 


30. Compare Graphs Discuss the differences between the graphs of 
Ci: x=cost, y= cos* t 
and Cy: x=sint, y= sin? ¢ 


forO St=7. 


In Exercises 31 and 32, use a graphing utility to graph 
the cycloid. 


31. &) x = 2(¢ — sins), y = 2(1 — cost) forO = ¢ S 27 


m32. & x = 3(t — sint),y = 3(1 — cos#) for0 <t < 127 


33. 


34. 
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In Exercises 33 and 34, the parameter t represents time and 
the parametric equations x = f(t) and y = g(t) indicate the 
x- and y-coordinates of a moving object as a function of t. 


= A Corvette is traveling east at 65 miles per hour. A 
Hummer is traveling north at 60 miles per hour. Both vehi- 


i] 


cles are heading toward the same intersection. At time ¢ = 0 
hours, the Corvette is 6 miles from the intersection and the 
Hummer is 5 miles from the intersection. 


vA 


Corvette ‘ 
6+ a _/ ill 


es 
< 6 mi = 
4+ 
; N 
5 mi 
2 wofe 
Ss 


Hummer 


a. The location of the Corvette is described by the equations 
x = 65t,y = 5, for t = 0. Find a pair of parametric equa- 
tions that describes the location of the Hummer at the time f, 
where ¢ is measured in hours. 


b. Graph the parametric equations of the vehicles to produce a 
simulation. In the MODE menu, select SIMUL so that the 
motion of both vehicles will be shown simultaneously. Use 
the following window settings. 


Tmin=0 Xmin=-0.6 Ymin=0 
Tmax=0.11 Xmax=10 Ymax=7 
Tstep=0.0005 Xscl=l Yscl=1 


Which vehicle was the first to reach the intersection? 


& A Learjet is flying west at 420 miles per hour. A twin 
= engine Piper Seneca is flying north at 235 miles per hour. 
Both planes are flying at the same altitude. When ¢ = 0 hours, 
the Learjet is 800 miles from the intersection point of the flight 
paths and the Piper Seneca is 415 miles from the intersection 
point. 


vA 


300 4 
a 200) (300, 200) 
| Intersection T 
point 1004 
| 
t | + + t > 
-600 | -400 —200 200 400 * 
I 
I 
I 
I 


(-500, —215) —200 + WwW «|. E 
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(ab) 
EH 


a. The location of the Piper Seneca is described by 
x = —500, vy = —215 + 235¢,¢ = 0. Find a pair of para- 
metric equations that describes the location of the Learjet at 
time ¢, where f¢ is measured in hours. 


b. Graph the parametric equations of the planes to produce a 
simulation. In the MODE menu, select SIMUL so that the 
motion of both planes will be shown simultaneously. Use the 
following window settings. 


Tmin=0 Xmin=-600 Ymin=-330 
Tmax=2 Xmax=400 Ymax=330 
Tstep=0.005 Xscl=l100 Yscl=100 


Which plane was the first to reach the intersection point? 


In Exercises 35 to 38, graph the path of the projectile 


~ that is launched at an angle of @ with the horizon 
with an initial velocity of vo. In each exercise, use the 
graph to determine the maximum height and the range 
of the projectile (to the nearest foot). Also state the 
time t at which the projectile reaches its maximum height 
and the time it hits the ground. Assume that the ground is 
level and the only force acting on the projectile is gravity. 


35. 


036. 


37. 


38. 


0 = 55°, vy = 210 feet per second 


0 = 35°, vy = 195 feet per second 
@ = 42°, vw = 315 feet per second 
0 = 52°, vy = 315 feet per second 


ea Parametric equations of the form x = asin at, 

“y= boos Bt for t = 0 are encountered in electric 
circuit theory. The graphs of these equations are called 
Lissajous figures. In Exercises 39 to 42, set Tstep equal to 
0.05 andO StS 27. 


39. 


40. 


41. 


42. 


43. 


Graph: x = 5 sin 2t, y = 5 cost 

Graph: x = 5 sin 3t, y = 5 cos 2t 

Graph: x = 4 sin 2t, y = 4 cos 3t 

Graph: x = 5 sin 10t, y = 5 cos 9¢ 

Parametric Equations for a Line Let P,(x,,y,) and 
P (x2, 2) be two distinct points in the plane, and consider the 


line L passing through those points. Choose a point P(x, y) on 
the line LZ. Show that 


2 ae | 


X27 X27 VI 


44. 


45. 


46. 


Use this result to demonstrate that x = (x) — x;)t+ x, 
y = (3) — y))t + y; is a parametric representation of the line 
through the two points. 


Parametric Equations for an Ellipse Show that x = h + asint, 
y=k-+ bcostfora > 0,b > 0, and0 S t < 27 are para- 
metric equations for an ellipse with center at (h, k). 


Involute of a Circle Suppose that a string, held taut, is unwound 
from the circumference of a circle of radius a. The path traced 
by the end of the string is called the involute of a circle. Find 
parametric equations for the involute of a circle. 


T 


A 
NS 


Epicycloid A circle of radius a rolls without slipping on the 
outside of a circle of radius b > a. Find the parametric equa- 
tions of a point P on the smaller circle. The curve is called an 


epicycloid. 
Yh 
eS P(x, y) 
7] 


A(b, 0) 


#Y 


47. Hypocycloid A circle of radius a rolls without slipping on the 


inside of a circle of radius b > a. Find the parametric equa- 
tions of a point P on the smaller circle. The curve is called a 
hypocycloid. 
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SS55 


Normal i=fe Eng 
0123456789 


Using a Graphing Calculator to Find the nth Roots of z 


In Chapter 7 we used De Moivre’s Theorem to find the nth roots of a number. The para- 
metric feature of a graphing calculator can also be used to find and display the nth roots 
of z = r(cos 6 + isin @). Here is the procedure for a TI-83/TI-83 Plus/TI-84 Plus 
graphing calculator. Put the calculator in parametric and degree mode. See Figure 8.100. 
Figure 8.100 To find the mth roots of z = r(cos @ + isin @), enter in the Y= menu 


Xit=cA(V/n)cos(0/n+T) and = Yit=r4(1/n)sin(6/n+T) 


In the WINDOW menu, set Tmin=0, Tmax=360, and Tstep=360/n. Set Xmin, 
Xmax, Ymin, and Ymax to appropriate values that will allow the roots to be seen in 
the graph window. Press |GRAPH |to display a polygon. The x- and y-coordinates of 
each vertex of the polygon represent a root of z in the rectangular form x + yi. Here 
is a specific example that illustrates this procedure. 


Example 
Find the fourth roots of z = 16i. 


In trigonometric form, z = 16(cos 90° + isin 90°). Thus, in this example, 
r = 16,0 = 90°, andn = 4. In the Y= menu, enter 


XT=1B4 (1/WJcos(90/W4+T) and Yi=i64(1/UJsin(90/4+T) 
In the WINDOW menu, set 


Tmin=0 Xmin=-4 Ymin=-3 
Tmax=360 Xmax=H Ymax=3 
Tstep=360/U Xscl=1 Yscl=1 


See Figure 8.101. Press |GRAPH | to produce the quadrilateral in Figure 8.102. Use 
and the arrow key ® to move to each of the vertices of the quadrilateral. 
Figure 8.102 shows that one of the roots of z = 167 is 1.8477591 + 0.76536686i. 
Continue to press the arrow key ® to find the other three roots, which are 


—0.7653669 + 1.8477591i, —1.847759 — 0.7653669i, and 
0.76536686 — 1.847759i 


164 (1/4)cos(90/4+T) 
164(1/4)sin(90/4+T) 


3i 


ey Nelelee} FORMAT 


Tmin=0 


T=0 
X=1.8477591 |Y=.76536686 
31 


The vertices of the quadrilateral represent 


the fourth roots of 167 in the complex plane 


Figure 8.101 Figure 8.102 
Use a graphing calculator to estimate, in rectangular form, each of the following. 


. The cube roots of —27 

. The fifth roots of 327 

. The fourth roots of V8 + V8i 
. The sixth roots of —64i 


hwN = 


706 CHAPTER 8 TOPICS IN ANALYTIC GEOMETRY 


CHAPTER 8 TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


8.1 Parabolas 


= Standard Forms of the Equation of a Parabola with Vertex at (h, k) See Examples 3 and 4, pages 638 and 639, 
* The standard form of the equation of a parabola with vertex (h, k) and and then try Exercises 5 and 18, pages 711 
a vertical axis of symmetry is and 712. 


(x — h)? = 4p(y — ) 
The focus is (f, & + p), and the equation of the directrix is y = k — p. 


If p > 0, the parabola opens up. See Figure a. If p < 0, the parabola 
opens down. See Figure b. 


V(h, k) x 


/ 
Directrix 
PSls=p 


x 
a. The graph of (x — h)? = 4p(y — k) b. The graph of (x — h)? = 4p(y — k) 
with p > 0 with p < 0 
¢ The standard form of the equation of a parabola with vertex (h, k) and a 
horizontal axis of symmetry is 


(y — k)? = 4p(x — h) 
The focus is (A + p, k), and the equation of the directrix is x = h — p. 


If p > 0, the parabola opens to the right. See Figure c. If p < 0, the 
parabola opens to the left. See Figure d. 


y ya 
Directrix Directrix 
x=h-p x=h-p 
\ V(h, k) \ 
r’ >, >, 
Fih+p,k) ~ y 
F(h+p,k) 
x x 
c. The graph of (vy — 4)? = 4p(x — A) d. The graph of (vy — 4)? = 4p(x — h) 


with p > 0 with p < 0 
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8.2 Ellipses 


m= Standard Forms of the Equation of an Ellipse with Center at (h, k) 


¢ The standard form of the equation of an ellipse with center at (A, k) and 
major axis parallel to the x-axis is 
a= hy = ky 
( a ge ON ye 
a b 
The length of the major axis is 2a. The length of the minor axis 
is 2b. The coordinates of the vertices are (d — a, k) and (h + a, k), 
and the coordinates of the foci are (h — c, k) and (A + c, k), where 
2 2 2 
c=a — Bb. 


Vih —a,k) Vin +a,k) 


Major axis parallel to the x-axis 


The standard form of the equation of an ellipse with center at (h, k) and 
major axis parallel to the y-axis is 
x= hy — ky 
( rms JE Sia) 
a 
The length of the major axis is 2a. The length of the minor axis 
is 2b. The coordinates of the vertices are (A, k + a) and (h, k — a), 
and the coordinates of the foci are (h, k + c) and (h, k — c), where 
2 2 2 
c=a — Bb. 


F (h,k+e) 


Major axis parallel to the y-axis 


See Examples 2 and 3, pages 649 and 650, 
and then try Exercises 7 and 15, pages 711 
and 712. 


= Eccentricity of an Ellipse 2 
The eccentricity of an ellipse is given by e = 7 


See Example 4, page 651, and then try 
Exercise 13, page 711. 
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8.3 Hyperbolas 
= Standard Forms of the Equation of a Hyperbola with Center at (4,k) | See Example 2, page 662, and then try 


* The standard form of the equation of a hyperbola with center at (h, k) Exercises 4 and 17, pages 711 and 712. 


and transverse axis parallel to the x-axis is 
Ce Ce 
a bY 
The coordinates of the vertices are (A + a, k) and (h — a, k). The 
coordinates of the foci are (h + c, k) and (h — c, k), where c? = a* + Bb’. 


b 
The equations of the asymptotes are y — k = + at —h). 


b 
‘ vA pots 2o-) 


a 


Vi(h —a, k) aa iy, Vi(h+a,k) 

eed 

F(h—c,k@ x e Fitch) 
v % 

7 \ 
e x 
x 
* cam) 


Transverse axis parallel to the x-axis 


¢ The standard form of the equation of a hyperbola with center at (h, k) 
and transverse axis parallel to the y-axis is 


(y- hk? (e-Ay 
a bY? 
The coordinates of the vertices are (h, k + a) and (A, k — a). The 
coordinates of the foci are (h, k + c) and (h, k — c), where c? = a® + Bb’. 
The equations of the asymptotes are y — k = a —h). 


VA ,, 


=1 


Mh 


rs 
o™ 
eae A 


( 
V(t, k=a) | 7 SS 


BY 


N 
ah 
as 


yok=- Feri) | 


Transverse axis parallel to the y-axis 


= Eccentricity of a Hyperbola See Example 3, page 664, and then try 
Exercises 14 and 16, pages 711 and 712. 


Sauk c 
The eccentricity of a hyperbola is given by e = rm 


8.4 Rotation of Axes 


= Rotation Theorem for Conics 
Let Ax* + Bxy + Cy + Dx + Ey + F = 0,B # 0, be the equation 
of a conic in an xy-coordinate system, and let a be an angle of rotation 
such that 


A-C 
cot 2a = Bl 0° < 2a < 180° 


Then an equation of the conic in the rotated coordinate system is 
A(x’)? + Ci(y')? + Dix + E'y’ + F' =0 
where 
A = Acos*a + Bcosasina + Csin’ a 
C' = Asin’a — Bcosasina + Ccos’a 
D' = Dcosa + Esina 


E' = —Dsina + Ecosa 
Fo=F 
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See Examples | and 2, pages 672 and 673, 
and then try Exercises 25 and 26, page 712. 


= Conic Identification Theorem 
The graph of 


Ax? + Bry + Cy + Dx + Ey + F=0 
is either a conic or a degenerate conic. If the graph is a conic, then the 
graph can be identified by its discriminant B? — 4AC. The graph is 


* an ellipse or a circle, provided B’ — 44C < 0. 
* a parabola, provided B? — 44C = 0. 
* a hyperbola, provided B* — 44C > 0. 


See Example 3, page 674, and then try 
Exercises 29 to 31, page 712. 


= Graph Conics with a Graphing Utility 
The graph of 


Ax? + Bry + Cy + Dx + Ey + F=0 
can be produced by using a graphing utility to graph both 
—(Bx + E) + V(Bx + E)? — 4C(4x2 + Dx + F) 
2C 


vu 


and 


—(Bx + E) — V(Bx + E)? — 4C(4x? + Dx + F) 
2C 


v2 > 


in the same viewing window. 


8.5 Introduction to Polar Coordinates 


= Symmetry Tests 


¢ The following tables show substitutions that are used to check for 
symmetry exhibited by the graph of a polar equation. 


—9 for 4 The line @ = 0 —6 for 6, —r forr | The line 9 = - 
a — 0 for@, —rforr | The line @ = 0 


—r for r The pole 
a + 0 ford The pole 


a — 0 for @ The line @ = > 


See Example 4, page 675, and then try 
Exercise 69, page 713. 


See Example 1, page 681, and then try 
Exercise 34, page 712. 
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= Equations and Graphs of Lines, Circles, and Limacons See Examples 2 and 3, pages 682 and 683, 
The graph of and then try Exercises 36 and 44 to 46, 
* 6 = a isa line through the pole at an angle of a from the polar axis. page 713. 


* rsin 6 = aisa horizontal line passing through the point («, =) 


* rcos 6 = ais a vertical line passing through the point (a, 0). 
* r =a isacircle with center at the pole and radius a. 
* r= acos @ isa circle that is symmetric with respect to the line 6 = 0. 


* r= asin @ isa circle that is symmetric with respect to the line 6 = 3 


* r=a-+t bcos @ isa limacon that is symmetric with respect to the 
line 6 = 0. 
* r=a-+ bsin @ isa limacon that is symmetric with respect to the 


line 9 = = 
ined = —. 
~~ 
= Equations and Graphs of Rose Curves See Examples 4 and 5, page 684, and then 
The graphs of r = a cos n@ and r = a sin n@ are rose curves. When n try Exercises 37 and 40, page 713. 


is an even number, the number of petals is 2n. When z is an odd number, 
the number of pedals is n. 


= Equations and Graphs of Lemniscates See Example 6, page 686, and then try 
The graphs of the polar equations r? = a* sin 26 and r* = a’ cos 26 are Exercise 33, page 712. 
called lemniscates. Their graphs have a characteristic shape consisting 
of two loops that intersect at the pole. 


= Transformations Between Polar and Rectangular Coordinates See Examples 7 to 11, pages 687 to 689, 
* Given the point (7, @) in the polar coordinate system, the transformation and then try Exercises 47, 48, 51, and 52, 
equations to change from polar to rectangular coordinates are page 713. 


x=rcos0 y=rsiné 


* Given the point (x, y) in the rectangular coordinate system, the trans- 
formation equations to change from rectangular to polar coordinates are 


y= x? + y? ime = 2x40 
x 


8.6 Polar Equations of the Conics 


= Standard Forms of the Polar Equations of the Conics See Examples | to 3, pages 693 and 694, 
Let the pole be a focus of a conic of eccentricity e, with directrix d units and then try Exercises 55 and 57, page 713. 
from the focus. Then the equation of the conic is given by one of the 
following. 

ed ed 
a ————— 

1 + ecos@é 1 — ecosé 
Vertical directrix to the Vertical directrix to the 
right of the pole left of the pole 

ed ed 
eat oe ) a rr oo; re 

1+ esindé 1 — esindé 

Horizontal directrix Horizontal directrix 


above the pole below the pole 
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If 0 < e < 1, the graph is an ellipse. If e = 1, the graph is a parabola. 
Ife > 1, the graph is a hyperbola. If the equation involves cos 6, then the 
line 9 = 0 is an axis of symmetry. If the equation involves sin 6, then the 
line 6 = 7/2 is an axis of symmetry. 


8.7 Parametric Equations 


= Eliminate the Parameter See Examples 2 and 3, pages 698 to 699, 
Eliminating the parameter is the process of finding an equation in x and and then try Exercises 60 and 61, page 713. 
y that has the same graph as the given parametric equations. 


= Time as a Parameter See Example 4, page 700, and then try 
Parametric equations can be used to show the movement of a point or Exercises 66 and 67, page 713. 
object as it travels along a curve. 


= Parametric Equations of a Cycloid See Example 5, page 701, and then try 
A curve traced by a point P on a circle, with radius a, as the circle rolls Exercise 68, page 713. 
on the x-axis is a cycloid. The movement of P can be shown by graphing 
the parametric equations 
x =a(@—sin0) y=a(1 — cos@) 


where the value of @ is the angle through which the circle has been rotated. 


= Path of a Projectile See Example 6, page 702, and then try 
The path of a projectile that is launched at an angle 0 from the horizon Exercise 71, page 713. 
with an initial velocity of vp feet per second is given by the parametric 
equations 


x =(vocos@)t y = —16t? + (vosin@)t 


where ¢ is the time in seconds since the projectile was launched. 
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In Exercises 1 to 12, if the equation is that of an ellipse 8. 11x? — 25y? — 44x — 50y — 256 = 0 
or a hyperbola, find the center, vertices, and foci. For ‘ ‘ 
hyperbolas, find the equations of the asymptotes. If the 9. 4x” — Oy" — 8x + 12y — 144 = 0 


equation is that of a parabola, find the vertex, the focus, 
and the equation of the directrix. Graph each equation. 


10. 9x7 + 16)" + 36x — 1l6y — 104 = 0 


11. 4x? + 28% + 32y + 81=0 


1x y? =4 
12. x7 — 6x — 9y + 27=0 

2; y = 16x 

3. x2 + 4y? — 6x + By -3 =0 In Exercises 13 and 14, find the eccentricity. 

4, 3x2 = 4y? + 12x = My — 36 = 0 13. Find the eccentricity of the ellipse given by 
4x* + 49)? — 48x — 294y + 389 = 0 

5. 3x — 4y? + 8y +2=0 

6. 3x + 2y2- 4y-7=0 14. Find the eccentricity of the hyperbola given by 
9x? — 47 — 90x + 32y + 125 = 0 

7. 9x? + 4y? + 36x — 8 + 4=0 
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In Exercises 15 to 22, find the equation of the conic that 
satisfies the given conditions. 


15. Ellipse with vertices at (7, 3) and (—3, 3); length of the minor 
axis is 8. 
16. Hyperbola with vertices at (4,1) and (—2,1) and eccent- 
.., 4 
ricity 3 
17. Hyperbola with foci (—5, 2) and (1, 2); length of the trans- 
verse axis is 4. 


18. Parabola with focus (2, —3) and directrix x = 6 


24 in. 


19. Parabola with vertex (0, —2) and passing through the point 


84 in. 
(3, 4) 


2 In Exercises 25 to 28, write the equation of the conic in a 
20. Ellipse with eccentricity — and foci (—4,—1) and rotated x’y’-system without an x’y’ term. Name the 
3 graph of the equation. 


(0, _ 1) 2 2 
25. 11x 6xy + 19y 40 = 0 
21. Hyperbola with vertices (+6,0) and asymptotes whose 26. 3x2 + 6xy + 3y* — 4x + Sy — 12 =0 
1 
Squanionsany = 5° 27. x + 2 V3xy 4 3y" + 8 V3x — 8y + 32 =0 
22. Parabola passing through the points (1,0), (2, 1), and (0, 1) 28. xy -x-y—1=0 


with the axis of symmetry parallel to the y-axis 


In Exercises 29 to 32, use the Conic Identification 


23. Telescope Design The parabolic mirror of a telescope has a Theorem to identify the graph of each equation as 
diameter of 8 inches and a concave depth of 0.1 inch, as a parabola, an ellipse or circle, or a hyperbola. 
h in the following figure. What is the focal length of th 
sd e following figure at is the focal length of the 29, x2 — dxy + 3y? — 2x + by — 24 = 0 


30. 5x? — 2xv + yy —x + 8y- 60=0 


”t Focus 
$(0,p) 31. x7 + 2V3xy + 3° —x + 2v- 20=0 
32. 2x? — 2V2xy + 3 — 5x + 2v- 12 =0 
Not drawn 
9 to scale In Exercises 33 and 34, determine whether the graph of 
the given equation is symmetric with respect to the line 
Surface of 0 = 0, the line 0 = o or the pole. 
the mirror 
(-4, 0.1) \ (4, 0.1) 33. 7° = 6 sin 26 with respect to 
3 ae a. theline@=0 ——b. the line @ = > 
Cross section of the surface of the mirror c. the pole 
24. Arched Door Design The top of an arched door has a semi- 34. r = cos @ sin 26 with respect to 
elliptical shape, as shown in the following figure. Find the a. the line 6 = 0 b. the line @ = — 


height / of the door 24 inches to the right of center. Round to 
the nearest hundredth of an inch. c. the pole 


In Exercises 35 to 46, graph each polar equation. 


35. rsiné = 3 36. rcos@ = 2 
37. r = 4cos 30 38. r= 1+ cosé 
39. r = 2(1 — 2sin@) 40. r = 4sin 40 
41. r= 5sin6 42. r = 3 secd 
43. r= 4csc0 44. r= 4cos0é 


45. r=3+2cos0 46. r=4+2sin0 


In Exercises 47 to 50, find a polar form of each equation. 
47. y> = lox 48. x° + yy? + 4x + 3y = 0 


49. 3x —-2vy=6 50. xv = 4 


In Exercises 51 to 54, find a rectangular form of each 
equation. 


4 
51. r = ——— 52. r= 3cos@ — 4sin@ 
1 — cos 6 
53. 1? = cos 20 54.0= 1 


In Exercises 55 to 58, graph the conic given by each polar 
equation. 


4 
55. r = > 56. r = ——___ 
7 3 — 6sin@ 1 + cos@ 
6 
7. r=>——_— r= 
ae 2 — cos aed 4+ 3sin0@ 


In Exercises 59 to 65, eliminate the parameter and graph 
the curve given by the parametric equations. 


59. x = 4t-2,y = 3t+1fortER 


60.x=1-—Pf,y=3-2P fortER 


61. x = 4sint,y = 3costfor0 St < 27 
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62. x 


7 7 
sect, y = eine = ey 


1 2 
63. x = pe = =e > 0 


64.x = 1+ cost,y=2-sintfor0 =t< 27 


65. x = Vi,y = 2 ‘fort = 0 


In Exercises 66 and 67, the parameter t represents time 
and the parametric equations x = f(t) and y = g(t) 
indicate the x- and y-coordinates of a moving point P as 
a function of t. Describe the motion of P as t increases. 


66.x=1+3sint,y=5+4costfor0=ts7 


67.x=t+1y=2+ Vt+ 1lfor-lsrs3 


In Exercises 68 to 70, use a graphing utility. 
68. Graph the cycloid given by 
. x = 3(t — sint), 

for0 = ¢ = 187. 


y = 3(1 — cost) 


69. Graph the conic given by 
x? + 4xy + 2y? — 2x + Sy +1=0 


70. Graph 


P 
34 in(o +7) 

in ars 

s 4 


71. Path of a Projectile The path of a projectile (assume air 
_ . : a : 

resistance is negligible) that is launched at an angle 6 from 

the horizon with an initial velocity of vy feet per second is 
given by the parametric equations 


x =(vocos@)t, y= —16t? + (vosin d)t 


where f is the time in seconds since the projectile was launched. 
Use a graphing utility to graph the path of a projectile that is 
launched at an angle of 33° with an initial velocity of 245 feet 
per second. Use the graph to determine the maximum height of 
the projectile to the nearest foot. 


1. Find the vertex, focus, and directrix of the parabola given 


1 
by the equation y = . x: 
9: 2 
x y 
2. Graph: — + —= 1 
ie 


3. Find the vertices and foci of the ellipse given by the equation 
25x? — 150x + 9y? + 18y +9 = 0. 


4. Find the equation in standard form of the ellipse with center 
(0,-3), foci (—6,—3) and (6,—3), and minor axis of 
length 6. 
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5. Headlight Design The parabolic reflector of a headlight is 
4 inches deep and 8 inches in height at its opening. The fila- 
ment of a lightbulb is to be placed at the focus of the reflector. 
What is the distance from the vertex to the focus? 


Parabolic 
reflector 


Focus 


Vertex 


6. Construction A carpenter needs to cut a semielliptical curve 
from the top of a 3-foot by 6-foot sheet of plywood, as shown 
in the following diagram. 

a. How far to the right and to the left of point O should the car- 
penter place the pushpins? 


b. What should be the length of the string that connects the 
pushpins? 


Is 6 ft >| 


7. Graph: 16y? + 32y — 4x? 


24x = 84 


8. Find the acute angle of rotation a that can be used to transform 
the equation 


x? — 2V3xyp + 3y° + 2V3x 4+ 2y - 16 =0 


into an equation in x’ and y’ without an x’y’-term. 


9. Determine whether the graph of the following equation is the 
graph of a parabola, an ellipse, or a hyperbola. 


8x7 + Sxy + 2y? — 10x + Sy +4=0 
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1. Solve: x* — 2x7 - 8 =0 


2 3 
2, Sipe —~ = 
a aa re ane aTaE 


10. P(1, —V3) are the coordinates of a point in an xy-coordinate 
system. Find the polar coordinates of P. 


In Exercises 11 to 13, graph the polar equations. 
11. r= 4cosé 


12. r = 3(1 — sin@) 
13. r = 2 sin 40 
14. Find the rectangular coordinates of the point whose polar 


7 
coordinates are (s, tm) 


15. Find the rectangular form of r — rcos 0 = 4. 


4 ; 
: in rectangular form. 


16: Wie = —— 
mer T+ sind 


In Exercises 17 and 18, eliminate the parameter and 
graph the curve given by the parametric equations. 


7.x =t-3,y =2?. 


18. x = 4sin0, y = cos@ + 2, where 0 = 0 < 27. 


19. Cycloid Use a graphing utility to graph the cycloid given 
B by 
x = 2(t — sind), 
for0 = ¢ = 127. 


y = 2(1 — cost) 


20. = Projectile The path of a projectile that is launched at an 
angle of 30° from the horizon with an initial velocity of 
128 feet per second is given by 


x = (128 cos 30°), yy = —16t? + (128 sin 30°)¢ 
where ¢ is the time in seconds after the projectile is launched. 


Use a graphing utility to determine how far (to the nearest foot) 
the projectile will travel downrange if the ground is level. 


3. Given f(x) = 1 — x? 
f(2 + h) — f(2) 


h in simplest form. 


4. Let f(x) = 3x + 2 and g(x) = 2 — x’. Find (f° g)(-3). 


, write the difference quotient 


10. 


11. 


12. 


. How many complex number solutions are there to the equation 
io ae Ge = gee THO? 
. Find the equation of the line that passes through the points 
Pid, —4) and P,(-3, 2). 
. Find the equations of the asymptotes of the graph of 
2x -4 
f(x) = x+30 
. Find the length of the line segment connecting P;(4, —5) and 
P; 5 ( > 1; —3). 
. Graph: f(x) = 27°71 
Solve: logo(x + 3) — logo(x) = 2 
Given the graph of f below, sketch the graph of 
y=—f(x) +2. 
5 = 
4 
Find the inverse function for f(x) = 2x — 8. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Given that 3 and 2i are zeros of P(x) = x4 +x? — 8x? + 4x — 48, 
find the remaining zeros. 


Let f(x) = 


or neither? 


3x 
. Is fan even function, an odd function, 
ee 
Convert 120° to radians. 


Find the measure of a for the right triangle shown below. Round 
to the nearest centimeter. 


15cm 
What are the period and amplitude for the graph of 
I(x) = 3 cos 4x? 
Verify the identity sin 2a tan a = 2 sin’a. 


1 
Solve sin x cos x — 7 008% = 0 for0 = x < 27. 


Given v = 3i — 4j and w = 4i + j, find v- w. 
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SYSTEMS OF EQUATIONS 
CHAPTER 9 AND INEQUALITIES 


9.1 Systems of Linear 
Equations in Two 
Variables 


9.2 Systems of Linear 
Equations in Three 
Variables 


9.3 Nonlinear Systems of 
Equations 


9.4 Partial Fractions 


9.5 Inequalities in Two 
Variables and Systems of 
Inequalities 


9.6 Linear Programming 


Stockbyte/Getty Images 


Applications of Systems of Equations and 
Inequalities 


Systems of equations and inequalities are often used to model applications 
that involve several variables. In this chapter, systems of equations and 
inequalities are used to solve applications from diverse fields, including 
business, transportation, operations research, marketing, chemistry, 
mathematics, and physiology. 


In Example 5, page 758, a system of inequalities is used to determine a 
person’s targeted exercise heart rate range, and in Exercise 27, page 771, 
linear programming concepts are used to maximize the profit of a 
skateboard company. 
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SECTION 9.1 Systems of Linear Equations in 


Substitution Method for Solving 
a System of Equations 


Elimination Method for Solving 
a System of Equations 


Applications of Systems of 
Equations 


2x + 3y =5 


2x +3y =4 


Figure 9.2 


Two Variables 


Recall that an equation of the form Ax + By = C isa linear equation in two variables. A 
solution of a linear equation in two variables is an ordered pair (x, y) that makes the equa- 
tion a true statement. For example, (—2, 3) is a solution of the equation 


2x + 3y=5 because 2(—2) + 333) =5 


The graph of a linear equation in two variables, a straight line, is the set of points whose 
ordered pairs satisfy the equation. Figure 9.1 is the graph of 2x + 3y = 5. 

A system of equations is two or more equations considered together. The following 
system of equations is a linear system of equations in two variables. 


oe 4 
3x —2y = —-7 


A solution of a system of equations in two variables is an ordered pair that is a solution 
of both equations. 

In Figure 9.2, the graphs of the two equations in the system of equations above inter- 
sect at the point (—1, 2). Because that point lies on both lines, (— 1, 2) is a solution of both 
equations and thus is a solution of the system of equations. The point (5, —2) is a solution 
of the first equation but not a solution of the second equation. Therefore, (5, —2) is not a 
solution of the system of equations. 


2 
Question @ Is (3, —4) a solution of the system shown at the right? { 
x 


= A system of equations is a consistent system if it has at least one solution. 

= A system of equations with no solution is an inconsistent system. 

= A system of linear equations with exactly one solution is an independent system. 

= A system of linear equations with an infinite number of solutions is a dependent system. 


The graphs of the two equations in a linear system of two variables can intersect at a 
single point, be the same line, or be parallel lines. See Figure 9.3. 


The graphs intersect Both equations graph The graphs are 
at a single point. to be the same line. parallel lines. 
vA VR VA 
x x x 
a. Independent system b. Dependent system c. Inconsistent system 
Exactly one solution Infinitely many solutions No solution 
Figure 9.3 


Answer ® Yes. The ordered pair is a solution of both equations; thus it is a solution of the system 
of equations. 
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® Substitution Method for Solving a System of Equations 


The substitution method is one procedure for solving a system of equations. This method 
is illustrated in Example 1. 


EXAMPLE 1 _ Solve a System of Equations by the Substitution Method 


ree ‘a —5y=7 (1) 
y=2 @) 


Algebraic Solution 


The solutions of y = 2x are the ordered pairs (x, 2x). For the system of equations 
to have a solution, ordered pairs of the form (x, 2x) also must be solutions of 

3x — S5y = 7. To determine whether the ordered pairs (x, 2x) are solutions of 
Equation (1), substitute (x, 2x) into Equation (1) and solve for x. Think of this as 
substituting 2x for y. 


3x —-5y=7 * Equation (1) 
3x — 52x) = 7 * Substitute 2x for y. 
3x — 10x = 7 * Solve for x. 
—Tx=7 
x=-l 
y = 2x * Equation (2) 
= 2(-1) = -2 + Substitute —1 for x in Equation (2). 


The only solution of the system of equations is (—1, —2). You can check your work 
by showing that (—1, —2) satisfies both equations in the original system. 


@ Try Exercise 6, page 726 


Visualize the Solution 


Graphing 3x — 5y = 7 and 

y = 2x shows that the point 
(—1, —2) belongs to both lines. 
Therefore, (—1, —2) is a solution 
of the system of equations. 


An independent system of equations 


EXAMPLE 2 Identify an Inconsistent System of Equations 


solve: { x+3y= 6 (1) 
"lax + 6 =-18 = (2) 


Algebraic Solution 


Solve Equation (1) for y: 
x+3y=6 


1 
=--x+2 
I= 


1 1 
The solutions of y = —3* + 2 are the ordered pairs (« “3 oo 2) For 


the system of equations to have a solution, ordered pairs of this form must 
also be solutions of 2x + 6v = —18. To determine whether the ordered pairs 


Visualize the Solution 


Solving Equations (1) and (2) for 


1 
y gives y = —3* + 2 and 


1 
y= = — 3. Note that the 
graphs of these two equations have 
1 
the same slope, — 3 and different 


y-intercepts. 


(continued ) 
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1 1 
(« = + 2) are solutions of Equation (2), substitute (« “3 + 2) into 


Equation (2) and solve for x. 


2x + 6y = —18 * Equation (2) 
2x + (-t: a 2) = —-18 ¢ Substitute - 3x + 2 for y. 
2x — 2x + 12 = —-18 
12 = -18 * A false statement 
The false statement 12 = —18 means that no ordered pair that is a solution of 


Equation (1) is also a solution of Equation (2). The equations have no ordered-pair 


solutions in common, thus the system of equations has no solution. This is an 
inconsistent system of equations. 


@ Try Exercise 18, page 726 


EXAMPLE 3 _ Identify a Dependent System of Equations 


Soi ae ae (1) 
Ow lax y= 4 2) 


Algebraic Solution 
Solve Equation (2) for y: 
2x -y=4 
y=2x-4 
The solutions of y = 2x — 4 are the ordered pairs (x, 2x — 4). For the system 
of equations to have a solution, ordered pairs of the form (x, 2x — 4) also 
must be solutions of 8x — 4y = 16. To determine whether the ordered pairs 


(x, 2x — 4) are solutions of Equation (1), substitute (x, 2x — 4) into Equation (1) 
and solve for x. 


8x — 4y = 16 ¢ Equation (1) 
8x — 4(2x — 4) = 16 * Substitute 2x — 4 for y. 
8x — 8x + 16 = 16 
16 = 16 « A true statement 


The true statement 16 = 16 means that the ordered pairs (x, 2x — 4) that are 
solutions of Equation (2) are also solutions of Equation (1). Because x can be 
replaced by any real number c, the solutions of the system of equations are all 
ordered pairs of the form (c,2c — 4). This is a dependent system of equations. 


@ Try Exercise 20, page 726 


Therefore, the graphs of the two 
lines are parallel and never 
intersect. 


An inconsistent system of equations 


Visualize the Solution 


Solving Equations (1) and (2) for y 
gives y = 2x — 4andy = 2x — 4. 
Note that the graphs of these two 
equations have the same slope, 2, 
and the same y-intercept, (0, —4). 
Therefore, the graphs of the two 
equations are exactly the same. 

See Figure 9.4. 


Figure 9.4 
A dependent system of equations 


Note 


When a system of equations is 
dependent, there is more than 
one way to write the solution set. 
The solution to Example 3 is the 
set of ordered pairs 


(c, 2c — 4) or (0 +2, b) 


However, there are infinitely more 
ways in which the ordered pairs 
could be expressed. For instance, 
let b = 2w. Then 


1 
2 


b+2=SQm+2=w+2 


The ordered-pair solutions, written 
in terms of w, are (w + 2, 2w). 


2x —3y=-13 


Figure 9.5 
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Some of the specific ordered-pair solutions in Example 3 can be found by choosing 
various values for c. Table 9.1 shows the ordered pairs that result from choosing 1, 3, and 
4 for c. The ordered pairs (1, —2), (3,2), and (4, 4) are specific solutions of the system 
of equations. These points are on the graphs of Equation (1) and Equation (2), as shown 
in Figure 9.4. 


Table 9.1 

| c | (c, 2c — 4) | (x, y) | 
1 (1,2(1) — 4) (1, —2) 
3 (3, 2(3) — 4) (3, 2) 
4 (4, 2(4) — 4) (4, 4) 


Before leaving Example 3, note that there is more than one way to represent the 
ordered-pair solutions. To illustrate this point, solve Equation (2) for x. 


2x -y=4 * Equation (2) 
1 
ae A * Solve for x. 


Because y can be replaced by any real number 5b, there are an infinite number of ordered 
1 
pairs (3° + 2, ») that are solutions of the system of equations. Choosing —2, 2, and 4 


for b produces the same ordered pairs—(1, —2), (3,2), and (4,4)—that we found in 
Table 9.1. There is always more than one way to describe the ordered pairs when writing 
the solution of a dependent system of equations. For Example 3, either of the ordered pairs 


1 
(c, 2c — 4) or 3° +2, ») would generate all the solutions of the system of equations. 


® Elimination Method for Solving a System of Equations 


Two systems of equations are equivalent if the systems have exactly the same solutions. 


The systems 
=-2 
and {i 


ee 9 
y= 3 


2x — 3y = -13 


are equivalent systems of equations. Each system has the solution (—2,3), as shown in 
Figure 9.5. 

A second technique for solving a system of equations is similar to the strategy for 
solving first-degree equations in one variable. The system of equations is replaced by a 
series of equivalent systems until the solution is apparent. 


. Interchange any two equations. 


. Replace an equation with a nonzero constant multiple of that equation. 


. Replace an equation with the sum of that equation and a nonzero constant 
multiple of another equation in the system. 
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Figure 9.6 


Because the order in which the equations are written does not affect the system of 
equations, interchanging the equations does not affect its solution. The second operation 
restates the property that multiplying each side of an equation by the same nonzero con- 
stant does not change the solutions of the equation. 

The third operation can be illustrated as follows. Consider the system of equations 


cele alias, (1) 
x -3y=-2 (2) 


Multiply each side of Equation (2) by 2. (Any nonzero number would work.) Add the 
resulting equation to Equation (1). 


3x + 2y = 10 ¢ Equation (1) 
4x — 6y = -4 2 times Equation (2) 
Ix -4y= 6 (3) + Add the equations. 


Replace Equation (1) with the new Equation (3) to produce the following equivalent sys- 
tem of equations. 


rae 6 (3) 
2x — 3y = -2 (2) 


The third property states that the resulting system of equations has the same solutions 
as the original system and is therefore equivalent to the original system of equations. 
Figure 9.6 shows the graph of 7x — 4y = 6. Note that this line passes through the same 
point at which the lines of the original system of equations intersect, the point (2, 2). 


EXAMPLE 4 Solve a System of Equations by the Elimination Method 


soe: {87 7 1 (1) 
Ow lox + Sy=—-1 (2) 


Algebraic Solution 


Visualize the Solution 


Use the operations that produce equivalent equations to eliminate a variable from Graphing 3x — 4y = 10 and 
one of the equations. We will eliminate x from Equation (2) by multiplying each 2x + 5y = —1 shows that (2, —1) 
equation by a different constant so as to create a new system of equations in which is the only point that belongs to 
the coefficients of x are additive inverses. both lines. Therefore, (2, — 1) is the 
solution of the system of equations. 
6x — 8y= 20 ¢ 2 times Equation (1) . as 
—6x — I5y= 3 * —3 times Equation (2) vA 
3x -4y=10 
—23y = 23 + Add the equations. 
y=-l1 * Solve for y. 


Solve Equation (1) for x by substituting —1 for y. 
3x — 4(-1) = 10 


3x = 6 
x=2 


The solution of the system of equations is (2, —1). 


@ Try Exercise 24, page 726 


Integrating Technology 


Press |2nd| CALC. 
Select 5: intersect. 
Press | ENTER]. 


CALCULATE 


1: value 
2: zero 
3: minimum 


4: maximum 
EW intersect 
6: du/dx 
7: f(xJdx 


Guess? is shown at the bottom of 
the screen. Move the cursor until it is 
approximately on the point of 
intersection. Press |ENTER]. 


10 
Ya=-.4X-.2 


Guess? 
X=1.9148936 [Y=-.9659574 
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The method just described is called the elimination method for solving a system of 
equations, because it involves eliminating a variable from one of the equations. 


You can use a graphing calculator to solve a system of equations in two variables. First, 
algebraically solve each equation for y. 


Solve for y. 
3x — 4y = 10 => y = 0.75x — 2.5 
2x + 5y = —-1 =. y = —0.4x — 0.2 


Now graph the equations. Enter 0.75X-2.5 into Yi and -0.4X-O.2 into Y2 and 
graph the two equations in the standard viewing window. The sequence of steps shown 
in Figure 9.7 can be used to find the point of intersection with a TI-83/TI-83 Plus/ 
TI-84 Plus graphing calculator. 


The question First curve? shown at the The question Second curve? shown at the 
bottom of the screen means to select the bottom of the screen means to select the 
first of the two graphs that intersect. second of the two graphs that intersect. 
Just press | ENTER]. Just press [ENTER]. 


First curve? Second curve? 
X=0 X=0 Ey=-.2 


The coordinates of the point of 
intersection, (2, —1), are shown at the 
bottom of the screen. 


10 


Intersection 
X=2 


Figure 9.7 


In this example, the intersection of the two graphs occurs at a point in the standard 
viewing window. If the point of intersection does not appear on the screen, you must 
adjust the viewing window so that the point of intersection is visible. 
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y=rx-1 
2 


Figure 9.8 


Study tip 


Referring again to Example 5 and 
solving Equation (1) for x, we 
have x = 2y + 2. Because y can 
be any real number b, the 
ordered-pair solutions of the 
system of equations can also be 
written as (2b + 2, b). 


EXAMPLE 5 _ Solve a Dependent System of Equations 


Sol eee (1) 
Or 3x — Gy =6 (2) 


Solution 


1 
Eliminate x by multiplying Equation (2) by — . and then adding the result to Equation (1). 


x-2y= 2 ¢ Equation (1) 
il 
—x + 2y = -—2 ° -3 times Equation (2) 
0= 0 * Add the two equations. 


Replace Equation (2) with 0 = 0. 


a 
0=0 


¢ This is an equivalent system of equations. 


Because the equation 0 = 0 is an identity, an ordered pair that is a solution of 
Equation (1) is also a solution of 0 = 0. Thus the solutions are the solutions of 


1 
x — 2y = 2. Solving for y, we find that y = a 1. Because x can be replaced by 
any real number c, the solutions of the system of equations are the ordered pairs 


1 
Ge = 1) See Figure 9.8. 


@ Try Exercise 28, page 726 


If one equation of a system of equations is replaced with a false equation, the system 
of equations has no solution. For example, the system of equations 


oe 
0=5 


has no solution because the second equation is false for any choice of x and y. 


® Applications of Systems of Equations 


Consider the situation of a Corvette car dealership. If the dealership were willing to sell a 
Corvette for $10, there would be many consumers willing to buy a Corvette. The problem 
with this plan is that the dealership would soon be out of business. On the other hand, if 
the dealership tried to sell each Corvette for $1 million, the dealership would not sell any 
cars and would still go out of business. Between $10 and $1 million, there is a price at 
which a dealership can sell Corvettes (and stay in business) and at which consumers are 
willing to pay that price. This price is referred to as the equilibrium price. 

Economists refer to these types of problems as supply-demand problems. Businesses 
are willing to supply a product at a certain price, and there is consumer demand for the prod- 
uct at that price. To find the equilibrium point, a system of equations is created. One equa- 
tion of the system is the supply model of the business. The second equation is the demand 
model of the consumer. 


Uniform Motion Problems 
See page 89. 


With current: 18 miles in 2 hours 


kk 


AA 


Rate =r, +7, 


Rate =r, -1r, 


is fe. 


le 


Against current: 10 miles in 2 hours 


—— 
Rate of 


current: 1 


Rate of boat in 
calm water: r, 
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EXAMPLE 6 _ Solve a Supply-Demand Problem 


Suppose that the number x of bushels of apples a farmer is willing to sell is given by 
x = 100p — 25, where p is the price, in dollars, per bushel of apples. The number x of 
bushels of apples a grocer is willing to purchase is given by x = —150p + 655, where 
p is the price per bushel of apples. Find the equilibrium price. 
Solution 
Using the supply and demand equations, we have the system of equations 

{i = 100p — 25 

x = —150p + 655 

Solve the system of equations by using substitution. 


—150p + 655 = 100p — 25 


—250p + 655 = —25 * Subtract 100p from each side. 
—250p = —680 * Subtract 655 from each side. 
p = 2.72 * Divide each side by —250. 


The equilibrium price is $2.72 per bushel. 
@ Try Exercise 42, page 727 


As the types of application problems we studied earlier in the text become more com- 
plicated, a system of equations may be the best method for solving these problems. The 
next example involves the distance—ratetime equation d = rt. 


EXAMPLE 7 Solve an Application Involving Distance, 
Rate, and Time 


A rowing team rowing with the current traveled 18 miles in 2 hours. Against the cur- 
rent, the team rowed 10 miles in 2 hours. Find the rate of the boat in calm water and 
the rate of the current. 


Solution 


Let r; represent the rate of the boat in calm water, and let r, represent the rate of the 
current. 


The rate of the boat with the current is r; + rp. 
The rate of the boat against the current is r; — 1. 


Because the rowing team traveled 18 miles in 2 hours with the current, we use the 
equation d = rt. 


d=r°t 
18 = (r, + 1)*2 *r=r,+nm,d= 18,t=2 
9=rnf+hr * Divide each side by 2. 


Because the team rowed 10 miles in 2 hours against the current, we write 


10 = (*%) — %)°2 a r\ r,,d = 10,t = 2 


5 =r-h * Divide each side by 2. 


(continued) | 
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Thus we have a system of two linear equations in the variables r; and rp. 
a =F] +7 y) 
a = Ti — Fo 


Solving the system by using the elimination method, we find that 7, is 7 miles per 
hour and r, is 2 miles per hour. Thus the rate of the boat in calm water is 7 miles per 
hour and the rate of the current is 2 miles per hour. You should verify these solutions. 


@ Try Exercise 46, page 727 


EXERCISE SET 9.1 


In Exercises 1 to 20, solve each system of equations by 4x + Ty = 21 3x — 8y = -6 
using the substitution method. 5x — 4y = -12 — —5x + 4y = 10 
‘ aie 4 ea 
<= 2 y= J a ae 7 
10x — 6y = 2x + 3y = 0 
7 eee a ee 
: eae : ee ene a2. (et? 2 
4x + 9y = 4 8 + 2y= 4 
jo: “e ere 
: = is : p= Spe 0 ie ane ia a 
2x+4y= 9 2x—- y=3 
6x + Sy = —3x+7Ty= 14 
An ee a ae Be cp FP 4 
6° 3 4. 5” 
Tx + 6 3 9x — 4 4 2 ale 3 
x y= — xX — 4y = 
9. 10. ax+Sy= 1 =x -ty=-l 
| oy . | oe oS ae 
= ae ee a ah 
y 3 3) 
es ee, 
= 4x - = 5x +1 4 3 5 3 
11 i — 12. . . 33. 34, 
y=3x-1 y=4x-2 Bde 0 Peo 7 
a ae 5° 6 
13 eee +4 14 oe 
"ly = -3y - 4 ‘ ly = -2y - 2 se eer ae oe 
" (3V3x + 2y = 24 * [3x + 4V5y = 17 
15 oe 2 16 + Ty = -4 
* (4x + 3y = 14 "lax +5y= 4 a7 oe. 56 ear 
* (Qax + 3y = 5 * (3x + 4ay = 2 
3x = 3y = 3x -— 4y = 
17. 18 
tee . as 5 ele ~6 
* l2V2x + 3V3y = 13 
4x + 3y = 6 5x + 2y = 
19. 20. 
by . ae 46 ae +3V5y= 7 
= Saw = Sx 
y y 3V2x — V5y = —-17 
In Exercises 21 to 40, solve each system of equations by In Exercises 41 to 60, solve by using a system of equations. 


. be elitninati Koil: 
using! He cllmingdon- method 41. Supply-Demand The number x of MP3 players a manu- 


21 {i — y= 10 22 2 Tay = 5 facturer is willing to sell is given by x = 20p — 2000, where 
* [4x + 3y = -4 “| x-S5y=-8 p is the price, in dollars, per MP3 player. The number x of 


242. 


43. 


AA. 


45. 


046. 


47. 


48. 


49. 


50. 


51. 


MP3 players a store is willing to purchase is given by 
x = —4p + 1000, where p is the price per MP3 player. Find 
the equilibrium price. 


Supply-Demand The number x of digital cameras a manu- 
facturer is willing to sell is given by x = 25p — 500, where p 
is the price, in dollars, per digital camera. The number x of dig- 
ital cameras a store is willing to purchase is given by 
x = —7p + 1100, where p is the price per digital camera. Find 
the equilibrium price. 


Rate of Wind Flying with the wind, a plane traveled 450 miles 
in 3 hours. Flying against the wind, the plane traveled the same 
distance in 5 hours. Find the rate of the plane in calm air and the 
rate of the wind. 


Rate of Wind A plane flew 800 miles in 4 hours while flying 
with the wind. Against the wind, it took the plane 5 hours to 
travel 800 miles. Find the rate of the plane in calm air and the 
rate of the wind. 


Rate of Current A motorboat traveled a distance of 120 miles 
in 4 hours while traveling with the current. Against the current, 
the same trip took 6 hours. Find the rate of the boat in calm 
water and the rate of the current. 


Rate of Current A canoeist can row 12 miles with the current 
in 2 hours. Rowing against the current, it takes the canoeist 
4 hours to travel the same distance. Find the rate of the canoeist 
in calm water and the rate of the current. 


Metallurgy A metallurgist made two purchases. The first pur- 
chase, which cost $1080, included 30 kilograms of an iron 
alloy and 45 kilograms of a lead alloy. The second purchase, at 
the same prices, cost $372 and included 15 kilograms of the 
iron alloy and 12 kilograms of the lead alloy. Find the cost per 
kilogram of the iron and lead alloys. 


Chemistry For $14.10, a chemist purchased 10 liters of 
hydrochloric acid and 15 liters of silver nitrate. A second pur- 
chase, at the same prices, cost $18.16 and included 12 liters of 
hydrochloric acid and 20 liters of silver nitrate. Find the cost 
per liter of each of the two chemicals. 


Chemistry A goldsmith has two gold alloys. The first alloy is 
40% gold; the second alloy is 60% gold. How many grams of 
each should be mixed to produce 20 grams of an alloy that is 
52% gold? 


Chemistry One acetic acid solution is 70% water, and another 
is 30% water. How many liters of each solution should be 
mixed to produce 20 liters of a solution that is 40% water? 


Geometry A right triangle in the first quadrant is bounded by 


1 
the lines y = 0, y = 3” and y = —2x + 6. Find its area. 


9.1 


52. 


53. 


34. 


55. 


56. 


57. 


58. 


59. 
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Geometry The lines whose equations are 2x + 3y = 1, 
3x — 4y = 10, and 4x + ky = 5 all intersect at the same 
point. What is the value of ? 


Number Theory Adding a three-digit number 527 to 256 
gives XY 3. If XY 3 is divisible by 3, then what is the largest pos- 
sible value of Z? 


Number Theory Find the value of k if 
2x+5=6xt+k=4x—-7. 


Number Theory A Pythagorean triple is three positive 
integers—a, b, and c—for which a’ + b* =’. Givena = 42, 
find all the values of b and c such that a, b, and c form a 
Pythagorean triple. Suggestion: If a = 42, then 1764 + b? = c? 
or 1764 = c? — b? = (c — b\(c + b). Because the product 
(c— b)(c + b) = 1764, c— b and c+ b must be factors of 1764. 
For instance, one possibility is 2 = c — b and 882 =c + b. 
Solving this system of equations yields one set of Pythagorean 
triples. Now repeat the process for other possible factors of 
1764. Remember that answers must be positive integers. 


Number Theory Given a = 30, find all the values of b and c 
such that a, b, and c form a Pythagorean triple. (See the pre- 
ceding exercise.) 


Marketing A marketing company asked 100 people whether 
they liked a new skin cream and lip balm. The company found 
that 80% of the people who liked the new skin cream also liked 
the new lip balm and that 50% of the people who did not like 
the new skin cream liked the new lip balm. If 77 people liked 
the lip balm, how many people liked the skin cream? 


Fire Science An analysis of 200 scores on a firefighter quali- 
fying exam found that 75% of those who passed the basic fire 
science exam also passed the exam on containing chemical 
fires. Of those who did not pass the basic fire science exam, 
25% passed the exam on containing chemical fires. If 120 peo- 
ple passed the exam on containing chemical fires, how many 
people passed the basic fire science exam? 


Inlet and Outlet Pump Rates A fuel storage tank has one 
supply pump and two identical outlet pumps. With one outlet 
pump running, the supply pump can increase the fuel level in 
the storage tank by 8750 gallons in 30 minutes. With both out- 
let pumps running, the supply pump can increase the fuel level 
in the storage tank by 11,250 gallons in 45 minutes. Find the 
pumping rate, in gallons per hour, for each of the pumps. 


Inlet 


ALL STAR 
GASOLINE 


Outlet pump: B 


ALLSTAR 
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60. Dimensions of a Pontoon The pontoons on a boat are cylin- 
ders with conical tips. The length of a pontoon is 40 feet, 
and its diameter is 4 feet. The volume of each pontoon is 


477.5 cubic feet. 


a. Write a system of equations that describes the relationships 
between x and y. See the accompanying figure. 


b. Find x and y. Round to the nearest tenth of a foot. 


kY+- 
@ Pontoon, side view 4 ft 
Ik 


AO ft | 


SECTION 9.2 


Systems of Linear Equations in 
Three Variables 


Triangular Form 

Nonsquare Systems of Equations 

Homogeneous Systems of 
Equations 

Applications of Systems of 
Equations 


xz-plane yz-plane 


Figure 9.9 


Systems of Linear Equations in 
Three Variables 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A6é3. 


PS1. Solve 2x — S5y = 15 for y. [1.1] 
PS2. Ifx = 2c + l,y = —c + 3, andz = 2x + Sy — 4, write z in terms of c. [P.1] 


5x — 2y = 10 
PS3. solve: { uae [9.1] 
2y= 8 


3x y= 
2x + 3y = — 


11 
PS4. Solve: fl [9.1] 


4x + y= 


9 
[9.1] 
—8x — 2y = -18 


=3x-4 
PS5. Solve: , ee 90.1] 
y=4x-2 
PS6. Solve: { 


® Systems of Linear Equations in Three Variables 


An equation of the form 4x + By + Cz = D, with A, B, and C not all zero, is a linear equa- 
tion in three variables. A solution of an equation in three variables is an ordered triple (x, y, z). 

The ordered triple (2, — 1, —3) is one of the solutions of the equation 2x — 3y + z = 4. 
The ordered triple (3, 1, 1) is another solution. In fact, an infinite number of ordered triples 
are solutions of the equation. 

Graphing an equation in three variables requires a third coordinate axis perpendicu- 
lar to the xy-plane. This third axis is commonly called the z-axis. The result is a three- 
dimensional coordinate system called the xyz-coordinate system (See Figure 9.9). To 
visualize a three-dimensional coordinate system, think of a corner of a room: the floor is 
the xy-plane, one wall is the yz-plane, and the other wall is the xz-plane. 

Graphing an ordered triple requires three moves: the first along the x-axis, the second 
along the y-axis, and the third along the z-axis. Figure 9.10 is the graph of the points 
(—5, —4, 3) and (4, 5, —2). 
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Zz 


Sy 


Figure 9.10 Figure 9.11 


The graph of a linear equation in three variables is a plane. That is, if all the solutions 
of a linear equation in three variables were plotted in an xyz-coordinate system, the graph 
would look like a large, flat piece of paper with infinite extent. Figure 9.11 is a portion of 
the graph ofx + y+2z=5. 

There are different ways in which three planes can be oriented in an xyz-coordinate 
system. Figure 9.12 illustrates several ways. 

For a system of linear equations in three variables to have a solution, the graphs of the 
equations must be three planes that intersect at a point, be three planes that intersect along 
a common line, or all be the same plane. In Figure 9.12, the graphs in a., b., and ¢. repre- 
sent systems of equations that have a solution. The system of equations represented in 
Figure 9.12a is a consistent system of equations. Figure 9.12b and Figure 9.12c are graphs 
of dependent systems of equations. The remaining graphs are the graphs of inconsistent 
systems of equations. 


Figure 9.12 


A system of equations in more than two variables can be solved by using the substi- 
tution method or the elimination method. To illustrate the substitution method, consider the 
system of equations 


x-2y+ z= 7 (1) 


2x+ y- z= O (2) 
3x + 2y — 2z = -2 (3) 
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Solve Equation (1) for x and substitute the result into Equation (2) and Equation (3). 
x=2y-—z+7 (4) 


22y—-—z+7)+ y- z=0 * Substitute 2y — z + 7 for x 
in Equation (2). 
4y-—2z+ 14+ y- z=0 ° Simplify. 
Sy — 3z = -14 (5) 
3Qy— 2 7) + 2p — 22. = —2 * Substitute 2y — z + 7 for x 
in Equation (3). 
6y — 3z + 21 + 2y — 2z = -2 * Simplify. 
8y — 5z = —23 (6) 
Now solve the system of equations formed from Equations (5) and (6). 
Sy — 3z = —-14 Multiply by 8. — 40y — 24z = —-112 
ee = 57 = —23 Multiply by —5. > —40y + 25z = 115 
z= 3 
Substitute 3 for z into Equation (5) and solve for y. 
Sy — 3z = -14 * Equation (5) 
5y — 33) = -14 
sy -9=-14 
5y = —5 
y=-l 


Substitute —1 for y and 3 for z into Equation (4) and solve for x. 


x=%-z+7=2%-1l)-G)+7=2 


The ordered-triple solution is (2, —1, 3). The graphs of the three planes intersect at a sin- 
gle point. 


® Triangular Form 


There are many approaches we can take to determine the solution of a system of equations 
by the elimination method. For consistency, we will generally follow a plan that produces 
an equivalent system of equations in triangular form. Three examples of systems of equa- 
tions in triangular form are 


2x -3y+ z=-4 (w+3x-2y+3z= 0 ao ee | 
ay+3z= 9 2x- yt4z= 8 3y + 2z = 3 
—2z = —2 —3y —2z = -1 
3z = 9 


Once a system of equations is written in triangular form, the solution can be found by 
back substitution—that is, by solving the last equation of the system and substituting back 
into the previous equation. This process is continued until the value of each variable has 
been found. 

As an example of solving a system of equations by back substitution, consider the fol- 
lowing system of equations in triangular form. 


2x -4y+ z=-3 (1) 
3y — 2z 9 (2) 
32> 9 (3) 
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Solve Equation (3) for z. Substitute the value of z into Equation (2) and solve for y. 


=9 
=3 


3z = ¢ Equation (3) 


z= 


3y — 2z2 =9 * Equation (2) 
3y — 2(-3) = 9 «z= -3 
3y = 3 
y=1 


Replace z with —3 and y with | in Equation (1) and then solve for x. 


2x-4y+z= 

2x — 4(1) + (-3) = 
2x—-—7= 

x= 


The solution is the ordered triple (2, 1, —3). 


Question * What is the solution of the system of equations at the right? 


=3 
=3 
=3 
2 


¢ Equation (1) 


x+2y+z=2 
y-z=3 
z=2 


EXAMPLE 1_ Solve an Independent System of Equations 


x+2y-z=1 


(1) 

Solve: § 2x —- y+z=6 (2) 

2x- y-z=0 (3) 
Solution 


Eliminate x from Equation (2) by multiplying Equation (1) by —2 and then adding it to 
Equation (2). Replace Equation (2) with the new equation. 


—2x — 4y + 2z = -2 
2x- yt z= 6 
—-Sy+3z= 4 
x+2y- z= 1 
—-Sy+3z= 4 
2x- y- z= 0 


Eliminate x from Equation (3) by multiplying Equation (1) by —2 and adding it to 
Equation (3). Replace Equation (3) with the new equation. 


—2x — 4y + 2z = -2 
2xx- y- z= 0 
—S5y+ z=-2 
x+2y- z= 1 
—-Sy+3z= 4 
—Sy+ z=-2 


* —2 times Equation (1) 

¢ Equation (2) 

¢ Add the equations. 
(1) 
(4) 
(3) 


* Replace Equation (2). 


* —2 times Equation (1) 
« Equation (3) 
« Add the equations. 
(1) 
(4) 


(5) * Replace Equation (3). 


(continued ) 


Answer ¢(-10, 55 ay: 
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Eliminate y from Equation (5) by multiplying Equation (4) by —1 and then adding 
it to Equation (5). Replace Equation (5) with the new equation. 


Sy — 3z = —4 *—1 times Equation (4) 
—Ssy + 7S =2 * Equation (5) 
—2z = -6 ¢ Add the equations. 
x+2y- z= 1 (1) 
—-Sy+3z= 4 (4) 
—2z = -6 (6) * Replace Equation (5). 


The system of equations is now in triangular form. Solve the system of equations 
by back substitution. 
Solve Equation (6) for z. Substitute the value into Equation (4), and then solve 
for y. 
—2z = -6 ¢ Equation (6) —Sy + 3z = 4 * Equation (4) 
z=3 —5y + 333) = 4 * Replace z with 3. 
—Sy = -5 * Solve for y. 
= | 


Replace z with 3 and y with | in Equation (1), and then solve for x. 


xt+ B-z=1 ¢ Equation (1) 
x+20)-3=1 * Replace y with 1; replace z with 3. 
x=2 


The system of equations is consistent. The solution is the ordered triple (2, 1,3). See 
Figure 9.13 Figure 9.13. 


@ Try Exercise 12, page 738 


a 


EXAMPLE 2 _ Solve a Dependent System of Equations 


2x- y-z=-l (1) 
Solve: — x + 3y —z= -3 (2) 
—5x+ 5y+z=-—1 (3) 


Solution 
Eliminate x from Equation (2) by multiplying Equation (2) by 2 and then adding it to 
Equation (1). Replace Equation (2) with the new equation. 


x= y= Z==1 ¢ Equation (1) 
—2x + 6y — 2z = —6 ¢ 2 times Equation (2) 
Sy — 3z = -7 ¢ Add the equations. 
2x- y- z=-l1 (1) 
Sy — 3z = -7 (4) * Replace Equation (2). 
—5x+ 5y+ z=—-l1 (3) 
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Eliminate x from Equation (3) by multiplying Equation (1) by 5 and multiplying 
Equation (3) by 2. Then add. Replace Equation (3) with the new equation. 


10x — 5y—-5z= -5 ¢ 5 times Equation (1) 
—10x + 10y + 2z = —2 * 2 times Equation (3) 
Sy=— 32 = 7 ¢ Add the equations. 


axx- y- z=-l (1) 
5y — 3z = -7 (4) 
Sy — 3z = —-7 (5) * Replace Equation (3). 


Eliminate y from Equation (5) by multiplying Equation (4) by —1 and then adding 
it to Equation (5). Replace Equation (5) with the new equation. 


—-Sy+3z= 7 *—1 times Equation (4) 
5y — 3z = -7 * Equation (5) 
0= O ¢ Add the equations. 


ax- y- z=-l (1) 
5y — 3z = -7 (4) 
0= O (6) * Replace Equation (5). 
Because any ordered triple (x, y, z) is a solution of Equation (6), the solutions of 
the system of equations will be the ordered triples that are solutions of Equations (1) 
and (4). 
Solve Equation (4) for y. 


sy 325 7 
5y = 3z — 7 
3 7 
=iz-— 
a 
; 3 7 : : 
The three Substitute —z — — for y in Equation (1) and solve for x. 
planes intersect 5 5 
along this line. 
2e=yozg=—1 * Equation (1) 
3 7 aoe 7 
2x (2 Z 1) z=-l * Replace y with 52S" 
8 7 =r 
24> rl + 5 ==] * Simplify and solve for x. 
8 12 
2X = Se 
5 5 
4 6 
x= TzZ- 5 
m) 5 
: 3 7 6 
By choosing any real number c for z, we have y = 5° and x = 5° 5" 


For any real number c, the ordered-triple solutions of the system of equations are 
(; 6 3 7 
a, 

5 a 5 


Figure 9.14 


5 e) The solid red line shown in Figure 9.14 is a graph of the solutions. 


Try Exercise 18, page 738 
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Study tip 
Although the ordered triples 


($c-$2-Z} 
S Sa Se 


( 3 15 " >) 
og 2a @ 
appear to be different, they repre- 
sent exactly the same solutions. 
For instance, choosing c = —1, 
we have (—2, —2, —1). Choosing 
a = —2 results in the same 
ordered triple, (—2, —2, —1). 


Figure 9.15 


As in the case of a dependent system of equations in two variables, there is more than 
one way to represent the solutions of a dependent system of equations in three variables. 


4 6 
For instance, from Example 2, let a = =c — =, the x-coordinate of the ordered triple 


4 6 3 7 
& = 5°5¢ = ‘.e), and solve for c. 


4 6 5 3 
a C > ¢=—-art 


5 5 4 2 


Substitute this value of c into each component of the ordered triple. 


(2(3 >) 6 2(2 2) 75 2) ( 3 15 2) 
at ; at srat =| a,—a scat 
5\4 2 5°5\4 2 574 2 4 2’4 > 


Thus the solutions of the system of equations can also be written as 


EXAMPLE 3 Identify an Inconsistent System of Equations 


x+2y+ 3z=4 (1) 


Solve: § 2x —- y- z=3 (2) 
3x + y+2z=5 (3) 
Solution 


Eliminate x from Equation (2) by multiplying Equation (1) by —2 and then adding it 
to Equation (2). Replace Equation (2). Eliminate x from Equation (3) by multiplying 
Equation (1) by —3 and adding it to Equation (3). Replace Equation (3). The equiva- 
lent system is 
x+2y+3z= 4 (1) 

—S5y — 7z= -5 (4) 

—5y —-7z=-7 (5) 
Eliminate y from Equation (5) by multiplying Equation (4) by —1 and adding it to 
Equation (5). Replace Equation (5). The equivalent system is 


x+2y+3z= 4 (1) 
=p — 7z= =5 (4) 
0= -2 (6) 


This system of equations contains a false equation. The system is inconsistent and has 
no solution. There is no point on all three planes. See Figure 9.15. 


@ Try Exercise 16, page 738 


® Nonsquare Systems of Equations 


The systems of linear equations we have solved so far contain the same number of vari- 
ables as equations. These are square systems of equations. If there are fewer equations than 
variables—a nonsquare system of equations—the system has either no solution or an infi- 
nite number of solutions. 
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EXAMPLE 4 Solve a Nonsquare System of Equations 


x—2yt+ 2z= 3 (1) 
Solve: 
2x—- y-2z= 15 (2) | 
Solution 
Eliminate x from Equation (2) by multiplying Equation (1) by —2 and adding it to 
Equation (2). Replace Equation (2). 
, oe (1) 
3y —- 62 =9 (3) 
Solve Equation (3) for y. 
3y — 62 =9 
y=2z+ 3 
Substitute 2z + 3 for y in Equation (1) and solve for x. 
x — 2y + 2z = 3 
x= 222s 3) +22 = 3 *y=2z7+3 
x=2z+9 


For each value of z selected, there are corresponding values for x and y. If z is any real 
number c, then the solutions of the system are the ordered triples (2c + 9, 2c + 3,c). 


@ Try Exercise 20, page 738 


lm Homogeneous Systems of Equations 


A system of linear equations in which the constant term is zero for all equations is called a 
homogeneous system of equations. Two examples of homogeneous systems of equations are 


2x — 3y + 5z = 0 
3x + 2y+ z=0 


ae ae 
x — 4y + 5z=0 


2x + 3y = 0 


The ordered pair (0, 0) is always a solution of a homogeneous system of equations in 
two variables, and the ordered triple (0, 0,0) is always a solution of a homogeneous sys- 
tem of equations in three variables. This solution is called the trivial solution. 

Sometimes a homogeneous system of equations may have solutions other than the 
trivial solution. For example, (1, —1, —1) is a solution of the homogeneous system of three 
equations in three variables given above. 

If a homogeneous system of equations has a unique solution, the graphs intersect only 
at the origin. Solutions of a homogeneous system of equations can be found by using the 
substitution method or the elimination method. 


EXAMPLE 5 Solve a Homogeneous System of Equations 


x + 2y —- 3z=0 (1) 
Solve: 4 2x — y+ z=0 (2) 
3x + y-2z=0 (3) 


(continued ) 
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Solution 
Eliminate x from Equations (2) and (3) and replace these equations with the new equations. 
x + 2y — 3z=0 (1) 
—5y + 7z=0 (4) 
—5y + 7z = 0 (5) 
Eliminate y from Equation (5). Replace Equation (5). 
x+2y -3z=0 (1) 
—5y + 7z =0 (4) 
0=0 (6) 
Because Equation (6) is an identity, the solutions of the system are the solutions of 


Equations (1) and (4). 
Solve Equation (4) for y. 


7 
=e 
aa 
Substitute the expression for y into Equation (1) and solve for x. 
x + 2y — 3z=0 ° Equation (1) 
: 
r+2(1e)-3:=0 "y=22 
1 
X= Zz 
> 


Letting z be any real number c, we find that the solutions of the system are the ordered 
triples 


@ Try Exercise 32, page 738 


® Applications of Systems of Equations 
One application of a system of equations is curve fitting. Given a set of points in the plane, 


we can try to find an equation whose graph passes through, or fits, all of the points. 


EXAMPLE 6 Solve an Application of a System of Equations to 
Curve Fitting 


Find an equation of the form y = ax’ + bx + c whose graph passes through the points 
located at (1, 4), (—1, 6), and (2, 9). 
Solution 
Substitute each of the given ordered pairs into the equation y = ax? + bx + c. Write 
the resulting system of equations. 
4=a(lyp + dbl)t+e or a+ b+c=4 (I) 
6=a(-1’ + b(-1l) +c or a- b+c=6 (2) 
9 = a2) + b2) +c or |4a+2b+c=9 (3) 
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Solve the resulting system of equations for a, b, and c. 

Eliminate a from Equation (2) by multiplying Equation (1) by —1 and then adding 
it to Equation (2). Now eliminate a from Equation (3) by multiplying Equation (1) by 
—4 and adding it to Equation (3). The result is 

at b+ c= 4 
—2b = 2 
—2b —3c = —-7 


Although this system of equations is not in triangular form, we can solve the second 


eee 1 2 equation for 5 and use this value to find a and c. 
Solving by substitution, we obtain a = 2, b = —1, and c = 3. The equation of the 
y=w-—x+3 form y = ax” + bx + c whose graph passes through (1, 4), (—1, 6), and (2, 9) is 
Fi y = 2x° — x + 3. See Figure 9.16. 
igure 9.16 


H Try Exercise 36, page 739 


Traffic engineers use systems of equations to study the flow of traffic. The analysis of 
traffic flow is based on the principle that the numbers of cars that enter and leave an inter- 
section must be equal. 


EXAMPLE 7 _ Traffic Flow 


Suppose the traffic flow for some one-way streets can be modeled by the diagram at 
the left, where the numbers and the variables represent the numbers of cars entering or 
leaving an intersection per hour. 

If the street connecting intersections A and C has a traffic flow of 100 to 200 cars 
per hour, what is the traffic flow between A and B (which is x7) and between B and C 
(which is x3)? 


Solution 
Let x1, x2, and x3 represent the numbers of cars per hour that are traveling on AC, AB, 
and BC, respectively. Now consider intersection A. There are 300 + 200 = 500 cars per 
hour entering A and x, + x, cars leaving A. Therefore, x; + x, = 500. For intersection 
B, we have 50 + x, cars per hour entering the intersection and 100 + x; cars leaving 
the intersection. Thus 50 + x, = 100 + x3, or x, — x3 = 50. Applying the same rea- 
soning to C, we have x; + x; = 450. These equations result in the system of equations 

x; + x2 = 500 (1) 

Xn 7 3 50 (2) 

xX + x3 450 (3) 
Subtracting Equation (2) from Equation (1) gives 

xX, + xX, = 500 (1) 

XQ X38 = 50 (2) 

x, + x3 = 450 (4) 
Subtracting Equation (4) from Equation (3) gives 

xy + x30 450 (3) 

xy + x3 = 450 (4) 

0=0 


(continued ) 
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This indicates that the system of equations is dependent. Because we are given that 100 
to 200 cars per hour flow between A and C (the value of x,), we will solve each equa- 
tion in terms of x,. From Equation (1) we have x. = —x, + 500, and from Equation (3) 
we have x3 = —x, + 450. Because 100 = x, = 200, we have, by substituting for x,, 
300 = x, = 400 and 250 = x3; = 350. The traffic flow between A and B is 300 to 400 
cars per hour, and the traffic flow between B and C is 250 to 350 cars per hour. 


Try Exercise 42, page 739 


EXERCISE SET 9.2 


In Exercises 1 to 24, solve each system of equations. 


11 


13 


15 


17 


19 


| 
| 
| 
| 
| 
| 
| 
| 
| 


2x 


—- yt z= 8 
2y = 32> —11 
Sy 2z= 3 

+ 3y—2z2= 8 

- y+ z= 1 

+ 2y — 3z = 15 

+4y- z=-7 

—5y+2z= 19 

+ y-2z= 5 

— 5y + 3z = -18 

+2y- z=-12 

—3y-—4z= -4 

+2ly— 375-7 

—- y+4z= 11 

+ 3y — 4z = -3 

—S5y+2z= -4 
2y + 3z 13 

— 3y — 42 = -18 

+ po> 2=-2 
2y + 3z 21 
4y 4 17 

— 2y+ 3z=11 
3y Z 3 

+14y- z= 1 

—3y + 62 =3 

+2y—4z2=5 

+ 4y—- 82 =7 


2x — 3y + 5z= 14 


x + 4y —-3z = -2 


3x + pt dz = —4 
2. =3y— 22 = =5 
2y + 5z = —4 
x= 2p + 32> 5 
4.49 3x -3y+ z= 
SK pe 3z7=3 
2x — 3y — 2z = 12 
6. x + 4y z 9 
4x + 2y—-—3z= 6 
4x —- yr 2z =] 
8. 4 2x + 3y — 3z = -13 
x + 5y Zz 7 
x= 3p F272 11 
10. 4 3x y t+ 4z 4 
5x — 5y + 82 = —-18 
3x + 2y—-—S5z= 6 
m12. ) 5x — 4y + 3z = -12 
4x +5y—-—2z= 15 
3x + y+2z= 2 
14. 4x —-2y+ z=-4 
llx — 3y + 4z = -6 
x+3y—2z7= 2 
m16. )-2x-4y+ z= 0 
3x = Ty + 32 1 
2x + 3y-6z= 4 
m18. 4) 3x — 2y — 9z = -7 
2x + Sp=—62=— 8 
cel 
020. 
3x — 8y — 2z = 4 


oh ae 5 alg sae 


4x — oy + 4z =9 24> po 322 

5x + 3y + 2z= 10 ax — 4y— 7z= 5 
23. 24. 

3x = 4y = 42 = =5 2x + By = 52 2 


In Exercises 25 to 32, solve each homogeneous system of 
equations. 


x+3y—42=0 x= 2p + 3z= 0 
25. 4) 2x + 7y z=0 26. \ 3x — Ty — 4z = 
3x — Sy — 2z = 0 4x -4y+ z= 
2x —3y+ z=0 5x — 4y — 3z = 
27. § 2x + 4y — 3z = 0 28. 4 2x + yt 2z=0 
6x — 2y- z=0 x= 6p = 7z= 0 
3x -— Sy+ 3z=0 5x — 2y — 3z = 0 
29. § 2x — 3y+ 4z=0 30. 4 3x -—- y-—4z=0 
7x — lly + 1llz=0 4x - y-9z= 
4x — Ty = 22 = 0 Sx + 2p + 3z = 0 
31. 4 2x + 4y + 3z=0 m32. 4 3x + pow 
3x — 2y — Sz = 0 4x - Ty + 325 


In Exercises 33 to 44, solve each exercise by solving a 
system of equations. 


33. Curve Fitting Find an equation of the form y = ax” + bx + c 
whose graph passes through the points (2, 3), (—2, 7), and 
di, —2). 

34. Curve Fitting Find an equation of the form y = ax? + bx + c 

whose graph passes through the points (1, —2), (3, —4), and 

(2, —2). 


35. Curve Fitting Find the equation of the circle whose graph 
passes through the points (5,3), (—1, —5), and (—2, 2). (Hint: 
Use the equation x7 + y? + ax + by +c = 0.) 


0 36. 


37. 


38. 


39. 


40. 


41. 


Curve Fitting Find the equation of the circle whose graph 
passes through the points (0, 6), (1,5), and (—7, —1). (Hint: 
See Exercise 35.) 


Curve Fitting Find the center and radius of the circle whose 
graph passes through the points (—2, 10), (—12, —14), and 
(5, 3). (Hint: See Exercise 35.) 


Curve Fitting Find the center and radius of the circle whose 
graph passes through the points (2,5), (—4, —3), and (3, 4). 
(Hint: See Exercise 35.) 


Traffic Flow Suppose that the traffic flow for some one-way 
streets can be modeled by the diagram below, where each num- 
ber or variable represents the number of cars entering or leav- 
ing an intersection per hour. 


240 


If the street connecting intersections A and B has a traffic flow 
of 150 to 250 cars per hour, what is the traffic flow between B 
and C? 


Traffic Flow A roundabout is a type of intersection that 
accommodates traffic flow in one direction, around a circular 
island. The graphic model below shows the numbers of 
cars per hour that are entering or leaving a roundabout. The 
variables x,, x2, and x3 represent the traffic flow per hour 
along the three portions of the roundabout. 


If the portion of the roundabout between A and B has a traffic 
flow of from 60 to 80 cars per hour, what is the traffic flow 
between C and A and between B and C? 


Traffic Flow Suppose that the traffic flow for some one-way 
streets can be modeled by the accompanying diagram, where 
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each number or variable represents the number of cars entering 
or leaving an intersection per hour. 


389 437 
hed 

256 300 
A B 
x, x, 

249 314 
oa, D 

298 367 


If the street connecting intersections A and B has an estimated 

traffic flow of from 125 to 175 cars per hour, what is the esti- 

mated traffic flow between C and A, D and C, and B and D? 
42. Traffic Flow The graphic model below shows the numbers of 
cars per hour that are entering and leaving a roundabout. What 
is the minimum number of cars per hour that can travel 
between B and C? 


43. Art A sculptor is creating a windchime consisting of three 
chimes that will be suspended from a rod 13 inches long. The 
weights, in ounces, of the chimes are shown in the diagram. 
For the rod to remain horizontal, the chimes must be positioned 
so that wd, + w2d, = w3d3. If the sculptor wants d, to be 
one-third of d,, find the position of the middle chime that will 
make the windchime balance. 


Ww) =20z 
w3=9 0z 1 
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44. Art A designer wants to create a mobile of colored blocks as 
shown in the diagram below. The weight, in ounces, of each of 


In Exercises 45 and 46, find an equation of the plane that 
contains the given points. (Hint: The equation of a plane 


the blocks is shown next to the block. 


can be written as z = ax + by + c.) 
45... (1,=1,5), 2; —2;9); 3;-L=-) 


46. (2,1, 1), (—1, 2, 12), (3, 2, 0) 


In Exercises 47 and 48, use the system of equations 
x-3y-2z=” 
2x — Sy + Az 9 
2x — 8y + z= 18 


47. Find all values of A for which the system has no solution. 


dia 48. Find all values of A for which the system has a unique solution. 


In Exercises 49 to 51, use the system of equations 


Given that d; + d, = 20 inches, d; + d, = 10 inches, and 


d; + do = 8 inches, find the values of d; through dg so that 


xt 2y+ z=A 


each bar is horizontal. (A bar is horizontal when the value of —2x— 3y+ Az=1 


weight times distance on each side of a vertical support is 
equal. For instance, for the diagram above, 6d, must equal 4d). 
Because there are six variables, the resulting system of equa- 
tions must contain six equations.) 


7x + 12y + A2z = 4A? - 3 


49. Find all values of A for which the system has a unique solution. 


50. Find all values of A for which the system has an infinite num- 
ber of solutions. 


SECTION 9.3 Nonlinear Systems of Equations 


Solving Nonlinear Systems of 
Equations 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page Aé4. 


PS1. Solve x7 + 2x — 2 = 0 forx. [1.3] 
+ 4y = —- 

PS2. solve: { ‘ id 
3x -— 2y = 


PS3. Name the graph of (y + 3)’ = 8x. [8.1] 


@=2y (+3y 
4 9 
PS5. How many times do the graphs of y = 2x — 1 and x? + y* = 4 intersect? [2.1/2.2] 


2 2 2 2 
PS6. How many times do the graphs of a + - = | and . + 7 = | intersect? [8.2] 


91 
9 (9 


PS4. Name the graph of = 1. [8.3] 


® Solving Nonlinear Systems of Equations 


A nonlinear system of equations is one in which one or more equations of the system are 
not linear equations. In this section, we will only consider solutions whose coordinates are real 
numbers. Therefore, if a system of equations does not have any solution in which both coor- 
dinates are real numbers, we will simply state that the system has no solution. 

Figure 9.17 shows examples of nonlinear systems of equations and the corresponding 
graphs of the equations. Each point of intersection of the graphs is a solution of the system 
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of equations. In the third example, the graphs do not intersect; therefore, the system of equa- 
tions has no solution. 


y 


| 
aS 
Bliss 
BY 


ee 
x+y? = 16 


No solution 


Four solutions 


Figure 9.17 


Two solutions 


x+y=1 . : 
1 a nonlinear system of equations? 


Question @ Is { 


To solve a nonlinear system of equations, use the substitution method or the elimina- 
tion method. The substitution method is usually easier for solving a nonlinear system that 
contains a linear equation. 


EXAMPLE 1 

2 
Jyax-x- il (1) 
Solve: fr er (2) 


Algebraic Solution 


We will use the substitution method. Using the equation y = x° — x — 1, 
substitute the expression for y into 3x — y = 4. 


3x —-y=4 
= ee = 4 
—-?+4x+1=4 

x -—4x¥+3=0 


(x — 3\(x — 1) =0 


x-3=0 or x-1=0 


x=3 or 


Substitute these values into Equation (1) and solve for y. 


y=3?-3-1=5 


The solutions are (3,5) and (1, —1). Check by showing that (3, 5) and 
(1, —1) satisfy both equations in the original system. 


@ Try Exercise 8, page 745 


Solve a Nonlinear System by the Substitution Method 


3x — y = 4 shows that the points 
located at (1, —1) and (3, 5) belong 
to each graph. Therefore, these 
ordered pairs are the solutions of the 
system of equations. 


sy=x*-x-1 


* Simplify. 


¢ Write the quadratic equation 
in standard form. 


¢ Solve for x. 


x=] 


1=-1 


o y=l-1 


Answer ® Yes. 
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You can use a graphing calculator to solve some nonlinear systems of equations in two 
variables. For instance, to solve 


eo 
y=x+ 2x? -— Tx — 3 


enter X°-2X+2 into Yi and X43+2X°-7X-3 into Y2 and graph the two equations. 

Be sure to use a viewing window that will show all points of intersection. The sequence 
of steps shown in Figure 9.18 can be used to find the points of intersection with a 
TI-83/TI-83 Plus/TI-84 Plus graphing calculator. 


The question First curve? shown at the The question Second curve? shown at the 
Press |2nd} CALC. bottom of the screen means to select the bottom of the screen means to select the 
Select 5: intersect. first ofthe two graphs that intersect. second of the two graphs that intersect. 
Press | ENTER]. Just press [ENTER]. Just press | ENTER]. 
20 20 


CALCULATE 


1: value 
2: zero 
3: minimum 


Yl=X?-2X+2 Ye=X43+2X°-7X-3 


4: maximum 
EM intersect 
6: du/dx 
7: f(xJdx 


Second curve? 
X=0 


Guess? is shown at the bottom The approximate coordinates 
of the screen. Move the cursor of the point of intersection, Repeat these steps two more times to 
until it is approximately at the first (—2.24, 11.47), are shown at find the remaining points of intersection. 
point of intersection. Press | ENTER]. the bottom of the screen. The graphs are shown below. 

20 20 20 


Y2=X434+2X°-7X-3 


Guess? Intersection Intersection 
X=-2.234043 X=-2.236068 X=-1 


Intersection 
X = 2.2360681Y = 2.527864 


-10 


Figure 9.18 


The approximate coordinates of the points of intersection are (—2.24, 11.47), (—1, 5), 
and (2.24, 2.53). 
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EXAMPLE 2 Solve a Nonlinear System by the Elimination Method 


Sai Ae + 3y7=48 = (1) 
Oe 1 352 + Oy? = 35 (2) 


Algebraic Solution Visualize the Solution 


We will eliminate the x” term. Multiply Equation (1) by —3 and 
Equation (2) by 4. Then add the two equations. 


4x7 +3y?=48 Yt 3x7 + 2y* = 35 


—12x* — 9y? = -144 
12x? + 8y? = 140 


-y? = —A 
y= 4 
y= +2 


Substitute 2 for y into Equation (1) and solve for x. 


4x? + 3(2)? = 48 


4x? = 36 
7 =9 
x= +43 


Because (—2)* = 27, replacing y with —2 yields the same values of x: x = 3 or 
x = —3. The solutions are (3, 2), (3, —2), (—3, 2), and (—3, —2). 


@ Try Exercise 16, page 746 


EXAMPLE 3 Identify an Inconsistent System of Equations 


ie + 9y? = 36 = (1) 
Solve: P 
wr- y=25 (2) 


Algebraic Solution Visualize the Solution 


Using the elimination method, we will eliminate the x* term from each 


equation. Multiplying Equation (2) by —4 and then adding, we have “| 4x” + 9y? = 36 
4x7 + 9 = 36 
—4x2 + 4y? = -100 a6 
13y?= -64 
Because the equation 13y? = —64 has no real solutions, the system of 


equations has no solutions. The graphs of the equations do not intersect. 


@ Try Exercise 20, page 746 
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EXAMPLE 4 Solve a Nonlinear System of Equations 


ei ae ee 
ON Lae + 4)? + (y — 3) = 26 


Algebraic Solution Visualize the Solution 


Expand the binomials in each equation. Then subtract the two equations and 


: : 3 + (y- 4) = 20 
simplify. (+37 +0-4) ¥ 


(-5, 8) 


x t+ox+ 9+y?— 8y + 16= 20 (1) 
+ 8r+ 16+? —6y + 9 = 26 (2) 
—2x-— 7 —2y+ 7=-6 
x+ y= 3 


Now solve the resulting equation for y. 


y= -x+3 


(x +4) + (y-3)° = 26 


Substitute —x + 3 for y in Equation (1) and solve for x. 
x? + 6x +9 + (—x + 3 — 8(—x + 3) + 16 = 20 
2(x* + 4x — 5) = 0 
2 + 5)\x - 1) = 0 
x=-5 or x=1 
Substitute —5 and 1 for x in the equation y = —x + 3 and solve for y. This 


yields y = 8 or y = 2. The solutions of the system of equations are (—5, 8) 
and (1, 2). 


@ Try Exercise 28, page 746 


In Example 5, a nonlinear system of equations is used to solve an application. 


EXAMPLE 5 _s Plasma Television Dimensions 


The screen of a plasma television has a diagonal of 63 inches. The ratio 
of the width of the screen, x, to the height of the screen, y, is 16 to 9. 
Find the width and the height of the screen. Round to the nearest tenth 
of an inch. 


Algebraic Solution 


A diagonal of the screen measures 63 inches. Therefore, by the Pythagorean 
Theorem, 


x+y = 63° 
: . : : x 16 : 
The ratio of the width x to the height y is 16 to 9. Thus — = 9° which 
y 
16 ‘ 
can be written as x = oe y. We need to solve the following system. 
x+y? = 63° (1) 


16 


9” (2) 


ll 


x 


16 
Substitute rey for x in Equation (1) and solve for y. 


GY. 5 ; ; 
g2) 72-2 * Substitute. 
256 e 81 , 2 Sasa 
+ = ¢ Simplify. 
31> 81 y 63 implify. 
337 
rel = 64" * Collect like terms. 
81 
y= 337 637 * Solve for y. 
81 2 . oe 
y=,/=5° 63 * Because y > 0, we find only the positive 
337 square root. 
y = 30.886 
Now use Equation (2) to find x. 
16 16 
meres x re 30.886 ~ 54.908 


To the nearest tenth of an inch, the width is 54.9 inches and the height is 
30.9 inches. 


@ Try Exercise 36, page 746 
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Visualize the Solution 


The graph of Equation (1) is a circle, 
and the graph of Equation (2) is a 
line. Because the width x and the 
height y are both positive, we know 
that the dimensions of the television 
screen will be given by the coordi- 
nates of the point in Quadrant I at 
which the graphs intersect. 


EXERCISE SET 9.3 


In Exercises 1 to 32, solve the system of equations. 


+ = 
7. : y= 10 58. -_ 
aca 2 eis xy = 24 
“ly =2x - 2 “Wyre ee 1 - _ 
2x-y= =3 
9. <_ 10. { a 
3 ie ae 4 y= x7 + 2x- 4 xy = xy 
y=x-A4 pe i ae 12, {* + 3y=7 
7 : yu4x—-3 x + 4y = 6 
P oe Z ae eae ‘8 , 4x? — 3x — 5 vl ae 5x +1 
“|y=x-x-2 “ly =x? + 2x 4+ 5 "Ly = 2x7 - 2x - 3 y=r+R—5 
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15. 


17. 


19. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


028. 


29. 


30. 


31. 


32. 


33. 


2+ y= 3x” — 2y? = 19 
ak 016. 2. 2 5 
y x y 
x7 —2y? = 8 2x? + 3y? = 5 

2 a 18 2 42 
x° + 3y 28 x 3y 4 
2x? + 4y? = 5 2x* + 3y? = 11 
2 92 220. a 

3x? + 8y? = 14 3x? + 2y? = 19 
x? — 2x + y* 

2x+ty=5 
r+yrt+3y= 22 

2x+y=-l1 
GaP ror lp as 

x-3y=7 


t IP + (y 
G@= 3) +p Fay =2 


Dimensions of a Brochure A rectangular brochure is 
designed so that it has an area of 37.5 square inches and a 
perimeter of 25 inches. Find the width and the height of the 
brochure. Assume the height is greater than the width. 


34. 


35. 


36. 


37. 


38. 


Dimensions of a Container With the 
lid closed, a takeout box used by a 
restaurant has a volume of 121 cubic 
inches. Its length / equals its width w. A 
strip of tape is wrapped around the box 
to keep it closed. The length of the tape 
measures 20 inches, which is | inch 
more than the shortest distance around 
the box. Find the dimensions of the box. 


Dimensions of Carpets Two square carpets are used in the 
reception area of a hotel. The sum of the areas of the carpets is 
865 square feet. The difference of the areas of the carpets is 
703 square feet. Find the dimensions of each carpet. 


Dimensions of a Sign A large, rectangular electronic adver- 
tising sign for a hotel has a diagonal of 25.0 feet. The height of 
the sign is 1.6 times its width. Find the width and the height of 
the sign. Round to the nearest tenth of a foot. 


Dimensions of Globes A company sells a large globe and a 
small globe. The volume of the large globe is eight times the 
volume of the small globe. The difference between the volumes 
is 15,012.62 cubic inches. Find the radius of each globe. 
Round to the nearest tenth of an inch. 


Horse Race Simulation A student is writing a horse race sim- 
ulation for a TI-83/TI-83 Plus/TI-84 Plus graphing calculator. 
The figure below shows the layout of the track. 


31 Horse race track 


-31 
Xscl=5, Yscl=5 


Starting line 


To produce the graph on a graphing calculator, the student 
needs to know the coordinates of point A in Quadrant III, the 
point at which the large ellipse 


9: 2 
ene, + eae =] 
an 
intersects the horizontal line segment defined by y = —16. 


Find the coordinates of point A. Round the x value to the near- 
est tenth. 


39. 


40. 


41. 


42. 


43. 


AA. 


Geometry Find the perimeter of the rectangle below. 


3y+5 


18x — 22 


Construction A painter leans a ladder against a vertical wall. 
The top of the ladder is 7 meters above the ground. When the 
bottom of the ladder is moved | meter farther away from the 
wall, the top of the ladder is 5 meters above the ground. What 
is the length of the ladder? Round to the nearest hundredth of 
a meter. 


Analytic Geometry For what values of the radius r does the 
line y = 2x + 1 intersect (at one or more points) the circle 
whose equation is x? + y* = r7? 


Geometry Three rectangles have exactly the same area. The 
dimensions of the rectangles (as length and width) are a and b; 
a—3andb + 2; anda + 3 and b — 1. Find the area of the 
rectangles. 


Supply-Demand The number x of picture cell phones a manu- 
facturer is willing to sell at price p is given by x = i = 20, 


where p is the price, in dollars, per picture cell phone. The num- 
ber x of picture cell phones a distributor is willing to purchase 


17,710 ; ; ; 
1? where p is the price per picture cell 


is given by x = 


phone. Find the equilibrium price. (See Section 9.1 for a dis- 
cussion of supply—demand equations.) 


Supply-Demand The number x of a certain type of personal 
digital assistant (PDA) a manufacturer is willing to sell at price 
2 


p is given by x = - — 384, where p is the price, in dollars, 
per PDA. The number x of these PDAs an office supply store 
22,914 


pti 
price per PDA. Find the equilibrium price. (See Section 9.1 for 
a discussion of supply—-demand equations.) 


is willing to purchase is given by x = , where p is the 
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In Exercises 45 to 50, solve each system of equations. 
Round approximate values to the nearest ten- 
thousandth. 


= 2 =! 
45. , 46. e ou 
y=xt+1 y=x-3 
map =| 
47. : - 48. , — 
y=x y=-xt+4 
6 
48 y= Ve ae tS ee 
: _ ol : x 
y x= 1 Y x= 1 


In Exercises 51 to 56, solve the system of equations for 
rational-number ordered pairs. 


=x +4 
1. {? es 
x=y — 24 


2. 
=-5 

52. , * 
x=" = 13 


53. 


(Hint: Factor the second equation. Now use the zero product 
principle and the substitution principle.) 


2 


2 
+ 2xy — =1 
x” + 3xy + 2y° = 0 


(Hint: See Exercise 53.) 


2x? — 4xy — y? = 6 
55. { oe 
4x° — 3xy — yy = 6 
(Hint: Subtract the two equations.) 
3x? + Ixy — 5y* = 11 
56. { ends 
xi + 3xyt+ y= 11 


(Hint: Subtract the two equations.) 
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1. 


3. 


ei { 2x — 3y = -15 
(5 
a —3x +4y= 19 


Give an example of an inconsistent system of equations in two 
variables. 


6x — 3y = -9 


2. Solve: { 
—2x+ y= 3 


4. Find an equation of the form y = ax* + bx + c whose graph 
passes through the points (—1, 6), (2, 3), and (3, 10). 


| 


3) 
. Solve: 
5 ove: 75 79,7 8 
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SECTION 9.4 Partial Fractions 


Partial Fraction Decomposition 


Rational Expressions 
See pages 49-54. 


CALCULUS 
CONNECTION 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page Aé4. 


PS1. Factor x* + 14x? + 49 over the real numbers. [P.4] 


1 
+ 
x- 1 Kae Z 
6 


Ps2. Add: [P5] 


7 10 
PS3. Simplify: PS 
eee x—- 1 @ 1p! 
PS4 Solve: {1 _ ae CT 
7 PONS LL = -54 + 3B 
0O= A+ B 
PS5. Solve: 3 = —2B+ C[9.2] 
16 = 7A —2C 
x? — 4x? — 19x — 35 
PS6. Divide: 4 [3.1] 
Seem Ps 


® Partial Fraction Decomposition 
An algebraic application of systems of equations is a technique known as partial fractions. 
In Chapter P, we reviewed the problem of adding two rational expressions. For example, 


5 & 1 6x + 9 
x- 1 x+2 @-De@+ 2) 


Now we will take the opposite approach. That is, given a rational expression, we will find 
simpler rational expressions whose sum is the given expression. The method by which a 
more complicated rational expression is written as a sum of simpler rational expressions is 
called partial fraction decomposition. This technique is based on the following theorem. 


Partial Fraction Decomposition Theorem 


If 


is a rational expression in which the degree of the numerator is less than the degree 
of the denominator, and p(x) and q(x) have no common factors, then f(x) can be 
written as a partial fraction decomposition in the form 


SQ) = AiG) + AO) + +> + fiO) 


where each f;(x) has one of the following forms. 


A Ax + B 


(ax + by” (ax” + bx + c)” 
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The procedure for finding a partial fraction decomposition of a rational expression 
depends on the factorization of the denominator of the rational expression. There are four 
cases. 


Case 1 Nonrepeated Linear Factors 


The partial fraction decomposition will contain an expression of the form cm for each 
ax 
nonrepeated linear factor of the denominator. For example, in the rational expression 
31 
x(3x + 4)(x — 2) 


each linear factor of the denominator occurs only once. Thus its partial fraction decom- 
position has the form 


a= 1 A, B i C 
x(3x + 4)(x- 2) % 3x+4 2x-2 


Case 2 Repeated Linear Factors 
The partial fraction decomposition will contain an expression of the form 
A, A, An, 
+ + eee + — 
(ax +b) (ax + by (ax + by” 


for each repeated linear factor of multiplicity m. For example, in the rational expression 
4x +5 
(x — 2)°(2x + 1) 


the linear factor (x — 2) is a repeated linear factor. Thus its partial fraction decomposition 
has the form 


4x +5 4 , 4 | 8B 
(x—2°(Qx+1) x*-2 (@-2% 2&+1 


Case 3 Nonrepeated Quadratic Factors 
The partial fraction decomposition will contain an expression of the form 


Ax + B 
ax? + bx +c 


for each quadratic factor that is irreducible over the real numbers. For example, in the 
rational expression 


x—-4 
Ge +x+ De - 4) 


the quadratic factor (x? + x + 1) is irreducible over the real numbers. Thus its partial frac- 
tion decomposition has the form 


x =4 Ax +B n Cc 
Q@txt)Da~-4 xwtxtl x-4 


750 CHAPTER9 SYSTEMS OF EQUATIONS AND INEQUALITIES 


Case 4 Repeated Quadratic Factors 
The partial fraction decomposition will contain an expression of the form 


A\x + By Ayx + B, Ax + By 
ax? + bx +c (ax? + bx + cy (ax? + bx + c)” 


for each quadratic factor that is irreducible over the real numbers. For example, in the 
rational expression 


2x 
@ = 2)@? + 4 
(x? + 4) is a repeated quadratic factor. Thus its partial fraction decomposition has the form 
2x A\x + By, Anx + By G 
@-2024+42 +4 G44? 2-2 


ate ds 


Question @ Which of the four cases of partial fraction decomposition apply to —— neue 
(x — 2)(x* + 4) 


There are various methods for finding the constants of a partial fraction decomposi- 
tion. One such method is based on a property of polynomials. 


Definition of Equality of Polynomials 


If the two polynomials p(x) = a,x" + a,—yx" | + +++ + ayx + ag and 


r(x) = b,x" + b,x" | + +++ + byx + bo are of degree n, then p(x) = r(x) if 
and only if ay = bo, ay = by, ay = bo,..., dy = dy. 


EXAMPLE 1 Find a Partial Fraction Decomposition 
Case 1: Nonrepeated Linear Factors 


+ 11 
Find the partial fraction decomposition of =. 
AOS 2D 


Solution 
First factor the denominator. 
x? — 2x — 15 = (x + 3)(x — 5) 
The factors are nonrepeated linear factors. Therefore, the partial fraction decomposition 
will have the form 


x+11 A, B 
(x +3\xe—-5) x+3 x-5 


(1) 
To solve for A and B, multiply each side of the equation by the least common 
denominator (LCD) of the denominators, (x + 3)(x — 5). 

x + 11 = AQ — 5) + BO + 3) 

x + 11 = (4 + B)x + (—-SA + 3B) * Combine like terms. 


Answer © Cases | and 3 apply. 
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Use the Definition of Equality of Polynomials to equate coefficients of like powers. 
The result will be the system of equations 


1= A+ B * Recall that x = 1+-x. 
11 = —54 + 3B 
Solving the system of equations for A and B, we have A = —1 and B = 2. 


Substituting —1 for A and 2 for B into the form of the partial fraction decomposi- 
tion (1), we obtain 


ce i 
(e+ 3\x—-5) x+3 x-5 


You should add the two expressions to verify the equality. 


@ Try Exercise 14, page 754 


EXAMPLE 2 Find the Partial Fraction Decomposition 
Case 2: Repeated Linear Factors 


. ; . = x +2x +7 
Find the partial fraction decomposition of —_——— 
x(x — 1) 
Solution 


The denominator has one nonrepeated factor and one repeated factor. The partial fraction 
decomposition will have the form 


xv+2x4+7 =A B C 
= + 
x(x — 17 x x-1 («-1y 


Multiplying each side by the LCD x(x — 1)’, we have 
x? + 2x +7= A(x — 12 + Be — Ix + Cx 
Expanding the right side and combining like terms gives 
x? + 2x+7=(4+ B)x? + (-24-B+C)xt+A 


Use the Definition of Equality of Polynomials to equate coefficients of like powers. 
This will result in the system of equations 


1= A+B 
2= 24 —- BE 
7= A 


The solution is A = 7, B = —6, and C = 10. Thus the partial fraction decomposi- 
tion is 


v+2x+7 7 —6 10 
+ 
x(x — 1) x a2=1 G@=ip 


@ Try Exercise 22, page 754 
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EXAMPLE 3 Find the Partial Fraction Decomposition 
Case 3: Nonrepeated Quadratic Factor 


: : : oe 3x + 16 
Find the partial fraction decomposition of —————__. 
(x — 2)(x° + 7) 

Solution 
Because (x — 2) is a nonrepeated linear factor and x? + 7 is an irreducible quadratic 
over the real numbers, the partial fraction decomposition will have the form 

3x + 16 _ A Bx+C 


(x — 2)? +7) x-2 x47 


Multiplying each side by the LCD (x — 2)(x? + 7) yields 
3x + 16 = A(x? + 7) + (Bx + C\(x — 2) 
Expanding the right side and combining like terms, we have 
3x + 16 = (A + B)x? + (-2B + C)x + (74 — 2C) 


Using the Equality of Polynomials Theorem, equate coefficients of like powers. This 
will result in the system of equations 


0= A+ B * Think of 3x + 16 as Ox? + 3x + 16. 
3 = —2B+ C 
16 =7A — 2C 


The solution is A = 2, B = —2, and C = —1. Thus the partial fraction decomposition is 


3x + 16 2 =iy = f 
C= 2+ £2 ae 


@ Try Exercise 24, page 754 


EXAMPLE 4 Find a Partial Fraction Decomposition 
Case 4: Repeated Quadratic Factors 


Ax? + 5x7 + Tx -— 1 
(x? +x + 17 


Find the partial fraction decomposition of 


Solution 
The quadratic factor (x’ + x + 1) is irreducible over the real numbers and is a 
repeated factor. The partial fraction decomposition will be of the form 
4 oe be 1 Crp 
x? +x+ 1 wrtxetl @+xt1yP 


Multiplying each side by the LCD (x? + x + 1)’ and collecting like terms, we obtain 
4x3 + 5x7 + Ix — 1 = (Ax + BMX? +x4+1)+ C+D 
= Ax? + Ax? + Ax + Bx? + Bx + B+Cx+D 
= Axi + (4 + Bx? + (4+ B+ C)x + (B+ D) 
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Equating coefficients of like powers gives the system of equations | 


Sul 
5=A+B 
T=A+BH+C 

-l= B  +D 


Solving this system, we have 4 = 4, B = 1, C = 2, and D = —2. Thus the partial 
fraction decomposition is 
4x? + 5x? + 7x - 1 4x + 1 2x — 2 
Q?+x+ 1" xr+xt] 7? +x4+1P 


Try Exercise 30, page 754 


The Partial Fraction Decomposition Theorem requires that the degree of the numera- 
tor be less than the degree of the denominator. If this is not the case, use long division to 
first write the rational expression as a polynomial plus a remainder over the denominator. 


EXAMPLE 5 _ Find a Partial Fraction Decomposition When the 
Degree of the Numerator Exceeds the Degree of 
the Denominator 


= SE 
x? — 4x? — 19x — 35 


x? — Ix 


Find the partial fraction decomposition of F(x) = 


Solution 


Because the degree of the denominator is less than the degree of the numerator, use 
long division first to obtain 


(j<2642—— 
x)=x a 
x? — Tx 
: . a x= 35... 
The partial fraction decomposition of ———_— will have the form 
x = Tx 


2x—- 35 2x -—35 A B 
x — 7x XxG.= 7) x y= 7 


Multiplying each side by x(x — 7) and combining like terms, we have 
2x — 35 = (4 + B)x + (-7A) 
Equating coefficients of like powers yields 


{ 2= A+B 


—35 = —-7A 
The solution of this system is A = 5 and B = —3. The partial fraction decomposition is 
x? — 4x? — 19x — 35 ai ee 
5 = 20 3 = 
go Tx a eS 


@ Try Exercise 34, page 754 
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EXERCISE SET 9.4 


In Exercises 1 to 10, determine the constants A, B, C, and D. ‘9 x—-5 18 1 
xt+15 A, B © (3x + 5) — 2) " @ + 72x — 5) 
“x(x-5) x x -5 
3 ae 2 _ 4x — By cx 1 = 
19. x 3x x — 8 20. x 3x — 9 
5x-6 A B x= 4 wro—x-12 
Px = t 
x(x+3) 3x x4+3 
2 
+ = 
21. 3xt + 49 a22. x7 lb 
1 A B x(x + Ty x(x 3) 
3. = | 
Qx+3)\x%-1) 2x+3 x-1 
2 2 
— 71x + — 3x + 
23. 5x Tae 2 aaa 9x 3x + 49 
6x — 5 A B x? — 3x7 + x x3 — x7 + 10x — 10 
4. t 
(x + 4)3x +2) x +4 3x4+2 
- 2x3 + 9x? + 26x + 41 52 12x3 — 37x? + 48x — 36 
ec ee ee Cc Ge gy GF) "2% @? +4) 
“x@-3% x x-3 @&-—39 
3x = 7 5x: 53 
27. —_—_,, 28. ———_, 
Z 2x —7 A B Cc (x — 4) (x — 11) 
“@+tDe-22 xt1 x-2° @-2/ 
3x3 — x? + 34x — 10 2x3 + 9x + 1 
29. 2 2 2 30. haya A 
ie 4 A Bx+C (x- + 10) x" + 14x° + 49 
Te t 
(e- DO? +x4+5) *X-1 4x45 
1 
31. oe oa where & is a constant 
ke -—x 
8 x +x43 Ax+B. C 
“ee DES 3) eT 8 1 
32. ————., where k and m are constants 
x(k + mx) 
x? + 2x Ax + B Cx + D 
Gia Pai Gbiy 
(x ) x (x ) x—x*-—x-1 2x3 + 5x? + 3x — 8 
33. 34. 
x? — x 2x? + 3x -—2 
10 3x03 + x27 -—x — 5 Ax +B Cx + D 
, (x? + 2x + 5)/ x? + 2x +5 (x? + 2x + 59 35 2x3 — 4x2 +5 46 x4 — 2x3 — 2x7 ~~ +3 
. ae] , x(x — 3) 


In Exercises 11 to 36, find the partial fraction 


decomposition of the given rational expression. In Exercises 37 to 42, find the partial fraction 


8x + 12 x- 14 decomposition of the given rational expression. 
ih: = 12. ———> 
x(x + 4) x(x — 7) a prey Py 
" @— D& + 2@ — 3) ” x? — 4) 
3x + 50 7x + 44 
13, = 14, —x1 — 4x? + 3x — 6 3x2 — 2x - 1 
x* — Tx — 18 x° + 10x + 24 39. 4 ee ae 
X= 2) (x" — 1) 
16x + 34 —15x + 2 eS 2227 +e 3 
eee aaa ie A, i ee 
4x? + lox + 15 Ox? = 12x 5 rH Car eas 1 


There is a shortcut for finding some partial fraction 
decompositions of quadratic polynomials that do not 


one method and some examples. 


43. Show that for real numbers a and b with a # b, 


1 1 
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44. Use the result of Exercise 43 to find the partial fraction decom- 
position of the following. 


(b— a)[ p(x) +a] (a— bp) + 5] 


factor over the real numbers. Exercises 43 and 44 give 1 1 

a . == 

@? +.4)@? + 1) (x? + 1)(x? + 9) 
1 
c. 
1 (x? +x + I(x? + x + 2) 
[p@) + a][ p@) + 4] F 1 
, (x? + 2x + 4)(x? + 2x + 9) 


SECTION 9.5 | 


Graphing an Inequality 
Systems of Inequalities in 
Two Variables 
Nonlinear Systems of Inequalities 


a 
@(4,5) 
4 
Region II Region III 
2 


al 


4 


x21 
Figure 9.19 


Inequalities in Two Variables and 
Systems of Inequalities 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page Aé4. 


PS1. Graph: y = —2x + 3 [2.3] PS2. Graph: y = —x? + 3x + 4 [2.4] 
ry 
PS3. Graph: y = |x| + 1 [2.2] PS4. Graph: ar 1 [8.3] 
Pe y 
PSS. Graph: 16 af 35 = | [8.2] PS6. Graph: (y + 2)? = 4x [8.1] 


® Graphing an Inequality 
Two examples of inequalities in two variables are 


2x + 3y > 6 and xsl 


A solution of an inequality in two variables is an ordered pair (x, y), with real coordinates, 
that satisfies the inequality. For example, (—2,4) is a solution of the first inequality 
because 2(—2) + 3(4) > 6. The ordered pair (2, 1) is not a solution of the second inequal- 
ity because (2)(1) # 1. 

The solution set of an inequality in two variables is the set of all ordered pairs, with 
real coordinates, that satisfy the inequality. The graph of an inequality is the graph of the 
solution set. 

To sketch the graph of an inequality, first replace the inequality symbol with an equal- 
ity sign and sketch the graph of the equation. Use a dashed graph for < or > to indicate 
that the curve is not part of the solution set. Use a solid graph for = or = to show that the 
curve is part of the solution set. 

It is important to test an ordered pair in each region of the plane defined by the graph. 
If the ordered pair satisfies the inequality, shade that entire region. Do this for each region 
into which the graph divides the plane. For example, consider the inequality xy = 1. 
Figure 9.19 shows the three regions of the plane defined by this inequality. Because the 
inequality is =, a solid graph is used. 

Choose an ordered pair in each of the three regions and determine whether that 
ordered pair satisfies the inequality. In Region I, choose a point, say (—2, —4). Because 
(—2)(—4) = 1, Region I is part of the solution set. In Region II, choose a point, say (0, 0). 
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a Va 
x 
SN 
x 
"_ 
s 
4 
SN 
SS @ (2, 3) 
2 
ba 
| N 
(0,0) oS 
! +— —-+—+4 
-4 -2 2 4% 
NX 
3x + 4y > 12 
Figure 9.20 


psx +2x-3 
Figure 9.21 


Because 0-0 + 1, Region II is not part of the solution set. In Region III, choose (4, 5). 
Because 4-5 = 1, Region III is part of the solution set. 

You may choose the coordinates of any point not on the graph of the equation as a test 
ordered pair; (0, 0) is usually a good choice. 


Question ¢ Is (0,0) a solution of y = x* + 2x — 3? 


EXAMPLE 1 Graph a Linear Inequality 


Graph: 3x + 4y > 12 


Solution 
Graph the line 3x + 4y = 12 using a dashed line. 


Test the ordered pair (0,0): 3(0) + 4(0) = 0 + 12 
Because (0, 0) does not satisfy the inequality, do not shade this region. 
Test the ordered pair (2,3): 3(2) + 4(3) = 18 > 12 


Because (2, 3) satisfies the inequality, the half-plane that includes (2, 3), shown in blue 
in Figure 9.20, is the solution set. 


@ Try Exercise 6, page 761 


In general, the solution set of a /inear inequality in two variables will be one of the 
regions of the plane separated by a line. Each region is called a half-plane. 


EXAMPLE 2. Graph a Nonlinear Inequality 


Graph: y < x? + 2x — 3 


Solution 
Graph the parabola y = x? + 2x — 3 using a solid curve. 


Test the ordered pair (0,0): 0 + 07 + 2(0) — 3 
Because (0, 0) does not satisfy the inequality, do not shade this region. 
Test the ordered pair (3,2): 2 = (3)? + 2(3) — 3 
Because (3, 2) satisfies the inequality, shade this region of the plane. See Figure 9.21. 


@ Try Exercise 12, page 761 


EXAMPLE 3 Graph an Absolute Value Inequality 


Graph: y = |x| + 1 


Answer ® Yes. 


‘@- t + 
(0,0) 2 


y= |x| +1 
Figure 9.22 
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Solution 
Graph the equation y = |x| + 1 using a solid graph. 


Test the ordered pair (0,0): 0 + |0| + 1 


Because 0 + 1, (0,0) does not belong to the solution set. Do not shade the portion of 
the plane that contains (0, 0). 


Test the ordered pair (0,4): 4 = |0| + 1 
Because (0, 4) satisfies the inequality, shade this region. See Figure 9.22. 


@ Try Exercise 20, page 761 


l™ Systems of Inequalities in Two Variables 


The solution set of a system of inequalities is the intersection of the solution sets of the 
individual inequalities. To graph the solution set of a system of inequalities, first graph the 
solution set of each inequality. The solution set of the system of inequalities is the region 
of the plane represented by the intersection of the shaded regions. 


EXAMPLE 4 Graph a System of Linear Inequalities 


Graph the solution set of the system of inequalities. 


i —2y> 6 
2x — 5y = 10 
Solution 
Graph the line 3x — 2y = 6 using a dashed line. Test the ordered pair (0, 0). Because 
3(0) — 2(0) + 6, (0, 0) does not belong to the solution set. Do not shade the region that 
contains (0, 0). Instead, shade the region below and to the right of the graph of 
3x — 2y = 6, because any ordered pair from this region satisfies 3x — 2y > 6. See 
Figure 9.23. 
Graph the line 2x — Sy = 10 using a solid line. Test the ordered pair (0, 0). 
Because 2(0) — 5(0) = 10, shade the region that contains (0, 0). See Figure 9.23. 
The solution set is the region of the plane represented by the intersection of the 
solution sets of the individual inequalities. See Figure 9.24. 


A ’ Vi * 
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3x —2y=6 3x -2y=6 
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yo 
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Figure 9.24 
Figure 9.23 


@ Try Exercise 26, page 761 
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Many fitness experts recommend that you participate in an aerobic exercise program 
at least three times a week. They also recommend that during these workouts your heart 
rate stays within 60% to 80% of your maximum heart rate. Several popular methods are 
used to establish a person’s maximum heart rate. The following maximum heart rate for- 
mula is based on research by the Department of Kinesiology and Applied Physiology at the 
University of Colorado.! 


Maximum heart rate = 208 — 0.7x 


where x is a person’s age in years. 


EXAMPLE 5 _ Find a Targeted Exercise Heart Rate Range 


A health club uses the following system of inequalities to determine targeted exercise 
heart rate ranges based on a person’s age. In this system, y is the person’s exercise heart 
rate in beats per minute and x is the person’s age in years. 


y = 0.60(208 — 0.7x) (1) 
y < 0.80(208 — 0.7x) (2) 
20 <x = 70 (3) 


Inequality (1) is used to determine the minimum of a person’s targeted exercise 
heart rate range, and Inequality (2) is used to determine the maximum of a person’s 
targeted exercise heart rate range. 

Determine the targeted exercise heart rate range for Emily, who just turned 30. 
Round minimum and maximum values to the nearest beat per minute. 


Solution 


Substitute Emily’s age, 30, for x in Inequality (1) to determine the minimum of her 
targeted exercise heart rate range. Substitute 30 for x in Inequality (2) to determine 
the maximum of her targeted exercise heart rate range. 


y = 0.60(208 — 0.7x) y < 0.80(208 — 0.7x) 

y = 0.60(208 — 0.7(30)) y < 0.80(208 — 0.7(30)) 
y = 0.60(208 — 21) y < 0.80(208 — 21) 

y = 0.60(187) y < 0.80(187) 

y= 1122 y < 149.6 


Emily’s target exercise heart rate range is 112 to 150 beats per minute. 


@ Try Exercise 46, page 761 


A graph of the system of inequalities in Example 5 is shown in Figure 9.25. Some 
health clubs use this graph to estimate a person’s targeted exercise heart rate range. To use 
the graph, estimate the height of the lower and upper boundaries of the heart rate target 
zone for a given age x. The red dashed lines show that Emily, age 30, has a targeted exer- 
cise heart rate range of about 112 to 150 beats per minute. 


‘Exercise and Heart Rate by Stan Reents, May 6, 2007, http://www.athleteinme.com/ArticleView. 
aspx?id=275. 
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® Nonlinear Systems of Inequalities 


EXAMPLE 6 = Graph a Nonlinear System of Inequalities 


Graph the solution set of the system of inequalities. 


eee 
x + 3y > 3 


Solution 

Graph the hyperbola x? — y* = 9 by using a solid graph. Test the ordered pair (0, 0). 
Because 0? — 0? < 9, shade the region containing the origin. By choosing points in 
the other regions, you should show that those regions are not part of the solution set. 
See Figure 9.26. 


Figure 9.26 


(continued ) 
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Graph the line x + 3y = 3 by using a dashed graph. Test the ordered pair (0, 0). 
Because 0 + 3(0) + 3, do not shade the half-plane below the dashed line. Testing the 
ordered pair (4, 4) will show that we need to shade the half-plane above the line 
x + 3y = 3. See Figure 9.26 on page 759. 

The solution set is the region of the plane represented by the intersection of the 
solution sets of the individual inequalities. This intersection is shown in Figure 9.27. 


Figure 9.27 


@ Try Exercise 36, page 761 


EXAMPLE 7 Identify a System of Inequalities with No Solution 


Graph the solution set of the system of inequalities 

e + y? = 16 

x? — y? = 36 
Solution 
Graph the circle x? + y* = 16 by using a solid graph. Test the ordered pair (0, 0). 
Because 0? + 0? < 16, shade the inside of the circle. See Figure 9.28. 
Graph the hyperbola x? — y* = 36 by using a solid graph. Use ordered pairs from 

each of the regions defined by the hyperbola to determine that the solution of 
x’ — y” > 36 consists of the region to the right of the right branch of the hyperbola 
and the region to the left of the left branch. See Figure 9.28. 


Because the solution sets of the inequalities do not intersect, the system has no 
solution. The solution set is the empty set. 


ay 


x? -y? =36 


Figure 9.28 


@ Try Exercise 38, page 761 


9:5 


2.8 + yp > =2 


a or | 


m6. 3x + 4y 34 


8. 5x — 2y < 8 


10. x >y 


ly Ss =2 

3. y= 2x+3 

5. 2x —3y < 6 

7. 4x + 3y = 12 

9 y<x 

11. y =x? - 2x -3 

m12. y< 2x7 -x-3 

13. (x — 2° + (y — 1) < 16 

14. (x + 2 + (y — 3 > 25 
aay + 1) 

15. £ — a 

ie a Sa 

17. 4x? + 9y? — 8x + 18y = 23 

18. 25x” — 16y? — 100x — 64y < 64 

19. y= |2x - 4| 

21. y< 2"! 


m20. y < |x| 


22. y > log3x 


In Exercises 23 to 44, sketch the graph of the solution set 
of each system of inequalities. 


23. 


25. 


27. 


29. 


31. 


area 
—2<ys4 

+ 2y= 
i ae 7 26. 
eo Q2y sel 

x- y= - 
ie ¥ : 28, 
4x = 2y = 317 

4x -—3y < 14 
. . 30. 
2x+ Sy: = =6 

< 2x + 
. aie 32. 
y> 2x -— 2 


—2<x< 4 
y2=-l 
2x = Sy <= =6 
3x + y< 8 
4x + 2y> 5 
6x + 3y > 10 
3x Sy =8 
2x = 3p 1 
y>3xt+1 


INEQUALITIES IN TWO VARIABLES AND SYSTEMS OF INEQUALITIES 761 


EXERCISE SET 9.5 


In Exercises 1 to 22, sketch the graph of each inequality. 


33. 


35. 


37. 


0 38. 


39. 


40. 


41. 


43. 


45. 


a 46. 


y<2x-1 a3 a. 
“ly > x? + 3x 41 


24 y =< 49 <2x=1 
er. 036. , ; 
Poe = 2x 2 


G= 1 ++ 1p = 16 
@-1?+(y+1P= 4 


(x + 2) + (y — 3 > 25 
(x + 2) + (y — 3? < 16 


| 
! 
! 
| : a 
| 
| 


aay rere Z 
25 9 


1 


44 _ 9,2 
@+IyY  & ae 


1 


36 25 

+1) — 2) 

@+I O-7_, 

25 36 

2k = 39 2 =5 Ssx+ y= 9 
x+t2ys 7 42. § 2x + 3y = 14 
x2-ly20 x= —2,y-= 2 
3x + 2y = 14 4x + y2 13 
x+3y 2 14 44. ) 3x + 2y = 16 
x=10,y = 8 x= 15,ys 12 


Physical Fitness The instructor of an aerobics exercise class for 
beginners uses the following system of inequalities to find the 
targeted exercise heart rate ranges for the members of the class. 


y = 0.55(208 — 0.7x) 
y = 0.75(208 — 0.7x) 
20 =x = 50 


In this system, y is the person’s exercise heart rate in beats per 
minute and x is the person’s age in years. Use the system of 
inequalities to determine the targeted exercise heart rate range 
for Ashley, who is 35. Round the minimum and maximum tar- 
geted heart rates to the nearest beat per minute. 


Physical Fitness The sprinters on a track team use the follow- 
ing system of inequalities to determine their targeted exercise 
heart rate ranges for their workouts. 

y = 0.80(208 — 0.7x) 

y = 0.85(208 — 0.7x) 

20 =x = 28 
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In this system, y is the person’s exercise heart rate in beats per 
minute and x is the person’s age in years. Use the system of 


1 
23. fa Sketch the graphs of xy > 1 andy > —. Note that the two 
x 


inequalities to determine the targeted exercise heart rate range graphs are not the same, yet the second inequality can be 
for a sprinter who is 26 years old. Round the minimum and derived from the first by dividing each side by x. Explain. 
maximum targeted heart rates to the nearest beat per minute. 


In Exercises 47 to 54, sketch the graph of the inequality. 


54. ia Sketch the graph of 224 and the graph of x < y. Note 
a 


that the two graphs are not the same, yet the second 


ae eee ly) = Sa inequality can be derived from the first by multiplying each 
49. |xt+yl = 1 50. |x -—y| > 1 side by y. Explain. 
51. |x| + |y| =1 52. |x| — |y| > 1 


SECTION 9.6 Linear Programming 


Introduction to Linear 
Programming 


Solving Optimization Problems 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A66. 


PS1. Graph: 2x + 3y S 12 [9.5] 


3x +y=6 


PS2. Graph: 05 
ae ee 


PS3. Evaluate C = 3x + 4y at (0, 5), (2, 3), (6, 1), and (9, 0). [P.3] 
PS4. Evaluate C = 6x + 4y + 15 at (0, 20), (4, 18), (10, 10), and (15, 0). [P3] 


acy % 
PS5. Solve: { ae Ot 
xt+y=4 
300x + 100y = 900 
PS6. Solve: { “ ‘d [9.1] 
400x + 300y = 2200 


® Introduction to Linear Programming 


Consider a business analyst who is trying to maximize the profit from the production of a 
product or an engineer who is trying to minimize the amount of energy an electric circuit 
needs to operate. Generally, problems that seek to maximize or minimize a situation are 
called optimization problems. One strategy for solving these problems was developed in 
the 1940s and is called linear programming. 

A linear programming problem involves a linear objective function, which is the 
function that must be maximized or minimized. This objective function is subject to some 
constraints, which are inequalities or equations that restrict the values of the variables. To 
illustrate these concepts, suppose a manufacturer produces 17- and 24-inch computer mon- 
itors. Past sales experience shows that at least twice as many 17-inch monitors are sold as 
24-inch monitors. Suppose further that the manufacturing plant is capable of producing 12 
monitors per day. Let x represent the number of 17-inch monitors produced per day, and 
let y represent the number of 24-inch monitors produced per day. Then 


x =2y : 
¢ These are the constraints. 
x+y=s12 


Systems of Inequalities 
See page 757. 


Study tip 

The set of feasible solutions 
includes ordered pairs with whole 
number coordinates and fractional 
coordinates. For instance, the 


ordered pair (s, 24) is in the set 


2 
of feasible solutions. During one 
day, the company could produce 


1 
5 17-inch monitors and 25 24-inch 


monitors. 


5+ eee es IP) 


e 
G,2) (10, 1)e 


Figure 9.29 


x+y=12 


(0, 0) 5 


Figure 9.30 
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These two inequalities place constraints, or restrictions, on the manufacturer. For 
example, the manufacturer cannot produce five 24-inch monitors per day, because that 
would require producing at least ten 17-inch monitors, and 5 + 10 € 12. 

Suppose a profit of $50 is earned on each 17-inch monitor sold and $75 is earned on 
each 24-inch monitor sold. Then the manufacturer’s daily profit P, in dollars, is given by 
the equation 


P = 50x + 75y 


* Objective function 


The equation P = 50x + 75y defines the objective function. The goal of this linear pro- 
gramming problem is to determine how many of each monitor should be produced to max- 
imize the manufacturer’s profit and satisfy the constraints. 

Because the manufacturer cannot produce fewer than zero units of either monitor, 
there are two other implied constraints: x = 0 and y = 0. Our linear programming prob- 
lem now looks like 


Objective function P = 50x + 75y 
x—-2y= 0 
Constraints x+ y= 12 


x20,y=2=0 


To solve this problem, we graph the solution set of the constraints. The solution set of the 
constraints is called the set of feasible solutions. Ordered pairs in this set are used to eval- 
uate the objective function to determine which ordered pair maximizes the profit. For 
example, (5,2), (8,3), and (10, 1) are three ordered pairs in the set. See Figure 9.29. For 
these ordered pairs, the profits would be 


P = 50(5) + 75(2) = 400 ox=5,y=2 
P = 50(8) + 75(3) = 625 ox =8 y=3 
P = 50(10) + 75(1) = 575 ox =10,y=1 


It would be impossible to check every ordered pair in the set of feasible solutions to 
find which one maximizes profit. Fortunately, we can find that ordered pair by solving the 
objective function P = 50x + 75y for y. 


In this form, the objective function is a linear equation whose graph has a slope of 
5 and a y-intercept of =. If P is as large as possible (P a maximum), then the y-intercept 
will be as large as possible. Thus the maximum profit will occur on the line that has a slope 
of — > has the largest possible y-intercept, and intersects the set of feasible solutions. 


From Figure 9.30, the largest possible y-intercept occurs when the line passes through 
the point with the coordinates (8, 4). At this point, the profit is 


P = 50(8) + 75(4) = 700 


The manufacturer will maximize profit by producing 8 17-inch monitors and 4 24-inch 
monitors each day. The profit will be $700 per day. 

In general, the goal of any linear programming problem is to maximize or minimize 
the objective function, subject to the constraints. Minimization problems occur, for exam- 
ple, when a manufacturer wants to minimize the cost of operations. 
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Suppose that a cost minimization problem results in the following objective function 
and constraints. 


Objective function C = 3x + 4y 
x+2y=10 


x+ y= 1 
: 2x- ys 5 
Constraints 
x +2y = 10 
x20,y20 
xry=1 
se Figure 9.31 is the graph of the solution set of the constraints. The task is to find the 
Figure 9. 


ordered pair that satisfies all the constraints and gives the smallest value of C. We again 
could solve the objective function for y and, because we want to minimize C, find the 
smallest y-intercept. However, a theorem from linear programming simplifies our task 
even more. The proof of this theorem, omitted here, is based on the techniques we used to 
solve our examples. 


Fundamental Linear Programming Theorem 


If an objective function has an optimal solution, then that solution will be at a ver- 
tex of the set of feasible solutions. 


Following is a list of the values of C at the vertices. The minimum value of the objec- 
tive function occurs at the point whose coordinates are (1, 0). 


(x, y) C = 3x + 4y 

(1, 0) C = 3(1) + 4(0) = 3 ¢ Minimum 
5 5 

(5.0) C= (2) + 4(0) = 7.5 

(4, 3) C = 3(4) + 4(3) = 24 ¢ Maximum 


(0, 5) C = 3(0) + 4(5) = 20 
(0, 1) C = 3(0) + 4(1) = 4 


The maximum value of the objective function can also be determined from the list. It 
occurs at (4, 3). 

It is important to realize that the maximum or minimum value of an objective func- 
tion depends on the objective function and on the set of feasible solutions. For example, 
using the set of feasible solutions in Figure 9.31 but changing the objective function to 
C = 2x + S5y changes the maximum value of C to 25, at the ordered pair (0, 5). You should 
verify this result by making a list similar to the one shown above. 


Question ¢ What is the minimum value of the objective function C = 2x + 5y for the set of feasi- 
ble solutions in Figure 9.31? 


Answer ®@ 2. 


9.6 LINEAR PROGRAMMING 765 


& Solving Optimization Problems 


EXAMPLE 1_ Solve a Minimization Problem 


Minimize the objective function C = 4x + 7y with the constraints 


3 = 6 
x+ y24 
x+3y=6 
x20,y20 


Solution 


Determine the set of feasible solutions by graphing the solution set of the inequalities. 
See Figure 9.32. Note that in this instance the set of feasible solutions is an unbounded 
region with four vertices. The vertex on the y-axis is the y-intercept of the line 

3x + y = 6, which is (0, 6). The vertex on the x-axis is the x-intercept of the line 

x + 3y = 6, which is (6, 0). 


BY 


3xt+y=6 x+y=4 x+3y=6 


Figure 9.32 


To find the other two vertices of the region, solve the following systems of 
equations. 
i ae 
xt+ty=4 x+ y=4 
The solutions of the two systems are (1, 3) and (3, 1), respectively. 
Evaluate the objective function at each of the four vertices of the set of feasible 
solutions. 
(x,y) C= 4x 4+ Ty 
(0,6) C = 4(0) + 7(6) = 42 
(1,3) C= 41) + 7(3) = 25 
(3,1) C= 43) + 70) = 19 ¢ Minimum 
(6,0) C= 4(6) + 7(0) = 24 
The minimum value of the objective function is 19 at (3, 1). 


m@ Try Exercise 14, page 769 
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Linear programming can be used to determine the best allocation of the resources 
available to a company. In fact, the word programming refers to a “program to allocate 
resources.” 


EXAMPLE 2 Solve an Applied Minimization Problem 


A manufacturer of animal food makes two grain mixtures, G; and Gy. Each mixture 
contains vitamins, proteins, and carbohydrates, in the proportions shown below. 


Each kilogram contains Each kilogram contains 
300 grams of vitamins 100 grams of vitamins 
400 grams of protein 300 grams of protein 
100 grams of carbohydrates 200 grams of carbohydrates 


Minimum nutritional guidelines require that a feed mixture made from these grains 
contain at least 900 grams of vitamins, 2200 grams of protein, and 800 grams of carbo- 
hydrate. G, costs $2.00 per kilogram to produce, and G, costs $1.25 per kilogram to 
produce. Find the number of kilograms of each grain mixture that should be produced 
to minimize cost. 


Solution 
Let 


x = the number of kilograms of G; 
y 


The objective function is the cost function C = 2x + 1.25y. 

Because x kilograms of G, contains 300x grams of vitamins and y kilograms of 
G, contains 100y grams of vitamins, the total amount of vitamins contained in x 
kilograms of G; and y kilograms of G, is 300x + 100y. At least 900 grams of vita- 
mins are necessary, so 300x + 100y = 900. Following similar reasoning, we have 
the constraints 


the number of kilograms of G, 


300x + 100vy = 900 
400x + 300y = 2200 
100x + 200y = 800 
x20,y = 0 
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Two of the vertices of the set of feasible solutions (see Figure 9.33) can be found | 
by solving two systems of equations. These systems are formed by the equations of the 
lines that intersect in Quadrant I. 

ms + 100y = 900 
400x + 300y = 2200 
oe + 200y = 800 
400x + 300y = 2200 


¢ The vertex is (1, 6). 


¢ The vertex is (4, 2). 


| 

The vertices on the x- and y-axes are (8, 0), the x-intercept of 100x + 200y = 800, and | 

(0, 9), the y-intercept of 300x + 100y = 900. | 
Substitute the coordinates of the vertices into the objective function. 


300x + 100y = 900 100x + 200y = 800 (x,y) C= 2x + 1.25y 
400x + 300y = 2200 (0,9) C= 2(0) + 1.2509) = 11.25 
(1,6) C= 2(1) + 1.25(6) = 9.50 * Minimum 
Figure 9.33 


(4,2) C = 2(4) + 1.25(2) = 10.50 
(8,0) C= 2(8) + 1.25(0) = 16.00 


The minimum value of the objective function is $9.50. It occurs when the company 
produces a feed mixture that contains | kilogram of G, and 6 kilograms of G. | 


@ Try Exercise 26, page 770 | 


EXAMPLE 3 _ Solve an Applied Maximization Problem 


| 
A company manufactures two types of cleansers. One is an all-purpose cleanser (AP) | 
and the other is an industrial strength cleanser (JS). Each cleanser is a mixture of three 


chemicals, as shown below. 


™ 
PALLY PURPOSE; 


Each kiloliter requires Each kiloliter requires 
12 liters of surfactants 24 liters of surfactants 

9 liters of enzymes 5 liters of enyzmes 

30 liters of solvents 30 liters of solvents 


The profit per kiloliter from the AP cleanser is $100, and the profit per kiloliter 
from the JS cleanser is $85. The inventory of the company shows 480 liters of surfac- 
tants, 180 liters of enzymes, and 720 liters of solvents available. Assuming the com- 
pany can sell all the cleanser it produces, find the number of kiloliters of each cleanser 
the company should produce to maximize profit. What is the maximum profit? 


(continued) | 
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Solution 
Let 
x = the number of kiloliters of AP to be produced 
y = the number of kiloliters of ZS to be produced 
The objective function is the profit function P = 100x + 85y. Because x kiloliters of 
AP requires 12x liters of surfactants and y kiloliters of ZS requires 24y liters of surfactants, 
the total amount of surfactants needed is 12x + 24y. There are 480 liters of surfactants in 
inventory, so 12x + 24y = 480. Following similar reasoning, we have the constraints 
12x + 24y = 480 
9x + 5y = 180 
30x + 30y = 720 
x20,y20 
vy Two of the vertices of the set of feasible solutions (see Figure 9.34) can be found 
9x + Sy = 180 : 3 : 
by solving two systems of equations. These systems are formed by the equations of 
the lines that intersect in Quadrant I. 
oe + 24y = 480 
30x + 30y = 720 


12x + 24y = 480 
* The vertex is (8, 16). 


VR 


| oe 5y = 180 eed 
¢ The vertex is , 9). 
(0, 0) 30x + 30y = 720 
ese slyy= 20 The vertices on the x- and y-axes are the x- and y-intercepts (20, 0) and (0, 20). 
Figure 9.34 Substitute the coordinates of the vertices into the objective function. 


(x,y) P= 100x + 85y 
(0,20) P = 100(0) + 85(20) = 1700 
(8,16) P= 100(8) + 85(16) = 2160 
(15,9) P= 100(15) + 85(9) = 2265 ¢ Maximum 
(20,0) P = 100(20) + 85(0) = 2000 
The maximum value of the objective function is $2265 when the company produces 
15 kiloliters of the all-purpose cleanser and 9 kiloliters of the industrial strength cleanser. 


@ Try Exercise 28, page 771 


EXERCISE SET 9.6 


In Exercises 1 and 2, find the minimum value of the given 2. Objective function: C = 12x + 2y + 48 
objective function for the given set of feasible solutions. 
Also state where the objective function takes on its YR 


minimum value. + 


1. Objective function: C = 3x + 4y (0, 24) Feasible 
Va 


solutions 


In Exercises 3 and 4, find the maximum value of the 
given objective function for the given set of feasible 
solutions. Also state where the objective function takes 


on its maximum value. 


3. Objective function: C = 2.5x + 3y + 5 


9.6 LINEAR PROGRAMMING 


11. Minimize C = 4x + y with the constraints 


e + 5y = 120 
x+ y= 32 


4. 


In Exercises 5 to 22, solve the linear programming 


7 Feasible 


+ solutions (20, 4) 


> 


10 25,0) :s« 
Objective function: C = 6x + 4y + 15 


problem. Assume x = 0 and y = 0. 


5. Minimize C = 4x + 2y with the constraints 
or Yes 7 
4x + 3y = 24 
x=10,y = 10 
6. Minimize C = 5x + 4y with the constraints 
3x + 4y = 32 
x + 4y = 24 
x=12,ys 15 
7. Maximize C = 6x + 7y with the constraints 
{ x + 2y <= 16 
5x + 3y = 45 
8. Maximize C = 6x + 5y with the constraints 
in + 3y = 27 
7x + 3y = 42 
9. Maximize C = x + 6y with the constraints 
‘ + 8y = 120 
Ix + loy = 192 
10. Minimize C = 4x + Sy with the constraints 


abe 
3x + 4y = 60 


12. Maximize C = 7x + 2y with the constraints 
{ x + 3y = 108 
7x + 4y < 280 

13. Maximize C = 2x + 7y with the constraints 
x+ y=10 
x+ 2y = 16 
2x+ y= 16 

=14. Minimize C = 4x + 3y with the constraints 
2x+ y= 8 
2x + 3y = 16 
x+ 3y2 11 
x = 20,y = 20 

15. Minimize C = 3x + 2y with the constraints 
3x + y= 12 
2x + Ty = 21 
xt y= 8 

16. Maximize C = 2x + 6y with the constraints 
x+ y= LD 
3x + 4y = 40 
x + 2y = 18 

17. Maximize C = 3x + 4y with the constraints 
2x+ y= 10 
2x + 3y = 18 
x= ys 2 

18. Minimize C = 3x + 7y with the constraints 
x p= 9 
3x + 4y = 32 
x+2y 2 12 

19. Minimize C = 3x + 2y with the constraints 
x+2y= 8 
3x + y2 9 
x + 4y 2 12 

20. Maximize C = 4x + Sy with the constraints 
3x + 4y = 250 
x ys 715 
2x + 3y = 180 
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21. 


22. 


23. 


24. 


Maximize C = 6x + 7y with the constraints 


x+2y = 900 
x+ y= 500 
3x + 2y S 1200 


Minimize C = 11x + 16y with the constraints 


x + 2y = 45 
x+ y= 40 
2x+ y= 45 


Minimize Cost A dietician formulates a special breakfast 
cereal by mixing Oat Flakes and Crunchy O’s. The cereals each 
provide protein and carbohydrates in the amounts shown 
below. 


1 cup: 6 grams of protein; 
30 grams of carbohydrates 


1 cup: 3 grams of protein; 
40 grams of carbohydrates 


The dietician wants to produce a mixture that contains at 
least 210 grams of protein and at least 1200 grams of carbohy- 
drates. The cost is 38 cents for 1 cup of Oat Flakes and 32 cents 
for 1 cup of Crunchy O’s. How many cups of each cereal will 
satisfy the constraints and minimize the cost? What is the min- 
imum cost? 


Maximize Profit A tent manufacturer makes a two-person 
tent and a family tent. Each type of tent requires time in the 
cutting room and time in the assembly room, as indicated 
below. 


A two-person tent requires 
2 hours in the cutting room 
2 hours in the assembly room 


25. 


26. 


A family tent requires 
2 hours in the cutting room 
4 hours in the assembly room 


The total number of hours available per week in the cutting 
room is 50. There are 80 hours available per week in the assem- 
bly room. The manager requires that the number of two-person 
tents manufactured be no more than four times the number of 
family tents manufactured. The profit for the two-person tent is 
$34, and the profit for the family tent is $49. Assuming that all 
the tents produced can be sold, how many of each should be 
manufactured per week to maximize the profit? What is the 
maximum profit? 


Maximize Profit A farmer is planning to raise wheat and bar- 
ley. Each acre of wheat yields a profit of $50, and each acre of 
barley yields a profit of $70. To sow the crop, two machines, a 
tractor and a tiller, are rented. The tractor is available for 
200 hours, and the tiller is available for 100 hours. Sowing an 
acre of barley requires 3 hours of tractor time and 2 hours of 
tilling. Sowing an acre of wheat requires 4 hours of tractor time 
and 1 hour of tilling. How many acres of each crop should be 
planted to maximize the farmer’s profit? 


Minimize Cost An ice cream supplier has two machines that 
produce vanilla and chocolate ice cream. The production rates 
of each machine are shown below. 


Machine 1| produces 
4 gallons of vanilla per hour 
5 gallons of chocolate per hour 


Machine 2 produces 
3 gallons of vanilla per hour 
10 gallons of chocolate per hour 


27. 


028. 


To meet one of its contractual obligations, the company 
must produce at least 60 gallons of vanilla ice cream and 
100 gallons of chocolate ice cream per day. It costs $28 per hour 
to run machine | and $25 per hour to run machine 2. How many 
hours should each machine be operated to fulfill the contract at 
the least expense? 


Maximize Profit A small skateboard company manufactures 
two types of skateboards. Each type of skateboard has labor 
requirements as indicated below. 


An economy board requires 
2 hours for cutting and laminating 
2 hours for finishing 


A superior board requires 
2.5 hours for cutting and laminating 
4 hours for finishing 


The cutting and laminating employees are available for 
240 hours per week, and the finish room employees are avail- 
able for 312 hours per week. The profit from each economy 
board is $26, and the profit from each superior board is $42. 
Determine how many of each model should be manufactured, 
per week, to maximize profit. Assume the company can sell all 
the skateboards it produces. What is the maximum weekly 
profit? 


Maximize Profit A company makes two types of telephone 
answering machines: the standard model and the deluxe model. 
Each machine passes through three processes: P|, P>, and P3. 
One standard answering machine requires | hour in P;, 1 hour 
in Py, and 2 hours in P;. One deluxe answering machine 
requires 3 hours in P;, | hour in P, and | hour in P;. Because 
of employee work schedules, P is available for 24 hours, P, is 
available for 10 hours, and P3 is available for 16 hours. If the 
profit is $25 for each standard model and $35 for each deluxe 


29. 


30. 


31. 


32. 
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model, how many units of each type should the company 
produce to maximize profit? 


Minimize Cost A dietitian formulates a special diet from two 
food groups: A and B. Each ounce of food group A contains 
3 units of vitamin A, 1 unit of vitamin C, and 1| unit of vita- 
min D. Each ounce of food group B contains | unit of vitamin 
A, | unit of vitamin C, and 3 units of vitamin D. Each ounce 
of food group A costs 40 cents, and each ounce of food group 
B costs 10 cents. The dietary constraints are such that at least 
24 units of vitamin A, 16 units of vitamin C, and 30 units of 
vitamin D are required. Find the amount of each food group 
that should be used to minimize the cost. What is the mini- 
mum cost? 


Maximize Profit Among the many products it produces, an 
oil refinery makes two specialized petroleum distillates: 
Pymex A and Pymex B. Each distillate passes through three 
stages: S,, Sy, and $3. Each liter of Pymex A requires 1 hour in 
S;, 3 hours in S,, and 3 hours in $3. Each liter of Pymex B 
requires | hour in S,, 4 hours in $5, and 2 hours in $3. There are 
10 hours available for S;, 36 hours available for S,, and 
27 hours available for S3. The profit per liter of Pymex A is 
$12, and the profit per liter of Pymex B is $9. How many liters 
of each distillate should be produced to maximize profit? What 
is the maximum profit? 


Maximize Profit An engine reconditioning company works 
on 4- and 6-cylinder engines. Each 4-cylinder engine requires 
1 hour for cleaning, 5 hours for overhauling, and 3 hours for 
testing. Each 6-cylinder engine requires | hour for cleaning, 
10 hours for overhauling, and 2 hours for testing. The cleaning 
station is available for at most 9 hours. The overhauling equip- 
ment is available for at most 80 hours, and the testing equip- 
ment is available for at most 24 hours. For each reconditioned 
4-cylinder engine, the company makes a profit of $150. A 
reconditioned 6-cylinder engine yields a profit of $250. The 
company can sell all the reconditioned engines it produces. 
How many of each type should be produced to maximize 
profit? What is the maximum profit? 


Minimize Cost A producer of animal feed makes two food 
products: F; and Fy. The products contain three major ingredi- 
ents: M,, M5, and M;. Each ton of F; requires 200 pounds of 
M,, 100 pounds of M, and 100 pounds of M3. Each ton of F, 
requires 100 pounds of M,, 200 pounds of MM, and 400 pounds 
of M3. There are at least 5000 pounds of M, available, at least 
7000 pounds of M; available, and at least 10,000 pounds of /; 
available. Each ton of F; costs $450 to make, and each ton of 
F costs $300 to make. How many tons of each food product 
should the feed producer make to minimize cost? What is the 
minimum cost? 
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Exploring Concepts with Technology 


IIl-Conditioned Systems of Equations 


Solving systems of equations algebraically, as we did in this chapter, is not practical for 
systems of equations that contain a large number of variables. In such cases, a com- 
puter solution is the only hope. Computer solutions are not without some problems, 
however. 

Consider the system of equations 


ee + 0.49133y = 0.73700 
0.84312x + 1.68623y = 2.52935 


It is easy to verify that the solution of this system of equations is (1, 1). However, 
change the constant 0.73700 to 0.73701 (add 0.00001) and the constant 2.52935 to 
2.52936 (add 0.00001), and the solution is now (3, 0). Thus a very small change in the 
constant terms produces a dramatic change in the solution. A system of equations of 
this sort is said to be ill-conditioned. 

These types of systems are important because computers generally cannot store 
numbers beyond a certain number of significant digits. Your calculator, for example, 
probably allows you to enter no more than 10 significant digits. If an exact number 
cannot be entered, then an approximation to that number is necessary. When a com- 
puter is solving an equation or a system of equations, the hope is that approximations 
of the coefficients it uses will give reasonable approximations to the solutions. For ill- 
conditioned systems of equations, this is not always true. 

In the system of equations above, small changes in the constant terms caused a 
large change in the solution. It is possible that small changes in the coefficients of the 
variables will also cause large changes in the solution. 

In the two systems of equations that follow, examine the effects of approximating 
the fractional coefficients on the solutions. Try approximating each fraction to the 
nearest hundredth, to the nearest thousandth, to the nearest ten-thousandth, and then 
to the limits of your calculator. The exact solution of the first system of equations 
is (27, —192, 210). The exact solution of the second system of equations is 
(—64, 900, —2520, 1820). 


rn ees 1 

ie. Al ge ge ge 

xt-y+r-z=1 

eS oe er ae ee 

te tates ee Waele Ges 
27°37 ' 47 re One Care : 

oe ae 37 a 5 6 

a7 a t..f..%..4 
x+rzyt+tr>z+2sw=4 

7a Maal ale, 


Note how the solutions change as the approximations change and thus how impor- 
tant it is to know whether a system of equations is ill-conditioned. For systems that are 
not ill-conditioned, approximations of the coefficients yield reasonable approximations 
of the solution. For ill-conditioned systems of equations, this is not always true. 
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CHAPTER 9 TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


9.1 Systems of Linear Equations in Two Variables 


m= Systems of Linear Equations in Two Variables A solution of a system See Examples | and 4, pages 719 and 722, 
of two linear equations in two variables is an ordered pair that satisfies and then try Exercises 2 and 3, page 775. 
each equation of the system. Systems of equations are equivalent if the 
systems have exactly the same solutions. The substitution method and the 
elimination method are often used to solve these systems. 
¢ Substitution Method Solve one of the equations to find an expression 
for one variable in terms of the other variable. Substitute this expression 
into the other equation to produce an equation that only involves one 
variable. 

¢ Elimination Method Multiply one or both equations by appropriate 
nonzero constants so that the sum of the resulting equations is an 
equation in one variable. 

The elimination method uses the following operations to produce 
equivalent systems until the solution or solutions of the original system 
are apparent. 

1. Interchange any two equations. 
2. Replace an equation with a nonzero constant multiple of that equation. 


3. Replace an equation with the sum of that equation and a nonzero 
constant multiple of another equation. 


= Classification of Systems of Equations A system of equations is a See Examples 2 and 3, pages 719 and 720, 
consistent system if it has at least one solution. A system of equations with | and then try Exercises 7 and 8, page 775. 
no solution is an inconsistent system. 
¢ A system of linear equations with exactly one solution is an 

independent system. A system of linear equations with an infinite 
number of solutions is a dependent system. 

The graphs of the two equations in a linear system of two variables 
can intersect at a single point, be the same line, or be parallel lines. 


The graphs intersect Both equations graph The graphs are 
at a single point. to be the same line. parallel lines. 
Va Va Va 
x x x 
a. Independent system b. Dependent system c. Inconsistent system 


Exactly one solution Infinitely many solutions No solution 
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9.2 Systems of Linear Equations in Three Variables 


@ 


Systems of Linear Equations in Three Variables An equation of the 
form ax + by + cz = d, with constants a, b, and c not all zero, is a linear 
equation in three variables. A solution of a linear system of equations in 
three variables is an ordered triple whose coordinates satisfy each of the 
equations in the system. The elimination method is often used to solve 
systems of linear equations in three variables by rewriting the system in 
an equivalent triangular form. 


See Examples | and 2, pages 731 and 732, 
and then try Exercises 9 and 11, page 775. 


Nonsquare Systems of Equations A system of linear equations with fewer 
equations than variables forms a nonsquare system of equations. These 
systems of equations have either no solution or an infinite number of 
solutions. The elimination method can often be used to solve these systems. 


See Example 4, page 735, and then try 
Exercises 17 and 18, page 775. 


Homogeneous Systems of Equations A system of linear equations in which 
the constant term is zero for all equations is called a homogeneous system of 
equations. The ordered triple (0, 0, 0) is always a solution of a homogeneous 
system of linear equations in three variables. This solution is called the trivial 
solution. A homogeneous system of linear equations will have exactly one 
solution (the trivial solution) or an infinite number of solutions. 


9.3 Nonlinear Systems of Equations 


Solutions of Nonlinear Systems of Equations A nonlinear system of 
equations is a system in which one or more equations of the system are 
nonlinear. The substitution method and the elimination method are often 
used to find the solutions to these systems. A graph of the equations in the 
system can be used to visualize how many solutions to expect and the 
approximate coordinates of the solutions. 


9.4 Partial Fractions 


| 


Partial Fraction Decomposition A rational expression can be written 

as the sum of terms whose denominators are factors of the denominator of 
the rational expression. This sum is called a partial fraction decomposition 
of the rational expression. The procedure for finding a partial fraction 
decomposition of a rational expression depends on the factors in its 
denominator. 

The Partial Fraction Decomposition Theorem requires that the degree 
of the numerator of the rational expression be less than the degree of its 
denominator. If this is not the case, use long division to first write the 
rational expression as the sum of a polynomial and a rational expression 
whose numerator is of lesser degree than its denominator. 


9.5 Inequalities in Two Variables and Systems of Inequalities 


Inequalities in Two Variables The solution set of an inequality in two 


variables is the set of all ordered pairs that satisfy the inequality. The 
graph of an inequality is the graph of its solution set. 


See Example 5, page 735, and then try 
Exercises 15 and 16, page 775. 


See Examples | and 2, pages 741 and 743, 
and then try Exercises 23 and 28, page 775. 


See Examples 1, 2, 3, 4, and 5, 
pages 750-753, and then try Exercises 31, 
34, and 36, page 775. 


See Examples | and 2, page 756, and then 
try Exercises 37 and 39 page 775. 


m= Systems of Inequalities The solution set of a system of inequalities is the 


intersection of all solution sets of the individual inequalities. 


See Examples 4 and 6, pages 757 and 759, 
and then try Exercises 49 and 57, page 776. 
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9.6 Linear Programming 


= Optimization A linear programming problem involves a linear objective See Examples 1, 2, and 3, pages 765-767, 
function that is to be maximized or minimized subject to a number of and then try Exercises 63 and 66, page 776. 
constraints, which are inequalities or equations that restrict the values of 
the variables. The Fundamental Linear Programming Theorem states that if 
an objective function has an optimal solution then that solution will occur 
at a vertex of the set of feasible solutions. 


CHAPTER 9 REVIEW EXERCISES 


In Exercises 1 to 30, solve each system of equations. 


23. 
en =3 ee ae 15 ax+y=4 
3x + 8y = —-12 2x + 5y = -12 
x4 1 IY +(y+ Ip =5 
34 —4y = =5 7x + 2y = —14 y=2x—3 
3 4. 
pages i yo ye 3 9 1@= ee geay = 4 
(x+2P+(y+1¥%=17 
= 2x - =3x+4 
5. . 7 ra is 6. . c (+ 1P+(y-2%= 1 
. (x — 22 + (y + 2P = 20 


~ 


x -—3xyy+ p=-l 
2 


= = 27. 
aes 3x? — Sxy — 2y? = 0 


Po 2a = ye Sal 
6x? + xyo-ye= 0 


2x + 5y —2z = 18 10. 4 2x + 3y — 5z = 15 28. 


a + 2y = 
29. 2x 5xy y 56 


ee eal aa ax- yt2z= 5 14x? — 3xy — 2° = 56 
1. 43x -2y+ z= 7 12. x+3y-3z= 2 


| 
siliies’ 26. { 


2 22 
5x — 9y + 8z = 13 30. ie Txy + by / 
6x? + Txy + 2y? = 1 


13.424 9p gee 6 14, 4 yeep Hae 1 In Exercises 31 to 36, find the partial fraction decomposition. 
= = - 4 = - + 1 
x —6y.F Oz 4 5x — 9y + 8z = 13 31. at 5 32. x ; 
Sea 2 (Ge= 1) 
2x + 3y-2z=0 3x —S5y+ z=0 
15. 43x—- y—4z2=0 16. 4 x+4y—3z2=0 a 2x2 34, O¥ 7 10x + 9 
5x + 13y — 42 = 0 x+ y-2z7=0 (x2 + 1)(x + 2) (x — 2°? (x + 1) 
aoe = 4 3 2 
eae ta a | a pee c=, 4 35. seal 2 ye ee a 
3x + 2y - 3z=1 4x + 2y + 3z = 21 xo XxX Q + 1) 
19 ea 6 eed +x In Exercises 37 to 48, graph the solution set of each 
“ ly =2x-7 “y= 2x41 inequality. 
37. 4x — Sy < 20 38. 2x + 7y = -14 
ee oe xt] 5 eae 
“y= x? 4+2x-1 ” Ly = 2x? + 3x - 6 39. y=2x7-x-1 40. y< x7 — 5x -6 
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Al. («- 27 +(y-1P > 4 42.43% +(v+ 1% 59 


la) a dee Gai GH 2 


43. =1 44 


16 25 : 9 4 


45. (2x —y + I(x — 2y - 2) >0 


46. (2x — 3y — 6\(x + 2y- 4) < 0 
47. Py <1 48. xy = 0 


In Exercises 49 to 60, graph the solution set of each 
system of inequalities. 


pera 50 aa 
3x + 4y = 2 . ee 
2x+3y> 6 2x + Sy > 10 
SI. \ 2k > PS = 2 52, = pSa=2 
x=4 x=4 
2x + 3y = 18 3x + 5y = 25 
53. + ys 7 54. 4) 2x + 3y = 16 
=0,y20 x20,vy20 
3x + y2 6 3x + 2y 2 14 
+4y= + > 
55. iy = 14 56. x y 6 
2x + 3y = 16 llx + 4y = 48 
x20,y20 x2=0,vy20 
57. | <x-x-2 58. ees x1 
y22x-4 y>xt3 
59. i‘ +y?—2x+4y>4 
y<2x-1 


2 y? — 4x — 2p < -4 
x+y? — 4x + 4y > 8 


In Exercises 61 to 65, solve the linear programming 


problem. In each problem, assume x = 0 and y = 0. 


61. Objective function: P = 2x + 2y 

{ x+2y< 14 
5x + 2y = 30 

Maximize the objective function. 


Constraints: 


62. Objective function: P = 4x + 5y 

ve + 3y S 24 
4x + 3y = 36 

Maximize the objective function. 


Constraints: 


63. Objective function: P= 4x + y 


5x + 2y = 16 
Constraints: x+2y=2 8 
x = 20,y = 20 


Minimize the objective function. 


64. 


65. 


66. 


Objective function: P = 2x + 7y 


4x + 3y = 24 
Constraints: 4x + 7y = 40 
x=10,y = 10 


Minimize the objective function. 


Objective function: P = 6x + 3y 
5x + 2y = 20 
feta: xt y2 7 
Constraints: pee aT 
x= 15,y ss 15 


Minimize the objective function. 


Maximize Profit A manufacturer makes two types of golf 
clubs: a starter model and a professional model. The starter 
model requires 4 hours in the assembly room and | hour in 
the finishing room. The professional model requires 6 hours 
in the assembly room and 1| hour in the finishing room. The 
total number of hours available in the assembly room is 108. 
There are 24 hours available in the finishing room. The profit 
for each starter model is $35, and the profit for each profes- 
sional model is $55. Assuming all the sets produced can be 
sold, find how many of each set should be manufactured to 
maximize profit. 


In Exercises 67 to 73, solve each exercise by solving a 
system of equations. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


Find an equation of the form y = ax* + bx + c whose graph 
passes through the points (1, 0), (—1, 5), and (2, 3). 


Find an equation of the circle that passes through the points 
(4, 2), (0, 1), and (3, -1). 


Find an equation of the plane that passes through the points 
(2,1,2), (3,1,0), and (—2,—-3,—2). Use the equation 
z=axt+ byte. 


Chemistry How many liters of a 20% acid solution should be 
mixed with 10 liters of a 10% acid solution so that the result is 
a 16% acid solution? 


Uniform Motion Flying with the wind, a small plane traveled 
855 miles in 5 hours. Flying against the wind, the same plane 
traveled 575 miles in the same time. Find the rate of the wind 
and the rate of the plane in calm air. 


Commerce A collection of 10 coins has a value of $1.25. The 
collection consists of only nickels, dimes, and quarters. How 
many of each coin are in the collection? (Hint: There is more 
than one solution.) 


Consider the ordered triple (a, b,c). Find all real number val- 
ues for a, b, and c so that the product of any two numbers 
equals the remaining number. 
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In Exercises 1 to 8, solve each system of equations. 17. Field Dimensions A soccer stadium has a grass field in the 
1 shape of a rectangle with semicircles at the two ends. See the 
C= yas following figure. The perimeter of the entire grass field is 
{x Tae S38 2. Z approximately 554.16 meters, and the distance x is 20 meters 
2x — Sy = —16 a2x- y= 6 longer than the distance y. Use a system of equations to find the 
length x and width y of the field. Round to the nearest meter. 
x+3y- z= 8 3x —-2y+ z=2 
3. 4 2x -Ty+2z= 1 4. x+2y-— 22> 
4x -— y+3z= 13 4x -— z=3 


4x + 2y z=0 
6. x—3y-2z=0 
3x + Sy + 3z = 0 


ne z=-1 
x+5y-2z= 5 


ce 8. |) vr x —3 oe 

“W= real “y= be oe = 1 18. Parking Rates A parking garage charges its customers a cer- 
tain amount for the first hour and another amount for each addi- 
In Exercises 9 and 10, graph each inequality. tional half-hour or part of the half-hour. One day Nicole parked 
9. x2 + 4y? = 16 10. x+y? <0 her car for 3 hours and 50 minutes. The parking fee was $14.50. 
The next day she parked her car for 4 hours and 45 minutes. The 
parking fee was $18.00. Determine the fee the parking garage 
In Exercises 11 to 14, graph each system of inequalities. charges for the first hour and the fee the garage charges for each 

2x — 5y = 16 rPtyP>9 additional half-hour or a portion of the half-hour. 

; pee se eee . . 

19. Maximize Profit A farmer has 160 acres available on which to 
ox + 3y = 12 plant oats and barley. It costs $15 per acre for oat seed and 
x+y= 8 $13 per acre for barley seed. The labor cost is $15 per acre for 
13. 42x+y=11 14. oo = 2 oats and $20 per acre for barley. The farmer has $2200 available 
4209 =0 3x + 2y = 11 to purchase seed and has set aside $2600 for labor. The profit 
, x20,y20 per acre for oats is $120, and the profit per acre for barley is 


$150. How many acres of oats and how many acres of barley 


ee i. 
In Exercises 15 and 16, find the partial fraction should the farmer plant to maximize profit? 


decomposition. or : ; : 
20. Curve Fitting Find an equation of the circle that passes 


15, 2 qe coe. through the points (3,5), (—3,—3), and (4,4). (Hint: Use 
x? — 3x - 4 x(x? + 1) x+y? + axt+ byt+c=0) 
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1. Find the range of f(x) = —x? + 2x — 4. 24 
ge of fe) 4, Let f(x) = ~— 
x 


. Is fan even function, an odd function, or 


2. Write logg(x — 5) + 3 logs(2x) as a single logarithm with a 
coefficient of 1. 


neither? 


. a 5. Solve: log x — log(2x — 3) = 2 
3. Find the equation in standard form of the parabola that has 


vertex (4,2), axis of symmetry parallel to the y-axis, and 


passes throuptithepoint (1, 1), 6. Find the equation in standard form of the hyperbola with vertices 


(2, 2) and (10, 2) and eccentricity 3. 
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10. 


11. 


12. 


13. 


-2 1 
. Given g(x) = ~—, find e(- ) 
x 2 
. Given f(x) = x? — Land g(x) = x? — 4x — 2, find (f+ g)(—2). 


. Find a quadratic regression model for the data {(1, 1), (2, 3), 


(3, 10), (4, 17), (5, 26)}. 


Find the polynomial of lowest degree that has zeros of —2, 33, 
and —3i. 


2 
Find the inverse function of O(r) = rae 
Find the slant asymptote of the graph of 
2x3 — x? -2 


A(x) = ; 
x-x-1 


Given that f(x) = 2° and g(x) = 3, find g[_f(1)]. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


2 — 9% 


Sketch the graph of F(x) = 3 


11 
Find the exact value of cos( 1). 


In triangle ABC, a = 30 feet, b = 25 feet, and c = 35 feet. 
Find B to the nearest degree. 


Use a subtraction formula for sin(a — B) to find the exact 
value of sin 15°. 


Find the measure of the smallest positive angle between the 
vectors v = 3i — 2j and w = i + 4j. Round to the nearest 
tenth of a degree. 


= 7 T 
Solve: cos! x + tan! x = — 


2 
Find the rectangular coordinates of the point whose polar 


5 
coordinates are (10. ==) 
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10.1 Gaussian Elimination 
Method 


10.2 Algebra of Matrices 
10.3 Inverse of a Matrix 
10.4 Determinants 
10.5 Cramer's Rule 


The Everett Collection 


Matrices and Computer Games 


A matrix is a rectangular array of numbers enclosed in brackets, as shown 

in the example at the left. This particular matrix is called a transformation 

matrix for an object in the coordinate plane. This matrix and the operation 
of matrix multiplication can be used to rotate a rectangle 45° about a fixed 
point. In this case, the transformation matrix is a rotation matrix. 


There are other types of transfomation matrices such as scaling matrices 
(which make an object smaller or larger), translation matrices (which move 
an object horizontally, vertically, or both), and reflection matrices (which 
produce a mirror image of an object). By using several matrices and ) 


matrix operations, we can transform the small red triangle . 
into the larger green triangle. 


The advantage of using matrices to perform transformations is that they can 
be used in conjunction with computer programs. Animators for films such as 
Shrek and programmers who create video games such as Harry Potter and 
the Goblet of Fire use transformation matrices and the speed of a computer 
to transform one scene into another scene. Their task is quite challenging 
because more than one object may be involved, the object (like Harry Potter) 
may be complicated, and there may be a need for a three-dimensional effect. 


In addition to animation, matrices are used in many other disciplines such 
as ecology, economics, chemistry, physics, and biology. To read about 
another matrix application, see Example 6, page 807. 

779 
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SECTION 10.1 


Introduction to Matrices 
Elementary Row Operations 
Gaussian Elimination Method 


Application: Interpolating 
Polynomials 


Note 


When a term is missing from one 
of the equations of a system (as in 
the second equation at the right), 
the coefficient of that term is 0, 
and a 0 is entered in the matrix. 
A vertical bar that separates the 
coefficients of the variables from 
the constants is frequently drawn 
in the augmented matrix. 


Math Matters 


The word matrix has the Latin 
word mater as its root. The 
mathematician James Sylvester 
(1814-1897) coined the term to 
indicate a place from which 
something else originates. 
Sylvester, born in London, spent 
the last part of his life at Johns 
Hopkins University, where he was 
influential in establishing graduate 
study programs in mathematics. 


Gaussian Elimination Method 
® Introduction to Matrices 


A matrix is a rectangular array of numbers. Each number in a matrix is called an element 
of the matrix. The matrix below, with three rows and four columns, is called a3 X 4 (read 
“3 by 4”) matrix. 


2 9). =2! 3 
—-3 6 4 0 
1 3 7 2 


A matrix of m rows and n columns is said to be of order m X n or dimension m X n. A 
square matrix of order 7 is a matrix with n rows and n columns. The matrix above has 
order 3 X 4. We will use the notation a,; to refer to the element of a matrix in the ith row 
and jth column. For the matrix given above, a2; = 4, a3; = 1, and a,3 = —2. 

The elements 11, 477, 433,---;@mm form the main diagonal of a matrix. The elements 
2, 6, and 7 form the main diagonal of the matrix shown above. 

A matrix can be created from a system of linear equations. Consider the system of lin- 
ear equations 


2x -3y+ z=2 
x —3z=4 
4x -— yt 4z=3 


Using only the coefficients and constants of this system, we can write the 3 X 4 matrix 


2. 23 1/2 
1 0 —-3/4 
4 -l 4|3 


This matrix is called the augmented matrix of the system of equations. The matrix 
formed by the coefficients of the system is the coefficient matrix. The matrix formed 
from the constants is the constant matrix for the system. The coefficient matrix and con- 
stant matrix for the given system are 


2. =3 1 2 

Coefficient matrix: 1 0 -3 Constant matrix: 4 

4 -] 4 3 

We can write a system of equations from an augmented matrix. 
2 =] 4} 3 2x- yr4z=3 
Augmented matrix: | | 1 0 | 2 System: x+ y =2 
3 -2 -1)2 3x —2y- z=2 
EXAMPLE 1_ Write the Augmented Matrix from a System of 


Equations 


Write the augmented matrix, the coefficient matrix, and the constant matrix for the 
following system of equations. 

2x — 3By = 4 

x + 2y —-3z=0 

4x — yt 2z=3 
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Solution 
i 4 2-3 0/4 pee 2-3 0 
ugmente 1 2 -3]0 oe icient | 2 -3 Constant 
matrix: matrix: matrix: 
| 2.|.3 4 -l 2: 


@ Try Exercise 2, page 788 


In certain cases, an augmented matrix represents a system of equations that we can solve 
by back substitution. Consider the following augmented matrix and the equivalent system 
of equations. 


1 -3 4 5 x-—3y+4z= 5 
0 1 2|]-4 Equivalent system y+2z=-4 
0 0 1] -1 z=-l 


Solving this system by using back substitution, we find that the solution is (3, —2, —1). 
The matrix above is in row echelon form. 


Definition of Row Echelon Form 


A matrix is in row echelon form if all of the following conditions are satisfied. 
1. The first nonzero number in any row is a 1. 


2. Rows are arranged so that the column containing the first nonzero number in 
any row is to the left of the column containing the first nonzero number of the 
next row. 


3. All rows consisting entirely of zeros appear at the bottom of the matrix. 


EXAMPLE 
The following matrices are in row echelon form. 


4 2 


=] 
=—2 =! 


lL =2 3/2 
Question ¢ Is the augmented matrix | 0 0 1 | 4 | in row echelon form? 
0 |. -=1) 3 


lm Elementary Row Operations 
We can write an augmented matrix in row echelon form by using elementary row opera- 


tions. These operations are a rewording, in matrix terminology, of the operations that pro- 
duce equivalent systems of equations. 


Answer ® No. The matrix does not satisfy condition 2 of the definition of row echelon form. 
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Integrating Technology 


For many graphing calculators, 
the elementary row operations 
are built-in functions. 


Elementary Row Operations 


Given the augmented matrix for a system of linear equations, each of the follow- 
ing elementary row operations produces a matrix of an equivalent system of 
equations. 


. Interchange any two rows. 


. Multiply each element in a row by the same nonzero constant. 


. Replace a row with the sum of that row and a nonzero multiple of any 
other row. 


It is convenient to specify each row operation symbolically as follows. 


1. Interchange the ith and jth rows: R; <—> R; 
. Multiply each element of the ith row by k, a nonzero constant: kR; 
3. Replace the jth row with the sum of that row and a nonzero multiple of the ith row: 
kR, + R; 
i ij 


N 


2 1 -2 
To demonstrate these operations, we will use the 3 X 3 matrix] 3. —2 2 
1 —-2 3 
2 1 -2 1 -2 3 
3 =2 2 ea a 3 =2 2 ¢ Interchange row | and row 3. 
Le -=2 3 2 1 —2 
2 1 -2 2 1 —-2 
3. =2 2 ~3Ra —9 6 =6 * Multiply row 2 by —3. 
1 —-2 3 1 =2 3 
2 1 -2 0 5: =8 ¢ Multiply row 3 by —2 and 
3. = 9 2 wah By 3-2 i) add to row 1. Replace row 1 
1-2 3 1-2 3 with the sum. 


In Example 2, we use elementary row operations to write a matrix in row echelon 
form. As we carry out this procedure, to conserve space, we will occasionally perform 
more than one elementary row operation in one step. For instance, the notation 


3R, + R, 
—S5R, + R; 
————— 


means that two combinations of elementary row operations are performed. First, multiply 
row | by 3 and add it to row 2. Replace row 2. Second, multiply row | by —S and add it to 
row 3. Replace row 3. 


EXAMPLE 2. Write a Matrix in Row Echelon Form 


—3 13. =1. =7 
Write the matrix 1 —5 2 0 | in row echelon form. 
5 -20 -2 5 


Caution 


The sequence of steps used to 
place a matrix in row echelon 
form is not unique. For instance, 
in Example 2 we could have 
started by multiplying row 1 by 


1 
a, The sequence of steps you 


use may result in a row echelon 
form that is different from the 
one we show. See the Integrating 
Technology following Example 2. 


10.1 


Solution 
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We use the following procedure to write a matrix in row echelon form. Begin by 


changing aj to 1. 


=3 13): ah. 7, 1 =§ 
L =§ 2 9) Sek | 3. 
5 20 =2° °5 5 —20 
Change the remaining elements in the first column to 0. 
I =>) 2 0 3R, + Ry I 5 
=3 13 —l —7 —5R, +R, 0 =) 
5 -20 -2 5] 7 >? {0 55 
Change ap, to |. 
1 -=5 2 O 5 
1 
0-2 5 -7 aR 0 1 
0 5 -12 5 0 5 
Change the remaining element under a), to 0. 
lL 5 2 0 eee 1-5 2 
i 2 =e oy Tee 
0 5 -12 5 0 0 $ 
Change a3; to I. 
l= 2 0 l=), 2 
O Dee Sy age ts 
0 0 5 -% 0 0 1 
[ -=5 2 0 
A row echelon form for the matrix is | 0 16= 3 ; ; 
0:  @ fd =25 


@ Try Exercise 6, page 789 


| Integrating Technology | 


NAMES MATH Galil 
IAD 3x4 


Example 2. The abbreviation ref{ stands for row echelon form. 


MATRIXIA] 
es 


3x4 


: rowSwapl 
: row+[ 

: *roul 

> *row4[ 


A graphing calculator can be used to find a row echelon form for a matrix. The screens 
below, from a TI-83/TI-84 Plus calculator, show a row echelon form for the matrix in 


The row echelon form given by the calculator is different from the one we produced in 
Example 2. The two forms are equivalent, and either can be used for any calculation in 


which a row echelon form of the matrix is required. 
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Math Matters 


The Gaussian elimination method 
is the procedure used in some 
computer programs to solve a 
system of equations. 


The row echelon form shown at 
the bottom of page 783 is in 
decimal form. A form contain- 
ing fractions can be found by 
using the ®Frac command in 
the MATH menu. 


® Gaussian Elimination Method 


The Gaussian elimination method is an algorithm! that uses elementary row operations 
to solve a system of linear equations. The goal of this method is to rewrite an augmented 
matrix in row echelon form. 

We will now demonstrate how to solve a system of two equations in two variables by 
the Gaussian elimination method. Consider the system of equations 


oe 
3x —-2y= 8 


The augmented matrix for this system is 
2 5 | = 
3. = 2 8 


The goal of the Gaussian elimination method is to rewrite the augmented matrix in row 
echelon form by using elementary row operations. The row operations are chosen so that, 
first, there is a 1 as a,,; second, there is a 0 as a>; and third, there is a | as ay). 


1 
Begin by multiplying row | by > The result is a 1 as ay). 


5 

a 3 | =] LR, lL 3s 

3. -=2 8} _* | 3 2 

Now multiply row 1 by —3 and add the result to row 2. Replace row 2. The result is a 0 
as A}. 


We 
| 
N vin 


ih 1 5 
Z| SRR 2 
Si © | 0 => 


2 
Now multiply row 2 by — 19° The result is a 1 as a7. The matrix is now in row echelon form. 


_l 
2 
la 


The system of equations written from the echelon form of the matrix is 


| 
N|Srie 
eee 
| 
S|N 
Es) 
Ne 
ona 
Re NIN 


sn 1 
x _ = —— — 
2 2 


5 aaa | 


To solve by back substitution, replace y in the first equation with —1 and solve for x. 


x+ (S)-n 


x=2 


Z 
2 
The solution of the original system is (2, —1). 


‘An algorithm is a procedure used in calculations. The word is derived from A/-Khwarizmi, the name 
of the author of an Arabic algebra book written around A.D. 825. 


10.1. GAUSSIAN ELIMINATION METHOD 785 


EXAMPLE 3_ Solve a System of Equations by Using 
the Gaussian Elimination Method 


Solve by using the Gaussian elimination method. 


3t — 8u + 8V+ Iwe= 41 


t-—2u+2v+ w= 9 
2t— 2u+ 6v—-4w= -1 
2t—-— 2u+3v-3w= 3 


Solution 


Write the augmented matrix, and then use elementary row operations to rewrite the 
matrix in row echelon form. 


3 -8 8 7| 41 1-2 2 1| 9 
1-2 2 1] 9] resr [3 -8 8 7] 41 
2 -2 6 -4|-1| —— |2 -2 6 -4/-1 
2 -2 3 -3| 3 2 -2 3 -3| 3 
apg [Pe 2 2) 2 1-2 2 1| 9 
~2R,+R; {9 —2 2 4] 14] _tp, 0 1 -1 -2| -7 
-2R,} +R, |0 2 2 -6|-19 0 2 2 -6|-19 
0 2 -1 -5|-15 0 2 -1 —5|-15 
1-2 2 1| 9 1-2 2 I1| 9 
—2R, + R3 
pp, Otel Se) eee Pp fol Se) 9 
—— 10 0 4 -2}-5| 7 }0 oO 1 -1]}-1 
0 0 1 -1}-1 0 0 4 -2|-5 
1-2 2 1| 9 1-2 2 I1| 9 
—4R,+ R, 0 TL =]. =2)) =7 SR, 0 a], 2 | 
—— > }0 0 1 -1{/-1}| — ]}o0 0 1 -1]-1 
0 0 0 2]-1 0 0 0 1-3 


The last matrix is in row echelon form. The system of equations written from the 
matrix is 


t-2u+2v+ w= 9 
“u=- ve 2 => -—7F 


v- w=-l 


os ei 
ere oa 


Back Substitution 13 is 3 1 
See pages 730-731. Solve by back substitution. The solution is ( 7: >? ) 


H Try Exercise 18, page 789 
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EXAMPLE 4 _ Solve a Dependent System of Equations 


Solve by using the Gaussian elimination method. 
x-3y+4z=1 
2x — 5y + 3z = 6 
x—-2y- z=5 
Solution 


Write the augmented matrix, and then use elementary row operations to rewrite the 
matrix in row echelon form. 


ts 4/1] oe ag, [2 A 1-3 4/1 
2 =8 3/6) -—p4e, 0 1 =5)\4)| 2s. |0 1b ss\4 
1-2 -1/5]" ‘(0 1 -5|4 0 0 ojo 


Use the row echelon form of the matrix to write a system of equations equivalent to the 
original system. 
x-3y+4z=1 : 
¢ Equivalent system 
y—5z=4 


Any solution of the system of equations is a solution of y — 5z = 4. Solving this equa- 
tion for y, we have y = 5z + 4. 


x-3y+4z=1 
x-— 3(z2+4+4z=1 *y=5z7+4 
x= 11lz+ 13 * Solve for x. 


Both x and y are expressed in terms of z. Let z be any real number c. The solutions of 
the system are the ordered triples (Llc + 13,5c + 4,c). 


@ Try Exercise 22, page 789 


EXAMPLE 5 __ Identify an Inconsistent System of Equations 


Solve by using the Gaussian elimination method. 
x-3y+ z= 5 
3x — Ty + 2z= 
2x-—4y+ 2 


| 
— 
wn 


Solution 


Write the augmented matrix, and then use elementary row operations to rewrite the 
matrix in row echelon form. 


i eae ere 3. 4/4 
=f O10) eae li @ a) a8 
2 -4 1 3 0 2 -1|-7 

1 =3 1 5 1. =3 1 5 

aR 0 1 —5 -3 —2R,+ R3 0 1 —5 -3 
0 2S ||| =7 0 0 0 | —4 


Note 


When there are fewer equations 
than variables (as in Example 6), 
the system of equations has either 
no solution or an infinite number 
of solutions. 
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x—-3y4+ z= 5 
1 ; 
y= 77 i * Equivalent system 
0z = -4 
Because the equation 0z = —4 has no solution, the system of equations has no solution. 


Try Exercise 24, page 789 


EXAMPLE 6 Solve a Nonsquare System of Equations 


Solve the system of equations by using the Gaussian elimination method. 


x) 2x5 3x3 2x4 _ 1 
2x4 3x9 4x3 2x4 = 3 
XxX) + Xo + x3 7x4 = —7 


Solution 


Write the augmented matrix, and then use elementary row operations to rewrite the 
matrix in row echelon form. 


I, =2e 3, 2 1 OR, + Ry 1-2 -3 -2 1 
2 33 SA 2) 31 aikeR, 0 1 2 2 
1 1 1 —-7|-7 0 3 #4 —-51-8 
—3R, + Ry 1 -2 -3 -2]1 
co 0 1 2 2/1 
———- ey @ 4 oe 
212 
Xx, — 2x, — 3x3 2x4 = 1 
Xp + 2x3 + 2x,= 1 * Equivalent system 
i" 11 11 
ee ee 
1G 
Now express each of the variables in terms of x4. Solve the third equation for x3. 
11 ie 
x3 ~ eee + > 


Substitute this expression into the second equation and solve for x. 
id 11 
X2 + {— thy ar +) + 2x4 =] 
x2 >= 9x4 _ 10 


Substitute the expressions for x, and x3 into the first equation and solve for x. 


11 11 
x, — 2(9x4 — 10) re 2 2x4 = 1 
ft 3 


If x4 is any real number c, the solutions of the system are the ordered triples 
d 5 11 tl 
(Ze = oy 9c = 10, = 


@ Try Exercise 40, page 790 
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Note 


Because the subscript on the first 
ordered pair is zero, there are 

n+ 1 points. The degree of the 
interpolating polynomial, how- 
ever, is n. Thus, if there were 
three ordered pairs, the degree of 
the interpolating polynomial 
would be at most 2. If there were 
seven ordered pairs, the degree of 
the interpolating polynomial 
would be at most 6. 


(-2, 13) 


Ja, -2) 
p(x) = 2x7 — 3x — 1 


Figure 10.1 


® Application: Interpolating Polynomials 


One application of the Gaussian elimination method of solving a system of equations is in 
finding interpolating polynomials. 


Definition of an Interpolating Polynomial 


Let (x9, Vo)s (X11), (2,2), -++5 (Xp, Vn) be the coordinates of a set of nm + | points 


for which all the x; are distinct. Then the interpolating polynomial is a unique 
polynomial of degree at most n whose graph passes through the given points. 


EXAMPLE 7 Find an Interpolating Polynomial 


Find the interpolating polynomial whose graph passes through the points whose coordi- 
nates are (—2, 13), (1, —2), and (2, 1). 
Solution 
Because there are three given points, the degree of the interpolating polynomial will be 
at most 2. The form of the polynomial will be p(x) = a)x* + a,x + ap. Use this poly- 
nomial to create a system of equations. 
P(x) = ax? + ax + ay 
P(—2) = ay(—2) + ay(—2) + ay = 4ay — 2a, + ay = 13 
pL) = a,(1)? + a(1) + ap = a) + ay + ag = -2 
p(2) = a2)? + a,(2) + ay = 4ay + 2a, + ay = 1 


ex = —2, p(—2) = 13 
ex = 1,p(1) = -2 
ex =2,p(2) = 1 
The system of equations and the associated augmented matrix are 
4ay — 2a, + ag = 13 4 -2 1] 13 
a+ a, +a) = —-2 1 1 1] -2 
4a, + 2a, + ao 1 4 2 1 1 


The augmented matrix in row echelon form and the resulting system of equations are 


1 —0.5 0.25 | 3.25 dy — 0.5a,; + 0.25ay = 3.25 
0 1 0} -3 a =-3 
0 0 1] -l a = —1 
Solving the system of equations by back substitution yields aj = —1, a, = —3, and 


a) = 2. The interpolating polynomial is p(x) = 2x* — 3x — 1. See Figure 10.1. 


@ Try Exercise 48, page 790 


EXERCISE SET 10.1 


In Exercises 1 to 4, write the augmented matrix, the 
coefficient matrix, and the constant matrix of the system 


of equations. 


2x —- 3y+ z=1 
1. 4 3x — 2y + 3z = 0 a2. 
x +5z=4 


2x —3y-4z+w=2 x y + 2z + 3w 2 
Dye Z =2 2x + z=-2w> 1 
3 4. 
x= pe 2z =4 3x —-2w= 3 
—3y+2z= 3 3x — 3y — 2z = 1 Nae Sy = 3 
24 = =-l 
3x —2y+3z= 4 
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In Exercises 5 to 12, use elementary row operations to 

write each matrix in row echelon form. 25. 

2) =I 3 22 1 

5.]/ 1 -l 2 2 m6. | 2 
3 


x= 3y +2z=0 xP y= 2z= 0 
x= Sy —2z2=0 26. \ 3x +4y- z=0 
4x — lly +2z=0 5x + 6y — 5z = 0 


2x+ y—3z=4 
3x + 2y+ z=2 


oe eee 
2x + 2y — 4z = 4 3x — 10y + 2z = 34 
2x + 3y — 5z=4 30. x- 4y+ 7=13 


26+ Sy = 32 = 2 


27. 28. 


Ls L a 29. 
4x + 5y — 9z = 8 Sx —- 2y + 7z = 31 


x + 3y 4z=11 x- 4y+3z= 4 
3x —10y+3z= 4 
5x — 18y + 9z= 10 


2x+ 2y—- 3z=-11 


x+3y+ 2= 7 
cee ee 32. 


31. 


4x + 9y + 10z = 20 


3x —-2y+ z= 1 


10. | -2 4 4 6 


t+ 2u 3v w= 7 
3t + 5u 8v + Sw = 8 
2t + 3u Wvt+3w=-ll 
4t+ 8u — 10v + 7w = —10 


1 =3 4 2 1 33. 
11. 2 ‘=3 § =2 =1 


4t+ lou + 7v — 9w = 34 


In Exercises 13 to 42, solve each system of equations by 
the Gaussian elimination method. 


35. 


x + 5y = 16 =~-+ 337 = 7 
13. { 14. { 2t + 2u —2w= 6 


4x + 3y = 13 


x - =| 4t + Tu — 10v + 3w = —29 
15.13 Sa 16. 


X 
X 


— 4y= 18 2x + 3y = —- 36. 


# 
t 


2y — 2z = -2 


17 5x + 9y — 42 = -3 018. 


? 
| 
2 
| 
y 
] 


3x + 4y — 52 = -3 


oS 
+ 
= 
t 
N 
ll 
_ 


37. 


5x + 6v+ z= -8 


xP 222 = 3 
5x + 8y — 62 = 14 =22. 
3x + 4y — 2z= 8 


38. 


21 


5x — lly + 6z = 12 


t—u 2v 3w= 9 
4t + llv — 10w = 46 
3t-— u 8v 6w = 27 


—x + 5y-—3z=4 
3x + Sy 23 a 24. 
eo yp =2 


23 


2 = 3 2 9 t 4u 2v 3w = 11 
yv./1 -2 2 | 34, 2t+ 10u + 3v — 5w = 17 


3x + Tp = Tz = =4 2x = 3y +-22°= 13 
19. xP 2p=—32= 0 20. § 3x — 4y —-3z= 1 
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240. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


048. 


49. 


50. 


t u+ 3v — 5w = 10 
2t— 3u+4v+ w 7 
3t+ u—2v-2w= 6 

ie —4u+ v = 

t u—2v+3w=1 
2t +3v—-4w= 2 
t+ 2u — 4v w= -3 


Find a polynomial whose graph passes through the points 
whose coordinates are (—2, —7) and (1, —1). 


Find a polynomial whose graph passes through the points 
whose coordinates are (—3, —8) and (1, 4). 


Find a polynomial whose graph passes through the points 
whose coordinates are (—1, 6), (1,2), and (2, 3). 


Find a polynomial whose graph passes through the points 
whose coordinates are (—2, —3), (0, —1), and (3, 17). 


Find a polynomial whose graph passes through the points 
whose coordinates are (—2, —12), (0,2), (1, 0), and (3, 8). 


Find a polynomial whose graph passes through the points 
whose coordinates are (—1, —5), (0, 0), (1, 1), and (2, 4). 


Find a polynomial whose graph passes through the points 
whose coordinates are (—1, 3), (1, 7), and (2, 9). This exercise 
illustrates that the degree of the polynomial is at most one less 
than the number of points. 


Find a polynomial whose graph passes through the points 
whose coordinates are (—2, 7), (1, —2), and (2, —5). This exer- 
cise illustrates that the degree of the polynomial is at most one 
less than the number of points. 


In Exercises 51 to 54, find the equation of the graph that 
passes through the given points. 


51. 


52. 


53. 


Equation of a Plane Find an equation of the plane that passes 
through the points whose coordinates are (—1, 0, —4), (2, 1, 5), 
and (—1, 1, —1). (Suggestion: The equation of a plane can be 
written as z = ax + by + c.) 


Equation of a Plane Find an equation of the plane that 
passes through the points whose coordinates are (1,2, —3), 
(—2, 0, —7), and (0, 1, —4). 


Equation of a Circle Find an equation of the circle that passes 
through the points whose coordinates are (2, 6), (—4, —2), and 
(3, —1). (Suggestion: The equation of a circle can be written as 
x+y? + ax + by =c.) 


54. 


Equation of a Circle Find an equation of the circle that 
passes through the points whose coordinates are (2, 1), (0, —7), 
and (5, —2). 


= Some graphing calculators and computer programs 
~* contain a program that will assist you in solving a 
system of linear equations by rewriting the system in 
row echelon form. Use one of these programs to solve 
the systems in Exercises 55 to 58. 


55. 


56. 


57. 


58. 


xX; + 2x, x3 + 2x4 + 3x5 = 11 
xy X_ + 2x3 X4+2x5= 0 
2x1 Xp x3 + 2x4 Xs 4 
3x, + 2x X3 ‘Ng = 2X5 2, 
2x1 xX x3 — 2x4 Xs= 4 
X; — 2x) + 2x3 — 3x4 + 2x5 = 5 
xX; — 3x, x3 + 2x4 x5 = —4 
3x) Xp — 2x3 X4+3x5= 9 
2x X) + 3x3 X4—- 2x5 = 2 
Xy + 2x. — 2x3 + 3x4 x5 = —4 
xX, + 2x, — 3x3 X4 + 2x5 = —10 
X1 — 3x. + x3 x4 Xs = 4 
2X; sf 3xXg = SXy F 2xg + 3x5 = =20 
3x, + 4x. — 7x3 + 3x4 — 2x5 = —16 
2x1 Xy — 6x3 + 4x4 — 3x5 = —12 
X, — 2X) + 2x3 — 3x4 X5 > 
2x; — 3x2 + 4x3 — 5x4 x5= 13 
X, + xX, — 2x3 + 2x4 + 2x5 = —-11 
3x, — 2xy + 2x3 — 2x4 — 2x5 = 7 
4x, — 4x) + 4x3 — Sxq X5 12 


In Exercises 59 to 61, use the system of equations 


59. 


60. 


61. 


x + 3y -— a*z= a? 


2x+3y+ az=2 
3x+4y+ 2z=3 


Find all values of a for which the system of equations has a 
unique solution. 


Find all values of a for which the system of equations has an 
infinite number of solutions. 


Find all values of a for which the system of equations has no 
solution. 
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SECTION 10.2 | Algebra of Matrices 


Addition and Subtraction of 
Matrices 


Scalar Multiplication 
Matrix Multiplication 


Matrix Products and Systems of 
Equations 


Transformation Matrices 
Adjacency Matrices 
Applications of Matrices 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page Aé9. 


PS1. What is the additive identity for the real numbers? [P.1] 
PS2. What is the additive inverse of a nonzero real number c? [P.1] 
PS3. What is the multiplicative identity for the real numbers? [P.1] 


PS4. What is the multiplicative inverse for the nonzero real number c? [P.1] 


2x + 3y 
PS5. What is the order of the matrix | x — 4y |? [10.1] 
3x + y 
2) coe py, 
PS6. Complete the following: | 2 1 3 3Ri +R; ? 
[10.1] —3 2 1)*- 


® Addition and Subtraction of Matrices 


In addition to being convenient for solving systems of equations, matrices are useful tools 
for modeling problems in business and science. One prevalent application of matrices is to 
spreadsheet programs. 

The typical method used in spreadsheets is to number the rows as I, 2, 3,... and to 
identify the columns as A,B,C,.... The partial spreadsheet below shows how a con- 
sumer’s car loan is being repaid over a 5-year period. The elements in column A represent 
the loan amounts, in dollars, at the beginning of each year; column B represents the 
amount owed at the end of each year; and column C represents the amount of interest paid 
during the year. 


A B C 


1} 10,000.00 8,305.60 738.77 
2} 8,305.60 6,470.56 598.13 
3} 6,470.56 4,483.22 445.82 
4} 4,483.22 2,330.93 280.88 
5 |. 2,330.93 0.00 102.24 


For instance, the element in 3C means that the consumer paid $445.82 in interest during 
the third year of the loan. 


Question ¢ What is the meaning of the element in 3A? 


Answer @ At the beginning of the third year of the loan, the consumer owed $6,470.56. 


792 CHAPTER 10 MATRICES 


Matrices are effective for modeling situations in which there are a number of items 
to be classified. For instance, suppose a music store has sales for January as shown in 
the following matrix. 


Rock R&B Rap Classical Other 


CDs 455 135 65 87 236 
DVDs | 252 68 32 40 101 
Videos| 36 4 5 2 28 


This matrix indicates, for instance, that the music store sold 40 classical DVDs in January. 
Now consider a similar matrix for February. 


Rock R&B Rap Classical Other 


CDs 402. 128 68 101 255 
DVDs} 259 35.28 51 115 
Videos| 28 7 3 5 33 


Looking at this matrix and the matrix for January reveals that the number of R&B DVDs 
sold for the two months is 68 + 35 = 103. By adding the elements in corresponding cells, 
we obtain the total sales for the two months. In matrix notation, this would be shown as 


455 135 65 87 236 402 128 68 101 255 857 263 133 188 491 
252, 68 32 40 101} +) 259 35 28 SI 115 |=] 511 103 60 91 216 
36 4 5 2 28 28 7 3 5 33 64 «II 8 7 61 


In the matrix that represents the sum, 857 (in row 1, column 1) indicates that a total of 857 
rock music CDs were sold in January and February. Similarly, a total of 91 (in row 2, col- 
umn 4) classical DVDs were sold for the two months. 

This example suggests that the addition of two matrices should be performed by 
adding the corresponding elements. Before we actually state this definition, we first intro- 
duce some notation and a definition of equality. 

Throughout this book a matrix will be indicated by using a capital letter or by enclos- 
ing a lowercase letter in brackets. Thus a matrix can be denoted as 


A or [aij] 


An important concept involving matrices is the definition of the equality of two matrices. 


mete Definition of Equality of Two Matrices 


The brackets around [aj] indicate a ; ; : 
matrix. If we write a, (no brackets), Two matrices A = [a,] and B = [bj] are equal if and only if 
it refers to the element in the ith i 


. a; 
row and jth column. ! 


ij 7 
for every i and /. 


EXAMPLE 


— 4 
Let A = E | Then A = Bif and only if 
3 c = y 


a=3,x 
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Question ¢ If two matrices A and B are equal, do they have the same order? 


Definition of Addition of Matrices 


If A = [a,] and B = [b;] are matrices of order m X n, then the sum of the matri- 
ces is the m X n matrix given by 


A+ B= [aj + bj] 


EXAMPLE 


2° =2 3 5 -—2 6 
bea = | 3 J lansa=| 3 3 S| then 


=2 3 5 =-2 6 
+ 
—4 =2 3 5 


4 24+5 (-2)+(-2) 3+6 _| 7 -4 9 
~~ 11+(-2) 343 (-4)+5| |-1 61 


2 -=3 3 2 0 
Now let C = b 1 and D = 5 | Here C + D is not defined 


because the matrices do not have the same order. 


To define the subtraction of two matrices, we first define the additive inverse of a 
matrix. 


Definition of the Additive Inverse of a Matrix 


Given the matrix A = [aj], the additive inverse of A is —A = [—ajj]. 


EXAMPLE 


2 


3 -1| [2 -3 
-1 4 0 


Subtraction of two matrices is defined in terms of the additive inverse of a matrix. 


Definition of Subtraction of Matrices 


If A and B are two matrices of order m X n, then A — B is the sum of A and the 
additive inverse of B. 


A-B=A+(-B) 


(continued ) 


Answer ° Yes. If they were of different order, there would be an element in one matrix for which 
there was no corresponding element in the second matrix. 
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EXAMPLE 


2, =3 =] 
LetA =] -1 2 |)andB=| —4 
2 4 


A-B 


Of special importance is the zero matrix, which is the matrix that consists of all zeros. 
The zero matrix is the additive identity for matrices. 


Definition of the Zero Matrix 


The m X n zero matrix, denoted by O, is the m X n matrix whose elements are 
all zeros. 


EXAMPLE 
The following matrices are zero matrices. 


Properties of Matrix Addition 


Given matrices A, B, and C and the zero matrix O, each of order m X n, the fol- 
lowing properties hold. 


Commutative A+B=B+A4 

Associative A+(B+Q)=(A+B)+C 
Additive inverse A+(-A) =O 

Additive identity A+t+O=O+4A=A 


® Scalar Multiplication 


Two types of products involve matrices. The first product we will discuss is the product of 
a real number and a matrix. Consider the matrix below, which shows the hourly wages, in 
dollars, for various job classifications in a construction firm before a 6% pay increase. 


Carpenter Welder Plumber Electrician 


aaa 12.75 15.86 14.76 16.87 | 


Journeyman 15.60 18.07 16.89 19.05 
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After the pay increase, the pay in each job category will increase by 6%. This can be shown 
in matrix form as 


1.06 12.75 15.86 14.76 16.87) — | 1.06-°12.75 1.06°15.86 1.06°14.76 1.06 16.87 
: 15.60 18.07 16.89 19.05 1.06°15.60 1.06°18.07 1.06°16.89 1.06° 19.05 


13.52 16.81 15.65 17.88 
16.54 19.15 17.90 20.19 


i) 
~~) 


The element in row 1, column 4 indicates that an apprentice electrician will earn $17.88 per 
hour after the pay increase. 

This example suggests that, to multiply a matrix by a constant, we multiply each entry 
in the matrix by the constant. 


Definition of the Product of a Real Number and a Matrix 


Given the m X n matrix A = [a,| and the real number c, then cA = [cajj]. 


Finding the product of a real number and a matrix is called scalar multiplication. 
As an example of this definition, consider the matrix 


2 -3 1 
A= 3 1 -2 
1 -1 4 
and the constant c = —2. Then 
2 -3 1 —2(2) —2(-3) —-2()) —4 6 —2 
—2A = —2| 3 1 —2 |=] —2(33) —2(1) —2(-2) |=] -6 —2 4 
1 -1 4 —2(1) —2(-1) —2(4) —2 2 -8 


This definition is also used to factor a constant from a matrix. 


3 5 1 
$3] 4/3 2 10 


Properties of Scalar Multiplication 


Given real numbers a, b, and c and matrices A = [aj] and B = [b,], each of order 
m Xn, then 


Distributive property (6 + c)A = 64 + cA * Right distributive property 


c(A + B)=cA+ cB * Left distributive property 
Associative property a(bA) = (ab)A 


EXAMPLE 1 _ Find the Sum of Two Scalar Products 


—2 3 8 —2 
Given A = 4 —2 |}andB =] —3 2 |, find 2A + 5B. 
0 4 —4 a 


(continued ) 
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Solution 
—2 3 8 —2 
24+ 5B=2}) 4 -2]+ 5] -3 2 
0 4 —4 7 
—4 6 40 —10 36 —4 
= 8 —-4]+4+] -15 10|=] -7 6 
0 8 —20 35 —20 43 
@ Try Exercise 6, page 807 


® Matrix Multiplication 


We now turn to the product of two matrices. We begin with the product of a row matrix and 
a column matrix. 


Note Definition of the Product of a Row Matrix and a Column Matrix 


A row matrix is a matrix with one Let A be the | X n row matrix 4 = [a;a)...a,]| and let B be then X 1 
row. A column matrix has one by 
column. _ 
column matrix B = | ~ |. Then the product of A and B is 
Note 


Note from the definition of the 
product of a row and a column 
matrix that the number of 
columns in A equals the number 
of rows in B. For instance, if 

3 


A=[2 1 5]andB= 1 | EXAMPLE 


[a,b, + anb» eee AnD n | 


then AB is not defined. 
Letd = [2 3 5]andB= 4 |. Then 


~6 
1 
AB=[2 3 5]| 4 | = [2(1) + 3(4) + 5(—-6)] = [-16] 
=6 


The motivation for the definition of the product of a row and a column matrix can be 
illustrated by the following example. Suppose that the cost per gallon of gasoline to a gas 
station owner on a certain day is given in the table below. 


Grade of gasoline Regular Plus Premium 
Cost per gallon ($) 219 2,31 2.47 


The number of gallons of gasoline purchased by the owner on that day is given in the fol- 
lowing table. 


Note 


This definition basically states 
that, to find the product of two 
matrices, think of the first matrix 
as a series of row matrices and 
the second matrix as a series of 
column matrices. The product of 
the two matrices is all possible 
products of the row matrices and 
the column matrices. 


10.2 ALGEBRA OF MATRICES 797 


_ Grade of Gasoline | Number of Gallons Purchased | 


| Regular | 1650 | 
He | = | 
| Premium 1877 | 


The total cost, in dollars, of the gasoline purchased by the owner was 
2.19(1650) + 2.31(2456) + 2.47(1877) = 13,923.05 


Note that the total cost 13,923.05 is the single element of the product of the row matrix of 
gasoline prices and the column matrix of the number of gallons of each type of gasoline 
purchased. 


1650 
[2.19 2.31 2.47]] 2456 | = [2.19(1650) + 2.31(2456) + 2.47(1877)] = [13,923.05] 
1877 


The definition of the product of two general matrices is an extension of the definition 
of the product of a row and a column matrix. 


Definition of the Product of Two Matrices 


Let A = [a,] be a matrix of order m X n and let B = [bj] be a matrix of order 
n X p. Then AB = [c; | is a matrix of order m X p, where c;; (the element in the 
ith row and the jth column) is determined by multiplying each element in the ith 
row of A by the corresponding element in the jth column of B and adding the 
products. 


Ci = aby; ++ indy BP GinD nj 


EXAMPLE 


Let A = 


25-17 


_ ee + (3 06). S00) + EAs 2 _ ie ‘| 


41) + 6(4) + (-1)3 4(0) + 6(—2) + (—1)(5) 


For the product of two matrices to be defined, the number of columns of the first 
matrix must equal the number of rows of the second matrix. 


A : B= C€C 


mxXn n Xp m X p 
L Must be equal | 
Order of product matrix 
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EXAMPLE 2 Find the Product of Two Matrices 


Find each product. 


-1 -4 
1 -3 _ 2 0 -2 3], 2 -3 1 
Solution 
p) 
7 12-2 3 
eS at 3a 
i = 3 


20) +3(-1) 22) +3) ~=—-(-2) +38) ~—- 2) + 3(-4) 
=| C30M+ ICD) €3)2) +10) 3)C2) + 1B) (—3)3 + 1C4) 
ID +C3CY) 12) + 30) 12) + (—3)B)_ 18) + €3)(-4) 
-1 4 5 ~6 
=|-4 -6 9 -13 


4+1+6 —2+(-3)+(-9) 0+ (-1I) +3 
=|8+(-2)+(-2) -4+6+3 0+2+(-1) 
0+2+6 0+ (-6) + (-9) 0+ (-2)+3 
11 -14 2 
Se a 
8 -15 1 


H Try Exercise 16, page 808 


G4 Integrating Technology HRN graphing calculator can be used to perform matrix operations. Once the matrices 

= are entered into the calculator, you can use regular arithmetic operations keys and 
the variable names of the matrices to perform many operations. The screens below, 
from a TI-83 Plus/TI-84 plus calculator, show the operations performed in Examples 1| 
and 2 of this section. 


Example | Example 2a Example 2b 


[20 43]] 
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Generally, matrix multiplication is not commutative. That is, given two matrices A and 
B, AB # BA. In some cases, if we reverse the order of the matrices, the product will not 
be defined. For instance, if 


-2 3|/5 6 -3 2-9 12 
AB = = 
1 a 1 i fe 10 | 


However, BA is undefined because the number of columns of B does not equal the number 


of rows of A. 
5 6 -3 —2 3 
4 1 2 }ox3h 1 4 foxe 
T T 


columns # rows 


Even in cases where multiplication is defined, the products AB and BA may not be equal. 
For instance, if 


2 -3 1 4 6 1 
A=|0 -4 3 and B=|5 3 —2 |, then 
5 1 7 1 5 

2 -3 1/4 6 1 —6 3 13 
AB=|0 -4 3]|5 3 2/= 17 12 23 
5 1 74,1 5 32 33 38 
4 6 1 || 2 =3- 1 13. -—35 29 
BA=|5 3 -—2]| 0 4 3/=] 0 29 0 
1 0 5 ||.5 1 7 27 2 36 


Thus, in this example, AB # BA. 


A power of a matrix is found by repeated multiplication. For instance, if 


1 =2 5 
A= ]|0 | 2 |, then 
6 i: 3 


| 
) 
n 
— 

| 
N 
n 

| 
i) 
n 


Pe 


oO 
oS) 
i) 
(s) 
Lo) 
oO 
uo 
i) 


800 CHAPTER10 MATRICES 


aa Integrating Technology 


=) 


2ND| MATRIX EDIT. 


Many applications of matrices require finding powers of a matrix. Graphing calculators 
provide an option to find powers of a matrix. 


Enter the number of rows and Press | 2ND} MATRIX | ENTER Press | ENTER |. The matrix 
columns and the elements of the Alla |. displayed is the third power of 
matrix A. Press | 2ND] QUIT. matrix A. 

[AIA3 | [AJ43 


MATRIXIA] 3x3) 
[1 2 5 

[0 
[6 


I[-53 -85 191 
[12 Sse 


[234 29 


] 
3} ] 
1 


= 
-3 


-207 ] 


Although matrix multiplication is not commutative, the associative property of multi- 
plication and the distributive property do hold for matrices. 


Properties of Matrix Multiplication 


Associative property Given matrices A, B, and C of orders m X n,n X p, and 
Pp X q, respectively, then A(BC) = (AB)C. 


Distributive property Given matrices A, and A, of order m X n and matrices B, 
and B, of order n X p, then 


A,(B, + B)) a A,B, + A,B, 
(A; + Ay)B, = A,B, + ApBy 


¢ Left distributive property 


* Right distributive property 


A square matrix that has a | for each element on the main diagonal and zeros else- 
where is called an identity matrix. 
The identity matrix of order n, denoted J, is the n X n matrix 


1 0 0 0 
0 1 0 0 

IL=|0 01 0 
00 0 i ee 


The identity matrix has properties similar to those of the real number 1. For example, the 
product of the matrix A below and J; is A. 


2: =3 O}} 1 0 0 2 =3 0 
4 7 -5})}0 1 O0}=/]4 #7 -5 
9 8 -6],0 0 1 9 8 -6 


Multiplicative Identity Property for Matrices 


If A is a square matrix of order n and J, is the identity matrix of order n, then 
Al, = 1,4 = A. 
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® Matrix Products and Systems of Equations 
Consider the system of equations 


2x+ 3y- z=5 
x —2y + 2z=6 
4x + y— 3z=5 


This system can be expressed as a product of matrices, as follows. 


2x+3y- 2 5 

x—2y+2z|=| 6 ¢ Equality of matrices 

4x + y- 3z 5 
2 ee S| lee 5 
1 =2 2 =| 6 * Definition of matrix multiplication 
4 1 -3 ]| z 5 


Reversing this procedure, certain matrix products can represent systems of equations. 
Consider the matrix equation 


4 3 -=2 x 2 
1 -—2 3 y =|-1 
1 0 5 _J3x3L2_}3x1 3 _|3x1 
4x + 3y — 2z 2 
x= 2p + 3z =| =1 * Definition of matrix multiplication 
x + 5z_}3x1 3 _|3x1 
4x + 3y-2z= 2 
x= 2p 3z = =1 ¢ Equality of matrices 
x +3z= 3 


Performing operations on matrices that represent a system of equations is another 
method of solving systems of equations. This is discussed in the next section. 


EXAMPLE 3 Write a System of Equations from a 
Matrix Equation 


2 3 1 || x 0 
Write the matrix equation| 0 —1 4 || y | =| —2 | as asystem of equations. 
5 -—3 4 ]Lz 8 
Solution 
2 3 1 || x 0 
0 -1 4 =|-2 
5 -3 4 |[Lz 8 
24° Sy 0 
— yt4z)}=]| -2 
5x — 3y + 4z 8 


(continued ) 
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Note 


It is standard practice to use a 

3 X 3 matrix when dealing with 

points in a plane, which is a two- 

dimensional space. The reason for 

this has to do with the translation 

of points and is explained in texts 

on computer graphics. Because of 

this practice, a column matrix of 
a 

the form | b | is used to represent 
1 

the ordered pair (a, b). 


Using equality of matrices, we have the system of equations 


2x+3y+ z= O 
—- y+t4z=-2 
5x —3y+4z= 8 


Try Exercise 36, page 808 


® Transformation Matrices 


As mentioned at the beginning of this chapter, matrices are used in computer science to 
create video games. This is accomplished through transformation matrices that can, 
among other operations, translate, reflect, and rotate points and figures in the plane and in 
space. These concepts are similar to the transformations of functions discussed earlier in 
the text. Here are some examples of transformation matrices. 


The translation matrix 7, 
translates a point a units 
horizontally and 6 units vertically. 


To translate the point P(—4, 2) to the right 
6 units and down 7 units, multiply the col- 
umn matrix that represents P by 7; _7. 


1 0a —4 1 0 6 || —4 2 
Ta, b = 0 1 b T,-7 2, = 0 1 -—7 2 = —5 
0 0 1 1 0 0 1 1 1 
Va 
4+ 
6—+ 
e > 
P(-4, 2) 
a | 3 
27 7 
-44 
e 
P((2,-5) 


The reflection matrix R,. reflects 
a point across the x-axis. 


1 0 0 


R,=|0 -1 0 


0 oO 1 


To reflect P(—3, 4) across the x-axis, multiply 
the column matrix that represents P by R,. 


5) 1 0 0 || -3 —3) 
R,-||4|/=|0 -1 0]| 4] =|=4 
1 0 0 1 1 1 

YA 

P(-3,4) 

e644 

el 

ari ae) 3 ae 


Note 


The x-coordinates form the first 
row of the matrix containing the 
coordinates of the vertices; the 
y-coordinates form the second 
row; the last row is all 1s. We may 
begin at any vertex but then must 
proceed in one direction around 
the figure. For instance, we could 


2 6 -5 
have used| 5 3 1 | as the 
11 1 


matrix of the coordinates of 
the vertices of triangle ABC in 
Figure 10.2. 


The reflection matrix R, reflects 
a point across the y-axis. 


-1 0 0 
R= 6.1. 
001 


The reflection matrix R,,, reflects 
a point across the graph of y = x. 


o.clUcarm = 
r- Oo CO 


Matrices can be used to transform a set of points 
such as a geometric figure or the graph of an equa- 
tion. For instance, in Figure 10.2, triangle ABC has 
been reflected across the x-axis. The coordinates of 
the vertices of the resulting triangle, A’B’C’, can be 
determined by using a transformation matrix. Note 
that the coordinates of the vertices are the columns 


of a matrix. 


Coordinates of the 
vertices of ABC 


BSG 1 
R,:| i || = | 0 
tt 4 0 
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To reflect P(—3, 4) across the y-axis, multiply 
the column matrix that represents P by R,,. 


=3 —-1 0 0O|| -3 3 
H,* Aa) = 0 1 0 aa; — | 
1 00 1 1 1 
Va 
oat 
P(-3,4) | P'B,4) 
ar 
-4 3 : | 2 4 
2+ 
—-4 4 


To reflect P(—3, 4) across the graph of y = x, 
multiply the column matrix that represents 
Pay Rs 


Figure 10.2 


Coordinates of the 
vertices of A’B’C’ 


0 0) Bas =5 2 6 
-1 0 oS! | — | ee) 
0 1 1 1 1 1 1 1 
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Rotation matrices are used to rotate a figure about the origin. Although a figure 
can be rotated any number of degrees, we will consider only the following rotations. 
Standard convention is that positive degree rotations are counterclockwise. 


Rotate 90° about (0, 0). Rotate 180° about (0, 0). Rotate 270° about (0, 0). 
0 -1 0 —1 0 0 0 1 0 
vy Roo = 1 0 0 Rigo = 0 -il 0 R70 a =] 0 0 
8+ og 0 oO 1 0 oO 1 0 0 1 
+ * 
eget; For instance, suppose Rig is applied to triangle ABC in Figure 10.3. Then 
ze ma a ae a -1 00/| aa —2 -4 -6 
| Rigo'| | =| Oo —1 O || omen | — | ee 
Bgl 111 0 oO 1ff1 1 1 ti ad 41 


The vertices of the resulting figure are A’(—2, —4), B’(—4, —6), and C’(—6, —4). See 
Figure 10.3 Figure 10.3. 

The rotation matrices rotate the entire coordinate grid about the origin. Example 4c 
demonstrates how to rotate a figure about a point other than the origin. 


EXAMPLE 4 __ Use Transformation Matrices 


Consider the quadrilateral ABCD in Figure 10.4. “ae 
a. Write a matrix of the vertices of the figure. 67 4G,5) D(8, 5) 


b. Find the vertices of the figure after it has been reflected i i 
across the x-axis. 
B(4, 2) C(7, 2) 
c. Find the vertices of the figure after it has been rotated re 
90° about vertex B. 


1 
a 


Me a ee 


Solution Figure 10.4 
3 4 7 8 
a. One possibility for the matrix of the verticesis| 5 2 2 5 |, where we 
a Lt ft 2 
F T ws ae have written the vertices in the order of points A, B, C, and D. Any order that goes 
4 e besesees 2 around the figure is a valid matrix of the vertices. 
1 3 ; 3478 f ©oa 473% a 4 
ae eg by Rel S2 2 3). =) 9. =. OS 2 2:5) =).s =2 =2 =5 
p+ 1111 0 oO 1fL1 11 1 1 
J 2 4 6 8 * 
-2+ 314-2) C7, -2) The vertices of the resulting figure are A’(3, —5), B’(4, —2), C’(7, —2), and 
at D'(8, —5). See Figure 10.5a. 
¥ 1 4@.5) Dig, 5) c. Because a rotation matrix rotates a figure about the origin, to rotate the figure 
around point B, first translate the figure so that B is at the origin using the 
Figure 10.5a translation matrix 7_4 _». 
3 4 7 8 1 0 -4]/3 4 7 8 =] 0 3 4 
Ty4-5*| 5 22. 5)|)=)0 1 =—2 1/5 2-2 s)=—| 3 0 0.3 
111 1 0 0 1ji1 1 1 1 yo) al 


A= 


2 
1 
5 
4 
6 


An Or 


Pn o HN 


BN N NY FA 


Oe Sl aa O, ony 


The Everett Collection 
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Rotate the figure 90° using the rotation matrix Roo. 


=1 @ 3 4 0 -1 -1 03 4 =3 0 =3 
Ro*| 3 0 0 3] =] 1 0 0 3 0 0 3/=)|-1 0 3 4 
1 1 1 1 0 0 1 1111 t 2 1 1 


Now use translation matrix 7, 5 to undo the horizontal and vertical translations that 
were applied by 7_4 -». 


300 -3 10 4][-3 0 0 -3 1441 
T>:|-1 0 3 4/=/0 1 2]/-1 0 3 4/=/1 25 6 
i oe a 001 it {4 1111 


The vertices of the resulting figure are A’(1, 1), B’(4, 2), C’(4, 5), and D'(1, 6). See 
Figure 10.5b. 


@ Try Exercise 54, page 810 


® Adjacency Matrices 


In the movie Good Will Hunting, the main character, Will Hunting, played by Matt Damon, 
is a janitor at a university. As he is mopping floors, he notices a problem posted on a board, 
intended as a challenge problem for math students. The 
first two parts of the problem are given below. 


4 


Let G be the graph shown at the right. 

1. Find the adjacency matrix A of the graph G. 

2. Find the matrix giving the number of three-step 
walks for the graph G. 1 


A graph is a set points, frequently called vertices, that are con- 
nected by line segments called edges. The graph H, shown at the right, 
has five vertices. Moving from one vertex to another along a single edge 
that joins them is a step. A walk is a series of steps from one vertex to 
another; the number of steps is the length of the walk. For instance, for 
graph H, there is a walk of three steps from vertex 3 to vertex 4 using 
the steps 3 — 1 — 5 — 4. There is no walk of length 1 from vertex 3 to 
vertex 4 because no edge connects those vertices. 

The adjacency matrix A for a graph is ann X n matrix, 


where n is the number of vertices in the graph. The a; element ae 
of the adjacency matrix for a graph is equal to the number of O01 01 
edges between vertex i and vertex j. The adjacency matrix for 4 =|1 1 0 0 0 
the graph H is shown at the right. Note that the element 100 0 1 
a3, = | because there is one edge between vertex 3 and ver- 110410 


tex 2 of graph H. Also, a4, = 0 because there is no edge 
between vertex 4 and vertex 2 of graph H. 

For an adjacency matrix A, the matrix A” gives the number of walks of length n 
between two vertices. Using the adjacency matrix for graph H, the matrix 4°, shown at the 
left, gives the number of walks of length 3 (the exponent of 4°) between two vertices of H. 
For instance, a>; = 4. This means that there are four walks of length 3 that connect vertex 2 
and vertex 3. They are 2~5—1—-3, 2—-5—->2-3, 2—-3-—-2-—3, and 


ps1 3: 
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i] 
Figure 10.6 


Math Matters 


Here are some of the contexts in 
which graph theory is used. 


Molecules: Atoms are the vertices; 
chemical bonds are the edges. 


Websites: Web pages are the ver- 
tices; links (URLs) are the edges. 


Social networks (Facebook): 
People are the vertices; friends are 
the edges. 


70% 


First-year 


140% 


Yearly transition diagram for 
biennial plants 


Figure 10.7 


Pb aif 
Second-year N a 
plants plants { 


EXAMPLE 5__ Find Walks Through a Graph 


Consider the graph in Figure 10.6. 
a. Find the adjacency matrix A. 


b. Find 4? and use it to determine the number of walks of length 3 between vertex 2 
and vertex 3. 


Solution 

a. There are 4 vertices, so the adjacency matrix will be a 4 X 4 matrix. Place a | in 
the a, entry if there is an edge connecting the two vertices i and j otherwise, place 
a 0 in the a; entry. The matrix is shown below. 


O 3-1 1 
Ae 00 0 
100 1 
101 0 
23 4 4 
3 011 
b A= 
412 3 
4 1 3 


A? gives the number of walks of length 3 between any two vertices. a); = 1, so there 
is one walk of length 3 between vertex 2 and vertex 3. The walk is 2 > 1—>4—3. 


@ Try Exercise 62, page 811 


® Applications of Matrices 


Matrices often can be used to solve applications in which a sequence of events repeats itself 
over a period. For instance, the following application is from the field of botany. 

A biennial plant matures | year after a seed is planted. In the second year the plant 
produces seeds that will become the new plants in the third year, and then the 2-year-old 
plant dies. Suppose that a wilderness area currently contains 500,000 of a certain biennial 
and that there are 225,000 plants in their first year and 275,000 in their second year. 
Suppose also that 70% of the l-year-old plants survive to the second year and that each 
1000 second-year plants give rise to 1400 new first-year plants. See Figure 10.7. 

With this information, a botanist can predict how many plants will be in the wilder- 
ness area after n years. The formula for the number of plants is given by 


0 0.7 


fake 34 | = [first-year plants second-year plants | 


[225,000 275,00) 
For instance, to find the number of each type of plant in 5 years, the botanist would 
calculate 


0 0.7 


5 
= 4 151,2 
14 0 | [369,75 51,263 ] 


[225,000 275.000] 


The resulting matrix indicates that after 5 years there would be 369,754 first-year plants 
and 151,263 second-year plants. 
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EXAMPLE 6 Solve an Application 


A local trailer rental agency has offices in Tampa and St. Petersburg, Florida. To 
~* start with, the agency has 40% of its trailers in Tampa and the other 60% in St. 
Petersburg. The agency finds that each week 


= 86% of the Tampa rentals are returned to the Tampa office, and the other 14% 


as se are returned to the St. Petersburg office. 
, ie 81% of the St. Petersburg rentals are returned to the St. Petersburg office, and the 
yi : i other 19% are returned to the Tampa office. See Figure 10.8. 
™ st. 
f @ T 
: __p Petersburg wee “) The owner of the agency has determined that after n weeks the percent of the 
trailers that will be at the Tampa office 7 and the percent of the trailers that will be at 
the St. Petersburg office S is given by 
19% aE 
Transition di fi 0.86 0.14 |” 
oa (0. oo i =(7 § 
Figure 10.8 


Find the percent of the trailers that will be at the Tampa office after 3 weeks and 
after 8 weeks. 


Solution 


Using a calculator, we find 


0.86 0.14 
0.19 0.81 


0.86 0.14 
0.19 0.81 


[0.4 06] | ~ [0.523 0.477] 


8 
and [0.4 06) | ~ [0.569 0.431] 


Thus, after 3 weeks, the Tampa office will have about 52.3% of the trailers, and after 8 
weeks the Tampa office will have about 56.9% of the trailers. 


Try Exercise 70, page 812 


EXERCISE SET 10.2 


In Exercises 1 to 8, find a. A + B, b. A — B, c. 2B, and 29 4 4 1 
d. 2A — 3B. 5. A= 2 -3 B=|1 -2 


2 -1 -1 3 -1 0 3 -4 
wa=[3 | o=|7} | ; 
2 -2 -1 8 
= <a= _ 7 
1.45" 3 o-(3 7 ie : : - : 
e 3 3 0 = 
f-2 3 -1 1-2 0 
31 2 7. A= 0 -=d B= |2 3 =] 
x & 3 | -4 3 3 <1 2 


Ww 
my 
ll 
I 1 
- oO 

| 
ore 

| 
N Ww 
— ——— 
& 
ll 
| 
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In Exercises 9 to 16, find AB and BA, if possible. 


re 
9. : B= 


10. 
11. 


12. 


13. 
14. 
15. 


016. 


A 


2 


E 


In Exercises 17 to 24, find AB, if possible. 


17. 


18. 


19. 


20. 


21. 


22. 


A 


[1 
2 


[1 -2 3] B 
;-2 3 
} <9 B 
L @ -2 
[a 4 
B= 
3 H 
[a 4 
5 4. = 
[ oe 3 
B 
ag 
pe i 
B= 
| -1 a 


0 
—1 
2 


1 3 2 
2 c=. 20 
3 1 2 


1 Zz =2 = 
23. A= : B= a 
0. =2 1 -=3 4. =2 


2 =2 4 2 1. =3 0 
24. A=) 1 O: =1 B=|0 =2 1 =2 
2 1 3 1 =1 0 2 


In Exercises 25 to 28, given the matrices 


-1 3 0 -2 
A= 2 -1 and B=] 1 3 
3 1 4 -3 


find the 3 x 2 matrix X that is a solution of the equation. 


25. 3X +A=8B 26. 2A — 3X = 5B 


27, 2X -A=X+B 28. 3X + 2B = X — 24 


In Exercises 29 to 32, use the matrices 


3 =-f— 0 
ee 3] and B=|2 -2 -1 


1 =1 
1 0 2 
29. Find A’. 30. Find 4°. 
31. Find B?. 32. Find B?. 


In Exercises 33 to 38, find the system of equations that is 
equivalent to the given matrix equation. 


= [STE 
“LF IE} 


35. | 3 1 


x 
36./3 -5 I|l/y|=] 7 
[4 -7 6 Lz 14 
[2 -1 0 2][x 5 
4 1 2 -3])x 6 
37. = 
6 0 1 -2]I1x5 10 
15 2 -1 —4 4] x4 8 


38. 


39. 


40. 


41. 


Life Sciences Biologists use capture-recapture models to esti- 
mate how many animals live in a certain area. A sample of fish 
are caught and tagged. When subsequent samples of fish are 
caught, a biologist can use a capture history matrix to record 
(with a 1) which, if any, of the fish in the original sample have 
been caught again. The rows of this matrix represent the partic- 
ular fish (each has its own identification number), and the 
columns represent the number of the sample in which the fish 
was caught. Here is a small capture history matrix. 


Sample 
123 4 
FishA}| 1 0 0 1 
FishB}0 1 1 1 
FishC}|0 0 1 1 


What is the dimension of this matrix? Write a sentence 
that explains the meaning of dimension in this case. 


a. TY 


b. What is the meaning of the 1 in row A, column 4? 
c. Which fish was captured the most times? 


Life Sciences Biologists can use a predator-prey matrix to 
study the relationships among animals in an ecosystem. Each 
row and each column represents an animal in the system. A 1 
as an element in the matrix indicates that the animal repre- 
sented by that row preys on the animal represented by that col- 
umn. A 0 indicates that the animal in that row does not prey on 
the animal in that column. A simple predator-prey matrix is 
shown below. The abbreviations are H = hawk, R = rabbit, 
S = snake, and C = coyote. 


HRSC 
H[O 110 
R}0 00 0 
S/1 10 0 
clo 1 1 @ 


What is the dimension of this matrix? Write a sentence 
that explains the meaning of dimension in this case. 


a. VN 


b. What is the meaning of the 0 in row R, column H? 
c. What is the meaning of there being all zeros in column C? 
d. What is the meaning of all zeros in row R? 


Business The matrix below shows the sales revenues, in mil- 
lions of dollars, that a pharmaceutical company received from 
three drug divisions in four regions. The abbreviations are 
W = western states, N = northern states, S = southern states, 
and E = eastern states. 


W N S EE 
Patented drugs 2.00 14 3.0 1.4 
Generic drugs 0.8 1.1 
Nonprescription drugs [3.6 1.2 4.5 1.5 


42. 


43. 


44. 
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The company anticipates a 2% decrease in sales (because of 
competition) for each of its drug divisions for each region of 
the country. Use matrix scalar multiplication to compute the 
matrix that represents the company’s anticipated sales. Round 
sales revenues to the nearest $10,000. 


Salary Schedules The partial current-year salary matrix for 
an elementary school district is given below. Column A indi- 
cates a B.A. degree, column B a B.A. degree plus 15 graduate 
units, column C an M.A. degree, and column D an M.A. 
degree plus 30 additional graduate units. The rows give the 
numbers of years of teaching experience. Each entry is the 
annual salary in thousands of dollars. 


A B C D 
0 to4 28.0 28.9 30.0 31.5 


5 to9 29.0 30.3 32.5 34.5 
10 to 15 |. 30.0 31.4 34.0 37.0 


Years 


Use matrix scalar multiplication to compute the matrix that 
represents the result of the school board’s approving a 6% 
salary increase for all teachers in this district. Round salaries to 
the nearest $100. 


Basketball The following matrices give the numbers of wins 
and losses at home, H, and away, A, for the top three finishers 
of the Eastern division for a WNBA season. 


WL WwW iL 

14 3 | Connecticut 12 5 | Connecticut 
H= | 14 3 | Indiana A= 7 10 | Indiana 

10 7 _| New York 8 9 | New York 


a. Find H + A and write a sentence that explains its 
a p 
meaning. 


b. Find H — A and write a sentence that explains its 
meaning. 


Business Let A represent the number of televisions of various 
sizes in two stores of a company in one city, and let B represent 
the same situation for the company in a second city. 


19-inch 25-inch 40-inch 


A= 23 35 49 Store | 
32 41 24 Store 2 
19-inch 25-inch 40-inch 
ee 19 28 36 Store | 
25 28 26 Store 2 
a. Find A + B. 


b. ie Write a sentence that explains the meaning of the sum 
of the two matrices. 
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45. 


46. 


47. 


Business Inventory Matrix A gives the stock on hand of four 
products in a warehouse at the beginning of the week, and 
matrix B gives the stock on hand for the same four items at the 
end of the week. Find and interpret A — B. 


Blue Green’ Red 
[530 650 815 | Pens 

ge 190 385 715 | Pencils 
485 600 610 | Ink 
| 150 210 305 _| Colored lead 
Blue Green’ Red 
[480 500 675 | Pens 

B= 175 215 345 | Pencils 
400 350 480 | Ink 
|. 70 95 280_| Colored lead 


Business Services Matrix A gives the numbers of employees 
in the divisions of a company in the West Coast branch, and 
matrix B gives the same information for the East Coast branch. 
Find and interpret A + B. 


Admini- Data 
Engineering stration Processing 
315 200 415 Division I 
A= 285 175 300 Division II 
275 195 250 Division III 
Admini- Data 
Engineering stration Processing 
200 175 350 Division I 
B= 150 90 180 Division II 
105 50 175 Division III 


Stock Market The commission rates that three companies 7}, 
T>, and T; charge to sell one share of stock on the New York 
Stock Exchange (NYSE), NASDAQ, and the American Stock 
Exchange (ASE) are shown in the following matrix. 


NYSE NASDAQ ASE 
0.04 0.06 0.05 | 7; 
C=] 0.04 0.04 0.04 | 7, 
0.03 0.07 0.06 | 7; 


Two customers, S, and S,, own stocks that are traded on the 
NYSE, NASDAQ, and the ASE. The numbers of shares of 
stocks they own for each exchange are given in the following 
matrix. 


S; Sp 
500 600 | NYSE 


250 450 | NASDAQ 
600 750 _| ASE 


= 


Find CS. Which company should customer S; use to minimize 
commission costs? 


48. 


Youth Sports The total unit sales matrix for four items sold at 
three soccer games in a summer league for children is given by 


Soft Hot 
drinks dogs Candy Popcorn 
52 50 75 20 Game | 
S= 45 48 80 20 Game 2 
62 70 78 25 Game 3 


The unit pricing matrix in dollars for the wholesale cost of 
each item and the retail price of each item is given by 


Wholesale Retail 
| 0.25 0.50 ] Soft drinks 
p- 0.30 0.75 | Hot dogs 
0.15 0.45 | Candy 
0.10 0.50 | Popcorn 


Use matrix multiplication to find the matrix that gives the 
total wholesale cost and total retail revenue for each item at 
each game. 


In Exercises 49 to 56, use the transformation matrices 
discussed in this section to perform the given 
transformations. 


49. 


50. 


51. 


52. 


53. 


a 54. 


55. 


56. 


Find the endpoints of the line segment between P(2,5) and 
O(—3, 6) after it has been reflected across the x-axis. 


Find the endpoints of the line segment between P(—1, 2) and 
Q(2, —4) after it has been reflected across the y-axis. 


Find the endpoints of the line segment between P(—3, 1) and 
Q(—S, 3) after it has been reflected across the graph of y = x. 


Find the endpoints of the line segment between P(2,4) and 
O(~-1, 3) after it has been rotated 90° about the origin and then 
reflected across the y-axis. 


The points A(—1, 5), BU, —2), and C(3, 4) are the vertices of a 
triangle. Find the vertices of this triangle after it has been trans- 
lated 3 units to the right and | unit down and then reflected 
across the graph of y = x. 


The points 4(—4, —1), B(—2, 1), and C(2, —5) are the vertices 
of a triangle. Find the vertices of this triangle after it has been 
reflected across the y-axis and then rotated 180° about the 
origin. 


The points A(—1, 2), B(—1, 6), C(4, 6), and D(4, 2) are the ver- 
tices of a rectangle. Find the vertices of this rectangle after it 
has been rotated 180° about point B. 


The points 4(—3, —1), B(—1, 4), C(6, 0), and D(4, —S) are the 
vertices of a parallelogram. Find the vertices of this parallelo- 
gram after it has been rotated 270° about point C. 
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In Exercises 57 to 64, a. find the adjacency matrix A for ™62. A; length 3 between vertex 3 and vertex 4 
the given graph, and b. find the requested power of 


1 
matrix A and use it to determine the number of walks 2 
of the given length. 
57. A’; length 2 between vertex 4 and vertex 1 3 
: 4 
63. A‘; length 4 that begin and end at vertex 5 
2 4 Note: ay3 = 2 because there are two edges between vertex 2 
and vertex 3. 
3 2 1 
58. A’; length 2 between vertex 4 and vertex 1 3 
4 


1 
64. A*; length 4 that begin and end at vertex 4 
4 
2 2 
3 
3 5 
4 


1 65. The graph G of the Good Will Hunting problem, given on 
page 805, is shown below. 
4 a. Find the adjacency matrix for graph G. 
b. Find the matrix giving the number of three-step walks for 
the graph G. 
3 
4 
60. 4°; length 3 between vertex 4 and vertex 3 G 
1 ra >) 
1 2 3 
4 66. Graph Theory Leonard Euler (1707-1783) is generally cred- 
ited with starting the field of graph theory by solving a prob- 
lem that involved the seven bridges that straddled the Pregel 
3 River of KGnigsberg, in Prussia, as shown below. 


61. A*; length 3 between vertex 1 and vertex 5 


NR 


Ne 


Ww i) 
n 
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67. 


68. 


69. 


The quest was to find whether a person could walk around the 
city in a way such that each bridge is crossed exactly once. 
Euler proved that such a walk was impossible. A graph of the 
bridge system is shown below. Find the adjacency matrix for 
the K6nigsberg bridge system. 


2 


E Consumer Preferences A soft drink company has deter- 

mined that every 6 months 1.1% of its customers switch 
from regular soda to diet soda and 0.7% of its customers switch 
from diet soda to regular soda. At present, 55% of its cus- 
tomers drink regular soda and 45% drink diet soda. After n 
6-month periods, the percent of its customers who drink regu- 
lar soda r and the percent of its customers who drink diet soda 
d are given by 


0.989 0.011 |" 
550. =[r d 
ee os] go sa yl 


Use a calculator and the above matrix equation to predict the 
percent, to the nearest 0.1%, of the customers who will be 
drinking diet soda 


a. 1 year from now 
b. 3 years from now 


= Consumer Preferences Experiment with several differ- 
= ent values of in the matrix equation from Exercise 67 to 
determine how long, to the nearest year, it will be before the 
diet soda drinkers outnumber the regular soda drinkers. 


Video Rentals A video store has determined that every 
= month 2.5% of its online customers switch from online 
movie rentals to in-store rentals and 1.4% of its in-store cus- 
tomers switch from in-store rentals to online rentals. At pres- 
ent, 15% of its customers rent movies online and the other 85% 
rent movies in-store. After n months, the percent of its cus- 
tomers who rent movies online, O, and the percent of its cus- 
tomers who rent movies in-store, S, are given by 


ois os]] 0275 95 _ 16 gy 
"10.014 0.986 


Use a calculator and the above matrix equation to predict the 
percent, to the nearest 0.1%, of the customers who will be rent- 
ing movies online 


a. 12 months from now 


b. 24 months from now 


= 70. f) Consumer Preferences A town has two grocery stores, 


71. 


72. 


ee 


ae A and B. Each month 
m store A retains 98% of its customers and loses 2% to store B 
= store B retains 95% of its customers and loses 5% to store A 


To start with, store B has 75% of the town’s customers and store 
A has the other 25%. After n months, the percent of the cus- 
tomers who shop at store A, denoted by a, and the percent of the 
customers who shop at store B, denoted by 5, are given by 


0.98 0.02 |" 
25 0. = 
nee 15028 a 2 


Find the percent, to the nearest 0.1%, of the customers who 
shop at store A after 5 months. 


Consumer Preferences Experiment with several different 
values of n in the matrix equation from Exercise 70 to deter- 
mine how long, to the nearest month, it will be before store A 
has 50% of the town’s customers. 


Plant Reproduction A biennial plant matures | year after a 
seed is planted. In the second year, the plant produces seeds 
that will become the new plants in the third year, and then the 
2-year-old plant dies. Suppose that an animal preserve cur- 
rently contains 850,000 of a certain biennial and that there 
are 475,000 plants in their first year and 375,000 in their sec- 
ond year. Suppose also that 65% of the 1-year-old plants sur- 
vive to the second year and that each 1000 second-year plants 
give rise to 1250 new first-year plants. Write a matrix prod- 
uct that predicts the number of plants that will be in the ani- 
mal preserve in n years. Use this product to determine the 
number of plants in the preserve after 4 years. Round to the 
nearest thousand plants. 


In Exercises 73 to 78, use a graphing calculator to 
perform the indicated operations on matrices A and B. 
2 -1 3 5 -1 

2 0 2 -1 1 

-3 2 3 
5 —-4 1 

0 2 -1 


0 -2 1 


| 

w 

i=) 

N 
=NAWN BRO 
Wwnen www 


78. AB — BA 
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79. Transformations In addition to transforming geometric fig- 
ures, transformation matrices can be used to transform the 
graph of an equation. For instance, suppose y = 2x — 1. 
Rather than using specific ordered pairs, as we did with geo- 
metric figures, we use the variable ordered pair (¢,2t¢ — 1), 
where f is any real number and we have replaced y by 2t — 1. 

t 
The matrix representing the ordered pairs is | 2t — 1 
1 
To transform the graph of y = 2x — 1 by reflecting it 
across the graph of y = x, we find the product 


For parts a.-f., use the transformation matrices given on pages 


: Oo 1 0 t | 802-804. Find the equation of each graph after the given trans- 
f tion. 
R,-|2t-1]/=]1 0 offa-1]=] ¢ ne 
: 1 001 1 1 a. Transform the graph of y = x + 2 by rotating it 90° about 
the origin. 
The ordered pairs of the new graph are (2t — 1, t). To change b. Transform the graph of y = 3x — 1 by reflecting it across 
this to an equation in x and y, let 2?-- 1=x andt=y. the y-axis. 


Substitute y for ¢ in 2t — 1 = x and solve for y. 1 
c. Transform the graph of y = — by rotating it 180° about the 
x 


2t-—l=x . 
point PCL, 1). 
2y-l=x 
I 1 d. Transform the graph of y = x” by translating it 2 units to 
ary + 3 the right and 1 unit down. 
e. Transform the graph of y = x7 by rotating it 270° about the 
The equation of the graph after the transformation is origin. 


y= 1 Seeks I See the following graph f. Transform the graph of y = x” by rotating it 90° about the 
2 2 ‘ origin and then translating it 2 units to the left and 1 unit up. 


SECTION 10.3 Inverse of a Matrix 


Finding the Inverse of a Matrix 


Solving Systems of Equations 
Using Inverse Matrices 


Input-Output Analysis 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A70. 


2 
PS1. What is the multiplicative inverse of — 3. [P.1] 


PS2. Write the 3 X 3 multiplicative identity matrix. [10.2] 
PS3. State the three elementary row operations for matrices. [10.1] 


1 =2 3 


—2R, +R, 
PS4. Complete the following:| 2 —1 4 3R, +R; 2? | [10.1] 
=3 22 


PSS. Solve for X: AX = B. Write the answer using negative exponents. [P.2/1.1] 


PS6. What system of equations is represented by the following matrix equation? [10.2] 


ee 
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§® Finding the Inverse of a Matrix 


Ae teks | 
Recall that the multiplicative inverse of a nonzero real number c is —, the number whose 
Cc 


2,3 
product with c is 1. For example, the multiplicative inverse of 5 is 5 because 1. 


5 20° 
For some square matrices, we can define a multiplicative inverse. 


Definition of the Multiplicative Inverse of a Matrix 


If A is a square matrix of order n, then the inverse of matrix 4A, denoted by a. 
has the property that 


AtA ones SE 


where J,, is the identity matrix of order n. 


As we will see shortly, not every square matrix has a multiplicative inverse. 
Question ° Is there any real number that does not have a multiplicative inverse? 


A procedure for finding the inverse of a matrix (we will simply say inverse for multi- 
plicative inverse) uses elementary row operations. The procedure will be illustrated by 
finding the inverse of a 2 * 2 matrix. 


2: ; : : 
Let A = |; ‘| To the matrix A we will merge the identity matrix /, to the right of 


A and denote this new matrix by [ A; J]. 


aa | (0 
A: b) = 
Av | i] 


{—_— a, 3 


Now we use elementary row operations in a manner similar to the Gaussian elimination 
method. The goal is to produce 


il ORD 
as) = | 
—— LA 
In this form, the inverse matrix is the matrix that is to the right of the identity matrix. That is, 
ie ie a 
by, bao 
To find A~!, we use a series of elementary row operations, beginning with one that 


will result in a 1 in the first row and the first column. Each elementary row operation is 
chosen to advance the process of transforming the original matrix into the identity matrix. 


7 
2 ae 0 LR, Ls 0) <ipae' | | 0 
1 4{]0 1} ——~|1 4/0 1}—~][0 =5 1 


Answer ¢@ The real number zero does not have a multiplicative inverse. 


Nie 


NI NIN 
NIFNIe 
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i 
| 2 0] ~tg +R, | 4 -7 
=i. 2) Lt 


The inverse matrix is the matrix to the right of the identity matrix. Therefore, 


gic | oe 
-1 2 


N 
E 

oo 
ore 
re NIN 


EXAMPLE 1 Find the Inverse of a3 x 3 Matrix 


1 -1 2 
Find the inverse of the matrix 4 = | 2 0 6 
3.5 7 
Solution 
1 —-1 2]1 0 0 ‘ hoe 
* Merge the given matrix with the identity 
2 Soyo: ft a matrix 3. 
3 =3 7/0 0 1 
1 -1 2 1 0 0 
eh he Because aj, i 
aes oh. = . 1 is already 1, we next 
ahs a 2 2 2 y produce zeros in a5; and a3). 
0 -2 1|-3 0 1 
1 -=1: 2 1 0 0 
1R> = 1 ; 
2 0 1 1 1 5 O * Produce a | in dp. 
OQ =2 1) 3-0 1 
1 -1 2 1 0 0 
Sas , | 0 1 1} -1 5 0 * Produce a 0 in a3p. 
0 0 3};-5 1 I 
: 1 -1 2 1 0 0 
as 0 1 i1}/-1 4 0 ¢ Produce a | in a33. 
ey 2 
o otf-$ is 
oe 1-1 0| @ -} -3 
ae 3 ‘| ‘i * Now work upward. Produce a 0 in a3 
—2R;+ R, 0 1 0 3 6 73 al as 
——*lo oif-b fj 
10 0| 5 -} -1 
fed 0 1 0 3 i —+ * Produce a 0 in aj. 
oo iff ff 
5 -5 -1 
The inverse matrix is A-! = : k —5 
3 i 1 
=a 3 3 


You should verify that this matrix satisfies the condition of an inverse matrix. That is, 
show that A7!-A = 4-47! = J, 


@ Try Exercise 6, page 821 
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[Al 
[L5 
[-.3333333333 


Figure 10.9a 


[Al 


DES 
[--3333333333 
Ans F Frac 


[fv/2  -WV/2] 
[-1/3 2/3 ]] 


Figure 10.9b 


38) Integrating Technology 


The inverse of a matrix can be found by using a graphing calculator. Enter and store 
the matrix in, say, [4]. To compute the inverse of A, use the |x] key. For instance, let 


4 3 
A= > 3 . A typical calculator display of the inverse of A is shown in Figure 10.9a. 


Because the elements of the matrix are decimals, it is possible to see only the first 
column of the inverse matrix. Use the arrow keys to see the remaining columns. 

Another possibility for viewing the inverse of A is to use the function on your 
| calculator that converts a decimal to a fraction. This will change the decimals to 
fractions, as in Figure 10.9b. 


A singular matrix is a matrix that does not have a multiplicative inverse. A matrix that 
has a multiplicative inverse is a nonsingular matrix. As you apply elementary row opera- 
tions to a singular matrix, there will come a point at which there are all zeros in a row of 
the original matrix. When that condition exists, the original matrix does not have an inverse. 


EXAMPLE 2 Identify a Singular Matrix 


1 -1 -l 
Show that the matrix | 2. —3 0 | is a singular matrix. 
1 2 1 
Solution 
1 -1 -1]1 0 0 ~2R, +R | =] 1 1 0 0 
2 -3 0/0 1 O|} -1R,+R, 0 -1 2);-2 1 0 
1 —2 1/0 0 1 0 -1 2}-1 0 1 
1 -1 -1l 1 0 0 1 -1 -1]-1 0 0 
“ER fo 1 -2) 2 -1 of _&**® Jo 1 -2] 2 -1 0 
0 -i1 2.|=d 0 1 0 oO 0 1 -1 1 


There are zeros in a row of the original matrix. The original matrix does not have an 
inverse. 


@ Try Exercise 10, page 821 


®& Solving Systems of Equations Using Inverse Matrices 


Some systems of linear equations can be solved by finding the inverse of the coefficient 
matrix. Consider the following system of equations. 


“ + 4x> =-—|l 


1 
3x, + 5x, = 1 ) 


Using matrix multiplication and the concept of equality of matrices, we can write this sys- 


tem as a matrix equation. 
3 4 —l 
= 2) 
3.5 X2 1 


Note 


The disadvantage of using the 
inverse matrix method to solve a 
system of equations is that this 
method will not work if the sys- 
tem is dependent or inconsistent. 
In addition, this method cannot 
distinguish between inconsistent 
and dependent systems. However, 
in some applications this method 
is efficient. See the material on 
input-output analysis later in this 
section. 
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If we let 


then Equation (2) can be written as AX = B. 
5 
3 


= 4 
The inverse of the coefficient matrix A is A~! = ‘| To solve the system of 


—1 
equations (1), multiply each side of the matrix equation AX = B by the inverse A7!. 


2 —4 3. 4 |] x, 3 -4 —1 * Multiply each side of 
= = -1 
-1 1/3 Siix —1 1], 1 cia Late 
1 0 x) =3 | 
_ 47-45] 
0 1 Xo 2: 
= o1-X=X 
Xo 2 


Thus x; = —3 and x, = 2. The solution to System (1) is (—3, 2). 


EXAMPLE 3_ Solve a System of Equations by Using the 
Inverse of the Coefficient Matrix 


Find the solution of the system of equations by using the inverse of the coefficient 
matrix. 


x, + 7x; = 20 
2x, + XxX. - x3 = -3 (1) 
7x, + 3x9 + x3 = 2 
Solution 
Write System (1) as a matrix equation. 
1 0 7 Ix 20 
2 1 -l|}x]= 3] (2) 
7 3 1 {Lx 2 
-$-7 } 
The inverse of the coefficient matrix is 3. 16 *=5 
1 — ; 
Multiply each side of Equation (2) by the inverse. 
-$ —7 ¢]f1 o 7x -; -7 #1 20 
3. 16 —5 || 2 1 -1 |} x f= 3 16 —5 |} -3 
- 1 -#4L7 3. 1 dbx; - 41 -#]L 2 
xy =] 
x |= 2 
X3 3 


Thus x; = —1, x. = 2, and x; = 3. The solution to System (1) is (—1, 2, 3). 


@ Try Exercise 20, page 821 
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The temperature distribution on a metal plate can be approximated by a system of 
equations. The idea is based on the assumption that the temperature of a point P on the 
plate is the average of the temperatures of the four given points nearest P. 


EXAMPLE 4 _ Temperature Distribution on a Metal Plate 


Each edge of a metal plate is kept at a constant temperature, as shown below. Find the 
temperatures at x1, X2,x3, and x4. 


45°F 
@ @ 
@ Oo e @ 
eh 5 
40°F 60°F 
@ e e 
x; xy 
@ @ 
65°F 


Solution 


The temperature at x, is the average of the temperatures of the four points nearest x. 
That is, 


40 + 45 + x + x3 85 + x. + x3 
x, = 4 = 4 or 4x, — X2 — x3 = 85 


Similarly, the temperatures at the remaining three points are 


60 + 45 + x, + x4 105 + x, + x4 


x2 = 4 = 4 or xy ae 4x, 7X4 = 105 
40 + 65 + x) + X4 105 + x) + X4 

x3 4 = 4 or x] + 4x3 7X = 105 
60 + 65 + x) + x3 125 + x + x3 

x4 = 4 = 4 or x2 x3 + 4x4 = 125 


The system of equations and the associated matrix equation are 


4x, — XxX — X3 = 85 4 -1 -l 0 || x 85 
— xX + 4x, 7 X= 105 =] 4 0 -il Xo _ 105 
= %; + 4x; — x4 = 105 -1 0 4 -1]) x, 105 
=: yi ay ey = 195 =< <1 ally 125 
<i 47.5 
; : : : : : i x2 52.5 
Solving the matrix equation by using an Inverse matrix gives — 52.5 5 
x3 s 
x4 57.5 


The temperatures are x; = 47.5°F, x» = 52.5°F, x3 = 52.5°F, and x4 = 57.5°F. 
@ Try Exercise 26, page 822 
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® Input-Output Analysis 


The advantage of using the inverse matrix to solve a system of equations is not apparent 
unless it is necessary to solve repeatedly a system of equations with the same coefficient 
matrix but different constant matrices. Input—output analysis is one such application of this 
method. 

In an economy, some of the output of an industry is used by the industry to produce 
its own product. For example, an electric company uses water and electricity to produce 
electricity, and a water company uses water and electricity to produce drinking water. 
Input—output analysis attempts to determine the necessary output of industries to satisfy 
each other’s demands plus the demands of consumers. Wassily Leontief, a Harvard econ- 
omist, was awarded the Nobel Prize for his work in this field. 

An input-output matrix is used to express the interdependence among industries in 
an economy. Each column of this matrix gives the dollar values of the inputs an industry 
needs to produce $1 worth of output. 

To illustrate these concepts, we will assume an economy with only three industries: 
agriculture, transportation, and oil. Suppose that the production of $1 worth of agricultural 
products requires $0.05 worth of agriculture, $0.02 worth of transportation, and $0.05 
worth of oil. The production of $1 worth of transportation requires $0.10 worth of agricul- 
ture, $0.08 worth of transportation, and $0.10 worth of oil. The production of $1 worth of 
oil requires $0.10 worth of agriculture, $0.15 worth of transportation, and $0.13 worth of 
oil. The input-output matrix A is 


Input requirements of 
Agriculture Transportation Oil 


Agriculture 0.05 0.10 0.10 
from Transportation 0.02 0.08 0.15 
Oil 0.05 0.10 0.13 


Consumers (other than the industries themselves) want to purchase some of the out- 
put from these industries. The amount of output that the consumer will want is called the 
final demand on the economy. This is represented by a column matrix. 

Suppose in our example that the final demand is $3 billion worth of agriculture, 
$1 billion worth of transportation, and $2 billion worth of oil. The final demand matrix is 


We represent the total output of each industry (in billions of dollars) as follows: 


x = total output of agriculture 


total output of transportation 


z = total output of oil 


The object of input-output analysis is to determine the values of x, y, and z that will 
satisfy the amount the consumer demands. To find these values, consider agriculture. The 
amount of agriculture left for the consumer (demand d) is 


d = x — (amount of agriculture used by industries) (1) 


To find the amount of agriculture used by the three industries in our economy, refer to the 
input-output matrix. Production of x billion dollars worth of agriculture takes 0.05x of 
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agriculture, production of y billion dollars worth of transportation takes 0.10y of agricul- 
ture, and production of z billion dollars worth of oil takes 0.10z of agriculture. Thus 


Amount of agriculture used by industries = 0.05x + 0.10y + 0.10z (2) 
Combining Equation (1) and Equation (2), we have 


d=x — (0.05x + 0.10y + 0.10z) 
3 = 0.95x — 0.10y — 0.10z ¢ d is $3 billion for agriculture. 


We could continue this way for each of the other industries. The result would be a system 
of equations. Instead, however, we will use a matrix approach. 
If X = total output of the three industries of the economy, then 


x 
X=|y 
Zz 


The product of A, the input-output matrix, and_X is 


0.05 0.10 0.10 |] x 
AX =| 0.02 0.08 0.15 || y 
0.05 0.10 0.13 JL.z 


This matrix represents the dollar amounts of products used in production for all three 
industries. Thus the amount available for consumer demand is Y — AX. As a matrix equa- 
tion, we can write 


X— AX =D 


Solving this equation for X, we determine the output necessary to meet the needs of our 
industries and the consumer. 


IX — AX = D ¢ Tis the identity matrix. Thus LY = X. 
Ud — A)X = D * Right distributive property 
X= (- A)'D « Assuming the inverse of (J — A) exists 


The last equation states that the solution to an input—output problem can be found by 
multiplying the demand matrix D by the inverse of (J — A). In our example, we have 


1 0 0 0.05 0.10 0.10 0.95 —-0.10 —0.10 
I-A=/0 1 0}]-—] 0.02 0.08 0.15 | =] -0.02 0.92 —0.15 
0 0 1 0.05 0.10 0.13 —0.05 —-0.10 0.87 


1.063 0.131 0.145 
(i — Ay! = | 0.034 1.112 0.196 
0.065 0.135 1.180 


The consumer demand is 


X=(I1- A)'D 
1.063 0.131 0.145 || 3 3.61 
Xx | 0.034 1.112 0.196 || 1 | © | 1.61 
0.065 0.135 1.180 || 2 2.69 
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This matrix indicates that $3.61 billion worth of agriculture, $1.61 billion worth of 
transportation, and $2.69 billion worth of oil must be produced by the industries to satisfy 
consumers’ demands and the industries’ internal requirements. 

If we change the final demand matrix to 


2 
D=|2 
3 
then the total output of the economy can be found as 
1.063 0.131 0.145 || 2 2.82 
X | 0.034 1.112 0.196 || 2 | = | 2.88 
0.065 0.135 1.180 ||. 3 3.94 


Thus agriculture must produce output worth $2.82 billion, transportation must produce 
output worth $2.88 billion, and oil must produce output worth $3.94 billion to satisfy the 
given consumer demand and the industries’ internal requirements. 


EXERCISE SET 10.3 


In Exercises 1 to 10, find the inverse of the given matrix. 


—_ 


1. 


=3 


an 


Rw BR 


1 m6. 


#10. 


~* the inverse of the given matrix. 


11. 


13. 


1 
2 


=1 
=1 


3-6 6 
22. 43x - yt 
In Exercises 11 to 14, use a graphing calculator to find 2x = 2p + 


In Exercises 15 to 24, solve each system of equations by 
using inverse matrix methods. 


+ 4y = 2x + 3y = 5 
5. {3 = 16. {% - 
2x + Ty= 11 x+2y=4 


1 <2 
2-3 


7.1 *- B= 8 16 oe —18 
ax ly 2x > 3y= 11 
1 3, =2 
a Se 6 x yr dz x+2y- z= 5 
= 2 19. §2x+3y+3z2= 5 020. d2%xrt+3y- z= 
2 | 3x + 3y + 7z = 14 3x + 6y — 2z = 14 
6 4 -1 
4 2 3 Xo Zy P22 5 
21. 4 -2x —Sy-—2z= 8 
=9 2 2x + 4y + 7z = 19 
2 = 3 1 
x= yr 3z= dS 
10z = 16 
sz = 9 
1 1 -1 2 w + 2x + z= 6 
3 2 -1 5 23. 2w + 5x + y+ 2z= 10 
2 2 -1 5 2w+ 4x+y Zz 8 
4 4 -4 wi 3w + 6x + 4z = 16 
1 -l 1 2 w= x+ 2p = $5 
2 =] 6 6 24, 2w x + 6y + 2z = 16 
3 =] 12 12 3w — 2x + 9y + 4z = 28 
—2 -1 —-14 —10 w — 2x = 25 2 
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25. Temperature Distribution Each edge of a metal plate is kept 
at a constant temperature, as shown below. Find the tempera- 
tures at x; and x7. Round to the nearest tenth of a degree. 


50°F 
‘@- 


35°F @ 55°F 


x@ 
Se 


e e 
60°F 


= 26. Temperature Distribution Each edge of a metal plate is kept 
at a constant temperature, as shown below. Find the tempera- 
tures at x; and x7. Round to the nearest tenth of a degree. 


25°F 
@ @ 


40°F @ ® e 60°F 
“i 


Rad 


e e 
40°F 


27. Temperature Distribution Each edge of a metal plate is kept 
at a constant temperature, as shown below. Find the tempera- 
tures at x1, x2, x3, and x4. 


60°F 
‘@. 


60°F 


50°F 


28. Temperature Distribution Each edge of a metal plate is kept 
at a constant temperature, as shown below. Find the tempera- 
tures at x), x2, x3, and x4. 


70°F 
@ @ 
@ e e 
aa 5} 
55°F 65°F 
@ e @ 
By a, 


e e 
40°F 


In Exercises 29 to 32, solve each application by writing a 
system of equations that models the conditions and then 
applying inverse matrix methods. 


29. Business Revenue A vacation resort offers a helicopter tour 
of an island. The price for an adult ticket is $20; the price for a 
child’s ticket is $15. The records of the tour operator show that 
100 people took the tour on Saturday and 120 people took the 
tour on Sunday. The total receipts for Saturday were $1900, 
and on Sunday the receipts were $2275. Find the number of 
adults and the number of children who took the tour on 
Saturday and on Sunday. 


30. Business Revenue A company sells a standard and a deluxe 
model tape recorder. Each standard tape recorder costs $45 to 
manufacture, and each deluxe model costs $60 to manufacture. 
The January manufacturing budget for 90 of these recorders was 
$4650; the February budget for 100 recorders was $5250. Find 
the number of each type of recorder manufactured in January 
and in February. 


31. Soil Science The following table shows the active chemical 
content of three different soil additives. 


Grams per 100 Grams 
Additive | Ammonium Nitrate Phosphorus Iron 


1 30 10 10 
2 40 15 10 
3 50 5 5 


A soil chemist wants to prepare two chemical samples. The first 
sample contains 380 grams of ammonium nitrate, 95 grams of 
phosphorus, and 85 grams of iron. The second sample requires 
380 grams of ammonium nitrate, 110 grams of phosphorus, and 
90 grams of iron. How many grams of each additive are required 
for sample 1, and how many grams of each additive are required 
for sample 2? 


32. Nutrition The following table shows the carbohydrate, fat, 
and protein content of three food types. 


Grams per 100 Grams 
Food Type 


Carbohydrate Fat Protein 
I 13 10 13 
II 4 4 3 
Ill 1 0 10 


A nutritionist must prepare two diets from these three food 
groups. The first diet must contain 23 grams of carbohydrate, 
18 grams of fat, and 39 grams of protein. The second diet must 
contain 35 grams of carbohydrate, 28 grams of fat, and 42 grams 
of protein. How many grams of each food type are required for 
the first diet, and how many grams of each food type are required 
for the second diet? 


a 


In Exercises 33 to 36, use a graphing calculator to find 
the inverse of each matrix. Where necessary, round 


values to the nearest thousandth. 


33. 


35. 


37 


38. 


39. 


)2 -2 31 3-1 1 
5 v-er 3 oa 5 4H 
6 =1 2 3 s|,=% 5 3 
> 2 si 5 | 5 3 2 1 
(fu 2 1 

—— + =| 6 7 35 
=2. V2. =3 36. |-5 WI 2 

= 5 

LVo 3 = VS - -V3 VI0 


. Input-Output Analysis A simplified economy has three 


industries: manufacturing, transportation, and service. The 
input-output matrix for this economy is 


0.20 0.15 0.10 
0.10 0.30 0.25 
0.20 0.10 0.10 


Find the gross output needed to satisfy the consumer demand of 
$120 million worth of manufacturing, $60 million worth of trans- 
portation, and $55 million worth of service. 


Input-Output Analysis A four-sector economy consists of 
manufacturing, agriculture, service, and transportation. The 
input-output matrix for this economy is 


0.10 0.05 0.20 0.15 
0.20 0.10 0.30 0.10 
0.05 0.30 0.20 0.40 
0.10 0.20 0.15 0.20 


Find the gross output needed to satisfy the consumer demand of 
$80 million worth of manufacturing, $100 million worth of agri- 
culture, $50 million worth of service, and $80 million worth of 
transportation. 


Input-Output Analysis A conglomerate is composed of 
three industries: coal, iron, and steel. Production of $1 worth of 


40. 


41. 


42. 


43. 


AA. 
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coal requires $0.05 worth of coal, $0.02 worth of iron, and 
$0.10 worth of steel. Production of $1 worth of iron requires 
$0.20 worth of coal, $0.03 worth of iron, and $0.12 worth of 
steel. Production of $1 worth of steel requires $0.15 worth of 
coal, $0.25 worth of iron, and $0.05 worth of steel. How much 
should each industry produce to allow for a consumer demand 
of $30 million worth of coal, $5 million worth of iron, and 
$25 million worth of steel? 


Input-Output Analysis A conglomerate has three divisions: 
plastics, semiconductors, and computers. For each $1 worth of 
output, the plastics division needs $0.01 worth of plastics, 
$0.03 worth of semiconductors, and $0.10 worth of computers. 
Each $1 worth of output of the semiconductor division requires 
$0.08 worth of plastics, $0.05 worth of semiconductors, and 
$0.15 worth of computers. For each $1 worth of output, the 
computer division needs $0.20 worth of plastics, $0.20 worth 
of semiconductors, and $0.10 worth of computers. The con- 
glomerate estimates consumer demand of $100 million worth 
from the plastics division, $75 million worth from the semi- 
conductor division, and $150 million worth from the computer 
division. At what level should each division produce to satisfy 
this demand? 


2 —_ a. 
Let A = : and B = 2 
—6 9 —2 


the 2 X 2 zero matrix. This illustrates that for matrices, if 
AB = O, it is not necessarily true that A = Oor B = O. 


1 
a Show that AB = O, 


Show that if a matrix A has an inverse and AB = O, then 
B=0. 


2 = 3 4 4 7 
Let A = ,B= , and C = F 
—4 2 1 5 3 11 


Show that AB = AC. This illustrates that for matrices, if 
AB = AC and A # 0, it is not necessarily true that B = C. 


Show that if A is a matrix that has an inverse and AB = AC, 
then B= C. 
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1. 


Use the Gaussian elimination method to solve the system of 
equations. 


2x +y— 4z 4 
y— 3z= -2 
z=-4 


Sx ty — 


Find the interpolating polynomial whose graph passes through 
the points with coordinates (—2, 2), (0, —4), (1, —4), and (3, 2). 


For Exercises 3 to 6, perform the indicated operations on 
matrices A, B, and C below. 


5 1-4 3 -4 1-3 2 

-3 3 -4|,B=|3 2|,andC=/5 0O -4 

15 -2 2 -2 5 -1 -3 
At+cC 4. 2B 
. AB 6. Cc! 
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SECTION 10.4 Determinants 


Determinant of a 2 x 2 Matrix 

Minors and Cofactors 

Evaluating a Determinant Using 
Expanding by Cofactors 

Evaluating a Determinant Using 
Elementary Row Operations 

Condition for a Square Matrix to 
Have a Multiplicative Inverse 


Caution 


Be careful not to confuse the 
notation for a matrix and that for 
a determinant. The symbol [ ] 
(brackets) is used for a matrix; the 
symbol | | (vertical bars) is used 
for the determinant of a matrix. 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A71. 


=3 5 
PS1. What is the order of the matrix 0 a; [10.1] 
PS2. Evaluate (—1)'*/ fori = 2 andj = 6. [P.2] 
PS3. Evaluate (—1)!*'(—3) + (—1)'*7(—2) + (-1)'*3(5). [P.2] 
0 I 2 


ps4. If4=|4 —5 1 |, what is a3? [10.1] 
7 <3 5 


—2 1 
PS5. Find 3 . [10.2 
in 3 By [ ] 


1 3 72 2R,+R 
1 2 
PS6. Complete the following: | —2 —-1 1 | -4r,+R; ee 
[10.1] 4 0 1 | —— 


® Determinant of a 2 X 2 Matrix 


Associated with each square matrix A is a number called the determinant of A. We will 
denote the determinant of the matrix A by det(A) or by |A|. For the remainder of this chap- 
ter, we assume that all matrices are square matrices. 


Definition of the Determinant of a 2 X 2 Matrix 


The determinant of the matrix A = [a;] of order 2 is 


Al — {411 @y2) = 
| = = @1422 21412 
a2) 


An easy way to remember the formula for the determinant of a 2 2 matrix is to rec- 
ognize that the determinant is the difference between the products of the diagonal ele- 
ments. That is, 


Qi 412) _ _ 
= @\1422 421412 


EXAMPLE 1 


Find the Value of a Determinant 


Find the value of the determinant of the matrix 4 = E | 
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Solution 
5 3 


5 e = 5(-3) — 2) = -15 — 6 = —21 


lal =| 


@ Try Exercise 2, page 831 


® Minors and Cofactors 


To define the determinant of a matrix of order greater than 2, we first need two other def- 
initions. 


Definition of the Minor of a Matrix 


The minor M;, of the element a, of a square matrix A of order n = 3 is the deter- 


minant of the matrix of order n — 1 obtained by deleting the ith row and the jth 
column of A. 


2. = 1 5 
Consider the matrix A = | 4 3 —7 |. The minor M3 is the determinant of the 
8 -7 6 
matrix A formed by deleting row 2 and column 3 from A. 
2, =i 5) 
Mp3 = ; = | 14 3 = 7 
8 -7 
aT 6 


2(-7) — 8(-1) = -14 + 8 = -6 


The minor M3, is the determinant of the matrix A formed by deleting row 3 and column | 
from A. 


“4 & m-1 5 
M3, = 3 ~7 °14 a0 7 
sh ail 6 


(-1)(-7) — 3(6) = 7 - 15 = -8 


The second definition we need is that of the cofactor of a matrix. 


Definition of a Cofactor of a Matrix 


The cofactor C;; of the element a,; of a square matrix A is given by Cj; = (—1)'/My, 
where M,;; is the minor of aj. 


When i + j is an even integer, (— 1)’ = 1. When i + / is an odd integer, (—1)"7 = —1. 
Thus 


7] 


—M;, i + jis an odd integer 


_ { M,, i+ jis an even integer 
a 
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EXAMPLE 2 Find a Minor and a Cofactor of a Matrix 


4 3 =2 
GivenA =|] 5 —2 4 5 find M3 and Cy. 
3. 2. =6 
Solution 
4 —- 
Mn = [f 3] = 4 5 2) = 16 — (-10) = 16 + 10 = 26 
1+2 5 4 
Co = (lM = -Myp = - |. 6 = —(-—30 — 12) = 42 


@ Try Exercise 14, page 831 


® Evaluating a Determinant Using Expanding 
by Cofactors 


Cofactors are used to evaluate the determinant of a matrix of order 3 or greater. The 
technique used to evaluate a determinant by using cofactors is called expanding by 
cofactors. 


Evaluating Determinants by Expanding by Cofactors 


Given the square matrix A of order 3 or greater, the value of the determinant of A 
is the sum of the products of the elements of any row or column and their cofac- 
tors. For the rth row of A, the value of the determinant of A is 


| 4| = ay] Cr a a,2C2 + 4,3C,3 eee ee Gyn Con 


For the cth column of A, the determinant of A is 


|| = AjcCie + AyeCr¢ a 43-C3¢ Sh ae oe AneCne 


This theorem states that the value of a determinant can be found by expanding by 
cofactors of any row or column. The value of the determinant is the same in each case. 
2 3 -1 
To illustrate the method, consider the matrix A = | 4. —2 3 
1 -3 4 
Expanding the determinant of A by some row—say, row 2—gives 


2 3 -1 
|A| = ]4 -2 3} = 4Cy, + (—2)Cy + 3Cr3 
1-3 4 
= 4(- 1) May + (—2)(- 1)?" May + 3(- 1)" Mp3 
3 -1 2-1 2 3 
= (-4 + (-2 - (= 
c4| 3 i +ealt +cat 3 


= (-4)9 + (-2)9 + (-3)(-9) = -27 


Note 


Example 3 illustrates that choos- 
ing a row or column with the 
most zeros and then expanding 
about that row or column will 
reduce the number of calculations 
you must perform. For Example 3 
we have 0: C32 = 0, and it is not 
necessary to compute C3. 
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Expanding the determinant of A by some column—say, column 3—gives 


, 2 =] 
[A] = ]4 -2 3] = (-1)Cy3 + 3Co3 + 4033 
1-3 4 
= (-1)(-1)'P My + 3(- 1) PM; + 4(-1)° M3 
4 -2 = 2 2 3 
=(-1 +(-3 +4 
( ft a : Qf =3 ; S| 


= (-—1)(-10) + (—3)(-9) + 4(—16) = —-27 


The value of the determinant of A is the same whether we expanded by cofactors of the 
elements of a row or by cofactors of the elements of a column. When evaluating a deter- 
minant, choose the most convenient row or column, which usually is the row or column 
containing the most zeros. 


EXAMPLE 3__ Evaluate a Determinant by Expanding 
by Cofactors 


5 -3 -—1 
Evaluate the determinant of A = | —2 1-1 | by expanding by cofactors. 
1 0 2 


Solution 
Because a3, = 0, expand using row 3 or column 2. Row 3 will be used here. 


|A] = 131 + OC39 + 2C33 = M1) 7M) + O(-1)?17Mgy + 2(-1) Ma 
= = +o+2| f= - Cal +04 25-6) 
1 -l =2 1 
HA FS 
@ Try Exercise 20, page 831 
ga” Integrating Technology 
The determinant of a matrix can be found by using a det [Al 
graphing calculator. Many of these calculators use -21 
det as the operation that produces the value of the 
=) 3 4 
determinant. For instance, if A = 1 OQ. =2. |; 
3 1 lL 


then a typical calculator display of the determinant of ; 
A is shown in Figure 10.10. Figure 10.10 
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Note 


The properties of determinants 
stated at the right remain true 
when the word row is replaced by 
the word column. In that case, we 
would have elementary column 
operations. 


Math Matters 


There is a vast difference between 
evaluating the determinant of a 
matrix by cofactors and doing so 
by row reduction. For instance, 
approximately 4 x 10! opera- 
tions are necessary to evaluate a 
determinant of order 15 by cofac- 
tors. At 4 million operations per 
second, a computer would need 
approximately 11 days to evaluate 
the determinant. On the other 
hand, approximately 2000 opera- 
tions are needed to evaluate the 
determinant by row reduction. 
Using the same computer, it 
would take less than 0.001 second 
to evaluate the determinant. 


®@ Evaluating a Determinant Using Elementary 
Row Operations 


Effects of Elementary Row Operations on the Value of a 
Determinant of a Matrix 


If A is a square matrix of order n, then the following elementary row operations 
produce the indicated changes in the determinant of A. 


. Interchanging any two rows of A changes the sign of | A]. 


. Multiplying a row of A by a constant & multiplies the determinant of A by k. 


. Adding a multiple of a row of A to another row does not change the value of 
the determinant of A. 


: : : : 2 
To illustrate these properties, consider the matrix A = 


Ais | A| = 2(—2) — 1(3) = —7. Now consider each of the elementary row operations. 
Interchange the rows of A and evaluate the determinant. 


al The determinant of 


3] =10 2-2) =3+4=7=-|A| 


2 
Multiply row 2 of A by —3 and evaluate the determinant. 
3 
fe ‘| = 20 (-3)3 = 12+ 9 = 21 = -3|A| 
Multiply row | of A by —2 and add it to row 2. Then evaluate the determinant. 
2 3 
3 E = 2(-8) — (—3)(3) = -16+ 9 = —7= |A|. 


These elementary row operations are often used to rewrite a matrix in triangular form. 
A matrix is in triangular form if all elements below or above the main diagonal are zero. 
The matrices 


2 =2 3 3 0 0 0 
=2. 4 2 = 
ge 0 and B= p 3 0 O 
0 0 6 9 6 4 -2 0 
0 1 OS 8 3 4 2 


are in triangular form. 


Determinant of a Matrix in Triangular Form 


Let A be a square matrix of order 7 in triangular form. The determinant of A is the 
product of the elements on the main diagonal. 


|4| = G11 4772433 °** Ann 


EXAMPLE 

For the matrices A and B given above, 
|A| = 2(—2)(6)(-5) = 120 
|B] = 3(-3)(-2)(2) = 36 
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EXAMPLE 4 _ Evaluate a Determinant by Using Elementary 
Row Operations 


Evaluate the determinant by rewriting it in triangular form. 


2, 1 -1 3 
2 2 0 1 
4 5 4 -3 
2 2 7 —3 
Solution 
Rewrite the determinant in triangular form by using elementary row operations. 
2, 1 =1 3 2 1 =] 3 
2° 2 0 1) 0 1 1 -2 *—1R, + Ry 
45 4 -3} 10 3 6 -9 *-2R, + Ry 
2 2 7 =3 0 1 8 —6 *—1R, + Ry 
2 1 -1 3 
— ,{0 1 1 —2 
=a 0 1 2 -3 ¢ Factor 3 from row 3. 
0 1 8 —6 
2 1 -!1 3 
— {0 1 1 —2 
“39 0 1 -1 tin, + 
00 #7 —-4 *—1Ry + Ry 
2 1 =] 3 
0 1 1. =2 
Wo: 6. a ea 
00 O 3 *—7R, + Ry 
= 3(2)(1)(1)(3) = 18 


Try Exercise 42, page 832 


Question ¢ If / is the identity matrix of order n, what is the value of |Z |? 


In some cases, it is possible to recognize when the determinant of a matrix is zero. 


Conditions for a Zero Determinant 


If A is a square matrix, then |A] = 0 when any one of the following is true. 


1. A row (column) consists entirely of zeros. 
2. Two rows (columns) are identical. 


3. One row (column) is a constant multiple of a second row (column). 


Answer ® The identity matrix is in diagonal form with 1s on the main diagonal. Thus |7 | isa 
product of Is, or |/| = 1. 
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Proof 

To prove part 2 of the Conditions for a Zero Determinant Theorem, let A be the given 

matrix and let D = |A|. Now interchange the two identical rows. Then |A| = —D. Thus 
D=-—D 

Zero is the only real number that is its own additive inverse; hence, D = |A| = 0. ¢ 


The proofs of the other two properties are left as exercises. 


The last property of determinants that we will discuss is a product property. 


Product Property of Determinants 


If A and B are square matrices of order n, then 


[48] = |4||5| 


® Condition for a Square Matrix to Have a 
Multiplicative Inverse 


Recall that a singular matrix is one that does not have a multiplicative inverse. The 
product property of determinants can be used to determine whether a matrix has an 
inverse. 

Consider a matrix A with an inverse A !. Then, by the product property of determinants 


[4-47] = [a||4™"| 
But A- A! = J, the identity matrix, and |/| = 1. Therefore, 


1 = [Alla 


From the last equation, A # (0. And, in particular, 


7 


|4“| = 
[4| 


These results are summarized in the following theorem. 


Existence of the Inverse of a Square Matrix 


If A is a square matrix of order n, then A has a multiplicative inverse if and only if 
|4| # 0. Furthermore, 


s 
[4| 


[47] = 


We proved only part of this theorem. It remains to show that given |.A| # 0, then A has an 
inverse. This proof can be found in most texts on linear algebra. 
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EXERCISE SET 10.4 


In Exercises 1 to 8, evaluate the determinant. 4 -3 3 =2 3 9 
| 2 9 5 0 25. |2 1 —4 26. 4 —-2 -6 
1. a2. 33 os a aR es 
3 5 =6 | Do +23, 6 2 1 0 8 24 
r —8 5. |4 6 6 =3 6 In Exercises 27 to 40, without expanding, give a reason 
“1304 23 “| 4 -8 for each equality. 
2 —-1 3 
ai 3 [> 27. |0 0 0| =0 
0 -2 0 0 2 a 4 
In Exercises 9 to 12, evaluate the indicated minor and 2 3 0 
cofactor for the following determinant. 28. |1 —2 0) = 0 
5 2 -3 4 1 0 
2 4 =i 1 4 =1 1 4 =] 
+ =3. © 29. |\2 4 Ries = © 
9 Mi.Ci 10. M>,, Co, 31 4 31 4 
11. M39, C32 12. M33, C33 LS . . 
30. |4 6 1] =—-3]4 -2 1 
In Exercises 13 to 16, evaluate the indicated minor and ae 0 oe 
cofactor for the following determinant. 1 5 2 1 5 2 
3 —-2 3 31. |2 —-1 4, = 0 —-ll 8 
1 3 0 3 0 —2 3 0 -=2 
6 -2 3 
-3 —3 
13. My, Cy 014. My3, C13 32. |2 2 5s} = |2 2 5 
15. M3), Cs, 16. M3, Cys a nop 
4 -3 2 23 2 
In Exercises 17 to 26, evaluate the determinant by 33. | 6 2 1)=2) 3 2 1 
expanding by cofactors. —2 2 4 -l 2 4 
17 ; 5 ; 18 : 3 aa 
, 3 na : 3 5 1 34. 3 0 = 0 
-4 2 -6 
—3 10 6 0 0 3 0 0 
21. |0 2,03 22. |2 -3 O 36. |/2 -1 O| =-15 
0 0 5 7 —-8 2 3 4.5 
0 —-2 4 5-8 0 3 5 =2 Oy 22), 3 
23. |1 0 —-7 24. |2 0 —-7 37. |2 1 0}; = -|2 1 0 
5 —6 0 0 -2 -il 9: =2: 3 3 5 -2 
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6 O. =2 0 6 —2 
38. |2 1 3) = i 2 3 
1 =F 5: 1 = 7 
1 1 1 
39.@la a al=|a@ aa 
ea a Br, a od 
1 11 
40. |2 2 2};=0 
3.3 3 


In Exercises 41 to 50, evaluate the determinant by first 
rewriting it in triangular form. 


2 4 1 2 22 =] 
41. |1 2 -1 042. |1 2 
I 2 2 2 =2 3 
=] I 2 5 
43. |2 3 1 44. }-1 1 -2 
3 3 3 1 10 
0: 1 1 2 = 3 
45. |1 0 -2 46. |1 1 
2 2 0 3-4 5 
1 2 =I 2 bl =f 2 
1, =2 0 0 2 4 
47. : 48. 5 
3 0 t > 1 1 4 12 
=2 =4 1 6 1 = 0 8 
1 2 3. 21 Li 2 OS 2 
> 9 =] 4 
49. : 50. 2 
2 4 12 =1 4 0 
2 6 =t1 =2 <3: 2 6 


f=) In Exercises 51 to 54, use a graphing calculator to find 
its 

"= the value of the determinant of the matrix. Where 
necessary, round your answer to the nearest thousandth. 


22 31 
D 29 

51. |> ‘ 
6-1. 2.3 
2 3-15 
. 3 -1 O11 
x, =< 0 

52. 
=i 23 3 
| 5 3 -2 1 


2 1 

oes 4 eae 

a 6 

So, |-=9 Wo.  =8 
Vi 3 <5 

[ 4 
6 T - > 

q 
54.) -5 Vi 5 
5 

5 eve Vie 


The area of a triangle with vertices (x, y;), (xz, y2), and 
(x3, y3) can be given as the absolute value of the 
determinant 


x2 y2 1 
x3 y3 1 


Use this formula to find the area of each triangle whose 
vertices are given in Exercises 55 to 58. 


55. (2,3), (1, 0), (4, 8) 
56. (=3, 4), qd, 5), (5, —2) 
57. (4,9), (8, 2), (—3, —2) 


58. (0,4), (—5, 7), (2, 9) 


x y | 
59. Show that the determinant |x, y, 1] = 0 is the equation 
xX. yn I 


of a line through the points (x;,,) and (x2, y2). 


60. Use Exercise 59 to find the equation of the line passing 
through the points (2,3) and (—1, 4). 


61. Use Exercise 59 to find the equation of the line passing 
through the points (—3, 4) and (2, —3). 


62. Surveyor’s Area Formula Surveyors use a formula to find 
the area of a plot of land: If the vertices (x;,y;), (2,2), 
(X3,.V3), --+» (%,5¥,) Of a polygon are listed counterclockwise 
around the perimeter, the area of the polygon is 


| 
AS 
2 


Use the surveyor’s area formula to find the area of the polygon 
with the vertices (8, —4), (25, 5), (15, 9), (17, 20), and (0, 10). 


xX; X2 


v1 ¥2 


XQ X3 


y2 3 


X3° «X4 
¥3 V4 


Xn xX 


Yn Vi 


+ toe + 
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SECTION 10.5 Cramer’s Rule 


Solving a System of Equations 
Using Cramer’s Rule 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 
on page A71. 


=5. 2 
PS1. Evaluate the determinant of the matrix 3 ‘| [10.4] 


3-1 6 
PS2. Evaluate the determinant of the matrix | 2 9 0 |. [10.4] 
1 -—2 3 
PS3. What is the coefficient matrix for the following system of equations? [10.1] 
2x —- Ty=4 
3x + Sy = 2 
3 =1 
PS4. Evaluate the determinant of the PSS. Evaluate: 1 a [10.4] 
coefficient matrix for the system a. % 


of equations. [10.4] 
x-2y+ z=3 
—x+ y-2z=1 
2x + 3y- z=4 
PS6. Suppose that A is a matrix for which | A| = 0. Is it possible to find 4” !? [10.4] 


lM Solving a System of Equations Using Cramer’s Rule 


Determinants can be used to solve a system of linear equations. Consider the system 
ek + ay2X_ = dy 
Ay 1X1 + Ay7X7 = by 


To eliminate x, from this system, we first multiply the top equation by a and the 
bottom equation by a,,. Then we subtract. 


Any 1X1 + Ay7Qy9X7 = Agyd, 
@124y1X, + Gy2A79X2 = Ayyby 


(42441 — @1241)xy = agyb, — aygby 
by ay 
yb, — aygby by ay a; 12 
xy = or x, = 5 # 0 
472411 ~ 4241 ay; ay a2, 422 
a2; 422 


a; 4\2 


Question ¢ Why is the condition # 0 given for the value of x,? 


a, Ag 


Answer ® Division by zero is undefined. 
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We can find x in a similar manner. The results are given in Cramer’s Rule for a System 
of Two Linear Equations. 


Cramer’s Rule for a System of Two Linear Equations 


Ge i + Qy9X_ = dy 
y1X1 + Ag2X7 = by 


be a system of equations for which the determinant of the coefficient matrix is 
not zero. The solution of the system of equations is the ordered pair whose coor- 
dinates are 


a\2 ay, dy 


a2 — 1421 by ay, a12 
and x, = ———— 
ayy a2 


#0 


a2 


Note that the denominator is the determinant of the coefficient matrix of the variables. 
The numerator of x; is formed by replacing column | of the coefficient determinant with 
the constants b, and b,. The numerator of x, is formed by replacing column 2 of the coef- 
ficient determinant with the constants 5, and by. 


EXAMPLE 1_ Solve a System of Equations by Using Cramer’s Rule 


Solve the following system of equations using Cramer’s Rule. 


. = 3x, _ 6 
2x1 + 4x, = —7 


Solution 
6 -3 5 6 
Ie A 3 ; _ 47 
= 5 -3 ~ 26 oo 5 -3 ~ 36 
ba Dal 
The solution is (=, = 7) 
26 =26 


Try Exercise 4, page 836 


Cramer’s Rule can be used to solve a system of three linear equations in three vari- 
ables. For example, consider the system of equations 


ax—-3y+ z= 2 
4x +2z=-3 (1) 
3x + y-2z= 


| 
a 
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To solve this system of equations, we extend the concepts behind finding the solution of a 
system of two linear equations. The solution of the system has the form (x, y,z), where 


Dp Dp D 
The determinant D is the determinant of the coefficient matrix. The determinants D,, D,, 


and D, are the determinants of the matrices formed by replacing the first, second, and third 
columns, respectively, by the constants. For the original system, 


Dp, D, D, 
a 2 yey = FH 
o 3 4 i a | 
where D=|4 0 2|=-4 D,=|-3 0 2|=5 
3 if i « <2 
a | > — 2 
D,=|4 -3 2] =49 D,=|4 0 -3) =33 
S i <3 2 4 4 
Thus 
5 7 53 
a a een 


I € SO. ution oO stem 1S . 
19’ 6,’ ig) 


Cramer’s Rule can be extended to a system of n linear equations in n variables. 


Cramer’s Rule 


AyjX1 + AynxXy + Gy3X3 + 00+ + AyyXy = Dy 
7X] + 79X27 + 93X3 toieee aAgnXy) = by 


3 |X] + a32X2 + 33X3 Se Q3nXn = b; 


AyiX1 + AyQXq F Ay3X3 4 00 + AnyX_ = by 


be a system of m equations in 7 variables. The solution of the system is given by 
(X1,X2,X3,...,X,), where 


= = eae eae se Septet 
1 i D n D 

and D is the determinant of the coefficient matrix, D # 0. D; is the determinant 

formed by replacing the ith column of the coefficient matrix with the column of 

constants by, by, b3,..., by. 


Because the determinant of the coefficient matrix must be nonzero for us to use 
Cramer’s Rule, this method is not appropriate for systems of linear equations with no solu- 
tion or infinitely many solutions. In fact, the only time a system of linear equations has a 
unique solution is when the determinant of the coefficient matrix is not zero, a fact sum- 
marized in the following theorem. 
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Systems of Linear Equations with Unique Solutions 


A system of 7 linear equations in 7 variables has a unique solution if and only if 
the determinant of the coefficient matrix is not zero. 


Cramer’s Rule is also useful when we want to determine the value of only a single 
variable in a system of equations. 


EXAMPLE 2 _ Determine the Value of a Single Variable in a System 
of Linear Equations 
Evaluate x3 for the system of equations 
4x) + 3x3 = 2x4 = 2 
3x, + Xp + 2x3 - X= 4 
X, — 6x2 — 2x3 + 2x4 = 0 
2x1 oF 2x - X= —l 
Solution 
Evaluate D and D3. 
4 0 3 -2 4 0 2 -2 
pel 1 oe NY a ag peal? 1 SN cog 
1-6 -2 2 711 -6 0 2 
2 2 0 -1 2. 2 -=1 =] 
96. 32 
Th = —=—. 
a 
@ Try Exercise 24, page 837 


EXERCISE SET 10.5 


In Exercises 1 to 20, solve each system of equations by 
using Cramer’s Rule. 11. 


3x, — 4%) + 2x3= 1 5x) — 2x2 + 3x3 = —2 


Xy—- X + 2x3 = -2 12. 4 3x, + xX. -— 2x3 = 3 
, ve + 4x, = 8 5 { x) —3x,= 9 2x, + 2x. + 3x, 3 xX, — 2m + 3x, = -1 
* (4x, - 5x, = 1 * (2x, - 4x, = -3 


x, + 4x. - 2x3 = 0 
3x, — 2x7 +3x3= 4 =«214« 


| | 
| aah: 
| | 


5x1 lr Ax = —] 
3x1 — 6Xx> = 5 


Ww 


a4 


2x, + 5x, = 9 13. 
5x 


7x, Tr 2X9 = 0 3x, — 8x> = 1 


6 
244 y= 3 4x, + 5x, = —2 15 


3x, — 5x2 + x3 = O 16. 


2x1 + 4x, = 0 2X j= x2 = 0 
4x, - 5x2 Tr x3 —2 
3x, + X2 i 4 18. 


xX} — X + 3x,= O 


12x, + 03% = 2.1 
0.8x1 = 1.4x, = —-1.6 


3.2x) _ 4.2x, = 1.1 17. 


10 
0.7x, + 3.2x9 = —3.4 


{ Z 
{ Z 
a. an + 4x, = -3 
{ 


2x1 ae 2x — 3x3 = 0 xy oT 3x9 
19. xX, — 3x_ + 2x, = 0 20. § 2x, — 3x9 + 43 = 
4x, — X27 3x3 = 0 4x1 air 5x2 —_ 2x3 = 


In Exercises 21 to 26, solve for the indicated variable. 


2x; — 3x, + 4x3 x= 1 
+ 2. tg = 1 
21. Solve for x: bi me bs 
3x1 Tr X _ 2x4 = 2 
xX] 3x> 2x3 X4 3 


3x1 Xo 2x3 3x4 4 


2x; — 3x, + 2 =-2 
22. Solve for x4: ma ie a 


xy Xo — 2k%3 + 2x, = 3 
2x1 a 3x3 — 2x4 ani 4 


X, — 3x, + 2x3 


23. Solve for x: 


0 
3x 1 5x2 6x3 2x4 2 
0 
3 


| 2x, Xo 9x3 8x4 
xy xX x3 — 8x4 = 


2x, 5X9 5x3 3x4 


24. Solve for x3: 


3 
xy Tx 8x3 x4 = 4 
3 
0 


4x, x3 xq = 
3x, + 2x, - x3 = 
3x, — X37 2x4 _ 1 
5 p 3 4 
25. Solve for x4: “i oe * ti 
xX, — 2x, + 9x,= 5 
2x, Tr 2x3 = 3 
4x, Tr X _ 3x4 - 4 
5. 2x 2x 7 
26. Solve for x: ‘ ‘ ' J “4 
xX] 3x> T 2x3 2x4 6 
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Stochastic Matrices 


27. 


28. 


29. 


30. 


31. 


32. 
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A solution of the system of equations 


2x} _ 3X5 te x3 9 
xX] ae x2 — 2x3 = —3 
4x; — xX, -— 3x3 = 3 


is (1, —2, 1). However, this solution cannot be found by using 
Cramer’s Rule. Explain. 


Verify the solution for x given in Cramer’s Rule for a System 
of Two Equations by solving the system of equations 


Ay{X1 + AypXy = by 
y1X1 + g2X7 = by 


for x» using the elimination method. 


For what values of & does the system of equations 
kx + 3y =7 
kx — 2y=5 


have a unique solution? 


For what values of & does the system of equations 
kx + 4y = 5 
9x — ky = 2 


have a unique solution? 


For what values of & does the system of equations 
x+2y—-3z=4 
2x + ky — 42 =5 
x-2y+ z=6 


have a unique solution? 


For what values of & does the system of equations 
kx, + x = 1 

1 

1 


x2 4x3 
xX) - kx 


have a unique solution? 


Matrices can be used to predict how percents of populations will change over time. 
Consider two neighborhood supermarkets, Super A and Super B. Each week Super A 
loses 5% of its customers to Super B, and each week Super B loses 8% of its customers 
to Super A. If this trend continues and if Super A currently has 40% of the neighbor- 
hood customers and Super B the remaining 60% of the neighborhood customers, what 
percent of the neighborhood customers will each have after n weeks? 

We will approach this problem by examining the weekly changes. Because Super 
A loses 5% of its customers each week, it retains 95% of its customers. It has 40% of 
the neighborhood customers now, so after 1 week it will have 95% of its 40% share, or 
38% (0.95 - 0.40) of the customers. In that same week, it gains 8% of the customers of 


(continued ) 
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[0.452 


Super B. Because Super B has 60% of the neighborhood customers, Super A’s gain is 
4.8% (0.08 - 0.60). After 1 week, Super A has 38% + 4.8% = 42.8% of the neighbor- 
hood customers. Super B has the remaining 57.2% of the customers. 

The changes for the second week are calculated similarly. Super A retains 95% of 
its 42.8% and gains 8% of Super B’s 57.2%. After week 2, Super A has 


0.95 + 0.428 + 0.08+0.572 ~ 0.452 


or approximately 45.2%, of the neighborhood customers. Super B has the remaining 54.8%. 
We could continue in this way, but using matrices is a more convenient way 

0.95 0.05 

0.08 0.92 

by Super A and column 2 represents the percent retained by Super B. Let 

X = [0.40 0.60] be the current market shares of Super A and Super B, respectively. 

Now form the product X7. 


to proceed. Let T = , where column | represents the percent retained 


0.95 0.05 


= [0.428 0.572 
0.08 oe ee aS 


[0.40 0.60] 


For the second week, multiply the market share after week 1 by 7. 


0.95 0.05 


~ [0.452 0.54 
0.08 a a! 


[0.428 os] 


The last product can also be expressed as 


[0.428 0.572] 


———— 


0.548] = [0.428 0.572] 0.95 0.05 = [0.40 0.60} 0.95 0.05 || 0.95 0.05 
; ; 0.08 0.92 ; 0.08 0.92 || 0.08 0.92 
2 
0.95 0.05 
= [0.40 0.60 = XT" 
ee | 


Note that the exponent on 7 corresponds to the fact that 2 weeks have passed. In gen- 
eral, the market share after n weeks is XT”. The matrix T is called a stochastic matrix. 
A stochastic matrix is characterized by the fact that each element of the matrix is non- 
negative and the sum of the elements in each row is 1. 

Use a calculator to calculate the market shares of Super A and Super B after 20 weeks, 
40 weeks, 60 weeks, and 100 weeks. What observations do you draw from your calcula- 
tions? We started this problem with the assumption that Super A had 40% of the market 
and Super B had 60% of the market. Suppose, however, that originally Super A had 99% 
of the market and Super B had 1%. Does this affect the market share each will have after 
100 weeks? If Super A had 1% of the market and Super B had 99% of the market, what 
will the market share of each be after 100 weeks? 

As another example, suppose each of three department stores is vying for the busi- 
ness of the other two stores. In one month, store A loses 15% of its customers to store B 
and 8% of its customers to store C. Store B loses 10% of its customers to store A and 12% 
to store C. Store C loses 5% to store A and 9% to store B. Assuming these three stores 
have 100% of the market and the trend continues, determine what market share each will 
have after 100 months. 


CHAPTER 10 TEST PREP 839 


CHAPTER 10 TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


10.1 Gaussian Elimination Method 


m= Matrix A matrix is a rectangular array of numbers. A matrix of m rows See Example 1, page 780, and then try 
and 1 columns is said to have order m X n or dimension m X n. Fora Exercise 4, page 840. 
system of equations, it is possible to form a coefficient matrix, an 
augmented matrix, and a constant matrix. 


= Row Echelon Form A matrix is in row echelon form when See Example 2, page 782, and then try 
¢ The first nonzero element in any row is 1. Exercise 10, page 840. 


* Row are arranged so that the column containing the first nonzero 
number is to the left of the column containing the first nonzero number 
of the next row. 


¢ All rows consisting entirely of zeros appear at the bottom of the matrix. 


= Gaussian Elimination Method The Gaussian elimination method is an See Examples 3 to 5, pages 785 and 786, and 
algorithm that can be used to solve a system of linear equations. then try Exercises 14, 23, and 29, page 841. 
= Interpolating Polynomial Given a set of n + | coordinates of points in See Example 7, page 788, and then try 
the plane no two of which have the same x-coordinate, there is a unique Exercise 35, page 841. 


polynomial of the degree at most n that passes through the points. 


10.2 Algebra of Matrices 


= Operations on Matrices See Example 1, page 795, and then try 
¢ To add or subtract two matrices of order m X n, add or subtract the Exercise 40, page 841. 
corresponding elements of the matrices. 
¢ To multiply a matrix by a scalar, multiply each element of the matrix 
by the scalar. 


= Multiplication of Two Matrices Review the definitions on pages 796 See Example 2, page 798, and then try 
and 797. Exercise 41, page 841. 

= Matrix Form of a System of Equations A system of linear equations See Example 3, page 801, and then try 
can be represented as a matrix equation. Exercise 56, page 841. 

= Transformation Matrices Transformation matrices are used to translate, See Example 4, page 804, and then try 
reflect, and rotate geometric figures. Exercise 108, page 843. 

m Adjacency Matrix An adjacency matrix shows the number of edges See Example 5, page 806, and then try 


joining each pair of vertices of a graph. Powers of an adjacency matrix are Exercise 59, page 842. 
used to determine the number of walks between vertices of the graph. 


= Applications See Example 6, page 807, and then try 
Exercise 110, page 843. 
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10.3 Inverse of a Matrix 


= Inverse of a Matrix The multiplicative inverse of a square matrix A is 
the square matrix whose product with A is the identity matrix. 


See Example 1, page 815, and then try 
Exercise 68, page 842. 


= Singular Matrix A square matrix is a singular matrix if it does not have 
an inverse. 


See Example 2, page 816, and then try 
Exercise 72, page 842. 


= Solving Systems of Equations Using an Inverse Matrix An 
independent system of equations can be solved by using the inverse 
matrix of the coefficient matrix. 


See Example 3, page 817, and then try 
Exercise 76, page 842. 


= Applications 


= Determinant of a2 X 2 Matrix 
. — | 41 412 |. 
The determinant of the 2 X 2 matrix ay, | 18 411422 — 421412. 
21 422 


10.4 Determinants 


See Example 4, page 818, and then try 
Exercise 112, page 843. 


See Example |, page 824, and then try 
Exercise 79, page 842. 


Minor and Cofactor The minor M;; of the element a,; of a square 
matrix A of order n is the determinant of the matrix of order n — 1 
obtained by deleting the ith row and jth column of A. The cofactor Cj 
of the element a, of a square matrix A is Cj = (— 1)'/My. 


See Example 2, page 826, and then try 
Exercise 82, page 842. 


Evaluate a Determinant by Expanding by Cofactors The value of a 
determinant can be found by expanding by cofactors. 


See Example 3, page 827, and then try 
Exercise 86, page 842. 


Evaluate a Determinant by Using Elementary Row Operations 
Elementary row operations can be used to evaluate a determinant. 


= Cramer’s Rule Cramer’s Rule is a method of solving some systems of 
linear equations. 


10.5 Cramer’s Rule 


See Example 4, page 829, and then try 
Exercise 92, page 842. 


See Examples | and 2, pages 834 and 836, and 
then try Exercises 102 and 105, page 843. 
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For Exercises 1 to 4, write the augmented matrix, 


coefficient matrix, and constant matrix. form. 
ae x —62=2 . [ ik 
ee 2. 4 2x-4y+ z=0 L 3 
5x — 6y + 2z = 3 
3wt2x-3y+ z= 4 re ; 7 
3. w — 4y =—2 = 
—2wt+ x —2z= 0 r 
=5 
—dy4+2z= 5 9. | -10 
4. 93x + 2y 2 1 
x =z = —3 


=2 


For Exercises 5 to 12, write the matrix in row echelon 


—8 etl 6 -2 
7 3 "| 6 6 -8 
=A. ae ae 

8. 

4 lf 3 | 
3 6 -14 [2 3 -6 14 
7 -6 3/ 10}/1 2 -4 9 
-l1 1 -1 0 4 -7 15 
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3.3 4 2 2 Ll = 2 w + 3x y- 4z 3 
11. 12 2 4 12;. | =4 =I. .=3. =8 33 w+ 4x + 3y — 62 
-4 4 0 2 P) 1 5 oll " ) Qw + 8x + Jy - Sz = 11 
2w + 5x —6z= 4 
In Exercises 13 to 34, solve the system of equations by ys ie ley ese : 
using the Gaussian elimination method. ope oe een 
, sy= 7 3 ice w Tx + 6y + 5z 9 
2 ee a. Bw+ 14x + 72 = 20 
3x — 4y = 10 2x-+ 3y = =7 
35. Interpolating Polynomial Find a polynomial whose graph 
15 4x — Sy = 12 16 2x — Sy = 10 passes through the points whose coordinates are (—1, —4), 
" [3x+ y= 9 " [Sx + 2y= 4 (2, 8), and (3, 16). 
x + 2y 3z 5 x- y+3z=10 36. Interpolating Polynomial Find a polynomial whose graph 
17. 4 3x + 8y + llz = 17 18. 42x — y+7z=24 passes through the points whose coordinates are (—1, 4), (1, 0), 
x + 6y + 72=12 3x — 6y + 72 = 21 ante 3 
2x- yr z= 3x — Ty + 82 = 10 In Exercises 37 to 54, perform the indicated operations. Let 
19. = DpH 2s= $5 20. x—-3y+2z= 0 2 -1 3 0 -2 26 #1 
3x — 3y — 8z = 19 2x —- 8y + 7z= 5 a=(3 2 3h 4 2/,C=|1 2 -1+'4,and 
1 -3 2 4 -1 
4x — 9y + 62 = 54 3x + 8y — Sz = 6 D= -3 42 
21. 4 3x — 8y + 8z = 49 22. 4 2x + 9y- z=-8 4 -2 5| 
x— 3y + 2z= 17 x — dy —2z= 16 37. 34 38. =28 39. -A+D 
x+4y—-3z=2 x —3z=2 40. 2A — 3D 41. AB 42. DB 
23. 9 —2x — 8y + 6z = 1 24. §-3x + 5y- z= F 
Sy Sidi aed a 43. BA 44. BD 45. C 
3 
a Pe eee 46. C 47. BAC 48. ADB 
2 eee SP = 2 2A er ae 49. AB — BA 50. DB — BD 51. (A— D)C 
Xx- yor= 2 =e y= 2z= 2 
52. AC — DC 53. Cc! 54. |C| 
= ae =~ = — =.= 
ey ees Bete 4 
RE ed i ia For Exercises 55 to 58, write a system of equations from 
the matrix equation. 
x gece 2z: =) x-—2yr3z= 9 rc 
2 =3 | x 5 
29..5.26 + 3y + 5z 13 30. 5 3x — Sy + 82 = 25 55. 4 5 = 4 
2x + 5y + 72 = -19 x —~7=5 L - 
[-1 3][x 5 
w + 2x yt2z=1 56. 4 mie = * 
31 3w + 8x yt4z=1 7 
" ) 2w + 7x + 3y + 2z = 0 2 -1 3 1Tx 6 
w + 3x — 2y + 5z = 6 57.|1 -5S 4] y]|=]10 
2 3 7 Jz 6 
w= 3x — 2p Zz 1 
32 2w — 5x a. 32 1 2 =6 5° ]|.x 1 
* ) 3w -— Tx + 3y = -18 58 8 4 1] y]=]13 
2w — 3x — Sy — 22 8 =2 3. 4 ||. z 5 
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59. Find the adjacency matrix A and A? for the 2 : 
graph at the right. Use A? to determine 
the number of walks of length 2 from ver- 
tex 1 to vertex 5. 


60. Find the adjacency matrix A and 4? for 2 1 
the graph at the right. Use 4? to deter- 
mine the number of walks of length 3 
from vertex 2 to vertex 4. 


In Exercises 61 to 74, find the inverse, if it exists, of the 
given matrix. 


aie = gailee © 
"3 =2 “oleae 3 

> 3 [5 -4 
; 4. 
6| 23] avila ‘| 
121 1 -3 2 
65.|2 6 4 66.|3 -8 7 
3 8 6 [2 -3 6 
)3 -2 [ -11 
67.|2 -1 5 68.|3 7 —8 
[3 0 10 [2 6 -3 
1 -1 2 3 fi 2 <2 1 
2-1 6 5 3.7 -3 1 
9. 70. 
de a ee 27 43 
|2 -2 4 7 [1 4 2 4 
f-1 8 1 f-3 -9 0 
71. 13 -1 72.|-1 -5 -2 
L —~6 [| 5 9 -6 
[3 7 -1 8 /3 1 5 —-5 
25 05 214 -3 
73. 74, 

3 6 —-4 8 3 0 4 -3 
24 -4 4 418 1 


In Exercises 75 to 78, solve the given system of equations 
for each set of constants. Use the inverse matrix method. 


eae - eae. 

* (3x - Ty = by 
a. b= —3,b,=4 
b. b; = 2,b, = —5 


at y- z=bh 
77. \4x + 4v+ z=b, 
2x + 2y — 3z = b 

a. b, = —1,b) = 2,b3 = 4 

b. by = —2, bo oe 3, b; = 0 


3x —2y+ z= b, 
78. 3x — yt3z=b 
6x —4y + z= b 
a. by 0, by 3, b; 
b. b; = 1,5) = 2,5; 4 


For Exercises 79 and 80, evaluate the determinant of the 
2 X 2 matrix. 


-2 3 4-2 
79. 0. 


For Exercises 81 to 84, find the given minor Mj and the 


2 -3 4 
given cofactor C; for 1 oO 3 
-2 2 5 
81. My, Cy, 82. M3, Cx 
83. Mp, Cy 84. M33, C33 


For Exercises 85 to 90, evaluate the determinant by 
expanding by cofactors. 


4 1 3 45 8 
85. | -2 3 -8 86.| 1 0 —-7 
[|-1 4 -5 [-2 0 6 
. 8 -3 0 .-5 -3 -3 
87. | 10 -2 —-5 8s.| 10 O 1 
| 3 -4 0 [| 8 9 6 
iF -1 -4 2 -1 -1 0 -2 
gy) 8 2 ee ae) 2 1 3 
—2 4 -4 0 -1 5 0 -5 
| 3 4 50 | -2 0 0 


In Exercises 91 to 98, evaluate each determinant by using 
elementary row or column operations. 


2 6 4 3 0 10 
91. j1 2 1 92. |3 =2 

3 8 6 2 =1l 45 

3 -=8. 7 4 9 -l1 
93. |2 =3 6 94. |2 6 -3 

fe 3 2 3°. <8 


CHAPTER 10 REVIEW EXERCISES 843 


t =) 7 12 2 3 the city in the next year. Assuming these trends continue, the 
2 -] =F 44 matrix equation 
eal ae : ; oe : : 7 rr 0.90 0.10 |" 
3 09 9 2 6 1 8 [250,000 10,00 0% a =[C S|] 
12 21 1 3 20 gives the population of the city, C, and the population of the 
2 5 3] 3 11 4 4 suburb, S, in n years. What is the population of the city and 
97. 2 0 10 1 98. oe 6 g 9 suburbs in 5 years? Round to the nearest thousand. 
3 8 -4 1 3 12 -10 2 


110. E A market analysis has determined that 20% of the people 
currently using the QuikPhoto computer program will 

switch to the PhotoPro program in the next year. Of the people 
using PhotoPro, 45% plan on switching to QuikPhoto in the 

next year. If there are currently 2 million people using 


In Exercises 99 to 104, solve each system of equations by 
using Cramer’s Rule. 


99 2x, — 3x, = 100 3x, + 4x, = —3 QuikPhoto and 1.5 million people using PhotoPro, then, assum- 
13x, + 5x = * (5x, - 2x, = 2 ing these trends continue, the matrix equation 
n 
0.80 0.20 
2x, + X2— 3x3 = 2 3x, + 2% -— 4 = 0 i? 15 a =e PI 
101. 3x1 2X, x3 1 102. xX, 3x, _ 2x3 = 3 7 . : 
_ _ gives the number of people Q using QuikPhoto and the num- 
xy 3x9 Sir 4x3 = —-—2 4x, = XQ = 5x3 =-—!l 3 : 7 . 
ber of people P using PhotoPro in years. Use this equation 
to estimate, to the nearest tenth of a million, the number of 
2x2 + 5x3 = 2 2x, — 3x2 — 4x3 = 2 people who will be using each program in 3 years. 
103. 4 2x; — 5x, + x3 =4 104. XxX, — 2x, + 2x3 = —-1 
4x, + 3x2 =2 2x, + 7x. - 43 = 2 111. Each edge of a metal plate is kept at a constant temperature, as 
shown below. Find the temperatures at the points x, and x. 
In Exercises 105 and 106, use Cramer’s Rule to solve for g 00T 
the indicated variable. 
— 2x4 ; 40°F @ e e 70°F 
= Xx. x, 
105. Solve for x3: w ie “s “ : ‘ 
Xx, + 4x. + 2x3; — 3x4 = —1 
3x1 X2 x3 2X4 0 7 50°F ~ 


2x, + 3x, — 2x3 X4 = —2 112. Each edge of a metal plate is kept at a constant temperature, as 
xX — 3x3 + 2xy 2 shown below. Find the temperatures at the points x), x2,.x3, and x4. 
106. Solve for x: 
xX} 3x5 4x3 X4 4 60°F 
5x1 5x2 x3 2x4 7 ° 
107. Transformations Use transformation matrices to find the é a ° 6 
endpoints of the line segment between 4(—5, 3) and B(4, —2) x, x, 
after it has been translated 3 units to the right and 1 unit down 40°F TE 
and then reflected across the graph of y = x. e e e ) 
x; x4 
108. Transformations A triangle has vertices at the points 
A(—3, 4), BC, —1), and C(0, 5). Use tranformation matrices to wr 50°R — 


find the vertices of the triangle after it has been rotated 90° 
about the point P(2, 3). 
, ,3) In Exercises 113 and 114, solve the input-output problem. 


109. Currently, there are 250,000 people living in a certain city 113. Business Resource Allocation An electronics conglomerate 


“= and 400,000 people living in the suburbs of that city. A 
survey of the residences showed that 10% of the people living 
in the city planned to move to the suburbs in the next year and 
15% of the people living in the suburbs planned on moving to 


has three divisions, which produce computers, monitors, and 
disk drives. For each $1 worth of output, the computer division 
needs $0.05 worth of computers, $0.02 worth of monitors, and 
$0.03 worth of disk drives. For each $1 worth of output, the 
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monitor division needs $0.06 worth of computers, $0.04 worth 
of monitors, and $0.03 worth of disk drives. For each $1 worth 
of output, the disk drive division requires $0.08 worth of com- 
puters, $0.04 worth of monitors, and $0.05 worth of disk drives. 
Sales estimates are $30 million for the computer division, 
$12 million for the monitor division, and $21 million for the 
disk drive division. At what level should each division produce 
to satisfy this demand? 


114. Business Resource Allocation A manufacturing conglomerate 
has three divisions, which produce paper, lumber, and prefabri- 
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1. Write the augmented matrix, the coefficient matrix, and the 
constant matrix for the system of equations 


2x+ 3y-3z= 4 
3x +2z=-1 
4x -—4y+2z= 3 


2. Use the variables x, y, z, and w to write a system of equations that 
3 —-2 5 -l1}| 9 

is equivalent to the augmented matrix] 2 3 —-1 4] 8}. 
1 0 3 2|-1 


In Exercises 3 to 6, solve the system of equations by 
using the Gaussian elimination method. 


x—2y + 3z= 10 21+ 6y- z=1 
3. 2x = 3y + 8z = 23 4. xe Bye ZS] 
x + 3y — 2z 9 3x + 10y —2z=1 
4x +3y+5z= 3 
§. 4 2x 3y + Ze l 
2x +2z= 3 


=1 3. 2 
InE ises 7 to 19, let A = 
n Exercises 7 to 19, let ar ea 


2-1 3 1-2 3 
B=|4 -2 -1],andC= 2 -3 8 |. Perform 
3 2 2 -1 3 -2 
each possible operation. If an operation is not possible, 
so state. 


7. —3A 8 A+B 
9.3B = 26 10. AB 
11. AB-A 12. CA 


21. 


23. 


cated walls. For each $1 worth of output, the lumber division 
needs $0.07 worth of lumber, $0.03 worth of paper, and $0.03 
worth of prefabricated walls. For each $1 worth of output, the 
paper division needs $0.04 worth of lumber, $0.07 worth of 
paper, and $0.03 worth of prefabricated walls. For each $1 worth 
of output, the prefabricated walls division requires $0.07 worth 
of lumber, $0.04 worth of paper, and $0.02 worth of prefabri- 
cated walls. Sales estimates are $27 million for the lumber divi- 
sion, $18 million for the paper division, and $10 million for the 
prefabricated walls division. At what level should each division 
produce to satisfy this demand? 


14, A? 


is 16..c"* 

. Find the minor and cofactor of b», for matrix B. 

. Find the determinant of B by expanding by cofactors of row 3. 
. Find the determinant of C by using elementary rowoperations. 


. Find the value of z for the following system of equations by 


using Cramer’s Rule. 
3x +2y—- z= 12 
2x — 3y + 2z = —-1 
5x + 6y+3z= 4 


Given that the inverse of the coefficient matrix for the system 
of equations below is 


=2 6 -=9 
=] =2 =3 
=> =13. .=20 


solve the system of equations 


x= 3y = 1 
Se Oy 3Z 2 
3x + 4y—-2z= 0 


. Find a polynomial whose graph passes through the points 


whose coordinates are (1, 0), (—2, —3), (4, 57), and (—3,—20). 


Transformations Let ABC be a triangle with vertices 
A(—3, —2), BU, 3), and C(4, 1). Use the transformation matrix 


0 -1 O 
Too =| 1  O 0 | to find the coordinates of the vertices 
0 O01 


after the triangle has been rotated 90° around the origin. 
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24. Find the adjacency matrix for the graph below. Input requirements of 
mining 
2 1 manufacturing 
transportation 


mining] 0.15 0.23 0.11 


3 from manufacturing | 0.08 0.10 0.05 
4 transportation | 0.16 0.11 0.07 
Set up, but do not solve, a matrix equation that when solved 
25. Input-Output Analysis A simplified economy has three major will determine the gross output needed to satisfy consumer 
industries: mining, manufacturing, and transportation. The demand for $50 million worth of mining, $32 million worth of 
input-output matrix for this economy is manufacturing, and $8 million worth of transportation. 
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. Fi 1 i = + f the line that te Ds wo : 
Bi Ae eq usa oh, Se eee aay By Or ene ae 9. Solve ~ i > 0. Express your answer in interval notation. 


1 
passes through the point (—4, 5) and has a slope equal to a 


10. Find the equation in standard form of the ellipse with center at 


2. Divide 2x3 — 5x2 — 13x + 30 by x — 3. (3, —4), foci F\(—1, —4) and F,(7, —4), and major axis of 
length 12. 
3. Given that h(x) = e~ and k(x) = 3’, find h[A(0)]. Round to ; ; 5 
the nearest ten-thousandth. 11. Find the difference quotient of f(x) = x- — 3x + 2. 
4. oe the coordinates of the vertex of the parabola 12. Solve: 125" = ay 
2x? — 4x + 3y —-1=0. 25 
= 2 
3x — 4y = 4 13. Find the partial fraction decomposition of a. 
5. Solve: { x" — 5x — 6 
2x -3y=1 


oo a in of F(x) ‘i 5 14. Solve 10° — 10* = 2. Round to the nearest ten-thousandth. 
. Determine the domain of F(x) = a, nr 


: 15. Find th t value of 0° sin 30° + 45° tan 60°. 
7. Find all vertical asymptotes of the function Sy Fine the ceael valueon cess sts —_ sa 


x= 2 
cag x2 + Ay — 5) 16. Use a half-angle formula to find the exact value of sin 292.5°. 
8. Use the graph of G(x) = |x + 2| — 3 below to sketch the 17. Given angle A = 65°, b = 11 meters, and c = 4 meters, find 
graph of y = —G(—x). the area of triangle ABC. Round to the nearest square meter. 
cos 6 
18. Simplify: t - 
8. Simplify: tan @ i «ne 


19. Write the complex number z = 2 — 27 V3 in trigonometric 
form. 


20. Solve sin5 + cosx = 1for0 =x < 27. 
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SEQUENCES, SERIES, 
CHAPTER 11 AND PROBABILITY 


11.1. Infinite Sequences and 
Summation Notation 


11.2 Arithmetic Sequences 
and Series 


11.3 Geometric Sequences 
and Series 


11.4. Mathematical Induction 
11.5 Binomial Theorem He 


11.6 Permutations and 
Combinations 


11.7 Introduction to 
Probability 


Four stages of the Sierpinski carpet 
fractal. 


Investments, Cell Phones, and Medication Doses 


The three topics listed in the title may seem at first to have no relationship 
to one another, but there is an important link. Each of these topics can be 
modeled by a geometric sequence, one of the topics of this chapter. The 
following sequence is a geometric sequence. 


100, 100(1.06), 100(1.06)?, 100(1.06)°, 100(1.06)4,... 


One interpretation of this sequence is that it gives the value of $100 
invested at an annual interest rate of 6%, after 1, 2, 3, 4,... years. 
The value of the investment after 4 years is $100(1.06)* ~ $126.25. 

: . 8 64 512 : : 
Now consider the geometric sequence 1, 9°81° 709°? in which each 
term after the first is 8/9 times the previous term. One interpretation of this 
sequence is shown in the figures above, which begin with a square of area 
1 square unit. Divide the square into ninths and remove the small center 
square. The area remaining is 8/9 square unit. Now divide each of the 
remaining squares into ninths and remove the center square of each. The 
remaining area is 64/81 square unit. Continuing this process repeatedly 
results in what is called the Sierpinski carpet fractal. Some cell phone 
antennas are designed in the configuration of the fourth stage of the fractal. 


To see how geometric sequences are used in medication doses, see 
Exercises 73 and 74 on page 870. 
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SECTION 11.1 Infinite Sequences and Summation Notation 


Infinite Sequences 
Factorials 


Partial Sums and Summation 
Notation 


§ Infinite Sequences 


The ordered list of numbers 2, 4, 8, 16, 32,...is called an infinite sequence. The list is 

ordered simply because order makes a difference. The sequence 2, 8, 4, 16, 32,... contains 

the same numbers but in a different order. Therefore, it is a different infinite sequence. 
An infinite sequence can be thought of as a pairing between positive integers and real 


numbers. For example, 1, 4, 9, 16, 25, 36,..., n’,... pairs a positive integer with its square. 
1 2 3 4 5 6 ate n 
of a 1 { 
1 4 9 16 2 36 ... ww 


This pairing of numbers enables us to define an infinite sequence as a function whose 
domain is the positive integers. 


Definition of an Infinite Sequence 


An infinite sequence is a function whose domain is the positive integers and 
whose range is a set of real numbers. 


Although the positive integers do not include zero, it is occasionally convenient to include 
zero in the domain of an infinite sequence. Also, we will frequently use the word sequence 
instead of the phrase infinite sequence. 

As an example of a sequence, let (7) = 2m — 1. The range of this function is 


IU), JQ): FO), fAs-e<3 FM), 
i 3. S FF sc, B=, 


The elements in the range of a sequence are called the terms of the sequence. For our 
example, the terms are 1, 3,5, 7,...,2n — 1,.... The first term of the sequence is 1, the 
second term is 3, and so on. The mth term, or the general term, is 2” — 1. 


Question ® What is the fifth term of the sequence f(n) = 2n — 1? 


Rather than use functional notation for sequences, it is customary to use subscript nota- 
tion. Thus a, represents the nth term of a sequence. Using this notation, we would write 


a, =2n— 1 


Thus a; = 1, a) = 3, a3 = 5, ag = 7, and so on. 


EXAMPLE 1_ Find the Terms of a Sequence 


1 
a. Find the first three terms of the sequence a, = ————~. 
n(n + 1) 


n 


b. Find the eighth term of the sequence a, = 


rn 


Answer °@ /(5) = 2(5) — 1 = 9. 


Math Matters 


Recursive subroutines are a part of 
many computer programming 
languages. One of the most influ- 
ential people in the development 
of computer languages (especially 
COBOL) was Grace Murray 
Hooper. She was the first woman 
to receive a doctorate in mathe- 
matics from Yale University. She 
went on to become an admiral in 
the U.S. Navy. 


11.1 INFINITE SEQUENCES AND SUMMATION NOTATION 849 


Solution 
1 1 1 1 1 1 
a ay = =o = = a3 = => 
11+ 1) 2 22+ 1) 6 333 + 1) 12 
28 256 
b. ag = Po = 6h = 


@ Try Exercise 6, page 852 


An alternating sequence is one in which the signs of the terms alternate between pos- 


n+1, 


1 
itive and negative. The sequence defined by a, = (—1) — is an alternating sequence. 
n 


1 1 1 1 
ag Cys =1 a | re = ( = 


The first six terms of the sequence are 


11 11 1 
4’5” 6 


A recursively-defined sequence is one in which each succeeding term of the sequence 
is defined by using some of the preceding terms. For example, let a; = 1, a) = 1, and 
Gn+1 = An-1 + An. 


a,=a,+a=1+1=2 *n=2 
a4 =a +a,=14+2=3 “n=3 
ds =a, +a,=2+3=5 en=4 
%=d4+as=3+5=8 on=5 


This recursively defined sequence 1, 1, 2, 3, 5, 8,...is called the Fibonacci sequence, 
named after Leonardo Fibonacci (1180?—1250?), an Italian mathematician. 


EXAMPLE 2_ Find Terms of a Sequence Defined Recursively 


Let a; = | anda, = na,_. Find a, a3, and ay. 


Solution 
=a; = 21 =2 


Q, = 3a) =3°2=6 a4 = 4a; = 4-6 = 24 


@ Try Exercise 28, page 852 


® Factorials 


It is possible to find an nth-term formula for the sequence defined recursively in 
Example 2 using a, = | and a, = na,_,. Consider the term a; of that sequence. 


as = Sa4 
= 5-4a, * a4 = 4a; 
= 5°4°3a, * a3 = 3a) 
= 5-4+3+2a, * a, = 2a, 
= 5°4-3-2°1 °a,=1 
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Note 


It may seem strange to define 
0! = 1, but we shall see later that 
it is a reasonable definition. 


Math Matters 


The convention of using an excla- 
mation point as the factorial sym- 
bol was first introduced in 1808 so 
that printers setting the type in a 
book would not have to write out, 
for example, 5*4+3+2+1 but 
instead could write 5!. This nota- 
tion was not accepted by every- 
one, and alternative suggestions 
were made. One other notation 
was In, Although this angle bracket 
saved the printer from writing a 
product, it had to be constructed, 
whereas the exclamation point was 
already in the printer’s tray. 


Continuing in this manner for a,,, we have 
An = Nay} 
= n(n a 1)a,-2 
= n(n a 1)(n ~ 2)a,-3 


== gee Dyes Sato 2: 


The number n+(n — 1):-: 3+2+1 is called m factorial and is written 7!. 


We also define 
o!=1 


EXAMPLE 
51 = 5°4-3+2+1 = 120 


10! = 10°9°8-7:°6°5°4°3-2-1 = 3,628,800 


Note that we can write 12! as 


12! = 12-11! = 12-11-10! = 12-11-°10°-9! 


In general, 


n! = n-(n — 1)! 


EXAMPLE 3 __ Evaluate Factorial Expressions 


8! 
Evaluate each factorial expression. a. 51 b. 6! — 4! 
Solution 
8! 8:+7°6°5! 
51 51 = 8-7-6 = 336 


b. 6! — 4! = (6°5°4°3-2+1) — (4°3°2-1) = 720 — 24 = 696 


@ Try Exercise 44, page 853 


® Partial Sums and Summation Notation 


Another important way of obtaining a sequence is by adding the terms of a given sequence. 


For example, consider the sequence whose general term is given by a, = 


this sequence are 


11111 1 
2’ 4’ 8’ 16°32’ "7 2” 


1 
50 The terms of 


Math Matters 


Leonhard Euler (1707-1783) 
found that the sequence of terms 
given by 


1 1 1 
Sn 3 5 7 
ey 
+ 
2n-— 1 


7 ‘ 
became closer to a as n increased. 


In summation notation, we would 
write 

ae 
Ss - 
7 > 2F= 1 


1 4 


Note 


Example 4b illustrates that it is 
not necessary for the index of a 
summation to begin at 1. Note 
also that the index of the summa- 
tion can be any letter. 
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; ; 1 
From this sequence we can generate a new sequence that is the sum of the terms of oo 


sg =i 
a. 
1 1 3 
S = —-+—=-— 
a ae ee 
1.4.4.9 
S;=—+-+—= 
"2 4k 8 
1. Tt. T .- 45 
Sy = a = = 
2° 4 8 16 16 
d, i 1 eee ae ae ae aes 
and, in general, n=Z7tGTs 16 > 


The term S, is called the mth partial sum of the infinite sequence, and the sequence Sj, 
S, S3,..., S,,...18 called the sequence of partial sums. 
A convenient notation used for partial sums is called summation notation. The sum 
of the first n terms of a sequence a,, is represented by using the Greek letter > (sigma). 
n 
Sa; = a, + ay + az t+--- +a, 
i=1 
This sum is called a series. It is a finite series because it is the sum of a finite number of 
terms of the sequence. The letter i is called the index of the summation; 7 is the upper 
limit of the summation; | is the lower limit of the summation. 


EXAMPLE 4 Evaluate a Series 
. 4 
a. Leta, = a Evaluate 24 
5 
b. Let a, = (—1)'n’. Evaluate da. 
j=2 
Solution 


| 1 2 3 4 = 163 
ba =~-+-+-4+-—=5 
i+] 2 3 4 5. 60 


i=1 


4 
a. Sa; — 
i=1 


5 5 
b& Sa= VED = Cy? + Eis + eye se eps 
j=2 j=2 
=4-9+16-25=-14 


H Try Exercise 54, page 853 


Properties of Summation Notation 


If a, and b,, are sequences and c is a real number, then 


1. SG@ +b) = Sia, + > 5; 2; SY) ca; = Da; 3. 
i=1 i=1 i=1 i=1 i=1 
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The proof of property (1) depends on the commutative and associative properties of real 
numbers. 


Dd G@ + b) = (| + by) + @ = by) +--+ G+ by) 
f= 


= (a; +a) +++++a,) = (b) + bo +--+ + 5,) 
= Ss qa; ate » b; 
i=1 i=l 
Property (2) is proved by using the distributive property; this is left as an exercise. 


To prove property (3), let a, = c. That is, each a, is equal to the same constant c. (This 
is called a constant sequence.) Then 


n 
Sd a, =a, +a) +--+ a,=e+ c++ +e=2n0€ 


i=l Ss 
n terms 
In Exercises 1 to 24, find the first three terms and the _ * _ oA 
A : 13. a, = (1.1) 14. a, = 
eighth term of the sequence that has the given nth r+ 
term. In Exercises 19 and 20, round values to the nearest 
ten-thousandth. (-1)""! 3n71 
15. a, = 16. a, ==; 
1. a, = n(n — 1) Vian 2 
2. a, = 2n n\ 
; 17. a, =n! 18. a, = = 1 
3. a,=1-—- 
n 19. a, = logn 
4. a, = ual 20. a, = Inn (natural logarithm) 
nN 
1 
(-1)"*) 21. a, is the digit in the nth place in the decimal expansion of 7 
5. a, = ; 
1 
22. a, is the digit in the nth place in the decimal expansion of By 
(-1)"7! 
ae ae eT 23. a, = 3 24. a, = -2 
(-1)""! 
7. dy = ——— In Exercises 25 to 34, find the first three terms of each 
3n recursively defined sequence. 
(-1)" 25. a; = 5,a, = 2a,-) 26. a, = 2,a, = 3a,_1 
8. a, 
2n — 1 ; 
27. ay = 2,a, = nay} m28. a, = 1|,a, = nay 
i) A 
9. a, = (2) 1 
3 29. a, = 2,a,= (Qy—1)" 30. a, = 4,a, = —— 
An-\ 
= 1V 
10. a, = | a = = ae 
n 2 31. a, = 2,a, = 2na,_, 32. a, = 2,a, = (—3)na,_, 
11. a, = 1+ (-1)' 12. a, = 1 + (—0.1)" 33. a) = 3,d_ = (a,-1)!" 34. a, = 2,a, = (a,-1)" 
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In Exercises 35 and 36, find a3, a4, and as. In Exercises 61 to 68, write the given series in summation 


notation. 
1 1 1 1 1 1 


1 
35. a, = 1, ay = 3,4, = 7 n= 1 a2) 


61. t t t t t 
1 4 9 16 25 36 
36. a, = 1,dy = 4,4y = (Qn-1) (Qn-2) 
Dae 62,.2+4+6+8+ 10+ 12+ 14 
37. Lucas Sequence The Lucas sequence is similar to the 
Fibonacci sequence except that the first two numbers are | and 
63. 2-4 16 + 32 4+ 12 
3. Thus a, = 1, a) = 3, anda, = a,-; + a,» forn = 3. Find . ss 5 
th t three t f the L , 
e next three terms of the Lucas sequence 64.1 —-8 427-64 + 125 
38. RATS Sequence RATS stands for Reverse, Add, Then Sort. 
The first few terms of this sequence are 1, 2, 4, 8, 16, 77, 145, 65. 7+ 10+ 13 + 164 19 
668, .... The term 668 is derived from the previous term, 145, 
by reversing the digits of 145 to get 541, adding 145 and 541 66. 30 + 26 + 22 + 18 + 14 + 10 
to get 686, and then sorting the digits of 686 from smallest to 
largest to get the new term, 668. Find the next two terms of the 67 1 is 1a, f 4‘ eo 
RATS sequence. “2 4 8 16 
In Exercises 39 to 46, evaluate the factorial expression. ae 2,4 8 , 16 32 
39. 7! — 6! 40. (4! "39 27° 81 243 
9! 10! 69. Newton’s Method Newton’s approximation to the square root 
41. 7 42. St of a number, N, is given by the recursively defined sequence 
N 1 N 
8! 12! a=-7, a, = («4-1 t ) 
43. 3151 u 44. rr] 2 2 Qt 
Approximate V7 by computing a4. Compare this result with 
gg ag, 2% the calculator value of V7 ~ 2.6457513. 
99! 98! 2! 
70. Imaginary Unit Let a, = i”, where i is the imaginary unit. 
In Exercises 47 to 60, evaluate the series. Find the first eight terms of the sequence defined by a,. 
5 4 Find 4937- 
47. di 48. S77 
i=l i=] 71. Fibonacci Sequence For the Fibonacci sequence, add the first 
F 7 two terms and record the result. Add the first three terms and 
49. y i(i — 1) 50. > (2i + 1) record the result. Add the first four terms and record the result. 
i=1 i=1 Make a conjecture as to the sum of the first » terms of the 
4 P Fibonacci sequence. Based on your conjecture, what is the sum 
51. Eat 52. of the first 10 terms of the Fibonacci sequence? 
> k 2 ie +1) k(k + 1) 
: P 72. Fibonacci Sequence Every natural number greater than 1 
can be written as the sum of numbers taken from the Fibonacci 
53. 2j 54. 2i + 1)\2i — 1 : 
> s * > ( ; Me ) sequence, where no number is used more than once. For 
instance, 25 = 21 + 3 + 1. Write 81 as a sum in this way. 
5 4 (- yr 1 
i-1 5i 
om: > C2 38: 25 73. Fibonacci Sequence The Binet form for the nth term of the 
Fibonacci sequence is given by 
8 
57. Slog” 58. Ss In— ee) ee Oe 
n=1 n=2 7 +1 2 2 
F, 
8 8! 7 4 " V5 
59. aT 60. = 
= k1(8 — k)! = kK! Use this formula to find Fj9 and F\5. 
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SECTION 11.2 Arithmetic Sequences and Series 


NTIS Seg PREPARE FOR THIS SECTION 


perc Series Prepare for this section by completing the following exercises. The answers can be found 
Arithmetic Means on page A74. 


PS1. Solve a = b + (n — 1)d for d, givena = —3, b = 25, andn = 15. [1.1] 
PS2. Solvea = b + (n — 1)d ford, givena = 13, b = 3, andn = S. [1.1] 


n[ 2a; + (n — 1)d] 5 
PS3. Evaluate S = 5 when a, = 2,d = 2 and n = S50. [1.2] 


PS4. Find the fifth term of the sequence whose nth term is a, = 5 + (n — 14. [11.1] 


PS5. Find the twentieth term of the sequence whose nth term is a, = 52 + (n — 1)(—3). 
[11.1] 


PS6. Given the sequence 2,5, 8,...,3n — 1,..., are the differences between succes- 
sive terms equal to the same constant? [11.1] 


® Arithmetic Sequences 
Note that in the sequence 
2,5,8,11,14,...,3” — 1,... 


the difference between successive terms is always 3. Such a sequence is an arithmetic 
sequence or an arithmetic progression. These sequences have the following property: The 
difference between successive terms is the same constant. This constant is called the com- 
mon difference. For the sequence above, the common difference is 3. 

In general, an arithmetic sequence can be defined as follows. 


Definition of an Arithmetic Sequence 


Let d be a real number. A sequence a,, is an arithmetic sequence if 


aj+1 — 4; = d_ for all positive integers i 
The number d is the common difference for the sequence. 
EXAMPLE 
3, 8, 13, 18,...,5” — 2,... 


11,735: 1,034 Pe 1500: 
L234, ecg Mee.ce 


Question @ Is the sequence 2,6, 10, 14,...,4n — 2,... an arithmetic sequence? 


Answer ®@ Yes. The difference between any two successive terms is 4. 
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Consider an arithmetic sequence in which the first term is a; and the common differ- 
ence is d. By adding the common difference to each successive term of the arithmetic 
sequence, we can find a formula for the nth term. 


a, ~ ay 

a%=a+d 

a, =a,+d=a,+d+d=a,+2d 
a= 0,+d=a,+ 2d+d=a,+ 3d 


Note the relationship between the term number and the coefficient of d. The coefficient is 
1 less than the term number. 


Formula for the nth Term of an Arithmetic Sequence 


The mth term of an arithmetic sequence with common difference d is given by 


a, = a, + (n — Id 


EXAMPLE 1_ Find the nth Term of an Arithmetic Sequence 


a. Find the 25th term of the arithmetic sequence whose first three terms are 


—12, —6, 0. 

b. The 15th term of an arithmetic sequence is —3 and the first term is 25. Find the 
10th term. 

Solution 

a. Find the common difference: d = a, — a; = —6 — (—12) = 6. Use the formula 


a, = a, + (n — 1)dwithn = 25. 
ay5 = —12 + (25 — 1)(6) = —12 + 24(6) = —12 + 144 = 132 


b. Solve the equation a, = a, + (n — 1)d for d, given that n = 15, a, = 25, and 
ays > —3. 


—3 = 25 + (14)d 
d=-2 


Now find the 10th term. 


ay, = ay + (n — 1)d 
25 + (9\(-2) =7 +n = 10,4, = 25,d = —2 


a0 


@ Try Exercise 16, page 859 


® Arithmetic Series 


Consider the arithmetic sequence given by 


1,3 ,5,20¢9 20 dices 
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Math Matters 


Galileo (1564-1642), using the 
fact that the sum of a set of odd 
integers is the square of the 
number of integers being added 
(as shown at the right), was able 
to show that objects of different 
weights fall at the same rate. By 
constructing inclines of various 
slopes similar to the one shown 
below, with a track in the center 
and equal intervals marked 
along the incline, he measured 
the distance various balls of dif- 
ferent weights traveled in equal 
intervals of time. He concluded 
from his observations that the 
distance an object falls is propor- 
tional to the square of the time 
it takes to fall and does not 
depend on its weight. Galileo’s 
views were contrary to the pre- 
vailing (Aristotelian) theory on 
this subject, and he lost his post 
at the University of Pisa because 
of them. 


SEQUENCES, SERIES, AND PROBABILITY 


Adding successive terms of this sequence, we generate a sequence of partial sums. The 
sum of the first n terms of an arithmetic sequence is called an arithmetic series. 

S| = 1 

S,=1+3=4 

§S3;=1+3+5=9 

S,=1+3+5+7= 16 

Ss=1+3+5+7+9=25 

S,=14+3+4+ +: +Qn-l=n 


The first five terms of this sequence are 1, 4, 9, 16, 25. It appears from this example that 
the sum of the first n odd integers is n*. Shortly, we will be able to prove this result by using 
the following formula. 


Formula for the nth Partial Sum of an Arithmetic Sequence 


The nth partial sum of an arithmetic sequence a,, is 


S, = =(q + a) 
= > te a 
n 2 1 n 


Proof 

Write S, in both forward and reverse order. 
S, = a+ ay + a3 ap hae 
Sn = Ay + Ay + App + °° 


+ Qn-2 + Qn-1 + an 
+ a3 + a2 + ay 
Add the two partial sums. 
2S), = (a, + ay) + (ay + ay, 1) + (43 + Gy —2) + ne (1) 
7 (Qn—2 1 a3) 1 (Qn—1 + a2) + (ay + a) 


Let d be the common difference of the sequence. Consider the term (a3 + a,—). Using the 
formula for the nth term of an arithmetic sequence, we have 


a, =a, + (3 — Dd =a, + 2d 
a, + [(n — 2) — 1]d =a, + nd — 3d 


Gn-2 
Thus 
a3 + ay» = (a, + 2d) + (a, + nd — 3d) 
=a, + (a, + nd—- d)=a, + [a, + (n — 1)d] 
=a, + a, 


In a similar manner, we can show that each sum in parentheses in Equation (1) equals 
(a, + a,). Because there are n such terms, we have 


2S, = n(ay + ay) 


S, = 5 (a1 + a,) ry 
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There is an alternative formula for the sum of 7 terms of an arithmetic sequence. 


Alternative Formula for the nth Partial Sum of an 
Arithmetic Sequence 


The nth partial sum of an arithmetic sequence a, with common difference d is 


S,= 5 (2a + (n — 1)d] 


EXAMPLE 2 Find a Partial Sum of an Arithmetic Sequence 


a. Find the sum of the first 100 terms of the arithmetic sequence given by 
a; = 2i — 1. 


b. Find the sum of the first 50 terms of the arithmetic sequence whose first three 

13 9 

t 25s 

erms are 2, 7", 5 
Solution 


We could use either one of the formulas for the nth partial sum of an arithmetic 
sequence: 


n 


n 
Sy, = mac + Ay) or Si, 5 


[2a, + (n — 1)d] 
For a. we will use the first formula; for b. we will use the second formula. 


a. To use the formula S, = 3 (a, + a,), we must first find a, and ajo, given 


a; = 2b = 1. 
a; = 2i- 1 a; = 2i- 1 
a =21)-1=1 +i=1 aio = 2(100) — 1 = 199 +i = 100 
100 
Si00 = 3 St + 199) a 100, a, Da, 9 
= 50(200) 
= 10,000 


b. To use the formula S, = 5 [2a + (n — 1)d], find d, the common difference. 


13 3 
ar ie *a, = 2,a, = 
_13 _ 8_5 
4 4 4 


(continued ) 
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So = 20) + (50 — >| ee ee : 
= 25|4 + (49)2 = 25| 701] 
4 4 
6525 
~ 4 


@ Try Exercise 22, page 859 


The first 1 positive integers 1, 2, 3, 4, ..., m are part of an arithmetic sequence with a 
common difference of 1, a, = 1, anda, = n. A formula for the sum of the first 1 positive 
integers can be found by using the formula for the mth partial sum of an arithmetic sequence. 


S, = 5 (a + a) 
= a 
n 741 n 


Replacing a, with | and a, with n yields 


The sum of the first n positive integers is given by 


_ nn + I) 
2 


To find the sum of the first 85 positive integers, use n = 85. 


_ 85(85 + 1) 


S 
85 2 


= 3655 


® Arithmetic Means 


+b +b 
a . The three numbers a, . 7? 


The arithmetic mean of two numbers a and dD is 


and b form an arithmetic sequence. In general, given two numbers a and J, it is possible 
to insert A numbers cj, Cy,..., c, in such a way that the sequence 


A, C1, C25+-+5 Cz, 0 


is an arithmetic sequence. This is called inserting k arithmetic means between a and b. 


EXAMPLE 3 Insert Arithmetic Means 


Insert three arithmetic means between 3 and 13. 


Solution 
After we insert the three terms, the sequence will be 


a = 3,C),C€7,¢3,b = 13 


The first term of the sequence is 3, the fifth term is 13, and 7 is 5. Thus 


11.2 ARITHMETIC SEQUENCES AND SERIES 859 


a, = a, + (n — Id 
13 =3 + 4d 
5 
d= 
2 
The three arithmetic means are 
5 11 
=atd=3+ = 
Cy a 2 
5 
ec = at 2d=3 + 25 =8 
5 21 
eo =at=343(3)=2 


H Try Exercise 34, page 859 


EXERCISE SET 11.2 


In Exercises 1 to 14, find the 9th, 24th, and nth terms of 
the arithmetic sequence. 


18. The fourth and seventh terms of an arithmetic sequence are 22 
and 34. Find the 23rd term. 


In Exercises 19 to 32, find the nth partial sum of the 


1. 6,10, 14,... 2 sds LT gales 
3. 64,3... 4. 11,4,-3,... 
5. —8,—5, -2,... 6. —15,—9, -3,... 19. a, = 
Te AAT vi 8. —4,1,6,... 21,o.= 
9. G30 2,0 PF Ay ees 23. a, 
10. a-3,a+ lat5,... 25. dy = 
11. log 7, log 14, log 28,... 27. a, = 
12. In4,In 16, In 64,... 28. a, = 
13. log a, log a’, log a’,... 29. a, = 
14. logy 5, log, Sa, logs 5a’,... 30. a, = 
31. a, = 
In Exercises 15 to 18, find the requested term. 5 eu 


15. The fourth and fifth terms of an arithmetic sequence are 13 and 


15. Find the 20th term. 


arithmetic sequence. 


3n + 2;n = 10 20. a, = 4n — 3;n = 12 

3 — 5n;n = 15 m22. a, = 1 — 2n;n = 20 
= 6n;n = 12 24. a, = 7n;n = 14 

n+ 8;n = 25 26. a, =n — 4;n = 25 

—njn = 30 

4—n;n = 40 


n+x;n = 12 
2n — x3n = 15 
nx;n = 20 


—nx;n = 14 


In Exercises 33 to 36, insert k arithmetic means between 


16. The sixth and eighth terms of an arithmetic sequence are —14 
and —20. Find the 15th term. 
17. The fifth and seventh terms of an arithmetic sequence are —19 


and —29. Find the 17th term. 


1 
35. 3 and 534 = 4 


the given numbers. 
33. —land23;k =5 


m34. 7and19;k = 5 


11 
36. “gz and 6; & =4 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


AA. 


SEQUENCES, SERIES, AND PROBABILITY 


Show that the sum of the first n positive odd integers is n’. 


Show that the sum of the first n positive even integers is 
2 
nr n, 


Stacking Logs Logs are stacked so that there are 25 logs in 
the bottom row, 24 logs in the second row, and so on, decreas- 
ing by | log each row. How many logs are stacked in the sixth 
row? How many logs are there in all six rows? 


Theater Seating The seating section in a theater has 27 seats 
in the first row, 29 seats in the second row, and so on, increas- 
ing by 2 seats each row for a total of 10 rows. How many seats 
are in the 10th row, and how many seats are there in the section? 


Contest Prizes A contest offers 15 prizes. The Ist prize is 
$5000, and each successive prize is $250 less than the preced- 
ing prize. What is the value of the 15th prize? What is the total 
amount of money distributed in prizes? 


Physical Fitness An exercise program calls for walking 
15 minutes each day for a week. Each week thereafter, the 
amount of time spent walking increases by 5 minutes per day. In 
how many weeks will a person be walking 60 minutes each day? 


Physics An object dropped from a cliff will fall 16 feet the 
first second, 48 feet the second second, 80 feet the third second, 
and so on, increasing by 32 feet each second. What is the total 
distance the object will fall in 7 seconds? 


Physics The distance a ball rolls down a ramp each second is 
given by the arithmetic sequence whose nth term is 2n — | feet. 
Find the distance the ball rolls during the 10th second and the 
total distance the ball travels in 10 seconds. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


Spider Webs The cross threads in a spider web are approxi- 
mately equally spaced, and the lengths of the cross threads form 
an arithmetic sequence. In a certain spider web, the length of 
the shortest cross thread is 3.5 millimeters and the length of the 
longest cross thread is 46.9 millimeters. The difference between 
successive cross threads is 1.4 millimeters. How many cross 
threads are between two successive radii? 


cross 
threads 


Spider Webs What is the sum of the lengths of the cross threads 
between two successive radii in Exercise 45? 


If f(x) is a linear polynomial, show that /(”), where n is a posi- 
tive integer, is an arithmetic sequence. 


Find the formula for a, in terms of a, and n for the sequence 
that is defined recursively by a; = 3, a, = a,-, + 5. 


Find a formula for a, in terms of a; and n for the sequence that 
is defined recursively by a; = 4, a, = a,—, — 3. 


Suppose a, and b, are two sequences such that a, = 4, 
a, = b,-; + 5, and b, = 2,b, = a,—, + 1. Show that a, and 
5, are arithmetic sequences. Find aj 9. 


Suppose a, and b, are two sequences such that a, = 1, 
a, = b,-; + 7, and bj = —2, b, = a,—, + 1. Show that a, 
and b,, are arithmetic sequences. Find aso. 


SECTION 11.3 Geometric Sequences and Series 


Geometric Sequences 
Finite Geometric Series 


Infinite Geometric Series on page A74. 
Applications of Geometric 
Sequences and Series PS1. For the sequence 


PREPARE FOR THIS SECTION 
Prepare for this section by completing the following exercises. The answers can be found 


re re ae 


what is the ratio of any two successive terms? [11.1] 


4 
PS2. Evaluate: >) 
n=1 


PS3. Evaluate S = 


gr 


[11.1] 


ail — r”) 


=F 


when a = 3,r = —2, andn = 5. [P2] 
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PS4. Solve S — rS = a — ar’,r # 1, forS. [1.1] 
] n 
PS5. Write the first three terms of the sequence whose nth term is a, = a(- +) [11.1] 


PS6. Find the first three terms of the sequence of partial sums for the sequence 
2,4,8, ...,2”,.... [11.1] 


® Geometric Sequences 


Arithmetic sequences are characterized by a common difference between successive terms. 
A geometric sequence is characterized by a common ratio between successive terms. 
The sequence 


9.6.12 2A on 8 a, 


is a geometric sequence. Note that the ratio of any two successive terms is 2. 


Definition of a Geometric Sequence 


Let r be a nonzero constant real number. A sequence is a geometric sequence if 


Qji+] Soins i : 
—— =r forall positive integers i. 
q; 


The number r is called the common ratio. 


Consider a geometric sequence in which the first term is a; and the common ratio is 
r. By multiplying each successive term of the geometric sequence by the common ratio, 
we can derive a formula for the nth term. 


a; = a, 


a = ar 


a3 = ar = (ayr)r = ar? 


3 


a4 = ar = (ar)r = ar 


Note the relationship between the number of the term and the number that is the exponent 
on r. The exponent on r is | less than the number of the term. With this observation, we 
can write a formula for the nth term of a geometric sequence. 


The nth Term of a Geometric Sequence 


The nth term of a geometric sequence with first term a, and common ratio r is 


a=ar* 
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EXAMPLE 1_ Find the nth Term of a Geometric Sequence 


Find the nth term of the geometric sequence whose first three terms are as follows. 


8 16 
a. 4,-,—,.:. b. 5,—10,20,... 
3° 9 
Solution 
8/3 2 = 
a r= a= 3 and a; = 4. Thus a,, = 4 a x 
—10 “4 
bh r= = = —2 and a, = 5. Thusa, = 5(—2)" -. 


@ Try Exercise 6, page 869 


EXAMPLE 2 Determine Whether a Sequence Is a 
Geometric Sequence 


Determine whether the given sequence is a geometric sequence. 
n—-1 
1 2 
a. 4,-2,1,...,4(—4) re b. 1,4,9,...,7°,... 


Solution 


To determine whether the sequence is a geometric sequence, calculate the ratio of 
successive terms. 


il 7 
4|-—— aoa 
a HH 4G) Z ie" = (-3) oe! 
- a; ( i 2 2 2 
4 es; 
2 


Because the ratio of successive terms is a constant, the sequence is a geometric 
sequence. 


: ; + 1/2 i+ 1\2 F 1 12 
bet ED -( y= (6+4)=044 
a; i i ii i 


Because the ratio of successive terms is not a constant, the sequence is not a 
geometric sequence. 


H Try Exercise 36, page 869 


® Finite Geometric Series 


The sum of the first 7 terms of a geometric sequence is a finite geometric series. Adding 
the terms of a geometric sequence, we can define the mth partial sum of a geometric 
sequence in a manner similar to that of an arithmetic sequence. Consider sequence of par- 
tial sums for the geometric sequence 1,2,4,8,...,2” 1,.... 
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S,=1 
1+2=3 
S,=1+2+4=7 
Sp=1+24+44+8=15 


<e 
i 


Le24 £46 oe oF 


ace 
II 


The first four terms of the sequence of partial sums are 1, 3, 7, and 15. 
To find a general formula for S,,, the mth term of the sequence of partial sums of a geo- 
metric sequence, let 


S, =a, + ar tar? +--+ ar"! 
Multiply each side of this equation by r. 
S, =a, + ar + ay? +e) + ayr™? + ar"! 
rs, = ay + ay? +e) + ar”? + ar”! + ar” 
Subtract the two equations. 


— n 
S, — 7S, = a, — ar 


S,1 — r) = a, — r") + Factor out the common factors. 
ai — r" 
l= 7 


This proves the following theorem. 


The nth partial sum of a geometric sequence with first term a, and common ratio r is 


1—r” 
Ree ae r#1 
l-r 


Question ¢ If 7 = 1, what is the mth partial sum of a geometric sequence? 


EXAMPLE 3 __ Find a Partial Sum of a Geometric Sequence 


a. Find the sum of the first four terms of the geometric sequence 
515,45 ,50.058y" “yacx 


17 nl 
b. Evaluate the finite geometric series ¥ 3(3) : 


n=1 
Solution 
a. We have a, = 5,r = 3, andn = 4. Thus 
Sa = 3°) 5(—80) 
~~ 1-300 -2 7 


Se 200 


(continued ) 


Answer ¢ When r = 1, the sequence is the constant sequence a,. The mth partial sum of a constant 
sequence is nay. 
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9 
b. Whenn = 1, a, = 3. The first term is 3. The second term is r 


bots 3 
Therefore, the common ratio is r = i Thus 


3[1 — (3/4)"7] 


Si7 = 


@ Try Exercise 40, page 870 


Infinite Geometric Series 


Following are two examples of geometric sequences for which |r| < 1. 


3 3 3 3 3 
3 


"4 16’ 64’ 256’ 1024’"*” 


1 141 1 


1 — (3/4) 


2; 1; > 29? 5) gees 
2 48 16 32 


Note that when the absolute value of the common ratio of a geometric sequence is less than 1, 
the terms of the geometric sequence approach zero as n increases. We write, for |r| < 1, 


|r|" >0asn— ~, 
Consider again the geometric sequence 


2.9, 3: 


= 11.909797 


4’ 16’ 64’ 256’ 1024’ * 


The nth partial sums for n = 3, 6,9, and 12 are given in Table 11.1, along with the values 
of r”. As n increases, S,, is closer to 4 and r” is closer to zero. By finding more values of 
S,, for larger values of n, we would find that S,, — 4 as n — oo. As n becomes larger S,, is 
the nth partial sum of ever more terms of the sequence. The sum of al/ the terms of a 
sequence is called an infinite series. If the sequence is a geometric sequence, we have an 


infinite geometric series. 


Table 11.1 
n Sn Ta 
3 3.93750000 0.01562500 
6 3.99902344 0.00024414 
9 3.99998474 0.00000381 
12 3.99999976 0.00000006 


If a, is a geometric sequence with |r| < 1 and first term aj, then the sum of the 
infinite geometric series is 


Caution 

The sum of an infinite geometric 

series is not defined when 

|r| = 1. For instance, the infinite 

geometric series 
2+44+84+---+27+.--- 

with r= 2 increases without 

bound. However, applying the 


formula S$ = with r= 2and 


a, = 2 gives S = —2, which is not 
correct. 
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A formal proof of this formula requires topics that typically are studied in calculus. We 
can, however, give an intuitive argument. Start with the formula for the nth partial sum of 
a geometric sequence. 


a(1 _ r”) 
L=#% 


Sn = 


When |r| < 1, |r|" ~ 0 when 7 is large. Thus 


a,(1 _ r") me a,(1 _ 0) ay 


| ee a 


S, = 
| ea a l-r 


An infinite series is represented by ~ Ap. 
n=1 


EXAMPLE 4 Find the Sum of an Infinite Geometric Series 
[oe] n-1 
Evaluate the infinite geometric series ¥ (- =) : 
n=1 
Solution 
n—-1 
The general term is a, = |— 3 . To find the first term, let n = 1. Then 
a= 2" 2 
ay ( =) ( *) 1. The common ratio is r = — 3" 
s=— 
l-r 
1 1 1 .3 
S= = a2 2 
( =) 5 65 
L=|-= 1+>-> = 
3 3 
@ Try Exercise 48, page 870 
Consider the repeating decimal 
Se a ae 
10 100 1000 ~~ 10,000 


: eee . i ; 6 . 1 
The right-hand side is a geometric series with a; = 10 and common ratio r = i0° 


Thus 


6/10 6/10 2 
~ 1-(1/10) 9/10 3 


: : ~~ 2 : : : : : 
The repeating decimal 0.6 = 3" We can write any repeating decimal as a ratio of two inte- 


gers by using the formula for the sum of an infinite geometric series. 
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EXAMPLE 5 Write a Repeating Decimal as the Ratio of Two 
Integers in Simplest Form 


Write 0.345 as the ratio of two integers in simplest form. 


Solution 


a 45 45 45 
0.345 =— + # a raen 
10 ° | 1000 ° 100,000 ~ 10,000,000 


The terms in the brackets form an infinite geometric series. Evaluate that series with 


45 1 3 
= = th the t —, 
ay 1000 and r 100° and then add the term 10 
45 45 45 45/1000 1 
a + pees = 
1000 ~=100,000 ~—_10,000,000 1— (1/100) 22 
—_ 1 l 
Thus 0.345 = : + = = 
10 22 £55 


Try Exercise 62, page 870 


® Applications of Geometric Sequences and Series 


Ordinary Annuities 


In an earlier chapter, we discussed compound interest by using exponential functions. As 
an extension of this idea, suppose that, for each of the next 5 years, P dollars are deposited 
on December 31 into an account earning i% annual interest compounded annually. Using 
the compound interest formula, we can find the total value of all the deposits. Table 11.2 
shows the growth of the investment. 


Table 11.2 
1 P(1+i)* Value of first deposit after 4 years 
2 P(1+i)> Value of second deposit after 3 years 
3 P(1+i)? Value of third deposit after 2 years 
4 P(i +i) Value of fourth deposit after 1 year 
5 P Value of fifth deposit 


The total value of the investment after the last deposit, called the future value of the 
investment, is the sum of the values of all the deposits. 


A=P+P(1+)+P0+i°+P1+ip+P0+i 


This is a geometric series with first term P and common ratio | + i. Thus, using the for- 
mula for the nth partial sum of a geometric sequence, 


_ ay(1 —r ) 
l-?r 
we have 
Pp Pil-da+a)] Plat+ad- 1] 
1-(+a/ i 

Deposits of equal amounts at equal intervals of time are called annuities. When the 
amounts are deposited at the end of a compounding period (as in our example), we have 
an ordinary annuity. 


Note 


Remember that the sum of an 
infinite geometric series for which 


a 

Ir| < 1 is 1 : r For the infinite 
DU + 

series at the right, a, = —— 


1+g 
and r = ———.. Therefore, 
1+i 
DCI + g) 


a Tt+i DU + g) 


i-g 


=F (72) 
1- : 
1+i 
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Future Value of an Ordinary Annuity 


I : . : 
Let r = — and m = nt, where j is the annual interest rate, n is the number of 
n 


compounding periods per year, and ¢ is the number of years. Then the future value 
A of an ordinary annuity after m compounding periods is given by 


co Pi +r)" - 1] 


r 


where P is the amount of each deposit. 


EXAMPLE 6 _ Find the Future Value of an Ordinary Annuity 


An employee savings plan allows any employee to deposit $25 at the end of each 
month into a savings account earning 6% annual interest compounded monthly. Find 
the future value of this savings plan if an employee makes the deposits for 10 years. 


Solution 
We are given P = 25, i = 0.06, = 12, and ¢ = 10. Thus 
peta 900s and wens GS WE 
n 12 
25[(1 + 0.005)!7° — 1] 
A= ane ~ 4096.9837 


The future value after 10 years is $4096.98. 
# Try Exercise 70, page 870 


There are many applications of infinite geometric series to the area of finance. Two 
such applications are stock valuation and the multiplier effect. 


Stock Valuation 


The Gordon model of stock valuation, named after Myron Gordon, is used to determine 
the value of a stock whose dividend is expected to increase by the same percentage each 
year. The value of the stock is given by 


Stock value = >! D 


n=1 


g<i 


(; “sy _ DU + g) 
lt+i i= g ° 
where D is the dividend of the stock when it is purchased, g is the expected percent 
growth rate of the dividend, and 7 is the growth rate the investor requires. An example of 
stock valuation is given in Example 7. 


EXAMPLE 7 _ Find the Value of a Stock 


Suppose a stock is paying a dividend of $1.50 and it is estimated that the dividend will 
increase 10% per year. The investor requires a 15% return on an investment. Using the 
Gordon model of stock valuation, determine the price per share the investor should pay 
for the stock. 


(continued ) 
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Note 


The amount that consumers will 
spend is referred to by economists 
as the marginal propensity to con- 
sume. For the example at the 
right, the marginal propensity to 
consume is 75%. 


Solution 
Substitute the given values into the Gordon model. 
DQ + 
Stock value = DU F 8) 
1 § 
1.50(1 + 0.10) 
= «D = 1.50, g = 0.10, i = 0.15 
0.15 — 0.10 
= 33 


The investor should pay $33 per share for the stock. 
@ Try Exercise 76, page 870 


If the dividend of a stock does not grow but remains constant, then the formula for the 
stock value is 
— D D 


Stock value (no dividend growth) = >) 7 ee 
1 1 


n=1 
where D is the dividend and / is the investor’s required rate of return. For instance, to find 
the value of a stock whose dividend is $2.33 and from which an investor requires a 20% 
rate of return, use the formula above with D = 2.33 andi = 0.20. 


D 
Stock value (no dividend growth) = — 
1 


= 23 = 1165 
0.20 ; 


The investor should pay $11.65 for each share of stock. 
The Multiplier Effect 


A phenomenon called the multiplier effect can occur in certain economic situations. We 
will examine this effect when applied to a reduction in income taxes. 

Suppose the federal government enacts a tax reduction of $5 billion. Suppose also that 
an economist estimates that each person receiving a share of this reduction will spend 75% 
and save 25%. This means that 75% of $5 billion, or $3.75 billion (0.75*5 = 3.75), will 
be spent. The amount that is spent becomes income for other people, who in turn spend 
75% of that amount, or $2.8125 billion (0.75+3.75 = 2.8125). This money becomes 
income for other people, and so on. This process is illustrated in the table below. 


Amount Available New Amount 
to Spend | Amount Spent ___ Available to Spend 
$5 billion 0.75(5) = 3.75 $3.75 billion 
$3.75 billion 0.75(3.75) = 0.75[0.75(5)] $2.8125 billion 
= (0.75)°(5) 
= 2.8125 
$2.8125 billion 0.75(2.8125) = 0.75[(0.75)?5] $2.109375 billion 
= (0.75)°(5) 
= 2.109375 
$2.109375 billion 0.75(2.109375) = 0.75[(0.75)°5] $1.58203125 billion 
= (0.75)*(5) 


= 1.58203125 
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Note that the values in the middle column form a geometric sequence. The net effect 
of all the spending is found by summing an infinite geometric series. 


5 + 0.75(5) + (0.75)°(5) + «++ + (0.75) (5) + + 


> 5(0.75)"! 
n=1 


5 


——_ =2 
i-0% 


This means that the original tax cut of $5 billion results in actual spending of $20 billion. 
Some economists believe this is good for economic growth; others see it as contributing to 
inflation and therefore bad for the economy. 


EXERCISE SET 11.3 


In Exercises 1 to 20, find the nth term of the geometric 


sequence. 
1. 2,8,32,... 2. 1,5,25,... 
3. —4, 12, -36,... 4. —3,6,—-12, 
5. 6 ae m6. 8 ras 
> ages . ° 99°" 
7. —6,5 = 8. —2,— = 
i > > 6°. 5 LJ 9’ 
9. 9,-3,1 10 ee 
bel % > b 3 * 9 3°9”° 
11. 1,-x,x?,... 12. 2,2a,2a’,... 
13. 0,08... 14, —x?,x4, -x%, 
3 3 3 
15. 


20. 


100’ 10,000’ 1,000,000’ ** 


7 7 7 
10’ 10,000’ 10,000,000’ ”* 


0.5, 0.05, 0.005,... 
0.4, 0.004, 0.00004, . . . 
0.45, 0.0045, 0.000045, ... 


0.234, 0.000234, 0.000000234,... 


In Exercises 21 to 24, find the requested term of the 
geometric sequence. 


21. 


The third term of a geometric sequence whose first term is 2 
and whose fifth term is 162 


22. 


23. 


24. 


The fourth term of a geometric sequence whose third term is | 


1 
and whose eighth term is 3D 


The second term of a geometric sequence whose third term is 


4 32 
> and whi ixth t is — — 
3 and whose sixth term is —— 


8 
The fifth term of a geometric sequence whose fourth term is 5 


64 
d wh th t is —— 
and whose seventh term is 57, 


In Exercises 25 to 36, determine whether the sequence is 
arithmetic, geometric, or neither. 


25. 


27. 


29. 


31. 


33. 


35. 


1 26 n 
a, = > + An = ah 
n? 3 
a, = 2n-—7 28. a, = 5 — 3n 
6 n-1 
ay = - 30. a, = 0.23 
5 
== 32 =e" 
Ay = 5m a =e 
—])" 
Ay, = —3n 34. a, = CD 
n 
30 n! 
n= m36. a4, =—, 
- 2 be n" 


In Exercises 37 to 46, find the sum of the finite geometric 
series. 


37. 


5 
pS 3" 
n=1 
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41. 


43. 


45. 
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8 Oo n 7 l n 
> ;) ae: (5) 


10 7 
Si * 44. >} 2(5)" 
n=1 n=0 

9 10 

» say 46. >, 2-4)" 
n=0 n=0 


In Exercises 47 to 56, find the sum of the infinite 
geometric series. 


49. 


51. 


53. 


55. 


C3) 0 35) 


> (6) 2. (5) 


Soy 54. >} (0.5)" 
n=1 n=1 

> 0.4)” 56. > (-0.8)” 
n=0 n=0 


In Exercises 57 to 68, write each rational number as the 
ratio of two integers in simplest form. 


37. 


61. 


65. 


69. 


270. 


71. 


0.3 58. 0.5 59. 0.45 60. 0.63 
0.123 m62. 0.395 63. 0.422 64. 0.355 
0.254 66. 0.372 67. 1.2084 68. 2.2590 


Future Value of an Annuity Find the future value of an ordi- 
nary annuity that calls for depositing $100 at the end of every 
6 months for 8 years into an account that earns 9% interest 
compounded semiannually. 


Future Value of an Annuity To save for the replacement of a 
computer, a business deposits $250 at the end of each month 
into an account that earns 8% annual interest compounded 
monthly. Find the future value of the ordinary annuity in 4 years. 


Prosperity Club In 1935, the “Prosperity Club” chain letter 
was started. A letter listing the names and addresses of six peo- 
ple was sent to five other people, who were asked to send $0.10 
to the name at the top of the list and then remove that person’s 


72. 


73. 


74. 


75. 


076. 


77. 


name. Each recipient then added his or her name to the bottom 
of the list and sent the letter to five friends. Assuming no one 
broke the chain, how much money would each recipient of the 
letter receive? 


Prosperity Club The population of the United States in 1935 
was approximately 127 million people. Assuming no one broke 
the chain in the Prosperity Club chain letter (see Exercise 71) 
and no one received more than one letter, how many levels 
would it take before the entire population received a letter? 


Medicine The concentration (in milligrams per liter) of an 
antibiotic in the blood is given by the geometric series 


A+ Ae + Aer 4... 4 Aer Dk 


where A is the number of milligrams in one dose of the antibi- 
otic, is the number of doses, ¢ is the time between doses, and 
k is a constant that depends on how quickly the body metabo- 
lizes the antibiotic. Suppose one dose of an antibiotic increases 
the blood level of the antibiotic by 0.5 milligram per liter. If the 
antibiotic is given every 4 hours and k = —0.867, find the con- 
centration, to the nearest hundredth, of the antibiotic just 
before the fifth dose. 


Medicine To treat some diseases, a patient must have a cer- 
tain concentration of a medication in the blood for an extended 
period. In such a case, the amount of medication in the blood 
can be approximated by the infinite geometric series 


A+ Ae + Ae +--+. + Ae DH 4... 


where A is the number of milligrams in one dose of the med- 
ication, ¢ is the time between doses, and & is a constant that 
depends on how quickly the body metabolizes the medication. 
If the medication is given every 12 hours, A = —0.25, and the 
required concentration of medication is 2 milligrams per liter, 
find the amount of the dosage. Round your result to the near- 
est hundredth of a milligram. (Suggestion: Solve the equation 
A+ AeM + Ae*™ 4 + Ae DH 4... = 2 for A.) 


Gordon Model of Stock Valuation Suppose Myna Alton 
purchases a stock for $67 per share that pays a divided of 
$1.32. If Myna requires a 20% return on her investment, use 
the Gordon model of stock valuation to determine the dividend 
growth rate Myna expects. 


Gordon Model of Stock Valuation Use the Gordon model 
of stock valuation to determine the price per share the manager 
of a mutual fund should pay for a stock whose dividend is 
$1.87 and whose dividend growth rate is 15% if the manager 
requires a 20% rate of return on the investment. 


Gordon Model of Stock Valuation Suppose that a stock 
is paying a constant dividend of $2.94 and that an investor 
wants to receive a 15% return on his investment. What price 
per share should the investor pay for the stock? 


78. Gordon Model of Stock Valuation Suppose that a stock is 


paying a constant dividend of $3.24 and that an investor pays 
$16.00 for one share of the stock. What rate of return does the 
investor expect? 


Stock Valuation Explain why g must be less than i in 


” of 
the Gordon model of stock valuation. (See page 867.) 


80. Multiplier Effect Sometimes a city will argue that having a 


81. 


professional sports franchise in the city will contribute to eco- 
nomic growth. The rationale for this statement is based on the 
multiplier effect. Suppose a city estimates that a professional 
sports franchise will create $50 million of additional income and 
that a person receiving a portion of this money will spend 90% 
and save 10%. Assuming the multiplier effect model is accurate, 
what is the net effect of the $50 million? (See pages 868-869.) 


Multiplier Effect Suppose a city estimates that a new conven- 
tion facility will bring $25 million of additional income. If 
each person receiving a portion of this money spends 75% and 
saves 25%, what is the net effect of the $25 million? (See pages 
868-869.) 


82. Counterfeit Money Circulation Suppose that $500,000 of 


Extended Principle of 


. Find the fourth and eighth terms of the sequence given by a, = = 


counterfeit money is currently in circulation and that each time 


a 
. Find the third and fifth terms of the sequence given by a; = —3, 
a, = —2ay-1.- 
5 (—1)1 
. Evaluate: pS ( : 


k=1 


Find the 20th term of the arithmetic sequence whose first 3 
terms are 1, 4, 7. 


83. 


5: 


8. 
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the counterfeit money is used, 40% of it is detected and 
removed from circulation. How much counterfeit money, to the 
nearest thousand dollars, is used in transactions before all of it 
is removed from circulation? This problem represents another 
application of the multiplier effect. (See pages 868-869.) 


Genealogy Some people can trace their ancestry back 10 gen- 
erations, which means two parents, four grandparents, eight 
great-grandparents, and so on. How many grandparents does 
such a family tree include? 


Parents ey) 


Grandparents 5), 


Great- 
Grandparents 


7 ey 
QD 
.s 
KD 


MID-CHAPTER 11 QUIZ 


Find the sum of the first 25 terms of the arithmetic sequence 
whose nth term is a, = 5 — n. 


Find the mth term of the geometric sequence whose first three 
8 


terms are —2, —, : 
3° 9 


Find the sum of the first eight terms of the geometric sequence 
whose nth term is a, = (—3)". 


Write 0.43 as the ratio of two integers in simplest form. 


Induction 


Mathematical Induction on page A75. 


PS1. Show that ~~ 


SECTION 11.4 Mathematical Induction 


Principle of Mathematical PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 


n 


A iit 1) nti 


when n = 4. [11.1] 


PS2. Write k(k + 1)(2k + 1) + 6(k + 1) asa product of linear factors. [P.4] 


PS3. Simplify: 


a 
k+1 + beta 


P5] 
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Table 11.3 
[ieecner oneal 
1 41 prime 
2 43 prime 
3 47 prime 
4 53 prime 
5 61 prime 


PS4. What is the smallest natural number for which n* > 2n + 1? [P.1] 


n(n + 1) 


PS5. Leta, = nand5S, = . Write S,, + a,+1 in simplest form. [P.3/11.1] 


PS6. Let a, = 2" and S, = 2"*! — 2. Show that S, + ay,4) = 2(2"*!— 1). [P.2/11.1] 


Consider the sequence 


1 1 1 1 
1°2°2+3°3-47° n(n + 1)? 


and its sequence of partial sums, as shown below. 


1 1 
{= —S = = 
isn 3 
js Ng 
a ae” S65 3 
ee ee ree ee 
a [sd 9” Bh 
1 1 1 1 4 
Sy = + + + = 
12° 259 Faq” a5 § 


Question * What does the pattern above suggest for the value of S;? 


This pattern suggests the conjecture that 


1 1 1 1 
5, = + + five $ = 
1-2 2+3 3-4 nn+1) n+1 


3 


How can we be sure that the pattern does not break down when n = 50, n = 2000, or 
some other large number? As we will show, this conjecture is true for all values of n. 

As a second example, consider the conjecture that the expression n? — n + 41 is a 
prime number for all positive integers n. To test this conjecture, we will try various values 
of n. See Table 11.3. The results suggest that the conjecture is true. But again, how can we 
be sure? In fact, this conjecture is false when n = 41. In that case we have 


n—n+ 41 = (41 — 41 4+ 41 = (417 


and (41) is not a prime. 

The last example illustrates that just verifying a conjecture for a few values of n does 
not constitute a proof of the conjecture. To prove theorems about statements involving pos- 
itive integers, a process called mathematical induction is used. This process is based on an 
axiom called the induction axiom. 


Answer @ Ss = = 
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Induction Axiom 


Suppose S is a set of positive integers with the following two properties: 


1. 1 is an element of S. 
2. If the positive integer k is in S, then k + 1 isin S. 


Then S contains all positive integers. 


Part 2 of this axiom states that if some positive integer—say, 8—is in S, then 8 + 1, or 
9, is in S. But because 9 is in S, Part 2 says that 9 + 1, or 10, is in S, and so on. Part | states 
that 1 is in S. Thus 2 is in S; thus 3 is in S; thus 4 is in S; and so on. Therefore, all positive 
integers are in S. 


® Principle of Mathematical Induction 


The induction axiom is used to prove the Principle of Mathematical Induction. 


Principle of Mathematical Induction 


Let P,, be a statement about a positive integer n. If 
1. P; is true and 


2. the truth of P; implies the truth of P;+, 


then P,, is true for all positive integers. 


In a proof that uses the Principle of Mathematical Induction, the first part of 
Step 2, the truth of P,, is referred to as the induction hypothesis. When applying this 
step, we assume that the statement P, is true (the induction hypothesis), and then we try 
to prove that P;+, 1s also true. 

As an example, we will prove that the first conjecture we made in this section is true 
for all positive integers. Every induction proof has the two distinct parts stated in the 
Principle of Mathematical Induction. First, we show that the result is true for n = 1. 
Second, we assume that the statement is true for some positive integer k and, using that 
assumption, we prove that the statement is true for = k + 1. 

Prove that 


1 1 1 1 n 
+ + foe + = 
1-2 2-3 ° 3+4 nnt+1) nt+1 


for all positive integers n. 
Proof 
1. Forn = 1, 


a a | n 1 1 
(+1 2 


5} 


The statement is true forn = 1. 
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2. Assume the statement is true for some positive integer k. 


1 1 1 1 k 
= + + Ao Sage 2E = 
1-2 2+3° 3:4 Kk+1) k+1 


Si * Induction hypothesis 


Now verify that the formula is true when n = k + 1. That is, verify that 


k+1 kt] 
k+1+1 E+2 


Sr+1 * This is the goal of the induction proof. 


It is helpful, when proving a theorem about sums, to note that 
Siri = Sp + age 


1 1 
mane iy! 6 TED 


Begin by noting that because a, = 


Seep = Se Apa 

_ k 1 ¢ By the induction hypothesis 

k+ 1 (K+ 1)(k + 2) and substituting for a;,.; 
k(k + 2) 1 

(A+ 1(kK+ 2) (e+ 1k + 2) 
kk +2) +1 P+2k+1 (k + 1P 

 (k+WE+2) (K+ DKE+2) (K+ DKF 2) 

ha 

k+1 k+2 


Because we have verified the two parts of the Principle of Mathematical Induction, we can 
conclude that the statement is true for all positive integers. Sd 


EXAMPLE 1 Prove a Statement by Mathematical Induction 


n(n + 1)(2n + 1) 


Prove that 17+ 27+ 3° + .--- +n = r for all positive integers n. 
Solution 

Verify the two parts of the Principle of Mathematical Induction. 

1. Letn = 1. 


nat+I2nt+1) 10+ DQ-1+1)_ 6_ 


S= f= 1 and 
6 6 6 


2. Assume the statement is true for some positive integer k. 
k(k + 1)(2k + 1) 
7 6 


Sp = P+274+34--4+% ¢ Induction hypothesis 


Verify that the statement is true when n = k + 1. Show that 


(k + 1(k + 2)(2k + 3) 
k+1 ~~ 6 


Because a, = n”, ay4) = (k + 1). 
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Siti = Sk + ay+1 
_ Kk + Qk + 1) 
6 
_ + DCR+D | 6+ 1? _ ME + RK + 1) + OE + IF 
6 6 6 
(e+ DKQk+ D+ 6E+)]) + DO + 7k +6) 
7 6 7 6 
(k + 1k + 2)2k + 3) 
6 


+ (k+1/ 


k+1 ~~ 


By the Principle of Mathematical Induction, the statement is true for all positive 
integers. 


@ Try Exercise 8, page 877 


Mathematical induction can also be used to prove statements about sequences, prod- 
ucts, and inequalities. 


EXAMPLE 2 Prove a Product Formula by Mathematical Induction 


1 1 1 1 “ps 
Prove that ( + ‘(1 + alt + (i + ) =n + | for all positive 
n 


integers n. 


Solution 
1. Verify forn = |. 


1 
(1+2)=2 and 1+ 1=2 


2. Assume the statement is true for some positive integer k. 


1 1 1 1 
P= ( F “)(1 + x)(1 + r)e-(1 + i) =k+1 + Induction hypothesis 


Verify that the statement is true when n = k + 1. That is, prove that 
P kal = k+ 2. 


eae ( . iC i alt : yet “iC 7 e 1) 


1 1 
=P 1+—)=(+ Dl 1+——)=e4+141 
»,( 4) ( i( a) : 


Puy =kt+2 


By the Principle of Mathematical Induction, the statement is true for all positive 
integers. 


Try Exercise 12, page 877 
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EXAMPLE 3 Prove an Inequality by Mathematical Induction 


Prove that | + 2n = 3” for all positive integers n. 


Solution 
1. Letn = 1. Then 1 + 2(1) = 3 S 3!. The statement is true when n is 1. 


2. Assume the statement is true for some positive integer k. 
1+ 2k = 3* * Induction hypothesis 


Now prove that the statement is true forn = k + 1. That is, prove that 
1+ 2k +1) s 3"! 


3h+1 = 34(3) 
= (1 + 24)(3) * Because, by the induction hypothesis, 
1+2k S 2k 
= 6k + 3 
>2k+2+4+ 1 * 6k > 2k and3=2+ 1 
=2(k+1)+1 


Thus 1 + 2(k + 1) = 3**1, 


By the Principle of Mathematical Induction, 1 + 2m =< 3” for all positive integers. 


@ Try Exercise 16, page 877 


l™ Extended Principle of Mathematical Induction 


The Principle of Mathematical Induction can be extended to cases in which the beginning 
index is greater than 1. 


Extended Principle of Mathematical Induction 


Let P,, be a statement about a positive integer n. If 


1. P; is true for some positive integer j and 


2. for k = 7 the truth of P; implies the truth of P;,+1 


then P, is true for all positive integers n = /. 


EXAMPLE 4 _ Prove an Inequality by Mathematical Induction 


For all integers n = 3, prove that n’ > 2n + 1. 


Solution 
1. Letn = 3. Then 3? = 9 and 2(3) + 1 = 7. Thus n* > 2n + 1 forn = 3. 


2. Assume the statement is true for some positive integer k = 3. 
> 2k+1 * Induction hypothesis 
Verify that the statement is true when n = k + 1. That is, show that 
(K+ 1P > %k+1I+1=2k4+3 


(K+ 1P =h +2k4+1 


Thus (k + 1)° > 2k + 3. 
By the Extended Principle of Mathematical Induction, n? > 2n + 1 for all n = 3. 


@ Try Exercise 20, page 877 


> (2+ 1+ 2k+1 * Induction hypothesis 
>2k+1+1+1 ©2k>1 
= 2k + 3 
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EXERCISE SET 11.4 


In Exercises 1 to 12, use mathematical induction to prove 


each statement for all positive integers n. 


n(i3n — 1 
To1+44+74+ 0+ +3n ( ) 
2 
2,.2+4+6 2n = n(n + 1) 
m(n + 1) 
3. 1+8+ 274 + ne ( ) 
4 
4.2+4+84 + 2" = 2(2" — 1) 
Ss 3+ 7411 4n — 1 = n(2n + 1) 
33" -— 1 
6.3 +9427 3” ( ) 
2 
7. 1 +27 + 125 + +++ + Qn — 1) = n°(2n? - 1) 
n(n + 1)\(n + 2 
m8.24+6+12+-- +nn4 1) ( / ) 
Sie 1, 1 n 
ee ee (QQn—1)2n+1) 2n+1 
re ee ee 1 n 
"254 4:6) 6:8 2n(Q2n +2) 4(n + 1) 
n(n + 1)(2n + 1)Bn? + 3n - 1 
11. 14+16+ 814+ ---4+n' ( X ui ) 


30 


2 (1-0-3) Ca) a 


In Exercises 13 to 20, use mathematical induction to 
prove each inequality. 


3 n 
13. (3) >n-+ 1,n = 4, nis an integer 


A\r 
14. (2) > n,n = 7, nis an integer 


15. If0 < a < 1, show that a”*! < a” for all positive integers n. 
"16. Ifa > 1, show that a”*! > a” for all positive integers n. 
17. 1+2:3+++++n > 2",n = 4, nis an integer 


1 1 1 1 


= Vn, nis a positive integer 


Bt tigt Vi 


19. For a > 0, show that (1 + a)" = 1+ na for all positive 
integers n. 


#20. logn < n for all positive integers n (Hint: Because log x is an 
increasing function, log(n + 1) = log(n + n).) 


In Exercises 21 to 30, use mathematical induction to 
prove each statement. 


21. 2 isa factor of n* + n for all positive integers n. 
22. 3 is a factor of n* — n for all positive integers n. 


23. 4 isa factor of 5” — 1 for all positive integers n. 
Hints) = 1 = 5:5 = 5 +4 


24. 5 is a factor of 6” — 1 for all positive integers n. 


25. (xy)” = x"y” for all positive integers n. 
La ne 
26. (=) = —; for all positive integers n. 
¥ 


27. For a # b, show that (a — b) is a factor of a” — b”, where n 
is a positive integer. 
Hint: a**! — b**! = (a+a* — ab*) + (ab* — b+ b*) 
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28. For a # —b, show that (a + b) is a factor of a?”"*! + b?"*1, ad 1 ae 
ee See (a ) a eee 34. Prove that py — = 3 — — for all positive integers n. 
where n is a positive integer. Hint: Gil n 
akt3 4+ pekt3 = (ak? 4+ V4 4+ b) = ab(ae**! 4+ pth 
nt+1\" 
n a(1 — r”) 35. Prove that (7+) < 3 for all integers n = 3. 
29. Sar = pig ot #1, n 
k=1 > 
36. Steps in a Proof by Mathematical Induction In every proof 
n n[(n + l)a + 26] by mathematical induction, it is important that both parts of the 
30. » (ak + b) = 2 Principle of Mathematical Induction be verified. For instance, 
= consider the formula 
1 1 1 1 as lee 
In Exercises 31 to 35, use mathematical induction to 2444 8+ 0-4 2"= 2" 41 
prove each statement. a. Show that if we assume the formula is true for some posi- 


31. es Using a calculator, find the smallest integer N for which 
* log N! > N. Now prove that log n! > n for alln > N. 


32. Let a, be a sequence for which there is a number r and an 


: » 4 Ant 

integer N for which —" < r forn = N. Show that 
an 

dyin < ayr* for each positive integer k. 


d. 


33. For constant positive integers m and n, show that (x”)” = x'””. 


SECTION 11.5 Binomial Theorem 


Binomial Theorem 


; : ; 2 PREPARE FOR THIS SECTION 
ith Term of a Binomial Expansion 


Pascal’s Triangle on page A75. 

PS1. Expand: (a + 5) [P3] 

PS2. Evaluate: 5! [11.1] 

PS3. Evaluate: 0! [11.1] 
n! 

PS4. Evaluate ho=m when n 
n! 

PS5. Evaluate HG=m when n 
n! 

PS6. Evaluate — pl when n 


tive integer k then the formula is true for k + 1. 


. Show that the formula is not true forn = 1. 


Show that the formula is not valid for any value of n by 
showing that the left side is always an even number and the 
right side is always an odd number. 


Explain how this shows that both steps of the Principle 
of Mathematical Induction must be verified. 


Prepare for this section by completing the following exercises. The answers can be found 


= 6andk = 2. [11.1] 


= 7andk = 3. [11.1] 


= 10 andk = 10. [11.1] 


® Binomial Theorem 


In certain situations in mathematics, it is necessary to write (a + b)”" as the sum of its 

terms. Because (a + b) is a binomial, this process is called expanding the binomial. For 

small values of n, it is relatively easy to write the expansion by using multiplication. 
Earlier in the text we found that 


(a + b)! 
(a + by 
(a + by 


=at+hb 
=a+2ab+ bh 
= @ + 3a°b + 3ab? + bP 
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Building on these expansions, we can write a few more. 

(a + b)* = at + 4a°b + 6a*b? + 4ab> + b* 

(a + bY = a + 5a‘b + 10a°b" + 10a7b> + 5ab* + bP 
We could continue to build on previous expansions and eventually have quite a compre- 
hensive list of binomial expansions. Instead, however, we will look for a theorem that will 
enable us to expand (a + b)” directly, without multiplying. 


Look at the variable parts of each expansion above. Note that for eachn = 1, 2,3, 4,5, 
the following statements are true. 


u The first term is a”. The exponent on a decreases by 1 for each successive term. 
= The exponent on 5 increases by | for each successive term. The last term is b”. 
= The degree of each term is n. 


Question ¢ What is the degree of the fourth term in the expansion of (a + py! 2 


To find a pattern for the coefficients in each expansion of (a + b)", first note that 
there are n + | terms and that the coefficient of the first and last term is 1. To find the 
remaining coefficients, consider the expansion of (a + b)°. 

(a + by = a> + Sa*b + 10a*b? + 10a7b* + Sab* + b° 
5 5:°4 5°4-3 _ 5+4°3-+2 | 
1 21 3-2+1 4+3+2-1 


Observe from these patterns that there is a strong relationship to factorials. In fact, we can 
express each coefficient by using factorial notation. 


5! 5! 5! 5! 


14! aan 8 8 ar 


In each denominator, the first factorial is the exponent on 5, and the second factorial is the 
exponent on a. 


In general, we will conjecture that the coefficient of the term a” “b* 


in the expansion 


Hy 
k!(n — k)! = 
binomial coefficient and is denoted by ( a) 


of (a + b)” is . Each coefficient of a term of a binomial expansion is called a 


Formula for a Binomial Coefficient 


In the expansion of (a + 5)", n a positive integer, the coefficient of the term whose 
variable part is a” *b* is 


n!} 


~ k(n — Bl! 


The first term of the expansion of (a + 5)" can be thought of as a"b”. In this case, we can 
calculate the coefficient of this term as 


(")- n!| — nt =| 
0 O!(m — O)! len! 


Answer ® |1 
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EXAMPLE 1 Evaluate a Binomial Coefficient 


(i) 


9 
Evaluate each binomial coefficient. a. ( ) 


6 
Solution 
- a. 9! = 9! ae 
6 6199 — 6)! 6l3! = 61-3 -°2°1 
4) = ~ = au =] * Remember that 0! = 1. 
10 10!(10 — 10)! 10! 0! 


@ Try Exercise 4, page 882 


We are now ready to state the Binomial Theorem for positive integers. 


Binomial Theorem for Positive Integers 


If 1 is a positive integer, then 


(a+ by'= > ("arn 


i=0 \! 


n n n n 
ny n-1 4+ n=2732 es cee ae ( ) n 
(o)e (i). : (3) : se 


EXAMPLES 


hapa a et Par are) ey 
(x + 4) (° + eo ayer = : (4)° + i (4)° + : (4) 


x + 20x* + 160x? + 640x? + 1280x + 1024 


xo ate (ches (Deca + G)ecars )acar (ear 
e-2) (° + (Jha + rea? + (2k + CC 


= x* — 8x3 + 24x? — 32x + 16 


EXAMPLE 2 Expand a Sum of Two Terms 


Expand: (2x? + 3)4 


Solution 
Use the Binomial Theorem with a = 2x”, b = 3, andn = 4. 


(2x7 + 3)4 = (‘Jax + (Jerre + @leaxc, + (Jere + ae 


= 16x® + 96x + 216x* + 216x* + 81 


@ Try Exercise 22, page 882 


Note 


If exactly one of the terms a or b 
in (a + b)" is negative, then the 

terms of the expansion alternate 
in sign. 


Note 


The exponent on b is 1 /ess than 
the term number. 
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EXAMPLE 3_ Expand a Difference of Two Terms 


Expand: (Vx = 2y)° 


Solution 
Use the Binomial Theorem with a = Vx, b = —2y, andn = 5. 


(ve - 2° = (Seva + (eva'ean + Cevaeay 


5 3 P) 5 
+ C\iwa (—2y) + (BJevara' + (2-20 
= x9? — 10x?y + 40x27)? — 80xy? + 80x!7)4 — 32y° 


@ Try Exercise 28, page 882 


lM ith Term of a Binomial Expansion 


The Binomial Theorem also can be used to find a specific term in the expansion of 
(a + by’. 


Formula for the ith Term of a Binomial Expansion 


The ith term of the expansion of (a + b)” is given by 


n n-itl1pi-1 
b 
(, = Je 


EXAMPLE 4 Find the ith Term of a Binomial Expansion 


Find the fourth term in the expansion of (2x? — 3y’)°. 


Solution 
Use the preceding theorem with a = b= —3y*, i= 4,andn=5. 


5 
@leaiera = —1080x°y° 


The fourth term is —1080x°y®. 


Try Exercise 38, page 882 


® Pascal's Triangle 


A pattern for the coefficients of the terms of an expanded binomial can be found by writ- 
ing the coefficients in a triangular array known as Pascal’s Triangle. See Figure 11.1 on 
page 882. 
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Note 


If Pascal’s Triangle is written as 
shown below, each sum of a diag- 
onal is a term of the Fibonacci 
sequence. 


ZB 


6 4 #1 
5 5 10 10 5 1 


8 


(a + b)!: 
(a + by: 
(a + by’: 
(a + b)*: 
(a + b)°: 
(a + b)°: 


Each row begins and ends with the number |. Any other number in a row is the sum 
of the two closest numbers above it. For example, 4 + 6 = 10. Thus each succeeding row 
can be found from the preceding row. 


1 2 1 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 5 1 
6 15 20 15 6 1 
Figure 11.1 


Pascal’s Triangle can be used to expand a binomial for small values of n. For instance, 
the seventh row of Pascal’s Triangle is 


Therefore, 


7 21 


35 35 21 7 1 


(a + b)’ = a’ + Ta°b + 21arb? + 35a‘b? + 35a°b* + 21a7b° + Tab® + b!’ 


EXERCISE SET 11.5 


In Exercises 1 to 8, evaluate the binomial coefficient. 


“G2 GQ) GS) 
- (3) ° (3) 7 io) i (3) 


In Exercises 9 to 32, expand the binomial. 


9. (x + yy 10. (x + y)’ 11. (a — by! 
12. (a — b)° 13. (x + 5)* 14. (x + 2)° 
15. (a — 3) 16. (a — 2)’ 17. (2x — 1)’ 
18. (2x + y)° 19. (x + 3y)° 20. (x — 4y) 
21. (2x — Sy) 22. (3x + 2y)4 23. (x? — 4)’ 
24. (x — »°)° 25. (2x7 + yp 26. (2x — y’)° 
27. (x + Vy)S 28. (2x - Vy)? 29. 2 = zy 


3 
30. (¢ Fe *) 31. (s-2 + 52/6 32: 
b a 


In Exercises 33 to 40, find the indicated term without 
expanding. 


33. (x — y)"; eighth term 


34. (x + 2y)"; fourth term 


35. (x + 4y)”: third term 36. (2x — 1)"; thirteenth term 


37. (Vx — Vy)’; fifth term 38. (x7? + x!/)!®: sixth term 


b 11 3 13 
39, (¢ 4+ *) ; ninth term 40. @ = *) ; seventh term 
a 


b x 


In Exercises 41 to 48, find the requested term. 


41. Find the term that contains b® in the binomial expansion of 


(2a — by”. 


42. Find the term that contains s’ in the binomial expansion of 


(Br + 2s)’. 


43. Find the term that contains y® in the binomial expansion of 


(2x + y*)®. 


44. Find the term that contains b? in the binomial expansion of 


(a — bY’. 


45. 


46. 


47. 


48. 


5 


Fundamental Counting Principle 
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Find the middle term of the binomial expansion of (3a — 5)!°. In Exercises 49 to 54, use the Binomial Theorem to 
simplify the power of the complex number. 
Find the middle term of the binomial expansion of (a + b*)°. 49. (2 — iy! 50. (3 + 21° 
Find the ene middle terms of the binomial expansion of 51. (1 + 23° 52. (1 — 3i)° 
(s+ sy. 
8 6 
Find the two middle terms of the binomial expansion of 53. (2 ae 2) 54. ( + 2) 
(xl? _ yl2y7, 2 2 2 2 


ECTION 11.6 - Permutations and Combinations 


PREPARE FOR THIS SECTION 


Permutations 


Prepare for this section by completing the following exercises. The answers can be 


Combinations found on page A75. 


PS1. Evaluate: 7! [11.1] 
PS2. Evaluate: (7 — 3)! [11.1] 


PS3. Evaluate (") when n = 7 and k = 1. [11.5] 


PS4. Evaluate & when n = 8 and k = 5. [11.5] 
! 
PS5. Evaluate = when n = 10 and & = 2. [11.1] 
(n — k)! 


PS6. Evaluate 


on = 6andk = 6. [11.1] 
n — : 


® Fundamental Counting Principle 


en S, Suppose that an electronics store offers a three-component stereo system for $250. A buyer 
'"—~ 5 must choose one amplifier, one tuner, and one pair of speakers. If the store has two mod- 

ee s, els of amplifiers, three models of tuners, and two speaker models, how many different 
a s. Stereo systems could a consumer purchase? 

Nt Po) This problem belongs to a class of problems called counting problems. The problem 
5 ae x. 18 to determine the number of ways in which the conditions of the problem can be satis- 

s _ fied. One way to do this is to make a tree diagram using A, and A, for the amplifiers; 7/, 

Ta T>, and T; for the tuners; and S, and S, for the speakers. See Figure 11.2. 

? By counting the possible systems that can be purchased, we find there are 12 differ- 

1 F ent systems. Another way to arrive at this result is to find the product of the numbers of 

ee 2 options available. 


5 
Tr el 
ts S, Number of |, number of |, number of _ number of 
Figure 11.2 es ; — : — 7 sia 


In some states, a standard car license plate consists of a nonzero digit, followed by three 
letters, followed by three more digits. What is the maximum number of car license plates of 
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this type that could be issued? If we begin a list of the possible license plates, it soon 
becomes apparent that listing them all would be time-consuming and impractical. 


1AAA000, 1AAA001, 1AAA002, 1AAA003,... 


Instead, the following counting principle is used. This principle forms the basis for all 
counting problems. 


Fundamental Counting Principle 


Let T;, T>, T;,..., T,, be a sequence of n conditions. Suppose that 7, can occur in 
m, ways, T, can occur in m, ways, 7; can occur in m3 ways, and so on, until finally 
T,, can occur in m, ways. Then the number of ways of satisfying the conditions 

T,, T>, T3,..., T,, in succession is given by the product 


M\My7M3°** My 


Table 11.4 

Nunibenn| To apply the Fundamental Counting Principle to the license plate problem, first find 
Candia | of Ways | the number of ways each condition can be satisfied, as shown in Table 11.4. Thus we have 

| T,: a nonzero digit — m, = 9 | Number of car license plates = 9+ 26° 26°26: 10° 10-10 = 158,184,000 

| T>: a letter Mm, = 26 | : . : . ; 

} Question ° Suppose that a license plate begins with two letters. How many different ways could 

| Ty: a letter | m3 = 26 the license plate begin? 

| T,: a letter m4 = 26 | 

| + i? = ° . ° 

| fain fis = MN EXAMPLE 1 Apply the Fundamental Counting Principle 

| Te: a digit mg = 10 

| = An automobile dealer offers three midsize cars. A customer selecting one of these cars 

| 77: a digit m7 = 10 


must choose one of three different engines, one of five different colors, and one of four 
different interior packages. How many different selections can the customer make? 


Solution 
T,: midsize car m, = 3 T3;: color m3; = 5 
Ty: engine m, = 3 T4: interior m4 = 4 


The number of different selections is 3:3-5:4 = 180. 


@ Try Exercise 12, page 887 


® Permutations 


One application of the Fundamental Counting Principle is to determine the number of 
arrangements of distinct elements in a definite order. 


Definition of a Permutation 


A permutation is an arrangement of distinct objects in a definite order. 


EXAMPLE 
abc and bca are two of the possible permutations of the three letters a, b, and c. 


Answer ® 26 X 26 = 676 
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Consider a race with 10 runners. In how many different orders can the runners finish 
first, second, and third (assuming no ties)? 
Any one of the 10 runners could finish first: m, = 10 
Any one of the remaining 9 runners could be second: =m), = 9 
Any one of the remaining 8 runners could be third: m3; = 8 


Integrating Technology By the Fundamental Counting Principle, there are 10:9+8 = 720 possible first-, second-, 
and third-place finishes for the 10 runners. Using the language of permutations, we would 


Gaines graphing calculators use say, “There are 720 permutations of 10 objects (the runners) taken 3 (the number of pos- 
the notation nPr to represent the sible finishes) at a time.” 
number of permutations of n Permutations occur so frequently in counting problems that a formula, rather than the 
objects taken r at a time. The Fundamental Counting Principle, is often used. 


calculation of the number of 
permutations of 15 objects taken 
4 at a time is shown below. Formula for the Number of Permutations of n Distinct 
Objects Taken r at a Time 


15 nPr uy 
32760 The number of permutations of n distinct objects taken r at a time is 


n! 


P(n,r) = GA 


EXAMPLE 2 Find the Number of Permutations 


In how many ways can a president, a vice president, a secretary, and a treasurer be 
selected from a committee of 15 people? 


Solution 


There are 15 distinct people to place in four positions. Thus n = 15 andr = 4. 


15) 1S! 15+ 14-13-1211! 
(is— 4)! 11! i! 


P(15, 4) = = 32,760 


There are 32,760 ways to select the officers. 


H Try Exercise 16, page 888 


—I a a 
EXAMPLE 3 


Find the Number of Seating Permutations 


Six people attend a movie and sit in the same row containing six seats. 
a. Find the number of ways the group can sit together. 


b. Find the number of ways the group can sit together if two particular people in the 
group must sit side by side. 


c. Find the number of ways the group can sit together if two particular people in the 
group refuse to sit side by side. 


(continued ) 
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Solution 


a. There are six distinct people to place in six distinct positions. Thus n = 6 andr = 6. 
6! 6! 6! 
P(6, 6) = =—=— = 720 
oe) (6— 6)! 0! 1 


There are 720 arrangements of the six people. 


b. Think of the two people who must sit together as a single object and count the num- 
ber of arrangements of the five objects (AB), C, D, E, and F. Thus n = 5 andr = 5. 


5! 5! 5! 
(5-5)! Oo! 1 


There are also 120 arrangements with 4 and B reversed [(BA), C, D, E, F']. Thus 
the total number of arrangements is 120 + 120 = 240. 


P(5,5) = 


c. From a., there are 720 possible seating arrangements. From b., there are 240 arrange- 
ments with two specific people next to each other. Thus there are 720 — 240 = 480 
arrangements in which two specific people are not seated together. 


@ Try Exercise 22, page 888 


®& Combinations 


Up to this point, we have been counting the number of distinct arrangements of objects. In 
some cases, we may be interested in determining the number of ways of selecting objects 
without regard to the order of the selection. For example, suppose we want to select a com- 
mittee of three people from five candidates denoted by 4, B, C, D, and E. One possible 
committee is A, C, D. If we select D, C, A, we still have the same committee because the 
order of the selection is not important. An arrangement of objects in which the order of the 
selection is not important is a combination. 


Formula for the Number of Combinations of n Objects 
Note Taken r at a Time 


Recall that a binomial coefficient The number of combinations of 1 objects taken r at a time is 


is given b @ i | 
ee Ne) FG Ot eA=—" 
which is the same as C(n, 1). ri(n — r)! 


EXAMPLE 4 _ Find the Number of Combinations 


A standard deck of playing cards consists of 52 cards. How many five-card hands can 
be chosen from this deck? 


Solution 

We have n = 52 andr = 5. Thus 
a Integrating Technology C(52,5) = 52! _ 52! _ 52+51+50°49-48-47! _ oo, gen 
Some calculators use the notation S!(52 — 5)! 5147! 5°4+3+2+1-47! 
nCr to represent a combination There are 2,598,960 five-card hands. 


of n objects taken r at a time. m Try Exercise 20, page 888 
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EXAMPLE 5 _ Find the Number of Combinations 


A chemist has nine solution samples, of which four are type A and five are type B. If 
the chemist chooses three of the solutions at random, determine the number of ways in 
which the chemist can choose exactly one type A solution. 


Solution 
The chemist has chosen three solutions, one of which is type A. If one is type A, then 
two are type B. The number of ways of choosing one type A solution from four type A 
solutions is C(4, 1). 

! 4! 
W(4—1)! 13! 


C(4, 1) = 


The number of ways of choosing two type B solutions from five type B solutions is C(5, 2). 


! 5! 
215 — 2)! 213! 


C(5,2) = = 10 


By the Fundamental Counting Principle, there are 
C(4, 1)- C5, 2) = 4°10 = 40 
ways to choose one type A and two type B solutions. 


Try Exercise 30, page 888 


The difficult part of solving a counting problem is determining whether to use the 
counting principle, the permutation formula, or the combination formula. Following is a 
summary of guidelines. 


Guidelines for Solving Counting Problems 


1. The Fundamental Counting Principle will always work but is not always the 
easiest method to apply. 


2. When reading a problem, ask yourself, “Is the order of the selection process 
important?” If the answer is yes, the arrangements are permutations. If the 
answer is no, the arrangements are combinations. 


EXERCISE SET 11.6 


In Exercises 1 to 10, evaluate each quantity. #12. Color Monitors A computer monitor produces color by 
1. P(6, 2) 2. P(8,7) 3. C(8,4) 4. C(9, 2) blending colors on palettes. If a computer monitor has four 
palettes and each palette has four colors, how many blended 
5. P(8, 0) 6. P(9,9) 7. C(7,7) 8. C(6, 0) colors can be formed? Assume each palette must be used each 
time. 
9. C(10,4) 10. P(10,4) — ; 
13. Computer Science A four-digit binary number is a sequence 


. Computer Systems A computer manufacturer offers a com- 


puter system with three different disk drives, two different mon- 
itors, and two different keyboards. How many different computer 
systems could a consumer purchase from this manufacturer? 


of four digits, each consisting of 0 or 1. For instance, 0011 and 
1011 are binary numbers. How many four-digit binary num- 
bers are possible? 
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15. 


016. 


17. 


18. 


19. 


a 20. 


21. 


a 22. 


23. 


24. 


25. 
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Computer Memory An integer is stored in a computer’s 
memory as a series of 0s and 1s. Each memory unit contains 
eight spaces for a 0 or a 1. The first space is used for the sign 
of the number, and the remaining seven spaces are used for the 
integer. How many positive integers can be stored in one mem- 
ory unit of this computer? 


Scheduling In how many different ways can six employees be 
assigned to six different jobs? 


Contest Winners First-, second-, and third-place prizes are to 
be awarded in a dance contest in which 12 contestants are 
entered. In how many ways can the prizes be awarded? 


Mailboxes There are five mailboxes outside a post office. In 
how many ways can three letters be deposited into the five boxes? 


Committee Membership How many different committees 
of three people can be selected from nine people? 


Test Questions A professor provides to a class 25 possible 
essay questions for an upcoming test. Of the 25 questions, the 
professor will ask 5 of the questions on the exam. How many 
different tests can the professor prepare? 


Tennis Matches Twenty-six people enter a tennis tourna- 
ment. How many different first-round matches are possible if 
each player can be matched with any other player? 


Employee Initials A company has more than 676 em- 
ployees. Explain why there must be at least 2 employees 
who have the same first and last initials. 


Seating Arrangements A car holds six passengers, three in 
the front seats and three in the back seats. How many different 
seating arrangements of six people are possible if one person 
refuses to sit in front and one person refuses to sit in back? 


Committee Membership A committee of six people is cho- 
sen from six senators and eight representatives. How many 
committees are possible if there are to be three senators and 
three representatives on the committee? 


Arranging Numbers The numbers 1, 2, 3, 4, 5, and 6 are to 
be arranged. How many different arrangements are possible 
under each of the following conditions? 


a. All the even numbers come first. 


b. The arrangements are such that the numbers alternate 
between even and odd. 


Test Questions A true—false examination contains 10 ques- 
tions. In how many ways can a person answer the questions 
on this test just by guessing? Assume that all questions are 
answered. 


26. 


27. 


28. 


29. 


0 30. 


31. 


32. 


33. 


Test Questions A 20 question, four-option multiple-choice 
examination is given as a preemployment test. In how many 
ways could a prospective employee answer the questions on this 
test just by guessing? Assume that all questions are answered. 


State Lottery A state lottery game requires a person to select 
6 different numbers from 40 numbers. The order of the selec- 
tion is not important. In how many ways can this be done? 


Test Questions A student must answer 8 of 10 questions on 
an exam. How many different choices can the student make? 


Acceptance Sampling A warehouse receives a shipment of 
10 computers, of which 3 are defective. Five computers are 
then randomly selected from the 10 and delivered to a store. 


a. In how many ways can the store receive no defective 
computers? 


b. In how many ways can the store receive one defective 
computer? 


c. In how many ways can the store receive all three defective 
computers? 


Contest Fifteen students, of whom seven are seniors, are 
selected as semifinalists for a literary award. Of the 15 stu- 
dents, 10 finalists will be selected. 


a. In how many ways can 10 finalists be selected from the 
15 students? 


b. In how many ways can the 10 finalists contain three seniors? 


c. In how many ways can the 10 finalists contain at least five 
seniors? 


Serial Numbers A television manufacturer uses a code for 
the serial number of a television set. The first symbol is the let- 
ter A, B, or C and represents the location of the manufacturing 
plant. The next two symbols (01, 02,..., 12) represent the 
month in which the set was manufactured. The next symbol is 
a 5, a6, a7, an 8, or a 9 and represents the year the set was 
manufactured. The last seven symbols are digits. How many 
serial numbers are possible? 


Playing Cards Five cards are chosen at random from a stan- 
dard deck of playing cards. In how many ways can the cards be 
chosen under each of the following conditions? 


a. All are hearts. b. All are the same suit. 


c. Exactly three are kings. d. Two or more are aces. 

Acceptance Sampling A quality control inspector receives a 
shipment of 10 computer disk drives and randomly selects 3 of 
the drives for testing. If 2 of the disk drives in the shipment are 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


AA. 


defective, find the number of ways in which the inspector 
could select at most | defective drive. 


Basketball Teams A basketball team has 12 members. In how 
many ways can 5 players be chosen under each of the follow- 
ing conditions? 


a. The selection is random. 
b. The two tallest players are always among the 5 selected. 


Arranging Numbers The numbers 1, 2, 3, 4, 5, and 6 are 
arranged randomly. In how many ways can the numbers | and 
2 appear next to one another in the order 1, 2? 


Occupancy Problem Seven identical balls are randomly put 
in seven containers so that two balls are in one container and 
each of the remaining six containers receives at most one ball. 
Find the number of ways in which this can be accomplished. 


Lines in a Plane Seven points lie in a plane in such a way that 
no three points lie on the same line. How many lines are deter- 
mined by the seven points? 


Chess Matches A chess tournament has 12 participants. How 
many games must be scheduled if every player must play every 
other player exactly once? 


Contest Winners Eight couples attend a benefit dinner at 
which two prizes are given. In how many ways can two names 
be randomly drawn so that the prizes are not awarded to the 
same couple? 


Geometry Suppose there are 12 distinct points on a circle. 
How many different triangles can be formed with vertices at 
the given points? 


Test Questions In how many ways can a student answer a 20- 
question true—false test if the student randomly marks 10 of the 
questions true and 10 of the questions false? 


Committee Membership From a group of 15 people, a com- 
mittee of 8 is formed. From the committee, a president, a sec- 
retary, and a treasurer are selected. Find the number of ways in 
which the two consecutive operations can be carried out. 


Committee Membership From a group of 20 people, a com- 
mittee of 12 is formed. From the committee of 12, a subcom- 
mittee of 4 people is chosen. Find the number of ways in which 
the two consecutive operations can be carried out. 


Checkerboards A checkerboard consists of eight rows and 
eight columns of squares as shown in the following figure. 
Starting at the top left square of a checkerboard, how many pos- 
sible paths will end at the bottom right square if the only way a 
player can legally move is right one square or down one square 
from the current position? 


45. 


46. 


47. 


48. 


49. 


50. 


51. 
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Ice Cream Cones An ice cream store offers 31 flavors of ice 
cream. How many different triple-decker cones are possible? 
(Note: Assume that different orders of the same flavors are not 
different cones. Thus a scoop of rocky road followed by two 
scoops of mint chocolate is the same as one scoop of mint 
chocolate followed by one scoop of rocky road followed by a 
second scoop of mint chocolate.) 


Computer Screens A typical computer monitor consists of 
pixels, each of which can, in some cases, be assigned any one 
of 2!° different colors. If a computer screen has a resolution of 
1024 pixels by 768 pixels, how many different images can be 
displayed on the screen? (Suggestion: Write your answer as a 
power of 2.) 


Dartboards How many different arrangements of the integers 
1 through 20 are possible on a typical dartboard, assuming that 
20 is always at the top? 


Lines in a Plane Generalize Exercise 37. That is, given n 
points in a plane, no three of which lie on the same line, how 
many lines are determined by the n points? 


Birthdays Seven people are asked the month of their birth. In 
how many ways can each of the following conditions exist? 


a. No two people have a birthday in the same month. 

b. At least two people have a birthday in the same month. 
Sums of Coins From a penny, a nickel, a dime, and a quarter, 
how many different sums of money can be formed using one or 


more of the coins? 


Biology Five sticks of equal length are broken into a short 
piece and a long piece. The 10 pieces are randomly arranged in 
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five pairs. In how many ways will each pair consist of a long 
stick and a short stick? (This exercise actually has a practical 
side. When cells are exposed to harmful radiation, some chro- 
mosomes break. If two long sides unite or two short sides unite, 
the cell dies.) 


Arranging Numbers Four random digits are drawn (repeti- 
tions are allowed). Among the four digits, in how many ways 
can two or more repetitions occur? 


53. Random Walk An aimless tourist, standing on a street corner, 


tosses a coin. If the result is heads, the tourist walks one block 
north. If the result is tails, the tourist walks one block south. At 
the new corner, the coin is tossed again and the same rule 
applied. If the coin is tossed 10 times, in how many ways will 
the tourist be back at the original corner? This problem is an 
elementary example of what is called a random walk. Random 
walk problems have many applications in physics, chemistry, 
and economics. 


Introduction to Probability 


Sample Spaces and Events 
Probability of an Event 
Independent Events 
Binomial Probabilities 


Math Matters 


The beginning of probability the- 
ory is frequently associated with 
letters sent between Pascal (of 
Pascal's Triangle) and Fermat (of 
Fermat’s Last Theorem) in which 
they discuss the solution of a 
problem posed to them by 
Antoine Gombaud, Chevalier de 
Mere, a French aristocrat who 
liked to gamble. The basic ques- 
tion was “How many tosses of two 
dice are necessary to have a better 
than 50-50 chance of rolling two 
sixes?” Although the correct 
analysis of this problem by Fermat 
and Pascal presaged probability 
theory, historical records indicate 
that commerce and the need to 
insure ships, cargo, and lives was 
another motivating factor to cal- 
culating probabilities. The first 
merchant insurance companies 
were established in the fourteenth 
century to insure ships. Life insur- 
ance companies were established 
at the end of the seventeenth cen- 
tury. Lloyd’s of London was estab- 
lished sometime before 1690. 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A75. 


PS1. What is the fundamental counting principle? [11.6] 
PS2. How many ways can a two-digit number be formed from the digits 1, 2, 3, and 4 
if no digit can be repeated in the number? [11.6] 
PS3. Evaluate: P(7, 2) [11.6] 
PS4. Evaluate: C(7, 2) [11.6] 
n\ kk nk 1 3 
PSS. Evaluate k pq" “whenn = 8,k = 5,p = qe and q = 1 [11.5] 
Ps6. A light switch panel has four switches that control the lights in four different 


areas of a room. In how many on-off configurations can the four switches be 
placed? [11.6] 


Many events in the world around us have random character, such as the chances of an acci- 
dent occurring on a certain freeway, the chances of winning a state lottery, and the chances 
that the nucleus of an atom will undergo fission. By repeatedly observing such events, it 
is often possible to recognize certain patterns. Probability is the mathematical study of 
random patterns. 

When a weather reporter predicts a 30% chance of rain, the forecaster is saying that 
similar weather conditions have led to rain 30 times out of 100. When a fair coin is tossed, 


1 1 
we expect heads to occur > or 50%, of the time. The numbers 30% (or 0.3) and a are the 


probabilities of the events. 


l™ Sample Spaces and Events 


An activity with an observable outcome is called an experiment. Examples of experiments 
include 


1. Flipping a coin and observing the side facing upward 
2. Observing the incidence of a disease in a certain population 
3. Observing the length of time a person waits in a checkout line in a grocery store 


The sample space of an experiment is the set of a// possible outcomes of that experiment. 
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Consider the experiment of tossing one coin three times and recording the outcome of 
the upward side of the coin for each toss. The sample space is 


S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 


EXAMPLE 1 List the Elements of a Sample Space 


Suppose that among five batteries, two are defective. Two batteries are randomly drawn 
from the five and tested for defects. List the elements in the sample space. 
Solution 
Label the nondefective batteries N,;, N2, and N3 and the defective batteries D, and D>. 
The sample space is 

S= {N,Dj, N2Dj, N3D,, N,D), N»D), N3Dp, N,No, N,\N3, NoN3, D,D>} 


Try Exercise 6, page 897 


An event £ is any subset of a sample space. For the sample space defined in Example 1, 
several of the events we could define are 
E,: There are no defective batteries. 
E): At least one battery is defective. 
E: Both batteries are defective. 
Because an event is a subset of the sample space, each of these events can be expressed as 
a set. 
E, = {NiNp, NiN3, NoN3} 
E, = {N,D;, ND), N3D,, N;D2, N2D3, N3D2, D,D2} 
E3= {D,D3} 
There are two methods by which elements can be drawn from a set: with replacement 
and without replacement. With replacement means that after the element is drawn, it is 
returned to the set. The same element could be selected on the next drawing. When ele- 


ments are drawn without replacement, an element drawn is not returned to the set and 
therefore is not available for any subsequent drawing. 


EXAMPLE 2 List the Elements of an Event 


A two-digit number is formed by choosing from the digits 1, 2, 3, and 4, both with 
replacement and without replacement. Express each event as a set. 


a. £,: The second digit is greater than or equal to the first digit. 
b. £5: Both digits are less than zero. 


Solution 
a. With replacement: EF, = {11, 12, 13, 14, 22, 23, 24, 33, 34, 44} 


Without replacement: E, = {12, 13, 14,23, 24, 34} 


(continued) | 
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b. E, = 7) 
Choosing from the digits 1, 2, 3, and 4, this event is impossible. The impossible 
event is denoted by the empty set or null set. 


@ Try Exercise 14, page 897 


® Probability of an Event 


The probability of an event is defined in terms of the concepts of sample space and event. 


Definition of the Probability of an Event 


Let n(S) and n(£) represent the number of elements in the sample space S' and the 
number of elements in the event E, respectively. The probability of event E is 


n(E) 


P) = n(S) 


Because EF is a subset of S, n(E) = n(S). Thus P(E) = 1. If £ is an impossible event, 
then E = Oand n(£) = 0. Thus P(E) = 0. If £ is an event that a/ways occurs, then E = S 
and n(E) = n(S). Thus P(E) = 1. Thus we have, for any event E, 


0 < P(E) <1 


Question ° Is it possible for the probability of an event to equal 1.25? 


EXAMPLE 3_ Calculate the Probability of an Event 


A coin is tossed three times. What is the probability of each outcome? 
a. ££): Two or more heads will occur. 
b. £: At least one tail will occur. 


Solution 


First determine the number of elements in the sample space. The sample space for this 
experiment is 

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 
Therefore, n(S) = 8. Now determine the number of elements in each event. Then cal- 
culate the probability of the event by using P(E) = n(E)/n(S). 
a. E, = {HHH, HHT, HTH, THH} 
nE}) 4 1 
n(S) 8 2 
b. £) = {HHT, HTH, THH, HTT, THT, TTH, TTT} 
nm(E,) 7 


n(S) 8 


P(E) = 


P(E) = 


@ Try Exercise 22, page 897 


Answer ® No. All probabilities must be between 0 and 1, inclusive. 
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The expression “one or the other of two events occurs” is written as the union of the two 
sets. For example, suppose an experiment leads to the sample space S = {1,2,3,4,5, 6} 
and the events are 


Draw a number less than four, Z; = {1,2,3} 


Draw an even number, £, = {2,4, 6} 


Then the event £, U E, is described by drawing a number less than four or an even num- 
ber. Thus 


E, UE, = {1,2,3} U {2, 4,6} = {1,2, 3,4, 6} 


Two events £, and £, that cannot occur at the same time are mutually exclusive 
events. Using set notation, if EF, 1 £, = ©, then £, and E, are mutually exclusive. 
For example, using the same sample space {1, 2,3, 4,5, 6}, a third event is 


Draw an odd number, £; = {1,3,5} 
Then £, £3; = © and the events E, and £; are mutually exclusive. On the other hand, 
E,\ NE, = {2} 


so the events £; and £, are not mutually exclusive. 
One of the axioms of probability involves the union of mutually exclusive events. 


Probability Axiom 


If E, and £, are mutually exclusive events, then 


P(E| U Ey) = P(E\) + P(E) 


If the events are not mutually exclusive, the addition rule for probabilities can be used. 


Addition Rule for Probabilities 


If £, and E, are two events, then 


P(E, UE3) = P(E\) + P(Ey) — P(E, Ey) 


EXAMPLE 4 _ Use Addition Rules for Probability 


Let S = {Natural numbers less than or equal to 100}, and consider the experiment of 
drawing one number from S. 


a. If £, is the event of drawing a number less than 11 and £) is the event of drawing 
a number greater than 90, what is the probability of E, or Ey? 


b. If £3 is the event of drawing a number less than 11 and £4 is the event of drawing 
an even number, what is the probability of £3 or £4? 


(continued ) 
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Solution 
a. E,( E> = ©. Therefore, the events are mutually exclusive. n(E,) = 10 and 
n(E) = 10. 
P(E, UE,) = P(E\) + P(E) * Probability axiom 
_ mE) , mE) 
n(S) ——_n(S) 
10 10 1 
—_— + — 
100 100 5 


b. £30 £, = {2,4,6, 8, 10}. Therefore, the events are not mutually exclusive. 
n(E3) = 10, n(E4) = 50, and n(E; Ey) = 5. 
P(E; Ey) = P(E;) + P(E,) — P(E, Ey) - Addition rule 
_ nE3) x nE4) — n(E3 Ey) 
nS) —_n(S) n(S) 
10 : 50 5 rial 
100 100 100 = 20 


# Try Exercise 28, page 897 


EXAMPLE 5 Use Counting Principles to Calculate a Probability 


A state lottery game allows a person to choose five numbers from the integers | to 40. 
Repetitions of numbers are not allowed. If three or more numbers match the numbers 


chosen by the lottery, the player wins a prize. Find the probability that a player will 
match the following. 


a. Exactly three numbers 
b. Exactly four numbers 


Solution 


The sample space S is the set of ways in which 5 numbers can be chosen from 40 num- 


bers. This is a combination because the order of the drawing is not important. 


5135! 


n(S) = C(40,5) = = 658,008 


We will call the 5 numbers chosen by the state lottery “lucky” and the remaining 
35 numbers “unlucky.” 


a. Let E; be the event that a player has 3 lucky and therefore 2 unlucky numbers. The 
3 lucky numbers are chosen from the 5 lucky numbers. There are C(5, 3) ways to 
do this. The 2 unlucky numbers are chosen from the 35 unlucky numbers. There 
are C(35, 2) ways to do this. By the fundamental counting principle, the number of 


ways the event £, can occur is 


n(E1) = C(5,3)+ C(35,2) = 10-595 = 5950 
n(E\) _ CG, 3)*CGB5,2) _ 5950 


= 0.009042 
n(S) C(40, 5) 658,008 


PE) = 
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b. Let £, be the event that a player has four lucky numbers and one unlucky number. 
The number of ways a person can select four lucky numbers and one unlucky 
number is C(5, 4) + C(35, 1). 


n(Er) _ C(5,4)*CG5,1) 175 


P(E3) = 
n(S) C(40, 5) 658,008 


= 0.000266 


@ Try Exercise 38, page 898 


lM Independent Events 


Two events are independent if the outcome of the first event does not influence the out- 
come of the second event. As an example, consider tossing a fair coin twice. The outcome 
of the first toss has no bearing on the outcome of the second toss. The two events are inde- 
pendent. 

Now consider drawing two cards in succession, without replacement, from a standard 
deck of playing cards. The probability that the second card drawn will be an ace depends 
on the card drawn first. 


Probability Rule for Independent Events 


If E, and E, are two independent events, then the probability that both £, and E, 
will occur is 


P(E\) + P(Ea) 


EXAMPLE 6 = Calculate a Probability for Independent Events 


A coin is tossed and then a die is rolled. What is the probability that the coin will show 
a head and the die will show a six? 


Solution 
The events are independent because the outcome of one does not influence the outcome 


1 1 
of the other. P(head) = 5 and P(six) = 6 Thus the probability of tossing a head and 


rolling a six is 


1 1 
P(head) + P(six) = 5 6 


Try Exercise 40, page 898 


® Binomial Probabilities 


Some probabilities can be calculated from formulas. One of the most important of these 
formulas is the binomial probability formula. This formula is used to calculate probabili- 
ties for independent events. 
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Math Matters 


Airlines “overbook” flights. That 
is, they sell more tickets than 
there are seats on the plane. An 
airline company can determine 
the probability that some number 
of passengers will be “bumped” 
on a certain flight by using the 
binomial probability formula. For 
instance, suppose a plane has 
200 seats and the airline sells 

240 tickets. If the probability that 
a person will show up for this 
flight is 0.8, then the probability 
that one or more people will have 
to be bumped is given by 


“0 (240 ) 
0.8200+kg 240-k 


A computer calculation reveals 
that this sum is approximately 
0.08. That is, there is only an 8% 
chance that someone will have to 
be bumped, even though the 
number of tickets sold exceeds 
the plane’s capacity by 20%. 


SEQUENCES, SERIES, AND PROBABILITY 


Binomial Probability Formula 


Let an experiment consist of 1 independent trials for which the probability of suc- 
cess on a single trial is p and the probability of failure is g = 1 — p. Then the 


probability of & successes in 7 trials is given by 


NY) kk n-k 
("ota 


EXAMPLE 7 _ Use the Binomial Formula 


A multiple-choice exam consists of 10 questions. For each question there are four pos- 
sible choices, of which only one is correct. If someone randomly guesses at the 
answers, what is the probability of guessing exactly six answers correctly? 


Solution 
Selecting an answer is one trial of the experiment. Because there are 10 questions, n = 10. 


There are four possible choices for each question, of which only one is correct. Therefore, 
1 1 3 

= d = ee 

p=Z and q P ag 


A success for this experiment occurs each time a correct answer is guessed. Thus 
k = 6. By the binomial probability formula, 


10\/1\°/3¥' 
P= ( \(z) (>) = 0.016222 
6/\4/ \4 
The probability of guessing exactly six answers correctly is approximately 0.0162. 


@ Try Exercise 46, page 898 


Following are five guidelines for calculating probabilities. 


Guidelines for Calculating a Probability 


. The word or usually means to add the probabilities of each event. 
. The word and usually means to multiply the probabilities of each event. 
. The phrase at least n means n or more. At least 5 is 5 or more. 


. The phrase at most n means n or less. At most 5 is 5 or less. 


. Exactly n means just that. Exactly five heads in seven tosses of a coin means 
five heads and therefore two tails. 


EXERCISE SET 11.7 


In Exercises 1 to 10, list the elements in the sample space 


defined by the given experiment. 


1. Two people are selected from two senators and three represen- 


tatives. 


2. A letter is chosen at random from the word Tennessee. 


3. A fair coin is tossed, and then a random integer between 1 and 
4, inclusive, is selected. 


n6. 


10. 


A fair coin is tossed four times. 


Two identical tennis balls are randomly placed in three tennis 
ball cans. Let A, B, and C represent the three cans. Use an 
ordered pair to represent each outcome. For example, (A, B) 
represents the event that ball | is in can A and ball 2 is in can B. 


Two people are selected from among one Republican, one 
Democrat, and one Independent. 


Three cards are randomly chosen from the ace of hearts, ace of 
spades, ace of clubs, and ace of diamonds. 


Three letters addressed to A, B, and C, respectively, are ran- 
domly put into three envelopes addressed to A, B, and C, 
respectively. 


Two vowels are randomly chosen from a, e, i, 0, and u. 


Three computer disks are randomly chosen from one defective 
disk and three nondefective disks. 


In Exercises 11 to 15, use the sample space defined by 
the experiment of tossing a fair coin four times. Express 
each event as a subset of the sample space. 


11 


12. 


13. 


a 14, 


15. 


. There are no tails. 

There are exactly two heads. 
There are at most two heads. 
There are more than two heads. 


There are 12 tails. 


In Exercises 16 to 20, use the sample space defined by 
the experiment of choosing two random numbers, in 
succession, from the integers 1, 2, 3, 4, 5, and 6. The 
numbers are chosen with replacement. Express each 
event as a subset of the sample space. 


16. The sum of the numbers is 7. 

17. The two numbers are the same. 

18. The first number is greater than the second number. 
19. The second number is a 4. 


20. The sum of the two numbers is greater than 1. 


21. Playing Cards From a standard deck of playing cards, one 
card is chosen at random. Find the probability of each event. 


a. The card is a king. b. The card is a spade. 


a 22. 


23. 


24. 


25. 


26. 


27. 


a 28. 


29. 


30. 
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Tossing Coins A coin is tossed four times. Find the probabil- 
ity of each event. 


a. Two of the coins land heads and two land tails. 


b. There are at least three heads. 


Tossing Coins A coin is tossed four times. Find the proba- 
bility of each event. 


a. All the coins land tails. 


b. There is at least one head. 


Playing Cards One card is drawn from a standard deck of 
playing cards. Let E, be the event that the card is a spade, and 
let E, be the event the card is a heart. 


a. Are the events mutually exclusive? 
b. What is the probability of E; or Ey? 


Number Theory Let S = {Two-digit natural numbers less 
than 100}, and consider the experiment of drawing one number 
from S. Let E; be the event that the first digit of the number is 
5, and let E, be the event that the number is a perfect square. 


a. Are the events mutually exclusive? 
b. What is the probability of E, or E,? 


Playing Cards One card is drawn from a standard deck of 
playing cards. Let E, be the event that the card is a spade, and 
let Ey be the event the card is a jack, a queen, or a king. 


a. Are the events mutually exclusive? 
b. What is the probability of E, or E,? 


Number Theory Let S = {Natural numbers less than or equal 
to 100}, and consider the experiment of drawing one number 
from S. Let E; be the event the number is divisible by 5, and let 
E, be the event the number is a divisible by 7. 


a. Are the events mutually exclusive? 
b. What is the probability of E, or E,? 


Number Theory A single number is chosen from the digits 1, 
2, 3,4, 5, and 6. Find the probability that the number is an even 
number or a number divisible by 3. 


Economics An economist predicts that the probability of an 
increase in gross domestic product (GDP) is 0.64 and that the 
probability of an increase in inflation is 0.55. The economist 
also predicts that the probability of an increase in GDP and 
inflation is 0.22. Find the probability of an increase in GDP or 
an increase in inflation. 


Number Theory Four digits are selected from the digits 
1, 2, 3, and 4, and a number is formed. Find the probability 
that the number is greater than 3000, assuming digits can be 
repeated. 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


038. 


39. 


240. 


41. 
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Building Industry An owner of a construction company has 
bid for the contracts on two buildings. If the contractor estimates 


1 
that the probability of getting the first contract is > that of get- 
1 
ting the second contract is 5 and that of getting both contracts 
1 
is 10’ find the probability that the contractor will get at least 


one of the two building contracts. 


Acceptance Sampling A shipment of 10 calculators contains 
2 defective calculators. Two calculators are chosen from the 
shipment. Find the probability of each event. 


a. Both are defective. b. At least one is defective. 
Number Theory Five random digits are selected from 0 to 9 
with replacement. What is the probability (to the nearest hun- 
dredth) that 0 does not occur? 


Queuing Theory Six people are arranged in a line. What is 
the probability that two specific people, say A and B, are stand- 
ing next to each other? 


Lottery A box contains 500 envelopes, of which 50 have $100 
in cash, 75 have $50 in cash, and 125 have $25 in cash. If an 
envelope is selected at random from this box, what is the prob- 
ability that it will contain at least $50? 


Jury Selection A jury of 12 people is selected from 30 people: 
15 women and 15 men. What is the probability (to the nearest 
ten-thousandth) that the jury will have 6 men and 6 women? 


Queuing Theory Three girls and three boys are randomly 
placed in six adjacent seats. What is the probability that the 
boys and girls will be in alternating seats? 


Committee Membership A committee of four is chosen 
from three accountants and five actuaries. Find the probabil- 
ity that the committee has exactly two accountants. 


Extrasensory Perception A magician claims to be able to 
read minds. To test this claim, five cards numbered | to 5 are 
used. A subject selects two cards from the five and concen- 
trates on the numbers. What is the probability that the magician 
can correctly identify the two cards by just guessing? 


Playing Cards One card is randomly drawn from a standard 
deck of playing cards. The card is replaced and another card is 
drawn. Are the events independent? What is the probability 
that both cards drawn are aces? 


Scheduling A meeting is scheduled by randomly choosing a 
weekday and then randomly choosing an hour between 8:00 A.M. 
and 4:00 pM. What is the probability that Monday at 8:00 A.M. is 
chosen? 


42. 


43. 


44. 


45. 


m 46. 


47. 


48. 


49. 


50. 


National Defense A missile radar detection system consists 
of two radar screens. The probability that either one of the 
radar screens will detect an incoming missile is 0.95. If radar 
detections are assumed to be independent events, what is the 
probability that a missile that enters the detection space of the 
radar will be detected? 


Oil Industry An oil drilling venture involves drilling four wells 
in different parts of the country. For each well, the probability 
that it will be profitable is 0.10, and the probability that it will 
be unprofitable is 0.90. If these events are independent, what is 
the probability of drilling at least one unprofitable well? 


Manufacturing A manufacturer of CD-ROMs claims that 
only | of every 1000 CD-ROMs manufactured is defective. 
If this claim is correct and if defective CD-ROMs are inde- 
pendent events, what is the probability (to the nearest ten- 
thousandth) that, of the next three CD-ROMs produced, all are 
not defective? 


Preference Testing A software firm is considering marketing 
two newly designed spreadsheet programs, A and B. To test the 
appeal of the programs, the firm installs them in four corpora- 
tions. After 2 weeks, the firm asks each corporation to evaluate 
each program. If the corporations have no preference, what is 
the probability that all four will choose product A? 


Agriculture A fruit grower claims that one-fourth of the 
orange trees in a grove crop have suffered frost damage. Find 
the probability (to the nearest ten-thousandth) that among eight 
orange trees, exactly three have frost damage. 


Quality Control A quality control inspector receives a ship- 
ment of 20 computer monitors. From the 20 monitors, the 
inspector randomly chooses 5 for inspection. If the probability 
of a monitor being defective is 0.05, what is the probability (to 
the nearest ten-thousandth) that at least one of the monitors 
chosen by the inspector is defective? 


Lottery Consider a lottery that sells 1000 tickets and awards 
two prizes. If you purchase 10 tickets, what is the probability 
that you will win a prize? 


Airline Scheduling An airline estimates that 75% of the peo- 
ple who make a reservation for a certain flight will actually 
show up for the flight. Suppose the airline sells 25 tickets on 
this flight and the plane has room for 20 passengers. What is 
the probability (to the nearest ten-thousandth) that 21 or more 
people with tickets will show up for the flight? 


Airline Scheduling Suppose that an airplane’s engines oper- 
ate independently and that the probability that any one engine 
will fail is 0.03. A plane can make a safe landing if at least one- 
half of its engines operate. Is a safe flight more likely to occur 
in a two-engine or a four-engine plane? 


51. 


52. 


53. 


Spread of a Rumor A club has nine members. One member 
starts a rumor by telling it to a second club member, who 
repeats the rumor to a third member, and so on. At each stage, 
the recipient of the rumor is chosen at random from the nine 
club members. What is the probability that the rumor will be 
told three times without returning to the originator? 


Extrasensory Perception As a test for extrasensory percep- 
tion (ESP), 10 cards, five black and five white, are shuffled, 
and then a person looks at each card. In another room, the ESP 
subject attempts to guess whether the card is black or white. 
The ESP subject must guess black five times and white five 
times. If the ESP subject has no extrasensory perception, what 
is the probability that the subject will correctly name 8 of the 
10 cards? 


Sports In some games, such as tennis, the winning player must 
win by at least two points. If a game is tied, play is continued 
until one player wins two consecutive points. It can be shown 
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54. 
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that the probability of Player A winning two consecutive points 
after a game is tied is given by the infinite geometric series 


pit [aol = py] > [ed = py 4 


where p is the probability that Player A will win any particular 
point. Suppose the probability that you will win a particular 
point is 0.55 (that is, p = 0.55). What is the probability that 
you will go on to win a game that is presently tied? Round to 
the nearest thousandth. 


Gambling One way that a player can win in a game of craps 
is to bet that, when two dice are rolled, a sum of 6 will occur 
before a sum of 7 occurs. The probability of this outcome is 
given by the infinite geometric series 


5 (14 1, 3) (3) ro) 
36\ | 36 «~\36/ ~~ \36 


What is the probability of winning this bet? 


Mathematical Expectation 


Expectation £ is a number used to determine the fairness of a gambling game. It is 
defined as the probability P of winning a bet multiplied by the amount A available to win. 


E=P-:A 


A game is called fair if the expectation of the game equals the amount bet. For 
example, if you and a friend each bet $1 on who can guess the side facing up on the 


1 
flip of a coin, then the expectation is E = = $2 = $1. Because the amount of your 


bet equals the expectation, the game is fair. 
When a game is unfair, it benefits one of the players. If you bet $1 and your friend 


1 
bets $2 on who can guess the flip of a coin, your expectation is E = - $3 = $1.50. 


Because your expectation is greater than the amount you bet, the game is advantageous 
to you. Your friend’s expectation is also $1.50, which is less than the amount your 
friend bet. This is a disadvantage to your friend. 

Keno is a game of chance played in many casinos. In this game, a large basket 
contains 80 balls numbered from | to 80. From these balls, the dealer randomly 
chooses 20 balls. The number of ways in which the dealer can choose 20 balls from 
80 is the number of combinations of 80 objects chosen 20 at a time, or C(80, 20). 

In one particular game, a gambler can bet $1 and mark five numbers. The gambler 
will win a prize if three of the five numbers marked are included in the 20 numbered 
balls chosen by the dealer. By the Fundamental Counting Principle, there are 
C(20, 3) + C(60, 2) = 2,017,800 ways the gambler can do this. The probability of this 


C(20, 3) - C(60, 2) 


event is C(80, 5) 


= 0.0839. The amount the gambler wins for this event is $2 


(the $1 bet plus $1 from the casino), so the expectation of the gambler is approximately 


0.0839 + $2 = $0.17. 


(continued ) 
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Each casino has different rules and different methods of awarding prizes. The 
tables below give the prizes for a $2 bet for some of the possible choices a gambler can 
make at four casinos. In each case, the Mark column indicates how many numbers the 
gambler marked, and the Catch column shows how many of the numbers marked by the 
gambler were also chosen by the dealer. Complete the Expectation columns. 

Adding the expectations in each column gives you the total expectation for marking 
six numbers. Find the total expectation for each casino. Which casino offers the gambler 
the greatest expectation? 


Casino 1 Casino 2 


Casino 3 Casino 4 


CHAPTER 11 TEST PREP 


The following test prep table summarizes essential concepts in this chapter. The references given in the right-hand 
column list Examples and Exercises that can be used to test your understanding of a concept. 


11.1. Infinite Sequences and Summation Notation 


= Infinite Sequence An infinite sequence is a function whose domain is See Examples | and 2, pages 848 and 849, 
the set of natural numbers and whose range is a set of real numbers. and then try Exercises 4 and 15, pages 902 
The terms of a sequence are frequently designated as a), a7, 43,...,@,,---, | and 903. 


where a,, is the value of the function at 7. 


= n Factorial n factorial, written n!, is the product of the first n natural See Example 3, page 850, and then try 
numbers. That is, m! = 1+2+3+--++(#a — 1)+n. This is also written in Exercise 21, page 903. 
the reverse order as n! = n-(n — 1)+++++3+2°1. 


nth Partial Sum The ath partial sum of a sequence is the sum of the See Example 4, page 851, and then try 
first n terms of the sequence. The mth partial sum of the sequence Exercise 26, page 903. 


n 
1, 47, 43,..., A,,.-- 1S given in summation notation as Sia; 
i=1 


11.2 Arithmetic Sequences and Series 


= Arithmetic Sequence Let d be a real number. A sequence a, is an See Example 1, page 855, and then try 
arithmetic sequence if and only if a;,; — a; = d for all positive integers i.) Exercise 29, page 903. 
The nth term of an arithmetic sequence is given by a, = a, + (n — 1)d. 
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= Sum ofan Arithmetic Series The nth partial sum of an arithmetic sequence 
n 


a, with common difference d is S,, = 5a +a,), or S, = 5 [2a, + (n — Id]. 


See Example 2, page 857, and then try 
Exercises 32 and 46, page 903. 


at+b 


= Arithmetic Mean The arithmetic mean of two numbers a and 5 is 


11.3 Geometric Sequences and Series 
= Geometric Sequence Let 7 be a nonzero real number. The sequence a,, is 


q; . 
a geometric sequence if and only if —l — + for all i. The nth term of a 
a; 


L 


geometric sequence is given by a, = ayr” !. 


See Example 3, page 858, and then try 
Exercise 35, page 903. 


See Examples | and 2, page 862, and then 
try Exercises 37, 51, and 53, page 903. 


Sum of a Finite Geometric Series The nth partial sum of a geometric 
a1 — ry) 


sequence a, with first term a, and common ratio r is S,, = 1 
=F 


= Sum of an Infinite Geometric Sequence The sum of an infinite geometric 


sequence a, with first term a, and common ratio r is S = rl <1. 


1 
ear 


11.4 Mathematical Induction 


= Principle of Mathematical Induction Let P,, be a statement about a 
positive integer n. If (1) P, is true and (2) the truth of P, implies the truth 
of P,+1, then P,, is true for all positive integers. 


r#l. 


See Example 3, page 863, and then try 
Exercises 41 and 45, page 903. 


See Example 4, page 865, and then try 
Exercises 44 and 48, page 903. 


See Examples | and 2, pages 874 and 875, 
and then try Exercises 59 and 63, page 904. 


Extended Principle of Mathematical Induction Let P,, be a statement 
about a positive integer n. If (1) P; is true for some positive integer j and 
(2) for k = 7 the truth of P; implies the truth of P;+1, then P,, is true for 
all positive integers n = j. 


11.5 Binomial Theorem 


Binomial Coefficient In the expansion of (a + b)", with 1 a positive 
integer, the coefficient of the term whose variable part is a” “b* is 


| 
(") = TTT The value of (") is called a binomial coefficient. 


See Example 4, page 876, and then try 
Exercise 64, page 904. 


See Example 1, page 880, and then try 
Exercise 23, page 903. 


= Binomial Theorem for Positive Integers If is a positive integer, the 
n 


expansion of (a + b)” is given by (a + b)" = 3 (")arvt 
i=0 


See Examples 2 and 3, pages 880 and 881, 
and then try Exercises 67 and 68, page 904. 


= ith Term of a Binomial Expansion The 7th term of a binomial expansion 


of (a + b)" is given by (, " , gone. 


11.6 Permutations and Combinations 


Fundamental Counting Principle The Fundamental Counting Principle 
lets us determine the total number of ways in which a sequence of events 
can occur. See page 884. 


See Example 4, page 881, and then try 
Exercise 71, page 904. 


See Example 1, page 884, and then try 
Exercises 73 and 76, page 904. 
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= Permutation A permutation is an arrangement of distinct objects in a 
definite order. The formula for the permutation of n distinct objects taken 
n! 


(n- nr! 


rata time is P(n,r) = 


See Examples 2 and 3, page 885, and then 
try Exercises 77 and 78, page 904. 


= Combination A combination is an arrangement of distinct objects for 
which the order is not important. The formula for the combination of n 
n! 


distinct objects taken r at a time is C(n, r) = —————. 
ri (n — r)! 


11.7 Introduction to Probability 


= Sample Space An activity with an observable outcome is called an 
experiment. The sample space of an experiment is the set of all possible 
outcomes of the experiment. 


See Examples 4 and 5, pages 886 and 887, 
and then try Exercises 79 and 81, page 904. 


See Example 1, page 891, and then try 
Exercise 82, page 904. 


m= Event An event is a subset of a sample space. 


See Example 2, page 891, and then try 
Exercise 85, page 904. 


= Probability of an Event Let n(S) and n(£) represent the number of 
elements, respectively, in the sample space S and the event E. Then the 
- n(E) 
probability of E is P(E) = ——. 
n(S) 


See Examples 3 and 5, pages 892 and 894, 
and then try Exercises 86 and 88, page 904. 


= Addition Rules for Probabilities Two events £, and £, are called mutually 


exclusive if E; ME, = ©. If two events are mutually exclusive, then 
P(E, UE,) = P(E,) + P(E)). If two events are not mutually exclusive, 
then P(E; U Ey) = P(E}) + P(E)) = P(E; 1M E>). 


See Example 4, page 893, and then try 
Exercise 87, page 904. 


= Independent Events Two events are independent when the outcome of 
the first event has no influence on the outcome of the second event. 


See Example 6, page 895, and then try 
Exercise 90, page 905. 


= Binomial Probability Formula Let an experiment consist of n independent 


trials for which the probability of success on a single trial is p and the 
probability of failure is g = 1 — p. Then the probability of k successes in 


n 
n trials is given by ; pig” *. 


See Example 7, page 896, and then try 
Exercise 92, page 905. 


CHAPTER 11 REVIEW EXERCISES 


In Exercises 1 to 18, find the third and seventh terms of 7: Gh 8. a, = 3” 
the sequence defined by a,,. 
= = = 2 1\" 
1. a, =3n +1 2. a, =2n-1 ae (2 (0. (3) 
3. a, = 4. a, =n — 2n 
11. a, = 2,a, = 3a,_, 12. a, = —1,.4, = 2a,_1 
n 
5 es 6 it 
on Be ed 13. a, = 1, a, = —na,_) 14. a, = 2, a, = 2na,-, 


15. a, = 1, ay = 2,4, = a,_14,-2 
Ay-1 

16. a, = 1, a = 2,a, 
an-2 


17. a 1, a 2, an 2an—2 An-1 


18. a, = 2, a, = 4,a, = 2a, + ay} 


In Exercises 19 to 26, evaluate the expression. 


19; S143! 20. 6! — 5! 
10! 
gic 22. 3!-4! 
6! 
12 15 
23 24. 
©) (3) 
5 P 6 1 
25. Sk 26 a 
k=1 j=l 


In Exercises 27 to 34, find the requested term or partial 
sum for the given arithmetic sequence. 


27. Find the 25th term of the arithmetic sequence whose first 
3 terms are 3, 7, 11. 


28. Find the 19th term of the arithmetic sequence whose first 
3 terms are —2, —5, —8. 


29. The 10th term of an arithmetic sequence is 25, and the Ist term 
is —2. Find the 15th term. 


30. The 8th term of an arithmetic sequence is 33, and the Ist term 
is 5. Find the 12th term. 


31. Find the sum of the first 20 terms of the arithmetic sequence 
given by a, = 3n — 4. 


32. Find the sum of the first 50 terms of the arithmetic sequence 
given by a, = 1 — 4n. 


33. Find the sum of the first 100 terms of the arithmetic sequence 
whose first 3 terms are 6, 8, 10. 


34. Find the sum of the first 75 terms of the arithmetic sequence 
whose first 3 terms are —1, —3, —5. 


In Exercises 35 and 36, insert the arithmetic means. 


35. Insert 4 arithmetic means between 13 and 28. 


36. Insert 5 arithmetic means between 19 and 43. 
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In Exercises 37 to 44, find the requested term or sum for 
the geometric sequence. 


37. Find the nth term of the geometric sequence whose first three 


terms are 4, —2, 1. 


38. Find the nth term of the geometric sequence whose first three 
terms are 3, 6, 12. 


39. Find the nth term of the geometric sequence whose first three 


aan 
erms are 5, 4° 16° 


40. Find the nth term of the geometric sequence whose first three 
terms are 9, —6, 4. 


41. Find the sum of the first eight terms of the geometric sequence 
whose nth term is a, = 2” 1. 


42. Find the sum of the first 12 terms of the geometric sequence 


1 n-1 
whose nth term is a, = (4) F 


43. Find the sum of the infinite geometric series for the sequence 


. 1 n—-1 
whose nth term is a, = ( 3) . 


44. Find the sum of the infinite geometric series for the sequence 


2 n 
whose nth term is a, = (2) j 


In Exercises 45 to 48, evaluate the given series. 


5 1 k-1 25 
45. > (2) 46. > 3 — 4h 
k=1 5 k=1 
fore) 5 n—-1 oo 3 n-1 
47. = (- *) 48. >2(2) 


n=1 
In Exercises 49 and 50, write each number as the ratio of 
two integers in simplest form. 


49. 0.23 50. 0.145 


In Exercises 51 to 58, determine whether the sequence is 
arithmetic, geometric, or neither. 


51. a, = 1° 52. a, =n! 
> n 
53. a, = (—2)" 54. a, = (2) 
n 
55. a, => +1 56. a, = 1 — 3n 


57. a, = n2" 58. a, = 2(0.1)" 
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In Exercises 59 to 66, use mathematical induction to 
prove each statement. 


59 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


n(5n + 7) 


d Yet y= 5 


SG — 4i) = n(1 — 2n) 
i=1 


: ( ty. 2fa — 1/2)"*"] 
2 3 


n _ i= (-1)""! 
pe) ; 


i=0 


n" = n!, nis a positive integer 
n! > 4",n = 9, n is an integer 
3 is a factor of n> + 2n for all positive integers n. 


Let a, = V2 and a, = (V2)"""'. Prove that a, < 2 for all 
positive integers n. 


In Exercises 67 to 72, use the Binomial Theorem to 
expand each binomial or find the requested term. 


67 


69. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


. (4a — bY 68. (x + 3y)° 


(a — by’ 70. (3a — 2b)4 


Find the fifth term in the binomial expansion of (3x — 4y)’. 
Find the eighth term in the binomial expansion of (1 — 3x)’. 


Car Options The buyer of a new car is offered 12 exterior col- 
ors and 8 interior colors. How many different color selections 
are possible? 


Dinner Options A restaurant offers a prix fixe dinner that 
includes one of five appetizers, one of six entrees, and one of 
four desserts. How many different dining options are available 
for the prix fixe dinner? 


Computer Passwords A computer password consists of eight 
letters. How many different passwords are possible? Assume 
there is no difference between lowercase and uppercase letters. 


Serial Numbers The serial number on an airplane consists of 
the letter N, followed by six numerals, followed by one letter. 
How many serial numbers are possible? 


Committee Membership From a committee of 15 members, 
a president, a vice president, and a treasurer are elected. In how 
many ways can this be accomplished? 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


Arranging Books Three of five different books are to be 
displayed on a shelf. How many different arrangements are 
possible? 


Scheduling The emergency staff at a hospital consists of 
4 supervisors and 12 regular employees. How many shifts of 
4 people can be formed if each shift must contain exactly 
1 supervisor? 


Committee Membership From 12 people, a committee of 
5 people is formed. In how many ways can this be accom- 
plished if there are 2 people among the 12 who refuse to 
serve together on the committee? 


Playing Cards How many different four-card hands can be 
drawn without replacement from a standard deck of playing 
cards? 


Playing Cards Two cards are drawn, without replacement, 
from the four aces of a standard deck of playing cards. List the 
elements of the sample space. 


Number Theory Three numbers are drawn from the digits 1 
through 5, inclusive. 


a. If the numbers are drawn with replacement, is 431 one of 
the elements of the sample space? 


b. If the numbers are drawn with replacement, is 313 one of 
the elements of the sample space? 


Tossing Coins A coin is tossed five times. List the elements 
in the event that there is exactly one tail. 


Dice Two dice are tossed. List the elements in the event that 
the sum of the values on the upward faces is 10. 


Number Theory Two numbers are drawn, without replacement, 
from the digits 1 to 3. What is the probability that the second 
number drawn is greater than the first number drawn? 


Number Theory Let S'= {Natural numbers less than or equal 
to 100} and consider the experiment of drawing one number 
from S. Let £, be the event that the number is prime, and let Ey 
be the event that the number is greater than 50. 


a. Are the events mutually exclusive? 
b. What is the probability of £; or E,? 


Playing Cards A deck of 10 cards contains 5 red and 5 black 
cards. If 4 cards are drawn from the deck, what is the probabil- 
ity that 2 are red and 2 are black? 


Playing Cards Which of the following has the greater 
probability: drawing an ace and a ten-card (10, jack, queen, or 
king) from one standard deck of playing cards, or drawing an 
ace and a ten-card from two standard decks of playing cards? 


90. Sums of Coins A nickel, a dime, and a quarter are tossed. 
What is the probability that the nickel and dime will show 
heads and the quarter will show tails? What is the probability 
that only one of the coins will show tails? 


91. Medicine A company claims that its cold remedy is success- 
ful in reducing the symptoms of a cold in 90% of the people 
who use it. Assuming the company’s claim is true, what is the 
probability that 8 of 10 people with a cold who take the cold 
remedy will report it reduced their cold symptoms? Round to 
the nearest hundredth. 


92. Community Government A survey of members in a city 
council indicates that 75% are in favor of creating a new park. 
If six members of the city council are interviewed, what is the 
probability that exactly four of them will be in favor of the new 
park? Round to the nearest hundredth. 


In Exercises 1 and 2, find the third and fifth terms of the 
sequence defined by a,,. 


1. a, =— 2. a; = 


nl 3,a, = 2a,-1 


In Exercises 3 to 5, classify each sequence as arithmetic, 

geometric, or neither. 

(- 1"! 
3” 


3. a,=—-2n+3 4. a, = 2n’ 5. a5 


In Exercises 6 to 8, evaluate the given series. 


20 
6. 8. >) Gk - 2) 
k=1 


9. The third term of an arithmetic sequence is 7 and the eighth term 
is 22. Find the twentieth term. 


oo k 
3 
10. Evaluate the infinite geometric series py (2) : 
k=1 


11. Write 0.15 as the ratio of two integers in simplest form. 


In Exercises 12 and 13, use mathematical induction to 
prove the statement. 


n(1 — 3n) 


12, SQ-3)= 
i=1 2 


13. n! > 3", n=TZ 


CHAPTER 11 TEST 905 


93. Employee Badges A room contains 12 employees who are 
wearing badges numbered | to 12. If 3 employees are randomly 
selected, what is the probability that the person wearing badge 
6 will be included? 


94. Gordon Model of Stock Valuation Suppose a stock pays a 
dividend of $1.27 and has a dividend growth rate of 3%. If 
an investor requires a 12% return on an investment, use the 
Gordon model of stock valuation to determine the price per 
share the investor should pay for the stock. Round to the 
nearest cent. 


95. Multiplier Effect Suppose a city estimates that a new sports 
facility will bring in $15 million of additional income. If each 
person receiving a portion of this money will spend 80% and 
save 20%, what is the net effect of the $15 million in additional 
income? 


In Exercises 14 to 16, use the Binomial Theorem. 


14. Write the binomial expansion of (x — 2y/). 


1\6 
15. Write the binomial expansion of (: + 1) 3 
x 


16. Find the sixth term in the binomial expansion of (3x + 2y)°. 


17. Playing Cards Three cards are randomly chosen from a stan- 
dard deck of playing cards. In how many ways can the cards be 
chosen? 


18. Serial Numbers A serial number consists of seven characters. 
The first three characters are uppercase letters of the alphabet. 
The next two characters are selected from the digits 1 through 
9. The last two characters are uppercase letters of the alphabet. 
How many serial numbers are possible if no letter or number can 
be used twice in the same serial number? 


19. Playing Cards Five cards are randomly selected from a deck of 
cards containing 8 black cards and 10 red cards. What is the prob- 
ability that 3 black cards and 2 red cards are selected? 


20. Botany A company that sells roses claims that 95% of all its 
rose plants will survive at least 1 year. If a gardener purchases 
eight rose plants from this company, what is the probability 
that seven will survive at least 1 year? Round to the nearest 
hundredth. 
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SEQUENCES, SERIES, AND PROBABILITY 


CUMULATIVE REVIEW EXERCISES 


Find the linear regression equation for the set {(1, 5), (3, 8), 
(4, 11), (6, 15), (8, 16)}. Round constants to the nearest tenth. 


. Find the value of x in the domain of F(x) = 5 + 7 for which 


F(x) = —3. 


. Solve: 2x? — 3x = 4 


x 
. Write ias( in terms of the logarithms of x, y, and z. 


. Find the eccentricity of the graph of 


16x? + 25y* — 96x + 100y — 156 = 0 
2x-3y= 8 
Ive: 
ome { x+4y=-7 
= 7 —3 
. Given A = 5 3]andB=|6 5 |, find 3A — 2B. 
I =2 


h 
. Let g(x) = x* — x + 4 and A(x) = x — 2. Find (2). 


Find the horizontal asymptote of the graph of 
3 
= 8 


x 


F(x) = 
Evaluate: log: 64 


Solve 47**! = 3*~?. Round to the nearest tenth. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


2 2 
+y°+xy= 10 

Solve: {" 7 oe 
x-y=l1 


2 
Find th duct of 3 1 ame : 
ind the product o -_ SS ga <a 


Velocity of a Sky Diver The time ¢ in seconds required for a 
sky diver to reach a velocity of v feet per second is given by 
t inl *-). Det ine the velocity of the sky 
= . Determine the velocity of the s 
32 175 
diver after 5 seconds. Round to the nearest foot per second. 


1 2V 3 
Given sin @ = 35 and sec 0 = me find cot 6. 


sin x 1+ cosx , 
Express | : in terms of csc x. 
1 + cosx sin x 


Solve the triangle ABC if A= 40°, B= 65°, and 


c = 20 centimeters. 


Find the angle of rotation a that eliminates the xy term 
of 9x7 + 4xy + 6)? + 12x + 36y + 44 = 0. Round to the 
nearest degree. 


Evaluate: n( 2) 
Valuate: sin 9 8 5 


Given v = 2i + 5j and w = 3i — 6j, find 2v — 3w. 


SOLUTIONS TO THE TRY EXERCISES 


Exercise Set P.1, page 14 


2. a. Integers: 31, 51 


1 
b. Rational numbers: >, 31, =253 4.235653907493, 51, 
0.888... 


; 5 
c. Irrational number: —— 


V7 
d. Prime number: 31 
e. Real numbers: all the numbers are real numbers. 


6. In absolute value, the four smallest integers are 0, 1, 2, and 3. 
Replacing x in x7 — 1 by these values, we obtain 
—1, 0, 3, and 8. 


16. ANB = {—2,0,2} and AMC = {0, 1, 2, 3}. Therefore, 
(ANB)U(ANO = {-2,0, 1,2, 3}. 


40. The interval (— 00, 3] includes all real numbers less than or 
equal to 3. The interval (2, 6) includes all real numbers 
between 2 and 6, not including 2 and not including 6. 
Therefore, (— 00, 3] (2, 6) = (2, 3]. The graph is 


<4 +++ 4+ 4 1+} +4 > 


50. {x|-3 <x < 0} U {x|x = 2} is the set of all real numbers 
between —3 and 0, including —3 but excluding 0, together 
with (union) all real numbers greater than or equal to 2. The 
graph is 

-5-4-3-2-10123 45 

60. When0<x<2,x + 6 > Oandx — 2 < 0. Therefore, 
|x + 6| =x + 6and |x — 2| = —(x — 2). Thus, 
|x + 6| + |x -2| =x+6-@-2)=8. 

70. d(z,5) = |z — 5|; therefore, |z — 5| > 7. 


age —(6+6+6) -216 8 


76. 

(-3) (—3)(—3)(—3)(—3) 81 3 
80.0 =O =5)>(-2770 — 25) 
= 4(-16) = —64 


90. (z — 2y) — 32 = [(-1) -— 2(-2)P - 37-19 
= (-1+ 4? - 3-1 
= 37 4+3 
=9+3=12 


102. Commutative property of addition 
106. Substitution property of equality 
120. 6 + 3[2x — 4(3x — 2)] = 6 + 3[2x — 12x + 8] 
= 6 + 3[-10x + 8] 
6 — 30x + 24 30x + 30 


Exercise Set P.2, page 29 


a? 08 8 4 


10. = = 
23 4g 160 2 
- (—302b3) (—3)! 2022532 
(—2ab*)3 (—2)"3a!3p*3 
9a*b® 9a 
—8a>p? 8b° 
a (6.9 X 1077(8.2 x 10°) (6.9)(8.2) x 1077-8 
4.1 x 10! 4.1 x 10! 
_ 56.58 x 10/4 
41x 105 


13.8 X 10°! = 1.38 x 10° 


a (4)"-()'T-Q-8 
25 25 5 125 
68. (—5x!/3)(—4x1/2) = (—5)(—4)x¥3 41/2 
= 20x2/6+3/6 = 20x5/6 
84. V18PeP = VOxrVWV2p = 3|x|y?V2y 
92. —3xW/54x4 + 2W 16x? = —3xW/33+ 2x4 + 2W/ 247 
= —3x W333 Wx + 2W2Bxo Wax 
= —3x(3xW2x) + 2(2x?W/2x) 
= 9x? W2x + 4x°W2x 
= —5x2W2x 
102. 3V5y — 4P = 3V5y — 4)3-V5y — 4) 
= 9-5y — 12V5y — 12V5y + 16 
= 45y — 24V/5y + 16 


2 2. Ways 2Way3 Ways 
112. —— = ——- = = 
Vay Way Way3 2y y 
iz -7 -7 AN2 +5 
"3V2-5 3V2-5 3V24+5 
_, =BIV2 = 35 
18 — 25 
-21V2 — 35 
a 3V24+5 


Exercise Set P.3, page 37 


12. a. —12x4 -— 3° - 11 b. 4 
c. —12, -3,-11 d. -12 
e. —12x*, —3x*, -11 


S1 


$2 SOLUTIONS TO THE TRY EXERCISES 


24. 6 —7y+3)+ (2% +8 tH)=7+y4+4 Exercise Set P.5, page 57 
38. 30+ 4°- xt 7 g wa Sea 2 (2x + 3\(x-4) x-4 
3x — 2 "ax 4 5r 43 (2x +3)0x4+ 1) x41 
6x8 — 8x + 2x - 14 x - 16 x7 4y — 21 
16. : 
9x4 + 1233 3x° + 21x x? + Tx + 12 x? — 4x 
8 6x = 11x" 23x = 14 _ & = DO + DG + 3G > 7) _x=7 
50. (3a — 5b)(4a — 7b) = 12a — 2lab — 20ab + 350? (x + 3)(x + 4)xQx — 4) x 
= 12a? — 4lab + 350° a 6x? + 13xy + 6y" ; 3x? — xy — 2y° 
56. (4x — 3y)(4x? + 3y) = (4x?) — By)? = 16x4* — 9y? , 4x? — 97 © 2x? + xp — 32 
72. -x*7 —5x +4 6x* + 13xy + 6y° 2x” + xy — 3/7 
—(-5) — 5(-5) + 4 * Replace x with —S. 4x? — 9,7 3x7 — xy — 2y° 
=-25+25+4 «Simplify. _ Bx +-2p)(2x + 3y)(Qe+-3p)e—P) _ 2x + 3y 
= (2x — 3y)(Qe-+3p)(3x+ 2px) 2x — 3y 
ee pa ee ay at 3y-1 2-5) By-~)D)OY-3) By —d5Gyt D 
6 2 3 ‘see l ped Ger Dy=3) GO = 2G I 


1 1 1 
219 21 + —(21) = 1330 
6° ) 5 & ) 3 6 ) 


_ Gy’ — loy + 3) — @ — By — 5) 
Gy + I — 3) 


It is possible to form 1330 different committees. _ —3y? + 3y + 8 
84. a. 4.3 X 10 (1000) — 2.1 x 10-4(1000) By + Dy — 3) 
= 4.09 seconds on 2 3 y -~1_ 2 3 0 + )y- 1) 
b. 4.3 X 10765000)? — 2.1 x 1074(5000) yo oytlyt4 y yl yr4 
= 106.45 seconds 2 30+ 10-1) 
c. 4.3 X 10°°(10,000)? — 2.1 x 1074(10,000) y Y+tD)O+4) 
= 427.9 seconds 20 3y — 1D) 
y yr4 
~2 pre _3¢—1) 9 
Exercise Set P.4, page 48 yyt4 yt y 
6. 6a°b? — 12a°b + T2ab? = 6ab(a?b — 2a + 126?) (2y + 8) — Gy = 3) 
12. b? + 12b — 28 = (b + 14\(b — 2) wy + 4) 
18. 57y? + y — 6 = (19y — 6)3y + 1) a a 
yy + 4) 


24. b* — 4ac = 8? — 4(16)(—35) = 2304 = 487 


The trinomial is factorable over the integers. 


40. 4-1=(7yY-P a y ~ yyw) 
=( —- DY + D yl y-1 
(vy- Do + Yo? + 1 2 3y — 2 
46. b? — 24b + 144 = (6 — 12)? co _ =a 
52. b° + 64 = (b + 4)(b? — 4b + 16) sae 1) 
64. 4432 -4= (7% + 4 - 1) I= 1) =7Gy = 2) 
(2 + 42 + Iz - 1) = y 
70. ay? — ay’ + ac — cy =ay"(a— y) + ca— y) 2y — 2 — 3y? + 2y 
= (a — yay? + 0) a 
76. 8ly* — 16 = (9y" — 4)(9y" + 4) —3y? + ay — 2 


(3y — 2)y + 2)(9y? + 4) y 


SOLUTIONS TO THE TRY EXERCISES $3 


Ae 8. 6 — 2(4x + 1) = 3x — 2(2x + 5) 
& Senet a a we ies Oe 4 6 — 8x — 2 = 3x — 4x — 10 
, ef ef ef 1 —8x + 4= -x— 10 
f-e2 4 f-e2 8& +x+4=-x+x—- 10 
= ‘= ~TIx +4 = -10 
2 e 32 
ef : ef : Ix+4-4=-10-4 
+ 1.2 x 10° + 2.4 x 10 _ 
64. a. a eee 3.4 X 10° mph —Tx = —-14 
pe re (1.2 x 108)(2.4 x 108) —TIx  —-14 
e "6.7 108? Ij Sj 
v, + vp c7(v, + v9) c7(v, + vy) x= 2 
Ja ey aes Tae Ferre 1 1 19 
viv2 viv + yp } = 
as e(1 +2) - a gee tes 
. 1 1 19 
(3 x+7 te) = 4( 7 ) * Multiply each side by 4. 
Exercise Set P.6, page 65 2x + 28 — x = 38 
Gea = 624 x= — 28 «Collect like terms. 
ex 
18. (5 — 3) - (2+ 9) =5 — 31-2 — 91 = 3 - 123 ead 
— 
34. (5 + 2V—16)(1 — V—25) = [5 + 2(4i)](1 — 5i) 24, xt = 
= Sot 2 6xt+1 _ ox +1 


= 5 — 251 + 8i — 40/7 
= 5 — 25i + 8i — 40(-1) 
= 5 — 251 + 8i + 40 


3 3 * Rewrite the left side. 


The left side of this equation is now identical to the right side. 
Thus the original equation is an identity. 


= 45 -17i 
38. |2x — 3| = 21 
ag, SE = SUE 2 2x — 3 =21 2x —3 = —21 
“243i 243i 2-3: © Bai ad sae i - 
16 — 24i — 21 + 37? _ aa 
= x= 12 x= -9 
23 
16 94r =o) 8-4) The solutions of |2x — 3| = 21 are —9 and 12. 
7 449 50. Replace LBM by 55 and H by 175 in the equation 
. LBM = 0.3281W + 0.3393H — 29.5336, and then solve 
16 — 261 — 3 
= : for W. 
13-26)  13(1 — 21) LBM = 0.3281W + 0.3393H — 29.5336 
= e B 55 = 0.3281W + 0.3393(175) — 29.5336 
= 1-2; 55 = 0.3281W + 29.8439 
: ; ; 25.1561 = 0.3281W 
60. —_ a Vata; 7 W 
, : ete eg 1 
' ' ‘ = : The person should weigh approximately 77 kilograms. 
52. Substitute 22 for m in the given equation and solve for s. 
Exercise Set 1.1, page 81 1 
* Pag 22 = —>|s — 55| + 25 + Substitute 22 for m. 
4. 4x — 11 = 7x + 20 : ; 
fate 4] aya eee HH —44 = |s — 55| — 50 ¢ Multiply each side by —2 to 
aay oi —46 clear the equation of fractions. 
3 es ; nceen u 6 = |s — 55| « Add 50 to each side. 
e et s-—35=6 or 3s = 55 =-6 
s= 61 5 = 49 
=3x. 31 
3 > 3 Kate should drive her car at either 61 miles per hour or 49 miles 
31 per hour to obtain a gas mileage of 22 miles per gallon. 
x= -— 


$4 


SOLUTIONS TO THE TRY EXERCISES 


Exercise Set 1.2, page 92 


4. A=P+ Prt 


14. 


18. 


24. 


26. 


A= P(1 + rt) * Factor. 


= a+r * Solve for P. 


Substitute 105 for w. 
SMOG reading grade level = V105 + 3 

= 10.2 + 3 

= 13.2 
According to the SMOG formula, the estimated reading 
grade level required to fully understand A Tale of Two Cities 
is 13.2. (Note: A different sample of 30 sentences likely 
would produce a different result. It is for this reason that 
reading grade levels are often estimated by using several dif- 
ferent samples and then computing an average of the results.) 


P = 21+ 2w, 


1 
110 = 27+ 2|-/+ 1 
c ) 


1 
w=-7l+1 
2 


¢ Substitute for P and w. 


110 =27+17+2 * Simplify. 
108 = 3/ 
36 =] 


7 = 36 meters 


1 1 
w a! + 1 7 36) + 1 = 19 meters 
Let x be the length of the person’s shadow. Using similar 
triangles, eee " 
6 25 
Solve the equation. 
x xt 10 
6 25 
1s0(*) 1s0(* i i) 
6 25 
25x = 6x + 60 
19x = 60 
x & 3.2 


The person’s shadow is approximately 3.2 feet long. 
Let x be the number of glasses of orange juice. 


Profit = revenue — cost 
2337 = 0.75x — 0.18x 
2337 = 0.57x 

2337 


= = 4100 
0.57 


The owner must sell 4100 glasses of orange juice. 


32. 


36. 


44, 


34. 


Let x be the amount of money invested at 5%. Then 7500 — x 
is the amount of money invested at 7%. 


0.05 | x 0.05x + 0.07(7500 — x) = 405 
0.07 | 7500 — x 0.05x + 525 — 0.07x = 405 
—0.02x = —120 
x = 6000 
7500 — x = 1500 
$6000 was invested at 5%. $1500 was invested at 7%. 


Let t, be the time it takes to travel to the island. 
Let ty be the time it takes to make the return trip. 
ty + th = 75 
th = TS ind ty 
The distance traveled to the island is the same as the distance 
traveled on the return trip. 


15t, = 10%, 
15t, = 10(7.5 — t, ) * Substitute for t,. 
15t, = 75 — 104, 
25t, = 75 
t; = 3 hours 


d = 15t, = 15(3) = 45 nautical miles 


Let x be the number of liters of the 40% solution to be mixed 
with the 24% solution. 


0.40 | x 0.40x + 0.24(4) = 0.30(4 + x) 

0.24 | 4 0.40x + 0.96 = 1.2 + 0.30x 

0.30 | 44x 0.10x = 0.24 
x=24 


Thus 2.4 liters of 40% sulfuric acid solution should be mixed 
with 4 liters of 24% sulfuric acid solution to produce the 30% 
solution. 


Let x be the amount of the alloy that costs $6.50 per ounce. 
Then 20 — x is the amount of the alloy that costs $8.00 per 
ounce. The alloys are mixed to form 20 ounces of a new alloy 
that costs $7.40 per ounce. 


Value of valueof \  / value of 
ee i) . Ge i ~ (a ) 
6.50x + 8.00(20 — x) = 7.40(20) 
6.50x + 160 — 8x = 148 
—1.5x + 160 = 148 
—1.5x = —-12 
x= 8 


The jeweler should use 8 ounces of the alloy that costs $6.50 
per ounce and 12 ounces of the alloy that costs $8.00 per 
ounce. 


SOLUTIONS TO THE TRY EXERCISES $5 


56. Let x be the number of hours needed to print the report if 46. x2 —- 6x +10 =0 
both the ue used. oS bc= 16 
Printer A prints — of th rt hour. 1 2 
a cael aie x -— 6x +9=-104+9 -ada| 4-6) to each side. 
1 
Printer B prints 7 of the report every hour. (x - 3 =-1 * Factor the left side. 
Thus HH 3S AVE * Use the square root 
1 1 procedure. 
gee get x-3= Hi 
= ieee | 
4x + 3x = 12+1 aie 
Ix = 12 The solutions are 3 — iand3 + i. 
12 58. 2? + dx = 1 
ame a 2x? + 4x -1=0 
: 4+ V# — 42\(-1) 
It would take 1 a hours to print the report. ae 2(2) 
_ 4+ V16 + 8 —4+ V24 
4 4 
Exercise Set 1.3, page 106 _=4n2Ve  =22V6 
6. 12x? — 41x + 24 =0 * 5 
= = = —2+ V6 =2:= V6 
(4x — 3)Gx — 8) = 0 * Factor. The solutions are 5 we and 5 Ve 
4x -3 =0 3x — 8 =0_ «Apply the zero 
product principle. 72. x2 + 3x -11=0 
3 8 b? — 4ac = 3? — 4(1)(-11) = 9 + 44 = 53 > 0 
x=— x= > 
4 3 Thus the equation has two distinct real solutions. 
The goluioay ate 3 wid 82. Home plate, first base, and second base form a right triangle. 
4 3. The legs of this right triangle each measure 90 feet.The dis- 
28. (x + 2% + 28 =0 tance from home plate to second base is the length of the 
(x + 2) = —28 hypotenuse x of this right triangle. 
x+2= +V-28 x? = 90? + 90? 
xt2= +iVR x? = 16,200 
x+2= +2iV7 x = V16,200 
x= -2 +2iV7 xe 1273 
The solutions are -2 — 2/\V7 and —2 + 2i-V7. To the nearest tenth of a foot, the distance from home plate to 
) second base is 127.3 feet. (Note: We have not considered 
42. 2x° + 10x —3 = 0 — 16,200 as a solution because we know that the distance 
2x? + 10x = 3 must be positive.) 
2 = 
2x" + 5x) = 3 94. Let w be the width, in inches, of the new candy bar. Then the 
3 : . 1 length, in inches, of the n ndy bar is 2.5w, and the height 
2 2 gth, ches, of the new candy bar is 2.5w, a eig 
+ 5x == * Multipl h = 
. = 2 DMD iy eaalette by 2 is 0.5 inch. The volume of the original candy bar is 
25 3 «25 5+2+0.5 = 5 cubic inches. Thus the volume of the new candy 
e+ Ss a 4 * Complete the square. bar is 0.80(5) = 4 cubic inches. Substitute in the formula for 
BNo ay the volume of a rectangular solid to produce 
(: + >) aia lwh = V 
5 31 (2.5w)(w)(0.5) = 4 
PO 1.25w? = 4 
2 
we = 3.2 
5 V31 
x= =5, + —a w= V3.2 
= 1.8 
=5 Vad =5°=TV31 i 
The solutions are and : PoenTie®) 


$6 SOLUTIONS TO THE TRY EXERCISES 


The width of the new candy bar should be about 1.8 inches and —4Vx + 7 = —20 
the length should be about 2.5(1.8) = 4.5 inches. Disregard (Vx + 72 = (69 
the negative solution because the width must be positive. xe 7S 05 
96. When the ball hits the ground, / = 0. Thus we need to solve x= 18 
0 = —16r? + 52t + 4.5 for ¢. Check: VI8 #7 —-2 2 V1g—9 
0 = —16t? + 52¢ + 4.5 V275-22 V9 
—(52) + V(52 — 4(—16)(4.5) 5-223 
2(-16) 3 =3 
_ —52 + V2992 The solution is 18. 
=e 50. 4x5 —27=37 + Add 27 to each side. 
x 33 4x4/5 = 64 
The ball will hit the ground in about 3.3 seconds. Disregard x4/5 = 16 * Divide each side by 4. 
the negative solution because the time must be positive. (x/5)5/4 —.165/* einsiseeachisideol hee quation to the 
5/4 (the reciprocal of 4/5) power. 
Exercise Set 1.4, page 120 |x| = 32 * Because the numerator of the expo- 
, nent in x4/5 is an even number, use 
8. 4x° + 5x — 16x — 20 = 0 absolute value. 
x°(4x + 5) — 4(4x + 5) = 0 x= +32 


(4x + S)@? — 4) = 0 
(4x + 5) + 2) — 2) =0 


The solutions are 32 and —32. 


4 24149= e = x2 
ek sah ree, a me 10x 9=0 Let u = x°. 
5 uu— 10u+9=0 
lars x=-2 x=2 (u— 9(u—- 1)=0 
‘ u—-9=0 u—-1=0 
The solutions are —2, = and 2. u=9 u=1 
r= 9 x= 1 
24. 2xt+1 x«x-4 10x + 13 gc=. eS eal 
det a 3 are x+5 The solutions are 3, —3, 1, and —1. 
Pra 
( Je 3)(x + 5) 62. 6x73 — 7x43 -20=0 +Letu = x!. 
x= 3 x+5 62 —7 0 = 0 
ue — Tu — _ 
10x + 13 
7 ( _ Je 3) + 5) (u + 4)(Qu — 5) =0 
x 
Ox DG + 5) = & = Oe = 3) = “Clore + 1G = 3) eae 7 lie = 
2x? + [1x + 5 — (x? — Tx + 12) = —(10x? — 17x — 39) w= u=> 
x? + 18x — 7 = —10x* + 17x + 39 
1/3 4 1/3: 5 
llx? +x - 46=0 x =a x 3 
(lx + 23)\(x — 2) = 0 3 3 
4 5 
llx + 23 = 0 x-2=0 Gry = (- *) Saas (3) 
Pe -= x=2 64 x va 
x= -— = Se 
27 8 
. 23 
The solutions are — — and 2. . 64 125 
11 The solutions are — 7 and e 
28. V1I0—x =4 Check: V10 — (—6) 24 
. ee led ee eS 2 70. Let r be Maureen’s running rate. Then Hector’s running rate 
10-—x = 16 V16 =4 ped 
x =6 4=4 i 
x= -6 Time for Maureen + 3 = time for Hector 
The solution is —6. 12. 1 12 
30. Vet 7-2=Vx—9 r 2 r-2 
1 2 2 12 1 12 
(Vx + 7 — 2) = (Vx — 9) 2r(r 2( 5) = Ir(r 2( ) biiied 
x+7-4Vx4+74+4=x-9 a 2 r—2 nes) 


72. 


84. 


2(r — 2)(12) + r(r — 2) = 27r(12) 
24r — 48 + 7? — 2r = 24r 
r? — 2r— 48 =0 
(r — 8)(r + 6) = 0 
r—8=0 r+6=0 
r=8 r= —-6 
A running rate of —6 miles per hour is not possible. 
Maureen’s running rate is 8 miles per hour. Hector’s running 
rate is 6 miles per hour. 


First, find the time f¢ it would take the roofer working alone to 
repair the roof. 


6 6 

—-+—=H= 

t 14 

6 6 
144 — + —] = 14t-1 
Gta 

84 + 6¢ = 14t 
84 = 8 
ei 
2 


21 
It takes the roofer, working alone, a hours to repair the roof. 


Now let x be the additional time it would take the assistant to 
repair the roof after the roofer and the assistant work together 
for 2 hours. 


Ges done ) % ane done y) 


roofer in 2 hr assistant in 2 hr 
( portion done by — 4 
after roofer leaves 
2 2 x 1 
21 14. «14 
2 
4 2 He 1 
21 14 14 


4 2 x 
42 t t = 42-1 
21 14 14 


8 + 6 + 3x = 42 


3x = 28 
28 
eS 
3 


28 1 
It would take the assistant cc or 93 hours to complete the 


repair. 


Cost over land = $0.125x million; cost under water = 
$0.2V1 + (6 — x) million; total cost = $1 million. 


0.125x + 0.2V1+(6—x?=1 
0.125x + 0.2V1+(6—xP=1 
0.2V1 + (6 — xP = 1 — 0.125x 
(0.2V1 + (6 — x)? = (1 — 0.125x)? 


SOLUTIONS TO THE TRY EXERCISES $7 


0.015625x7 
0.015625x? 


0.04(1 + (6 — x) = 1 
1.48 — 0.48x + 0.04.7 = 1 
0.024375x7 — 0.23x + 0.48 = 0 


0.25x 
0.25x 


Using the quadratic formula, x ~ 3.1 and x ~ 6.3. The value 
6.3 would make 6 — x a negative number and therefore is not 
a possible answer. The answer is to run the line above ground 
for 3.1 miles from the power station. 


Exercise Set 1.5, page 133 


6. 


10. 


18. 


34. 


Ate = 5) = 2+ 15 
—4x + 20 = 2x + 15 
=6x:=5 
Gee 

6 


5 
The solution set is {sls < a 


=) 
6 


-5-4-3-2-1 012345 


2x +5 >-16 and 2x+5<9 
2x > —21 and 2x <4 
21 
iS and eS? 
21 Zl 
{xle> — hn tle <2} = {: -ex<2h 
. . 21 
The solution set is {= ad <x< 2}. 


21 
2 


—12-10-8-6-4-2 0 2 4 6 8 


|2x —9| <7 
=). 24> 9 7 
2< 2x <16 
1< x <8 
In interval notation, the solution set is (1, 8). 


e+ 5x+6<0 
(x + 2)(x + 3) <0 


x=-2 and x=-3 * Critical values 


Use a test number from each of the intervals (— 00, —3), 
(—3, —2), and (—2, 00) to determine where x7 + 5x + 6 is 
negative. 

tHt+++44][—[ttt44 


<——I 


t—t—> 


"3-2 0 


In interval notation, the solution set is (—3, —2). 


$8 


50. 


56. 


58. 


62. 


SOLUTIONS TO THE TRY EXERCISES 


3x 1 
=> 
y= 2 
3x + 1 
——-420 
x—2 
ed =A Fy 
5 ee 
Sa vee 
x-2 


x=2 and x=9 * Critical values 


Use a test number from each of the intervals (— ©0, 2), 


ae 9) of 
(2, 9), and (9, C©) to determine where — is positive. 


The solution set is (2, 9]. 
Let m = the number of miles driven. 
Company A: 29 + 0.12m Company B: 22 + 0.21m 
29 + 0.12m < 22 + 0.21m 
77.7<m 

Company A is less expensive if you drive at least 78 miles 
per day. 
Substitute 1.25 for A. Then solve the following inequality. 

1.25 < —0.05x + 1.73 
—0.48 < —0.05x 

96 >x 


Adding 9.6 to 2000 yields 2009.68. According to the given 
mathematical model, we should first expect annual theater 
attendance to decline to less than 1.25 billion people in 2009. 


163 — pw 
1.79 


| < 2.33 


163 — w 


—2.33. < < 2.33 


—4.1707 < 163 — w < 4.1707 
—167.1707 < -—p < —158.8293 
167.1707 > pw > 158.8293 


The last inequality can be written as 
158.8293 < yw < 167.1707. The range of mean weights of 
women is between 158.8 and 167.2 pounds. 


Exercise Set 1.6, page 141 


22. 


d= kw 
6 = k+80 
Ps 
80 
3 
k= 
40 


3 
Th = —-:100 = 7.5 inches. 
us d 40 00 = 7.5 inches 


26. 


30. 


32. 


34. 


38. 


r=k’? 
140 = k- 607 
140 _ 
602 

7 
70 


7 
Thus r = ——~- 65? = 164.3 feet. 
us r 180 65 64.3 fee 


The general variation is 
k 
7 


where fis the frequency, in vibrations per second, of the 
vibrating string and / is the length of the string in inches. We 
are given that f = 144 when / = 20 inches. 


k 
Solving 144 = 0 for k yields k = 2880. Thus the specific 
2880 


variation is f = or a When / = 18 inches, we find 
2880 . . F 
f= 13. = 160. The frequency of a guitar string with a 


length of 18 inches is 160 vibrations per second. (Note: We 
have assumed that the tension is the same for both strings.) 


j= 
da 
k 
50 = — 
10° 
5000 = k 
5000 5000 5000 
Thus / = oS 1 = 75 & 22.2 footcandles. 
L = kwd? 
200 = k+2-67 
_ 200 _ 25 
2:6 9 
25 1600 
Thus L = 5 4-2 = a 178 pounds. 
2 
Lak 
i 
4-8? 
=k- 
800 a 
12: 
800 _ i 
4-8 
37.5 =k 
3.5°6 
Thus L = 37.5° = 295.3125 = 295 pounds. 


Exercise Set 2.1, page 164 


6. d= V@ — 1) + (2 — yw" 
d= V[-10 — (—5)]? + (14 — 8 
= V(-5P + 6? = V25 + 36 


30. v4 


15 
40. y-intercept: (0 -4) 
x-intercept: (5, 0) 
Va 


4+ 


64. r= Val —- (2) +7 — 5° 
=V9+4= V3 
Using the standard form 
G=ift =i =r 
with h = —2,k = 5, andr = V13 yields 
@ + 2% + — SP = (VBP 
66. x +y*-6x—-4y+ 12=0 
x 6x ty — 4y = -12 
vr 6x + 9+ y—-4y9+4=-124944 
(«-3P +Q-2P =L7 
The center is (3, 2), and the radius is 1. 


Exercise Set 2.2, page 180 


4, x° — 2y =2 * Solve for y. 
ly = =x? +2 
i) 
==? -1] 
x 2 x 
y is a function of x because each x value will yield only one 
y value. 


18. Given g(x) = 2x? + 3 
a. 2(3) = 23) +3 =18 +3 =21 
b. o(-1) = 2(-1? +3 =24+3=5 
c. (0) = 20) +3 =04+3 =3 


1 1\? 1 i 
dy eal) te aad 


e. g(c) = 2c)? + 3 = 2c? 


SOLUTIONS TO THE TRY EXERCISES $9 


f. gfe + 5) = Act 5P +3 = 2c? + 20c + 504+ 3 
= 2c? + 20c + 53 
. Because 0 = 0 = 5, O(0) = 4. 


26. a 
b. Because 6 < e < 7, O(e) = —e + 9. 
c. Because 1 <n < 2, O(n) = 4. 
d. Because 1 < m < 2,8 < m? +7 < 11. Thus 


Om? + 7) = Vin? + 7) — 7 = Vir? = m. 
28. —2x + 1 is areal number for all values of x. Therefore, the 
domain of fis the set of all real numbers. 


44. Because V5 — x is not areal number when x > 5, the 
domain of h is {x|x = 5}. 


54. f(a) = -2 
a —5a- 16= -2 
a—5a-14=0 
(a + 2a — 7) =0 


* Replace f(a) with a? — 5a — 16. 
* Solve for a. 


a+2=0 or a-7=0 
a=-2 or a=T7 

There are two values of a, —2 and 7, for which f(a) = —2. 

66. f(x) = 0 * To find the zeros, let f(x) = 0. 


* Replace f(x) with 2x? + 3x — 5. 
* Solve for x. 


2x7 + 3x-5=0 
(2x + 5x — 1) =0 
2x +5=0 or x -1=0 


5 
The zeros are — ri and 1. 


74. a. [0,00) 
b. 31,250 is in the interval 8025 = x < 32,550. 
Use T(x) = 0.15(@ — 8025) + 802.50. Then 


(23,225) = 0.15(23,225) + 802.50 = 4286.25 
The tax is $4286.25. 


(continued) 


$10 SOLUTIONS TO THE TRY EXERCISES 


c. 78,900 is in the interval 78,850 = x < 164,550. 
Use T(x) = 0.28(x — 78,850) + 16,056.25. Then 


7(50) = 0.28(50) + 16,056.25 = 16,070.25 
The tax is $16,070.25. 
76. a. This is the graph of a function. Every vertical line 
intersects the graph in at most one point. 
b. This is not the graph of a function. Some vertical lines 
intersect the graph at two points. 
c. This is not the graph of a function. The vertical line at 
x = —2 intersects the graph at more than one point. 
d. This is the graph of a function. Every vertical line 
intersects the graph at exactly one point. 
92. v(t) = 44,000 — 42007,0 = t = 8 
94. a. V(x) = (30 — 2x)*x 
= (900 — 120x + 4x?)x 
= 900x — 120x? + 4x3 
b. Domain: {x]0 <x < 15} 


98. AB = V/1 + x2. The time required to swim from A to 
2 
B at 2 miles per hour is a hours. 
BC = 3 — x. The time required to run from B to C at 
—x 


3 
8 miles per hour is hours. 


Thus the total time to reach point C is 


Vitx? 3-x 
= hours. 
2 8 
Exercise Set 2.3, page 195 
_ 1-4 _ 3 
ao Seay; | 


16. m= —landb=1 
The slope is —1 and 
the y-intercept is 
(0, 1). 


32. Solve 3x — 4y = 8 fory. 


3x — 4y = 8 
—4y = —3x + 8 

3 
yr ges 


3 
The slope is a the y-intercept is (0, —2). 


36. 


46. 


52. 


70. 


y—5=-2- 0) 


y=-2x+5 
Find the slope of the line. 
2 
7 x2 ~ X1 
—-4-6 —10 
“2-65 2 °° 


Use the point—slope formula. 
y— yi = mx — x) 
$= b= =34=(=9) 
y= 6 = 5" — 25 
y= —-5x -— 19 
The equation of the line is y = —S5x — 19. 
Solve x + 3y = 4 for y. 


x+3y=4 
By =—-x +4 
pueda 
3 3 


The slope of the line parallel to the graph of the given line is — > 

Use the point-slope formula with the given point (—3, —1). 
y- Y= mx — x) 

y= (-D=-F@- 3) 


The equation of the line that is parallel to the graph of 
x + 3y = 4 and passes through the point (—3, —1) is 


Wg 
SS ay. 
3s 


a. Using the data for 2003 and 2008, two ordered pairs on 
the line are (2003, 791.9) and (2008, 975.3). 


975.3 = 791.9 
2008 — 2003 


= 36.68 


Use the point—-slope formula to find the equation of the 
line between the given points. 
C-— C; = mt — t) 
C — 791.9 = 36.68(t — 2003) 
C — 791.9 = 36.68t — 73,470.04 
C = 36.68t — 72,678.14 


Using function notation, the linear function is 
C(t) = 36.68¢ — 72,678.14. 


70. b. To find the year when consumer debt first exceeds $1.1 
trillion ($1100 billion), let C(4) = 1100 and solve for ¢. 
C(t) = 36.68f — 72,678.14 
1100 = 36.68¢ — 72,678.14 
73,778.14 = 36.68¢ 
2011.4 = ¢ 
According to the model, revolving consumer debt will 
first exceed $1.1 trillion in 2011. 
80. P(x) = R@&) — C() 
P(x) = 124x — (78.5x + 5005) 
P(x) = 45.5x — 5005 
45.5x — 5005 = 0 
45.5x = 5005 
x= 110 


¢ The break-even point 


1 
88. The slope of the radius from (0, 0) to (V15, 1) is ae 
The slope of the linear path of the rock is —'V15. The path 
of the rock is given by 
y-1=-VB(e- Vi5) 
y-1l=-VI5x + 15 
y=-VI5x + 16 


Every point on the wall has a y value of 14. Thus 
14 = —-V15x + 16 
—2 = -vVI5x 
2 
—— # 0.52 
Vvi15 


The x-coordinate of the point where the rock hits the wall 
is 0.52. 


x 


Exercise Set 2.4, page 209 
10. f(x) =x? + 6x -— 1 
= x? + 6r+9+(-1-9) 
= (x + 3 — 10 
Vertex: (—3, —10) 
Axis of symmetry: x = —3 


20. h x aieg 
, 2a 2(1) 
k = f(3) = 3? — 6(3) = —9 


Vertex: (3, —9) 
fa) = — 3-9 
32. Determine the y-coordinate of the vertex of the graph of 
fx) = 2x? + 6x — 5. 
f(x) = 2x? + 6x — 5 
b 6 


3 
h= ¢ Find the x-coordinate of 
2a 2(2) 2 the vertex. 


*a=2,b=6,c= —5. 


38. 


48. 


50. 


68. 
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+ Find the y-coordinate 
of the vertex. 


3) +63) -8--7 


3 «19 
The vertex is (- 7 v) Because the parabola opens 


19 
up, —— 1s the minimum value off Therefore, the range 
2 


; 19 
of fis {ly = ->h 


To determine the values of x for which f(x) = 15, replace 
f(x) with 2x? + 6x — 5 and solve for x. 


f(x) = 15 
2x? + 6x — 5 = 15 * Replace f(x) with 2x? + 6x — 5. 
2x? + 6x — 20=0 * Solve for x. 


2x — 2)(x + 5) =0 
x-2=0 or x+5=0 


* Factor. 
* Use the zero product 


x=2 or x=-—5 principle to solve for x. 
The values of x for which f(x) = 15 are 2 and —5. 
f(x) = —x? — 6x 
= —(x? + 6x) 
(x? + 6x +9) +9 
=-(+3P +9 
The maximum value of fis 9 when x = —3. 


The soccer ball hits the ground when A(t) = 0. 
h(t) = —4.97? + 12.8t 
0 = —4.92? + 12.8¢ 
= (-4.9t + 12.8) 


—12.8 
— © 2. 
—4.9 : 


The soccer ball hits the ground in approximately 2.6 seconds. 
a. 1+ w = 240, so w = 240 — 1. 
b. 4 = Ww = (240 — J) = 2401-7 


c. The / value of the vertex point of the graph of 
A= 2401 — Pis 


* Replace A(t) with 0. 


¢ Solve for t. 


t=0 or t= 


Thus / = 120 meters and w = 240 — 120 = 120 meters are 
the dimensions that produce the greatest area. 


Let x be the number of parcels. 


a. R(x) = xp = x(22 — 0.01x) 
b. P(x) = Rx) — CO) 
= (—0.01x? + 22x) — (2025 + 7x) 
0.01x? + 15x — 2025 


0.01x? + 22x 


(continued) 
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1 
“ 7 Ten - 
The maximum profit is 
P(750) = —0.01(750)? + 15(750) — 2025 = $3600 
d. The price per parcel that yields the maximum profit is 
p(750) = 22 — 0.01(750) = $14.50 
e. The break-even points occur when R(x) = C(x). 
0.01x? + 22x = 2025 + 7x 
0 = 0.01x? — 15x + 2025 
=(—15y V(-15)2 — 4(0.01)(2025) 
— 2(0.01) 


x = 150 and x = 1350 are the break-even points. 


Thus the minimum number of parcels the air freight 

company must ship to break even is 150. 
70. h(t) = —167 + 64t + 80 
b 64 

=2 
2a 2(— 16) 
h(2) 16(2)° + 64(2) + 80 
64 + 128 + 80 = 144 


t 


a. The vertex (2, 144) gives the maximum height of 144 feet. 


b. The vertex of the graph of h is (2, 144), so the time at 
which the projectile achieves this maximum height is at 
time ¢ = 2 seconds. 

c. —16t? + 64¢ + 80 =0 

16(? — 44-5) =0 

16(¢ + 1)(t - 5) =0 
t+1=0 or ¢-5=0 
t=-l1 or t=5 


¢ Solve for ¢ with h = 0 


The time cannot be negative. The projectile will have a height 
of 0 feet at time ¢ = 5 seconds. 


Exercise Set 2.5, page 223 


14. a. The graph is symmetric with respect to the x-axis because 
replacing vy with —y leaves the equation unaltered. 
b. The graph is not symmetric with respect to the y-axis 
because replacing x with —x alters the equation. 

24. The graph is symmetric with respect to the origin because 
(-y) = (—x)> — (—x) simplifies to —y = —x? + x, which is 
equivalent to the original equation y = x° — x. 

44, Even, because h(—x) = (—x)? + 1 = x7 + 1 = A(x). 


58. a., b. 


62. a. The graph of y = f(x + 3) + 2 is the graph of f shifted to 
the left 3 units and up 2 units. 


b. The graph of y = f(x — 2) — 1 is the graph of f shifted to 
the right 2 units and down | unit. 


Exercise Set 2.6, page 234 
Vx —4 


10. f(x) + g(x) x Domain: {x|x = 4} 
f(x) — gx) = Vx — 44+ x Domain: {x|x = 4} 
S(x)+ g(x) = —xVx— 4 ~~ Domain: {x|x = 4} 

fo) Vena 


= ———— _ Domain: {x|x = 4} 
g(x) x 


14. 


30. 


38. 


50. 


74. 


80. 


(f+ 2) = 0? — 3x +2)4+ 2x -4 =x? -x-2 
(f+ g(-7 = (-7" - (-7) -2=49+7-2= 54 
fla +h) = fe) _ [4x + h) — 5] — (4x — 5) 
h 
4x + 4(h) — 5 — 4x + 5 
h 
am, 
aries 4 
(g ° AG) = el f@)] = g[2x - 7] 
= 3[2x — 7] + 2 = 6x — 19 
(f° g)Q) = Jae f[3x + 2] 
= 2[3x + 2] — 7 = 6x — 3 
(7224) = J wf) 
=f = 5) 
= f[-4] = 2(-4) +3 = -5 
a./=3-0.5tfor0 =+=6./=—3 + 0.5t fort > 6. 
In either case, 7 = |3 — 0.5t|. w = |2 — 0.2¢| as in 
Example 7. 
b. A(t) = |3 — 0.5¢||2 — 0.2¢| 


c. A is decreasing on [0, 6] and on [8, 10]. 


A is increasing on [6, 8] and on [10, 14]. 


AAO) 


Area (in square inches) 
FP NW POD 


2 4 6 8 1012 ¢ 
t (in seconds) 


. The highest point on the graph of A for0 = ¢ = 14 


occurs when t = 0 seconds. 


. On [2, 3], 


a=2 
At=3-2=1 
s(a + At) = s(3) = 6°37 = 54 
s(a) = s(2) = 6-2? = 24 
s(a + At) — s(a) 
At 
_ s(3) — s(2) 
iar co 
= 54 — 24 = 30 feet per second 


Average velocity = 


This is identical to the slope of the line through (2, s(2)) 


and (3, s(3)) because 


_ 53) — s(2) 
3 =2 


= s(3) — s(2) = 54 — 24 = 30 
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b. On [2, 2.5], 


a=2 
At = 2.5 -2= 0.5 
s(a + At) = s(2.5) = 6(2.5)° = 37.5 


: 5(2.5) — s(2) 
Average velocity = ———_— 
0.5 
_ 37.5 — 24 
0.5 
13.5 
= 05 = 27 feet per second 
c. On [2, 2.1], 

a=2 


At=21-2=0.1 
s(a + At) = s(2.1) = 6(2.1) = 26.46 


5(2.1) — s(2 
Average velocity = oe) 
0.1 
_ 26.46 — 24 
0.1 
2.46 
= re = 24.6 feet per second 
d. On [2, 2.01], 
a=2 


At = 2.01 -2=0.01 
s(a + At) = 9(2.01) = 6(2.01)? = 24.2406 
s(2.01) — s(2) 

0.01 
_ 24.2406 — 24 
7 0.01 
_ 0.2406 
~ 0.01 


Average velocity = 


= 24.06 feet per second 


e. On [2, 2.001], 


a=2 
At = 2.001 — 2 = 0.001 
s(a + Aft) = s(2.001) = 6(2.001)* = 24.024006 


5(2.001) — s(2 
Average velocity = a ee) 


0.001 
_ 24.024006 — 24 
0.001 
0.024006 
= ——— = 24.006 feet 
0.001 006 feet per second 


f. On [2,2 + Ag], 


s(2 + At) — s(2) 6(2 + At? — 24 
At = At 
6(4 + 4(Ad) + (Ad)’) — 24 
~ At 


(continued) 
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24 + 24(At) + 6(At*? — 24 

At 

24At + 6(Ad* 
At 


24 + 6(An) 


As At approaches zero, the average velocity approaches 
24 feet per second. 


Exercise Set 2.7, page 244 
18. Enter the data in the table. Then use your calculator to find 
the linear regression equation. 
a. The linear regression equation is 
y = 3.1410344828x + 65.09359606 
b. Evaluate the linear regression equation when x = 58. 
y = 3.1410344828(58) + 65.09359606 
= 263 
The ball will travel approximately 263 feet. 
32. Enter the data in the table. Then use your calculator to find 
the quadratic regression model. 
a. y = 0.05208x7 — 3.56026x + 82.32999 


b. The speed at which the bird has minimum oxygen con- 
sumption is the x-coordinate of the vertex of the graph of 
the regression equation. Recall that the x-coordinate of the 


vertex is given by x = ——. 
& yy 2a 


b —3.56026 _ 
2a 2(0.05208) 


The speed that minimizes oxygen consumption is approxi- 
mately 34 kilometers per hour. 


x 34 


Exercise Set 3.1, page 268 


8. 3x ses 7 
= 2% +2)334+ x2 - 5x 
3x3 — 6x? + 6x 

7x? — llx+ 2 

Tx? — 14x + 14 


3x — 12 
3x3 +x? — 5x +2 Soa 3x — 12 
x? — 2x42 x? — x42 
12. 5/5 6 -8 1 
25 155 735 
5 31 147 736 
eter et 5x? + 31x 4 147 + 


26;. 3|2 =1 3 -=1 
6 15 54 
2 5 18 53 
P(c) = P(3) = 53 
36. | 4 -—27 —90 
=6 12 90 
1 =2. =15 0 
A remainder of 0 indicates that x + 6 is a factor of P(x). 
54. 7 1 5 3 -5 —4 
=-1 -4 1 4 
[pee 4 0 
The reduced polynomial is x7 + 4x? — x — 4. 
xt + 5x3 + 3x? — Sx — 4 = (x + LQ? + 4x7 — x — 4) 


Exercise Set 3.2, page 282 


2. Because a, = —2 is negative and n = 3 is odd, the graph of 
P goes up to the far left and down to the far right. 
18. P(x) =x — 6x" + 8x 
= x(x" — 6x + 8) 
= x(x — 2)(x — 4) 
The factor x can be written as (x — 0). Apply the Factor 
Theorem to determine that the real zeros of P are 0, 2, and 4. 


24. 0/4 -1 -6 1 
0 0 0 
4-1 -6 1 * P(0)=1 
1/4 -1 -6 1 
4 3 -3 
4 3 -3 -2 +P(l)=2 


P is a polynomial function. Also, P(0) and P(1) have opposite 
signs. Thus, by the Intermediate Value Theorem, we know 
that P must have a real zero between 0 and 1. 


34. The exponent of (x + 2) is 1, which is odd. Thus the graph of 
P crosses the x-axis at the x-intercept (—2, 0). The exponent 
of (x — 6) is even. Thus, the graph of P intersects but does 
not cross the x-axis at (6, 0). 

42. Far-left and far-right behavior: The leading term of 
P(x) = 8 + 2x? — 3x is 1x°. The leading coefficient, 1, is 
positive, and the degree of the polynomial, 3, is odd. Thus the 
graph of P goes down to the far left and up to the far right. 


0° + 2(0)? — 3(0) = 0. The 


The y-intercept: P(0) 
y-intercept is (0, 0). 
The x-intercept or intercepts: Try to factor x° + 2x” — 3x. 
x + 2x? — 3x = x(x? + 2x — 3) 

= xx + 3) - 1) 


(continued) 


66. 


68. 


Use the Factor Theorem to determine that (0, 0), (—3, 0), and 
(1, 0) are the x-intercepts. Apply the Even and Odd Powers of 
(x — c) Theorem to determine that the graph of P will cross 
the x-axis at each of its x-intercepts. 

Additional points: (—2, 6), (—1, 4), (0.5, —0.875), (1.5, 3.375) 
Symmetry: The function P is neither an even nor an odd 
function. Thus the graph of P is not symmetric with respect 
to either the y-axis or the origin. Yt 
Sketch the graph. 87 


P(x) = x3 + 2x? — 3x 


The volume of the box is V = lwh, with h = x, 1 = 18 — 2x, 
42 — 3x 


and w = . Therefore, the volume is 


( 42 — 3x ) 
V(x) = (18 — 2x) Es 


2 
= 3x3 — 69x" + 378x 


Use a graphing utility to graph V. The graph is shown below. 
The value of x that produces the maximum volume is 3.571 
inches (to the nearest 0.001 inch). (Note: Your x-value may 
differ slightly from 3.5705971 depending on the values you 
use for Xmin and Xmax. The maximum volume is approxi- 
mately 606.6 cubic inches.) 


a, 


Maximum 
 X=3.570598 _. Y=606,.55979 | « 
0 


800 


Volume (in cubic inches) 


Height (in inches) 
Enter the x-values (years) and the sales data into a graphing 
utility. To find the cubic regression function on a TI-83/TI-83 
Plus/TI-84 Plus calculator, select 6: CubicReg in the STAT 
CALC menu. The following screen shows the results. 


CubicReg 
y=ax3+bx?+cx+d 
a=-.0019920568 
b=.0640002U12 
c=-3245133779 
d=1.341589267 
Re=.9969553409 
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Thus the cubic regression function is 


fx) = —0.0019920568x3 + 0.06400024 12x? 
— 0,3245133779x + 1.341589267 


Graph the data and the cubic regression function on the same 
screen. Use the value command, in the CALCULATE menu, 
to predict the vehicle sales in the year 2011 


(represented by x = 24). Press 2ND [CALC] 2u 


Enter | to produce the screen below. 


6 
Yi=-.00199205679081X%3+-— 


a 


o (Ke2U ees Y=2,87921U1 | 95 
0 


The cubic model predicts about 2.9 million sport/cross utility 
vehicles will be sold in 2011. 


Exercise Set 3.3, page 295 


12. 


20. 


30. 


p= +1,+2,+4, +8 
q= +1,+3 
P = + 1, + 2; + 4, + 8, + a + a + ay + 8 
q 3 3 3 3 
11 0 -19 —28 —I}1 0 =-19 =—28 
1 1 —18 =] 1 18 
1 1 —-18 —46 1 =L —18.. —10 
2}1 0 -19 —28 =2|1 0 —-19 —28 
2 4 —30 —2 4 30 
1 2 —-15 —S58 1-2 -15 2 
3}1 0 -19 —28 —3}1 0 —-19 —28 
3 9 —30 = 9 30 
1 3 —-10 —58 1 -3 —10 2 
4}1 0 —-19 —28 —4}1 0 -19 —28 
4 16 —12 —4 16 12 
14 —-3 —40 1 -4 -3 —16 
5|1 0 -19 —28 —5}11 0 —-19 —28 
5 25 30 —5 25 —30 
lS 6 2} il =5 O =S8 
None of these numbers These numbers alternate 
are negative, so 5 is an in sign, so —5 is a lower 
upper bound. bound. 
P has one positive real zero because P(x) has one variation 
in sign. 
P(—x) = (—xy — 19(—x) — 30 x3 + 19x — 30 


P has two or no negative real zeros because 
P(-x) x? + 19x — 30 has two variations in sign. 
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44. P has one positive and two or no negative real zeros (see 
Exercise 30). 


5|1 0 -19 -30 

5 25 30 

15 6 0 
The reduced polynomial is x7 + 5x + 6 = (x + 3)(x + 2) 


which has —3 and —2 as zeros. Thus the zeros of 
P(x) = x — 19x — 30 are —3, —2, and 5. 


76. We need to find the natural number solution of 
n> — 3n? + 2n = 504, which can be written as 


w — 3n? + 2n — 504 =0 


The constant term has many natural number divisors, but the 
following synthetic division shows that 10 is an upper bound 
for the zeros of P(n) = n? — 3n? + 2n — 504. 
10j1 -3 2 —504 
10 70 720 
1 7 72 216 


The following synthetic division shows that 9 is a zero of P. 


9}1 -3 2 —504 
9 54 504 
1 6 56 0 


Thus the given group of cards consists of exactly nine cards. 
There is no need to seek additional solutions because any 
increase or decrease in the number of cards will increase or 
decrease the number of ways we can select three cards from 
the group of cards. 


80. The volume of the tank is equal to the volume of the two 
hemispheres plus the volume of the cylinder. Thus 


eax! + 69x? = 97 
Dividing each term by 7 and multiplying by 3 produces 
4x3 + 18x? = 27 
Intersection Method Use a graphing utility to graph 


y = 4x° + 18x? and y = 27 on the same screen, with x > 0. 


The x-coordinate of the point of intersection of the two 
graphs is the desired solution. The graphs intersect at 

x © 1.098 (rounded to the nearest thousandth of a foot). The 
length of the radius is approximately 1.098 feet. 


Exercise Set 3.4, page 305 


2. Use the Rational Zero Theorem to determine the possible 
rational zeros. 


P 


== +1,+5 


q 
The following synthetic division shows that 1 is a zero of P. 


Use the quadratic formula to find the zeros of the reduced 
polynomial x7 — 2x + 5. 


ee DD EVD? = 46) _ 


2) 1+ 2i 
The zeros of P(x) = x° — 3x° + 7x — 5 are 1, 1 — 2i, and 
1 + 2i. 
The linear factored form of P is 
P(x) = W(x — 1) — [1 — 2i])(x — [1 + 27]) or 
P(x) = (x — 1px - 1 + 2 —- 1 — 21) 
18. 5 + 37/3 —29 92 34 
15+ 91 —97+ 3i —34 
3 -14+ 91 3.231 0 
5 — 31/3 -14 +4 9i Se 3i 
[5-91 5: = 31 
3 1 0 


1 
The reduced polynomial 3x + 1 has — 3 as a zero. The zeros 


of P(x) = 3x? — 29x? + 92x + 34 are 5 + 31, 5 —3i, and 
22. 31/1 -6+0i 22+ Oi 64+ Oi 117+ Oi —90 
0+ 3i —9 — 18i 54 +39) —117 — 30i 90 
—3i]1 -6+3i 13-18% —10 + 39% 0 — 30: 0 
0-3: O+ 18; 0 — 39: 30i 
1 —6 13 —10 0 
Pe +1,42,+5, +10 
q 
2|1 -6 13 —-10 
2 -8 10 


1 —4 5 0 


Use the quadratic formula to solve x7 — 4x + 5 = 0. 


ad ot V(-4P — 405) _ 4 V4 


2(1) 2 


442i ; 
= =2+i 
2 
The zeros of P(x) = x° — 6x4 + 22° 
are 3i, —3i,2,2 + i, and2 — i. 


30. The graph of P(x) = 4x° + 3x? + 16x + 12 is shown on 
page S17. Applying Descartes’ Rule of Signs, we find that the 
real zeros are all negative numbers. By the Upper- and Lower- 
Bound Theorem, there is no real zero less than —1, and by the 
Rational Zero Theorem, the possible rational zeros (that are 


64x7 + 117x — 90 


(continued) 


48. 


10. 
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1 1 3 i : eae = 
negative and greater than —1) are ud ,»——,and—-—, 38. Vertical asymptote: = x" — 6x + 9 = 0 
2 2 bi (& — 3) — 3) =0 
. 3. = 
From the graph, it appears that — - is a zero. x= 3 
1 
30 The horizontal asymptote is y = 1 = | (the Theorem on 


Horizontal Asymptotes) because the numerator and denomi- 
nator both have degree 2. The graph crosses the 


3 : 
= ‘ horizontal asymptote at ( : 1) The graph intersects, 


but does not cross, the x-axis at (0, 0). See the following graph. 
-15 


-3\4 -3 16 12 eee ee 
4} -3 0 -12 0.0of| 3 ; 
4 0 16 0 
ci Xe ll 
Thus — a is a zero, and by the Factor Theorem, 44, x2 — 3x4 5)x3 mR + 3x44 
3 x? — 3x? + 5x 
4x3 + 3x7 + lox + 12 = (: 2 eae + 16) = 0 pe seia 
Solve 4x? + 16 = 0 to find that x = —2i and x = 2i. The x = 3x +5 
solutions of the original equation are — a —2i, and 2i. es 
‘ F@)=x+14 =) 
Because P has real coefficients, use the Conjugate Pair 7 — 3x45 
Theorem. Slant asymptote: y = x + 1 
P= (x — [3 + 2i])@ — [3 — 2i])@ — 7) ve—-x—-12 (x-4x+3) x43 
(3 = 2 — 3 + 2-7) i gas E=HeTD sao" 


2 4 
@ Gee he) The function F is undefined at x = 4. Thus the graph of F 


xe = 135 Se = 91 eek 4 7 
is the graph of y = Pea with an open circle at (4 2) 
Exercise Set 3.5, page 320 The re of the open circle was found by evaluating 

Set the denominator equal to zero. a x+2 ia ali 

xr -4=0 
(x — 2)(% + 2) =0 
x=2 or x=-2 
The vertical asymptotes are x = 2 andx = —2. 
The horizontal asymptote is y = 0 (x-axis) because the 


16. 


22. 


degree of the denominator is larger than the degree of the 


numerator. 
F 30 + x 
Vertical asymptote: x — 2 = 0 3 i 60 
x=2 a 70* 
Horizontal asymptote: y = 0 3 
No x-intercepts 30+x= o(; eft w) 
1 
“i (Qo2 6 
y-intercept: (0 +) 30 +x=45 + aX * Simplify. 


(continued) 
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6 
x= q* = 45 — 30 * Solve for x. 
1 
=x = 15 
7 
x = 105 


You need to drive 105 miles at 70 miles per hour to bring 
your average speed up to 60 miles per hour. 


b. The numerator and denominator of r are both of degree 1. 
The leading coefficient of the numerator is 1, and the lead- 
ing coefficient of the denominator is 1/70. Thus the graph 
of r has a horizontal asymptote of 


1 


The further you drive at 70 miles per hour, the closer 
your average speed for the entire trip will be to 70 miles 
per hour. 


= 70 


0.0006(1000)2 + 9(1000) + 401,000 


72. a. C(1000) 


1000 

= $410.60 
- 0.0006(10,000)2 + 9(10,000) + 401,000 

€ (10,000) = aoc 
= $55.10 

ne 0.0006(100,000)? + 9(100,000) + 401,000 

100,000 

= $73.01 


b. Graph C using the minimum feature of a graphing utility. 


= 


°!Minimum 
X=25852.147_ Y=40.022572 
35 


100 


50,000 


The minimum average cost per cell phone is $40.02. The 
minimum is achieved by producing approximately 
25,852 cell phones. 


Exercise Set 4.1, page 342 


10. Because the graph of the given function is a line that passes 
through (0, 6), (2, 3), and (6, —3), the graph of the inverse 
will be a line that passes through (6, 0), (3, 2), and (—3, 6). 
See the following figure. Notice that the line shown in the 
figure is a reflection of the line given in Exercise 10 across 
the line given by vy = x. Yes, the inverse relation is a function. 


20. Check to see whether f[ g(x)] = x for all x in the domain of g 
and g{ f(x)] = x for all x in the domain of f: The following 
shows that f[ g(x)] = x for all real numbers x. 


Fl g(x)] = f[2x + 3] 


1 3 
oar Cue) ae 
ee 

2 2 
Ns 


ll 
ad 

| 
Ww 
+ 
ww 


Thus fand g are inverses. 


32. f(x) = 4x -— 8 
y=4x-8 ¢ Replace f(x) with y. 
x=4y- 8 ¢ Interchange x and y. 
x+ 8 = 4y * Solve for y. 
1 
get 8)=y 
J 2 
=—-x+ 
A 
f(x) =—x +2 + Replace y with f-'(x). 
x 
38. f(x) = x #2 
X= 2 
x : 
y= ¢ Replace f(x) with y. 
X= 2 
y 
x = —— « Interchange x and y. 
pa 2 
xy —2)=y 
xy — 2x =y ¢ Solve for y. 
xy —y = 2x 
v(x — 1) = 2x 
_ 2x 
. plea | 
2 . ith f-! 
FQ) x youl Replace y with f~'(x) and 


e= 1’ indicate any restrictions. 


44. 


52. 


fe) = V4—x,x = 4 


y=V4—x * Replace f(x) with y. 
x= V4—y * Interchange x and y. 
v=4-y * Solve for y. 
v?- 45 =y 
—-’+4= y 


f@) =x? +4,x 20  +Replace y with f(x) and 


indicate any restrictions. 
The range of fis { y|y = 0}. Therefore, the domain of f! is 
{x|x = O}, as indicated above. 


K(x) = 13x — 4.7 


y= 1.3x-— 4.7 — © Replace K(x) with y. 
x =1.3y — 4.7 — « Interchange x and y. 

x + 4.7 = 1.3y * Solve for y. 

xt 47 _ 

i 
+ 4.7 
K“q == a * Replace y with K~1(x). 
x + 4.7 


The function K|(x) = can be used to convert a 


1.3 
U.K. men’s shoe size to its equivalent U.S. shoe size. 


Exercise Set 4.2, page 354 


2. 


22. 


{B) = 3 = 5+5+5 = 125 


f(-2) = 5? 


5? SS. 25 


5\: 

The graph of f(x) = (3) has a y-intercept of (0, 1), and the 
5 

graph passes through (. >). Plot a few additional points, 


2 25 5) 
such as (- 1, 2) and (2. *) Because the base 3 is greater 


than 1, we know that the graph must have all the properties 
of an increasing exponential function. Draw a smooth 
increasing curve through the points. The graph should be 
asymptotic to the negative portion of the x-axis, as shown in 
the following figure. 


-4 2 


28. Because F(x) = 6°*> = f(x + 5), the graph of F(x) can be 


produced by shifting the graph of fhorizontally to the left 
5 units. 


30. 


48. 


34. 
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Because F(x) = -|(5) = —f(x), the graph of F(x) can be 
produced by reflecting the graph of facross the x-axis. 
a. A(45) = 200e°°°'#*) 
= 106.52 
After 45 minutes the patient’s bloodstream will have 


about 107 milligrams of medication. 


b. Use a graphing calculator to graph y = 200e °°!* and 


y = 50 in the same viewing window, as shown below. 


250 


Plot] Plot2 Plot3 

\Yi B 200*e4(-.014*X) 
\Y2B 50 

\Y3= 

Wu= 

\s= 

\Yo= 

\Y7= 


150 


intersection 
X=99.021026 Y=50 
—100 


The x-coordinate (which represents time in minutes) of the 
point of intersection is about 99.02. Thus it will take about 
99 minutes before the patient’s medication level is reduced 
to 50 milligrams. 
3600 
1 + 7e70.05(0) 
3600 
1+7 
3600 
8 
= 450 
Immediately after the lake was stocked, the lake contained 
450 bass. 


a. P(O) = 


3600 
ieee Te 0.05(12) 
743.54 


After 1 year (12 months), there were about 744 bass in the 
lake. 


b. P(12) 


2 


7 
c. As t— 00, 7e 0! = os approaches 0. Thus, as t—> cv, 
oo: 


3600 
PI) = —0.05¢ 
1+7e™ 


3600 
will approach =o” 3600. As time 


goes by, the bass population will increase, approaching 3600. 


Exercise Set 4.3, page 366 


4. 


14. 


32. 


The exponential form of y = log, x is b” = x. Thus the 
exponential form of 3 = log, 64 is 4° = 64. 


The logarithmic form of b” = x is y = log, x. Thus the 
logarithmic form of 5° = 125 is 3 = logs 125. 


By property 3, log,(10°) = 6. 


$20 


SOLUTIONS TO THE TRY EXERCISES 


44. To graph y = log, x, use the equivalent exponential equation 


52. 


66. 


x = 6”. Choose some y values, such as —1, 0, and 1, and 
then calculate the corresponding x values. This yields the 


1 
ordered pairs (2. -1), (1, 0), and (6, 1). Plot these ordered 


pairs and draw a smooth curve through the points to produce 
the following graph. 


log,(5 — x) is defined only for 5 — x > 0, which is equivalent 
to x < 5. Using interval notation, the domain of 
k(x) = log4(S5 — x) is (—©, 5). 


The graph of f(x) = log¢(x + 3) can be produced by shifting 
the graph of f(x) = logs x (from Exercise 44) 3 units to 
the left. 


86. a. S(0) = 5 + 291n(0 + 1) = 5 + 0 = 5. When starting, 


the student had an average typing speed of 5 words per 
minute. S(3) = 5 + 29In(3 + 1) © 45.2. After 3 months 
the student’s average typing speed was about 45 words 
per minute. 


b. Use the intersection feature of a graphing utility to find 


the x-coordinate of the point of intersection of the graphs 
ofy = 5 + 29In@ + ljandy = 65. 


q 


Intersection 
0 LX=6.9166293,,Y=65, 16 
0 


The graphs intersect near (6.9, 65). The student will 
achieve a typing speed of 65 words per minute in about 
6.9 months. 


Exercise Set 4.4, page 377 


3 
2. n—— =n - In Vxy 
xy 
=Inz2- In(xy)!/? 


1 
= 3lnz- 3 In(@xy) 


3Inz (nx + Iny) 


Nile Ne 


3Inz In x 5 


1 
18. 3 logst 3 log, u + 4 logy v = log, t? — log, W/3 4 log, v4 


3 


= 4 
= log» iB + logo v 
py4 
= log iB 
yt 
= lo 
2 Wy 
34. logs37 = aE 2.2436 
- Logs = log 5 ~ L. 
Cheb go aa 
- logs( x)= ins , So enter in8 into Yl ona 
graphing calculator. 
5 
-3 7 


-5 


I 398,107,000/9 
68. M = log 7) log = log 398,107,000 
0 


Ig 

= 8.6 

I 

70. loe( 2) = 9.5 

0 

L — 10> 

Ih 

I= 10h 


I © 3,162,277,6601p 


72. In Example 7, we noticed that if an earthquake has a Richter 
scale magnitude of M, and a smaller earthquake has a Richter 
scale magnitude of M) then the larger earthquake is 10” 
times as intense as the smaller earthquake. In this exercise, 
M, = 9.5 and M, = 8.3. Thus 10@~”2 = 1095-83 = 19! 
=~ 15.8. The 1960 earthquake in Chile was about 15.8 times 
as intense as the San Francisco earthquake of 1906. 


76. M = logA + 3 log &t 


2.92 
= log26 + 3log[8+17] — 2.92 
1.4150 + 6.4006 — 2.92 

~ 49 


¢ Substitute 26 for 
A and 17 for t. 


2 


78. pH = —log[H*] = —log(1.26 x 103) © 2.9 


80. 


Thus vinegar is an acid. 


pH = —log[H"] 

5.6 = —log[H*] 
—5.6 = log[H"] 
19°56 = [H*] 


The hydronium-ion concentration is 10°>° © 2.51 x 10°° 
mole per liter. 


Exercise Set 4.5, page 386 


2. 


10. 


18. 


22. 


26. 


3* = 243 

3x = 35 

x=5 
6* = 50 


log(6*) = log 50 
x log6 = log 50 


(x — 2)log3 = (2x + l)log4 
xlog3 — 2log3 = 2xlog4 + log4 
x log3 — 2log3 — 2xlog4 = log4 
xlog3 — 2xlog4 = log4 + 2log3 
x(log3 — 2 log4) = log4 + 2log3 


_ log4 + 2log3 
~~ "log3 — 2log4 
x -2.141 


log(x? + 19) = 2 


x? + 19 = 107 

x? + 19 = 100 
x? = 81 
x= +9 


A check shows that 9 and —9 are both solutions of the origi- 
nal equation. 
log;x + log;(x + 6) = 3 
log;[x(x + 6)] = 3 
33 = x(x + 6) 
27 = x? + 6x 
x? + 6x — 27=0 
(x + 9x — 3) = 0 
x=-9 or x=3 
Because log; x is defined only for x > 0, the only solution is 
x = 3. 


36. 


42. 


74. 


b. 


c. 
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1 5 1 
Inx = sn(2s t >) t gine 
Inx 3 n(22 t =) t in2 | 
1 5 
Inx = siola(2x + | 
Inx = ; In(4x + 5) 
Inx = In(4x + 5)!” 
x= V4x +5 
x= 4x 4+ 5 
0=x7- 4x -—5 
0=(—- 5a + 1) 
x=5 or x=-l 
1 5 1 
Check:  1n5 sin(10 t >) t 5 


1.6094 ~ 1.2629 + 0.3466 


Because In(—1) is not defined, —1 is not a solution. Thus the 
only solution is x = 5. 


ae ae ; 
2 
10° + 10% = 16 
10*(10* + 10° *) = (16)10* * Multiply each side 
107 + 1 = 16(10*) by 10°. 
10° — 16(10*) + 1 = 0 
w-lout1= * Let u= 10. 
16 + V167 — 4(1d 
u= 7 i) 8 + 3V7 
10°=8 +3V7 * Replace u with 10°. 


log 10° = log(8 + 3V7) 
x = log(8 + 3V7) © +1.20241 


9 24+y 
a. t= 
24 24—-—y 
9 24+ 
1.5 =— 1 
me ay eee 
+ 
ee es v 
24—-—v 
24 + 
= i * N=InM means e% = M. 


24—v 
(24 — vet = 2440 
—v — vet = 24 — 24e4 


w(—-1 — e4) = 24 — 24e4 
24 — 24e4 

yo SU 2 23.14 
-1-é 


The velocity is about 23.14 feet per second. 
The vertical asymptote is v = 24. 


Due to the air resistance, the object can never reach or exceed 
a velocity of 24 feet per second. 
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Exercise Set 4.6, page 400 


6. Let t= 0 represent 1990 and let += 15 represent 2005. Start 
by substituting 15 for ¢ in N(t) = Noe. 


N(15) = Noe 


545,147 = 258,295e!* + Substitute. 
545,147 1, era 
258,295 =e olve for k. 
545,147 
Inf —~—— } = 15k 
258,295 


1 ; (Ss) == 
15 \ 258,295) — 
0.049796876 = k 
The exponential growth function is 
N(t) = 258 2.95 e9.0497968761 
The year 2013 is represented by t= 23. 
N(23) = 258 295 e9-049796876'23 
= 812,000 
The exponential growth function yields 812,000 as the approx- 
imate population of Las Vegas in 2013. 
8 Mt) = Noe” 

N(138) = Noe?** 


0.5Ny = Noel38* 
0.5 = @l38k 
In 0.5 = 138k 
In 0.5 
= : 3g © 0.005023 


N(t) = N,(0.5)/138 ~ Noe °.005023# 
12. M(t) = N(0.5)573 
0.65Np = No(0.5)5739 
0.65 = (0.5)/5730 
In. 0.65 = In(0.5)/573 
In 0.65 
In 0.5 


t = 5730 = 3600 


The bone is approximately 3600 years old. 
16. a. P = 12,500,r = 0.08,t = 10,n = 1 


0.08 \'° 
A= 12,00( 1 + ons) ~ $26,986.56 
b. n = 365 
3650 
A= 12,00 1+ oe) ~ $27,816.82 
c. n= 8760 
87600 
A= 12,0( 1 + a = $27,819.16 


18. P = 32,000,r = 0.08, 1 = 3 
A = Pel = 32,000c%®) = $40,679.97 


| 
22. 1= =, = 0.055 


In 3 


t —| 
0.055 
t ~ 20 years (to the nearest year) 


38. a. Represent 2007 by ¢ = 0; then 2008 will be represented 
by t = 1. Use the following substitutions: Pp = 240, 
P(1) = 310, c = 3400, and 


c— Py 3400 — 240 


a= © 13.16667. 
Po 240 
Cc 
P(t) = 
@ 1+ae” 
3400 
P(1) = —->— 
a) 1 + 13.16667e %) 
3400 
310 = 
1 + 13.16667e° 
310(1 + 13.16667e) = 3400 
3400 
1 + 13.16667e° = —— 
3.16667e AG 
3400 
13,16667e6" = = = 
© 310 
13.16667e? = 9.96774 
_» .. 9.96774 
e” & —— 
13.16667 
koe 9.96774 
13.16667 
b © 0.27833 


Using a = 13.16667, b = 0.27833, and c = 3400 gives 
the following logistic model. 


3400 
1 +13. 16667e 9 


b. Because 2014 is 7 years past 2007, 2014 is represented by 
t= 7. 


P(t) © 


3400 
a ~ 1182 
1 + 13.16667¢ 07783) 
According to the model, there will be about 1182 ground- 
hogs in 2014. 


48 a. vt 


(continued) 
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b. Here is an algebraic solution. An approximate solution can —- b 
i y=axbrx 
be obtained from the sags at 
= 1/2 5 
an ae =,9997309204 
50 = 64(1 — e&") '=".999865U5I1 
50 - 
—~=(1-e%) ; ie 
64 ' 
1 50 —1/2 Xscl=5 — Yscl=1 
= e 
64 


The correlation coefficient r ~ —0.99987 is close to —1. This 
indicates that the function y ~ 10.1468(0.89104)* provides a 
good fit for the data. The graph of y also indicates that the 
regression function provides a good model for the data. When 
x = 24 kilometers, the atmospheric pressure is about 
10.1468(0.89104)*4 ~ 0.6 newton per square centimeter. 


in( 1 a *) ove 
64 2 
f=-2 in( - 2) = 3.0 
64 


The velocity is 50 feet per second in approximately 
3.0 seconds. 

c. Ast 00, e /? > 0. Therefore, 64(1 — e/?) > 64. The 
horizontal asymptote is v = 64. 


24. a. Enter the data into a graphing utility. Because a world record 
time was set twice in 1968, we have entered the domain 
value 68 (which represents 1968) twice in L1. 


d. Because of air resistance, the velocity of the object will ul Le L3 1 
approach, but never reach or exceed, 64 feet per second. ony ites 
67 4.5 
a 4.1 
i 11 aa | u3.29 
Exercise Set 4.7, page 4 BE hes 
4. The following scatter plot suggests that the data can be mod- Li(3} =68 


eled by an increasing function that is concave down. Thus the 
most suitable model for the data is an increasing logarithmic 
function. 


Perform an exponential regression and a logarithmic 
regression. See the calculator displays below. The logarith- 
mic regression function provides a slightly better fit than 

: the exponential regression function, as determined by 
comparing the correlation coefficients. 


a ExpReg LnReg 
s y=a«b”x y=a+bInx 
a=48.57147035 a=61.75560609 
or 30 b=.9987164563 b=-4.108626059 
Ste aad r=,8921939256 r2=,9299128774 


r=-.9445601758 


r=-.9643199041 


22. From the scatter plot in the following figure, it appears that 


the data can be closely modeled by a decreasing exponential 
function of the form y = ab*, with b < 1. 


12 


Xsel=5 = -Yscl=1 


The calculator display in the following figure shows that the 
exponential regression equation is y  10.1468(0.89104)*, 
where x is the altitude in kilometers and y is the pressure in 
newtons per square centimeter. 


b. To predict the world record time in 2012, evaluate the 
logarithmic function at x = 112. The graph above shows 
that the predicted world record time in the 400-meter race 
for 2012 is about 42.37 seconds. 


50 
Y2=61.755606089805+-U.1_ 


4g LX=lle _ Y=42.369059 || 120 
40 


Xscl=10 Yscl=1 


$24 SOLUTIONS TO THE TRY EXERCISES 


26. a. Use a graphing utility to perform a logistic regression on 
the data. The following figure shows the results obtained by 
using a TI-83/TI-83 Plus/TI-84 Plus graphing calculator. 


Logistic 
y=c/(l+ae4 [-bx)) 
a=2.229711876 
b=.0438206742 
c=1531680.577 


The logistic regression function for the data is 
1,531,680.577 
i 22207 SiGe ees 


P(t) 


b. The year 2012 is represented by t= 62. 


1,531,680.577 7 
POD = 2.22971 1876e-00sea0«TIR|@) ~ 1959008 


The logistic model predicts that Hawaii’s population will 
be about 1,335,000 in 2012. 


c. The carrying capacity c, to the nearest thousand, of the 
logistic model is 1,532,000. 


Exercise Set 5.1, page 438 


2. The measure of the complement of an angle of 87° is 
(90° — 87°) = 3° 
The measure of the supplement of an angle of 87° is 
(180° — 87°) = 93° 
14. Because 765° = 2:360° + 45°, Za is coterminal with an 
angle that has a measure of 45°. Za is a Quadrant I angle. 
7 radians 7 
180° ) 4 


32. —45° 4s°( radian 


7 . 7 . 180° 
44. radian = — radian - = 45° 
4 4 a radians 


68. s=r0 = s(14e x) = 4a ~ 12.57 meters 
180° 
72. Let 6 be the angle through which the pulley with a diameter 
of 0.8 meter turns. Let 6; be the angle through which the pul- 
ley with a diameter of 1.2 meters turns. Let r2 = 0.4 meter be 
the radius of the smaller pulley, and let r; = 0.6 meter be the 
radius of the larger pulley. 


4 
6, = 240° = 37 radians 


Thus 10> = r10, 


4 
0.40) = 06( 2) 


0.6/4 
0, = o6(4n) = 27 radians or 360° 


74. The Earth makes | revolution (9 = 277) in 1 day. 


t = 24-3600 = 86,400 seconds 
0 27 


t 86,400 
80. C = 2ar = 27(18 inches) = 367 inches 


7.27 X 10° radian/second 


Thus one conversion factor is (367r inches/1 revolution). 


500 revolutions 500 al 367 inches ) 


1 minute 1 revolution 
__ 18,0007 inches 


1 minute 


1 minute 


Now convert inches to miles and minutes to hours. 
18,0007 inches 
I minute 
18,0007 inches/ 1 foot 1 mile 60 minutes 
~ 1 minute ( 12 wt (oe Pall 1 hour ) 


=~ 54 miles per hour 


Exercise Set 5.2, page 449 


6. adj = V8 — 5? 
adj = V64 — 25 = V39 
opp 5 hyp 8 
¢@=—=- @=—=-— 
sin ip 8 csc pS 
adj V39 hyp 8 8V39 
cos 8 = —— = —_ sec? = —_ = = 
hyp 8 adj V39 39 
opp 5 5V39 adj V39 
tan? = —~ = = cot @ = = 
adj V39 39 opp 5 
4 
18. Because tan 0 3 let opp = 4 and adj = 3. 
adj 
hyp = V3? + 47 =5 
hyp 5 
g@=— == 
Tene ian a 
34 ; T V3 . V2 1 
sin — cos 4 an ri 3 
V6 ; V6-—4 
4 4 
56 tan 68.9° = <2 
aaa 
h = 116 tan 68.9° 
h h =~ 301 meters 
(three significant digits) 
[N85 
116m 
58. 5° 


(continued) 


68. 


sin 5° 
d ~ 917.9 feet 
Change 9 miles per hour to feet per minute. 
9 miles . 5280 feet : 
hour lhour 1 mile 
9(5280) feet feet 
(5280) fee ope 
60 minute 


miles 1 hour 


re : 
60 minutes 


minute 


i= 
i 
a 917.9 feet 
~ 792 feet per minute 
of a minute) 


= 1.2 minutes (to the nearest tenth 


Here are two methods that can be used to solve this exercise. 


+ 
55.5 ft 


Method 1: Let x denote the distance from point B to the 
center of the base of the tower. Let y denote the height of 
the tower. Then 

Jy 


y 
1) tan 36,5°S = —— 
SS aa . S55 


and (2) tan32.1° = 


Solve each equation for y and equate the results. 
y = x tan 36.5° y = (x + 55.5) tan 32.1° 
Thus x tan 36.5° = (x + 55.5)tan 32.1° 
Now solve for x. 
x tan 36.5° = x tan 32.1° + 55.5 tan 32.1° 
x tan 36.5° — x tan 32.1° = 55.5 tan 32.1° 
x (tan 36.5° — tan 32.1°) = 55.5 tan 32.1° 
‘ 55.5 tan 32.1° 
(tan 36.5° — tan 32.1°) 
x © 309.0217178 
Substitute this x-value into Equation (1). 
y © 309.0217178 tan 36.5° 
y © 228.6640425 
To three significant digits, the height of the tower is 229 feet. 


Method 2: Let x denote the distance from point B to the center 
of the base of the tower. Let y denote the height of the tower. 
Then 


y 


d @) tan321° =—_ 
ad 7) en x 585 


(1) tan 36.5° = : 
x 
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Solve Equation (1) for x. 


y 
x= ——_ 
tan 36.5° 
x = ycot 36.5° 


Substitute y cot 36.5° for x into Equation (2) and solve for y. 


y 
y cot 36.5° + 55.5 


(vy cot 36.5° + 55.5)(tan 32.1°) = y 

y cot 36.5° tan 32.1° + 55.5 tan 32.1° = y 
y cot 36.5° tan 32.1° — y = —55.5 tan 32.1° 

y(cot 36.5° tan 32.1° — 1) = —55.5 tan 32.1° 


_ —55.5 tan 32.1° 
(cot 36.5° tan 32.1° — 1) 


y © 228.6640425 


tan 32.1° = 


* Solve for y. 


y 


To three significant digits, the height of the tower is 229 feet. 


Exercise Set 5.3, page 460 


6.x = —-6,y =—-9,r = V(-6" + (-9P = VII17 = 3V13 
sin 0 2. 2 3V13 csc 9 = _ V3 
r 3V1300— VB 13 3 
ye ,) 2V13 ; V13 
= sec = Ss 
e -s/i3 V3 13 2 
y -9 3 2 
t g@=-=——=— t —o 
ee xe 6D ee 
2V3 
30. et eee * Let r = 2V3 andx = 3. 


x 

y= *VOVP—F = #3 
y = —V3 because y < 0 in Quadrant IV 
=v3_ 1 
2V3 2 
38. 0’ = 255° — 180° = 75° 
50. The reference angle for 6 = 300° is 

0’ = 360° — 300° = 60° 


The terminal side of @ is in Quadrant IV. Thus cos 300° is 
positive. 


1 
cos 300° = +cos 60° = 5 


1 wt 
6 Correct 9’ 
sign 
prefix 


1 
300° = = 
cos 2 


$26 SOLUTIONS TO THE TRY EXERCISES 


Exercise Set 5.4, page 470 


7 
10. f=—- ma W(t) = P(x, vy) where 


78. 


1 + tan*t = sec*t 


tan? t = sec?t — 1 


tant = + Vsec’t — 1 


307 . : 
Because <s <t < 27, tan ¢ is negative. Thus 


16. 


AA. 


x = cost y = sint 
V0 : Vt 
n= n(—7) = ua( 7) 
7 7 
= C08 = sinZ 
V2 _ v3 
2 ~ 3 


aro leary) 


5 
The reference angle for — 7 is a 
Sar 7 
sec| -—-} =—sec— ¢sect < 0 fort 
6 6 in Quadrant III 
__2V3 
3 


F(—x) = tan(—x) + sin(—x) 


—tanx — sinx 


ll 


= —(tanx + sinx) odd functions. 


= Fix) 


Because F(—x) = —F(x), the function defined by 
F(x) = tanx + sin x is an odd function. 


72. 


tan(t — 7) = a a From the unit circle 
=a 


Therefore, tan ¢ = tan(t — 77). 


1 1 


; _ 1+ sint + 1— sint 
1+ sint 


(1 — sin#\(1 + sin f) 
a 
1 — sin*t 
2 
cos"t 
= 2 sec*t 


1 — sint 


* tan x and sin x are 


tant = —V sect — 1. 


82. March S is represented by ¢t = 2. 


7(2) = -41 cos( 2-2) + 36 


—4)1 cos( 7) + 36 


—41(0.5) + 36 
15.5°F 
July 20 is represented by ¢ = 6.5. 


ll 


ll 


116.5) = —41 cos( 2-65) + 36 


= —41(—0.9659258263) + 36 
75.6°F 


2 


Exercise Set 5.5, page 479 


22. y =—=sinx 
ool 
2 2 


3 
32. y = sin Tx 
a=1 
T 27 8 
Period = = = 
eb 3/43 
34. y = cos 37x 
a=1 
27 ww 2 
Period = — =— == 
nee cake 
il 
40. y= > sin 
ES 
a 
2 
Period = — =" _ 
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32. y = —3 tan 3x 


48. y = ——cos 5x Ya 
ly oe T 
Poe ee wees mn AS: Period = ~ = 
4 4 ud x b 3 
+ 5 
2 2 
Period = ie = = 1 
34. y = =cot 2x 
2 2 
54, y= -|3 sin 2x y 
: Period = = = 2 
ie ced Ss 
2 3n 
x 
-3 1X 
40. vy = 3 csc > 
60. 
fefoh a2. 2M 2g 
erio b a/2 
44. y = sec - 
~y 5 
Because the graph passes through the origin, we start with an : 7 8402n 
equation of the form y = a sin bx. The graph completes one Period = ko 1/2 ar 
4 
cycle in = units. Thus the period is Use the equation 
Qa 4a e 
FG = G10 solve for b. Exercise Set 5.7, page 497 
27 =A 20 (2 ) 
ase mame . Y = cos| 2x — — 
b 3 * 3 : 
6a = 4br ¢ Multiply each side by 3b. mai 1 Qn 
3 Ney a 
an * Divide each side by 47. Period = 7 we 4 
6 6 
3 ig = —£ 
The graph has a maximum height of 5 anda Phase shift = b 
3 3 = 
minimum height of ——. Thus its amplitude is a = —. =e a/3 7 
2 2 2 6 
3 
Substitute . for a and 3 for b in y = asin bx to produce 22. y = tan(x — 77) 
2 38 Period = 7 
y= zsinzx. 
22 Phase shift = = 
—7 
See 
Exercise Set 5.6, page 489 1 
1X 
1 40. y=2si al 2 A 
24. y= Fas Oy sn( 2 ) ra 
a a=2 al wT 20 
Period = a = 7 Period = 4 AvAvay 
e — _ & il 
Phase shift = b spl 
1 2 
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42. y = —3 cos(2ax — 3) + 1 78. y = x cosx 13 
a=3 
Period = 1 —4n an 
(3 3 
Ph hift = —— = — 
ase shi A Ge 
-13 
48 2 at 
. y = cse> y 7 
3 Exercise Set 5.8, page 504 
Period = 67 8 


1 
20. Amplitude = 3, frequency = —, period = 7 
T 
2 
Because “7 = a, we have b = 2. Thus y = 3 cos 2¢. 


28. Amplitude = |—1.5| = 1.5 


ge Sel ew he eg 
. , period = 67 
52. y= . ee ts 2t\m wV\N27 m3. on? 


1 1 
y = acos2rft = —1.5 cos) 2a )s| = —1.5cos=t 
67 3 


34, 12.5 


y=cos x 


56. y = cosx — sinx veh 


Joa -105 


2 
a. f has pseudoperiod ra = 27. 


51] A 10 + (2m) © 1.59 
= y=-sin x + cos x 
Thus f completes only one full oscillation on 0 = ¢ = 10. 
= b. The following graph of f shows that | /(t)| <0.01 fort > 10.5. 
. C 12 “ 012 
64. a. Phase shift = —— = —————— = 3.5 months, 
b e ii , 
6 
8 : 15.05 
od 8 A= pent 
period = ae a/6 = 12 months yenor pfles.-on 


—.012 
b. First graph y; = 2.7 cos( Zr), Because the phase shift 
6 e 
is 3.5 months, shift the graph of y, 3.5 units to the right to Exercise Set 6.1, page 520 
produce the graph of yy. Now shift the graph of vy, upward 


4 units to produce the graph of S. 2. We will try to verify the identity by rewriting the left side so 


that it involves only sines and cosines. 


| . sin x : 
38 tan x sec x sinx = . * sin x 
gs cosx cos x 
o§ , 
ge sin’ x 
“As = 
cos? x 
sin x \? 
1 V2 COS X 
Time in months = (tan xy 


c. 3.5 months after January | is the middle of April. = tan’x 
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12. sint x — cost x = (sin?x + cos*x)(sin?x — cos” x) cos(120° — 45°) = cos 120° cos 45° + sin 120° sin 45° 
= l(sin?x — cos*x) = sin?x — cos”x = ( +)(~) (2)(2) 
2 sinx cotx + sinx — 4cotx — 2 : : 
24. V2. V6 
2cotx + 1 aie + os 
_ (sinx)(2 cotx + 1) — 2(2 cotx + 1) Vo —- V2 
2cotx +1 = 4 
2 cotx + 1/(si1 =2 . ; : : , 
= (eeahe Hee ) sinx — 2 20. The value of a given trigonometric function of 0, measured in 
1 : cot x . 1 i degrees, is equal to its cofunction of 90° — @. Thus 
sinx cosx  sinx  cosx sinxcosx cos 80° = sin(90° — 80°) 
i nT is a eT = sin 10° 


1 1 1 1 sin x cos x 


sinx cosx  sinx  cosx 26. sinx cos 3x + cos x sin 3x = sin(x + 3x) = sin 4x 


+e 24 24 7 
as 38. tana = —, with0° < a < 90°; sina = —, cosa = = 
cosx — sinx 7 25 25 
4 * = 5. 8 
_ COS xX Sin x COS xX sin x sin B = ——, with 180° < B < 270° 
cosx — sinx cosx — sinx 17 
2 9 15 8 
cos’x — sin’ x t 
= cos B 7° an B 15 


cos*x — 2sinx cos x + sin?x 


; . sina + B) = si ~ 
B68. SIE a. sin(a + B) = sinacos B + cosasin B 


— Clea ac eo, 
1 — 2sinx cosx = + 
25 17 25 17 


44. Rewrite the left side so that it involves only sines and/or 360 56 416 
cosines. = 
425 425 425 


b. cos(a + B) = cosacos B — sina sin B 


sate ber O-)-A) 
cotx an x COs x a sin xX 25 17 25 17 


sinx  cosx 105, 192 87 


COS x 


cos x 
a 425 425 425 
sin x 
a aR TST tana — tan B 
cosxcosx | sinx sin x c. tan(a — B) = 
: t F 1 + tana tan B 
sinxcosx  cosxsinx 
5. £08 24 8 24 8 
7 sin x = a ee Is = a E _ 105 
cos’ x + sin? x ‘4 (*)( 8 ) ie 192 105 
sin x cos x 7 15 105 
_ cos x _ 360-56 — 304 
7 sin x 105 + 192 297 
1 50. cos(@ + 7) = cos@cos 7 — sin @ sin 7 
sin x cos x = (cos 6)(—1) — (sin 0)(0) = —cos 0 
= 54 COS x sin x Cos x 62. cos 5x cos 3x + sin 5x sin 3x = cos(5x — 3x) = cos 2x 
SuLx ! = cos(x + x) = cosx cosx — sinx sinx 
= 2 cos’ x = cos’x — sin? x 


Exercise Set 6.2, page 529 76. sin(@ + 27) = wd cos 27 + cos @ sin = 
= (sin 8)(1) + (cos 0)(0) = sin é 


4. Use the identity cos(a — B) = cosacos B + sina sin B 
with a = 120° and B = 45°. 


$30 SOLUTIONS TO THE TRY EXERCISES 


i 1 
Exercise Set 6.3, page 538 28. Because 165° = 73 330"), we can find cos 165° by using the 


2, 2 sin 30 cos 36 = sin[2(36)] = sin 66 half-angle identity for cos - with a = 330°. The angle 


24 
10. cos a = with 270° < a < 360° 


25 > = 165° lies in Quadrant II, and the cosine function is 
24\2 ~7/25 negative in Quadrant II. Thus cos 165° < 0, and 
sina = —,/1 — (#) tana = 34/25 we must select the minus sign that precedes the radical in 


a 1+ cosa 
eas el cos 9 = 5 to produce the correct result. 
6 ew 1 + cos 330° 
sin 2a@ = 2 sinacosa@ cos 2a = cos? a — sin? a cos 165 5 
_ (#4) ( zy 
25 25 


_ _ 336 _ 527 
625 625 
tan 2a = ae = 
1 — tan’ a 
‘ 7 ) q ms 
2\ 57 => 2 
7 247 _ 12 576 _—— 336 
7\2 ine 49 “576 «527 a 
ia (- 7) 576 
22. sin? x cos* x == 2 
a) 2 2 
= sin’ x (cos” x) 38. Because a is in Quadrant III, cos a < 0. We now solve for 
_ (3 — cos *\(- + cos 2x) SOSa. 
2 
7 2 
(1s) ees cosa = 1 — sin? a = 1 ( ) 
= 25 
4 
1 1 4 aS /12— 
= —(1 — cos 2o(1 + 2 cos 2x + 1+ soste) 625 
8 2 _ 24 
1 + 4cos 2x + 1 4 ~ 25 
a ius 2»(? cos 2x cos *) 5 4 
8 2 Because 180° < a < 270°, we know that 90° < 5 < 135°. 
1 
= 16 — cos 2x)(3 + 4 cos 2x + cos 4x) 


Thus A is in Quadrant II, sin > 0, cos A < 0, and 


mac + 4 cos 2x + cos 4x — 3 cos 2x — 4 cos? 2x tan <0. 
— cos 2x cos 4x) Use the half-angle formulas. 
1 
= 16 (3 + cos 2x + cos 4x — 4 cos” 2x — cos 2x cos 4x) 
1 a3 By 4 4 4 S08 ee ox i ino = 1 — cosa _ 
16\> + 908 2% + cos 4x 5 cos 2x cos 4x 5) \/ ) 
1 
= 16° + cos 2x + cos 4x — 2(1 + cos 4x) — cos 2x cos 4x) = {7 + 24 _ 
i 50 
= 16 (3 + cos 2x + cos 4x — 2 — 2 cos 4x — cos 2x cos 4x) 


1 a 1 + cosa 
= 16"! + cos 2x — cos 4x — cos 2x cos 4x) ae 2 


(continued) 
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_ 7 70. From Exercise 62, we know that 
i 25 
tan = SS = y= sing + V3 cosx = 2sin(x +) 
2 1+cosa a ( 24) 3 
25 The graph of y = sinx + V3 cos x has an amplitude 
a of 2 and a phase shift of — =i It is the graph of 
25 
op = y = 2 sinx shifted units to the left. 
25 
50 1 7 1 
“1—cos2x 1—1+42sin?x 
1 1 
= = —csc?x 
2sin?x 2 
2 
68. cos” - E ae =e Exercise Set 6.5, page 557 
4 2 
_ 1+ cosx 2 y= sin V2 implies 
2 2 
_ lt cosx  secx : V2 a 7 
2 sec x ae ne MS oe, 
_ secx + 1 a 
"sees Thus y = ri 
28. Because tan(tan!x) = x for all real numbers x, we have 
i 1 1 
Exercise Set 6.4, page 546 tn ton( 3) | -1 


36 + 50 30 — 50 
cos 


2 50. Let x 
= 2 cos 40 cos(—@) = 2 cos 46 cos 0 


22. cos 30 + cos 50 = 2 cos 


3 
-1 
. Th 
cos 5 us 


1 3 3\7 4 
36. sin 5x cos 3x = = [sin(5x + 3x) + sin(Sx — 3x)] ie came and sinx = 4/1 (2) 5 
l_. ‘ sinx 4/5 4 
= —(sin 8x + sin 2x) y=t (cos 2) a4 = = = 
4 i a cos x 3/5. 3 
= —(2 sin 4x cos 4x + 2 sin x cos x 5 
2‘ ) 56. y= cos(sin! 3 — + cos 15) 
= sin 4x cos 4x + sin x cos x 13 
3\?7_ v7 
yi eee ine oe iaween te. sina = —,cosa = 4/1 ( ) = 
AA cos 5x — cos 3x _ 2 2 4° A 4 A 
* sin Sx + sin 3x > sin 2+ 3X os 5x — 3x iota ea 2 os 7 1-(4) 12 
2 5) B = cos 13° cos B = , sin B B) 13 
su 4x sinx _ ane y = cos(a + B) 
sin 4x cos x _ : ; 
= cosacos B — sina sin B 
62. a= 1,b= V3,k = V(V3) + (1) = 2. Thus isa V7 5 3 12 _ 5V7_ 36 5V7 — 36 
first-quadrant angle. 4° 3 4 13 52 52 52 
; V3 1 4 
ae and cosa = 3 66. sin !x + cos”! = = ma 
7 4 
Thus a = .. sin! x = - > cos! = 
= i + 4 
a EE et) sin(sin x) = sin( 2 cos | ) 
; 7 6 5 
y = 2sinjx + 3 


(continued) 
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_ 4 a. f 44 Exercise Set 6.6, page 568 
x= sin cos(o0s *) = 20s ~ sin(cos =) 
14 VW 3 4-33 14. 2 cos’x + 1 = —3 cosx 
2° 5 2 “5 10 2cos’x + 3cosx + 1=0 
(2cosx + 1)(cosx + 1) = 0 


72. Leta = cos !x and B = cos !(—x). Thus cos a = x 


and cos 8B = —x. We know that sina = V1 — x’ and 2cosx+1=0 or cosx+1=0 
sin B = V1 — x* because a is in Quadrant I and is in cosx: = = cosx = —1 
Quadrant II. 2 
- - 27 4 

cos !x + cos \(—-x) pec x=7 

& 3° 3 

=a+t Bp — 

= cos |[cos(a + B)] The solutions in the interval 0 = x < 27 are 4 ee and 

Aq 


= cos /(cos a cos 8 — sina sin B) 


= cos [x(—x) - Vi- 2+ V1 = 2] az 


pe (eros 4 52. sinx + 2cosx = 1 


cos (-1) = 7 


sinx = 1 — 2cosx 


(sin xy’ = (1 — 2 cos x)? 


76. The graph of y = f(x — a) is a horizontal shift of the graph 


PB 2 

of y = f(x). Therefore, the graph of y = cos '(x — 1) is the sin’x = 1 — 4cosx + 4 cos’ x 

graph of y = cos !x shifted | unit to the right. 1 — cos*x = 1 — 4cosx + 4 cos*x 
0 = cos x(5 cos x — 4) 

cosx = 0 or S5cosx —4=0 

4 

x = 90°, 270° cosx = 5 


x & 36.99, 323.1° 


The solutions in the interval 0 = x < 360° are 90° and 323.1°. 
84. a. 1100 (Note: x = 270° and x = 36.9° are extraneous solutions. 
Neither of these values satisfies the original equation.) 


56. 2cos*x — 5cosx -5=0 


S22 VE57 40>) 62-76 
10 ake 2(2) 4 


cosx ~ 3.27 or cosx ~ —0.7656 


°F 


—150 


a 


b. Although the water rises 0.1 foot in each case, there is a ee TAO 220.0" 
greater volume of water at the 4.9- to 5.0-foot level near The solutions in the interval 0° = x < 360° are 140.0° and 
the diameter of the cylinder than at the 0.1- to 0.2-foot 220.0°. 
level near the bottom. V3 
66. cos 2x = ——— 
Cc: 2 
af 3 = 4) TTT 5 7 
VA) = 122s cos ( 5 ) — [5 — (4)]V 104) — (4° 2x = + 2kw or 2x = - + 2kar, k an integer 
1 Sa Vt . 
= 12125 cos || —) — V24 x=—+kar or x =— + ka, kan integer 
5 12 12 
= 352.04 cubic feet 84. 2sinxcosx — 2V2sinx — V3 cosx + V6 = 0 
d. 1100 2 sinx(cosx — V2) — V3(cosx — V2) = 0 
: (cosx — V2)(2 sinx — V3) = 0 
V3 
vosee cosx = V2 or sinx = so 
. 2 
0° yeS gu7egel_y=oas No solution x= z = 


-150 
. . . 7 20 
When i= DER Cabin fed ey S45 Reet, The solutions in the interval 0 = x < 27 are 3 and ao 


86. The following graph shows that the solutions in the interval 
[0, 27r) are x = 0 and x = 1.8955. 


3 


X=1.8954943 Y=1.8954943 


-3 


92. When 6 = 45°, d attains its maximum of 4394.5 feet. 


94. 


a. 


Enter the data into a graphing utility and perform a 
sine regression. Each time, given in the hour:minute 
format, needs to be converted to hours. For instance, 
16:55 is 


16 4 = 164 


0.917 = 16.917 hours 


The following screens show the results obtained on a 
TI-83/TI-83-Plus/TI-84 Plus graphing calculator using 16 
as the number of iterations to be performed. 


SinReg 16,L1,L2, 
365.25,Y1 


SinReg 
y=a*sin(bx+c)+d 
a=1.527518378 
b=0.0165791284 
c=-1.205749695 
d=18.28984953 


The sine regression function is 

y © 1.527518 sin(0.016579x — 1.205750) + 18.289850 
Graph the regression function and use the value 
command in the CALC menu to determine that 


the sunset time for March 22, 2012, occurs at 
18.523764 hours. 


[ Yl=1.527518378158*sin(.0- 


Convert the decimal portion of this result (0.523764) to 
minutes by multiplying by 60. 
0.523764 X 60 = 31.42584 


Thus the sunset time is 18:31 in the hour:minute format, 
rounded to the nearest minute. 
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Exercise Set 7.1, page 589 


14. 


GC. 
78° 
a b 
28° 
B 44 A 
A = 180° — 78° — 28° = 74° 
b oe a ¢ 
sinB sinc sin A sin C 
b 44 a 44 
sin 28° sin 78° sin 74° sin 78° 
44 sin 28° 44 sin 74° 
_ am 8 6 ai _ sahial 43 
sin 78° sin 78° 
We need to solve triangle ABC, given A = 54.32°, a = 24.42, 


and c = 16.92. Use the Law of Sines to find the measure of 
angle C. 


a c 
sin A 7 sin C 
24.42 16.92 
sin 54.32° sin C 
24.42 sinC = 16.92 sin 54.32° 
16.92 sin 54.32° 
24.42 
sinC © 0.562813 


sin C = 


There are two angles C, where C is between 0° and 180°, 
such that 


sin C = 0.562813 


One of the angles is an acute angle, and the other is an obtuse 
angle. The inverse sine function can be used to find the acute 
angle. 


C = sin! 0.562813 
C & 34.25° 


The obtuse angle is the supplement of 34.25°, which is 

180° — 34.25° = 145.75°. We can determine that the 145.75° 
value for C is not a valid result, because A = 54.32° and the 
sum of 54.32° and 145.75° is greater than 180°. (The sum of 
the measures of the angles in any triangle is 180°.) Thus, the 
only possibility for C is C + 34.25°. We can now estimate 
the measure of angle B. 


B= 180° -A-C 
= 180° — 54.32° — 34.25° 
=~ 91.43° 
The Law of Sines can now be used to find b. 
a 24.42 
= in B) ~ ——~ (sin 91.43°) © 30. 
b sin A (sin B) sin 54.329 (sin 91.43°) = 30.05 


(continued) 
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There is only one triangle with the given dimensions, and the 
solution is 
B® 91.43°, C © 34.25°, b = 30.05 


20. We need to solve triangle ABC, given B = 22.6°, b = 5.55, 


and a = 13.8. 
Use the Law of Sines to find the measure of angle A. 
— u The L f Si 
sin A sin B ical ese 
13.8 5.55 


*“@ = 13.8, B= 22.6°,.b:— 5.55 


sind sin 22.6° 
13.8 sin 22.6° = 5.55 sin A 
13.8 sin 22.6°°° 
5.55 
0.955545 


* Solve for sin A. 


sin A = 


2 


sin A 


There are two angles A, where A is between 0° and 180°, 
such that sin A = 0.955545. One of the angles is an acute 
angle, and the other is an obtuse angle. The inverse sine 
function can be used to find the acute angle. 


sin | 0.955545 
72.9° (to the nearest tenth of a degree) 


A 

A 

The obtuse angle is the supplement of 72.9°, which is 
180° — 72.9° = 107.1° 


The 107.1° value is a valid result because B = 22.6° and the 
sum of 22.6° and 107.1° is less than 180°. Thus, there are 
two triangles with the given dimensions. In one triangle 

A ®& 72.9°, and in the other triangle A ~ 107.1°. 


2 


v 


Case 1: If A = 72.9°, then 
C x 180° -A-B 
= 180° — 72.9° — 22.6° 
= 84.5° 


2.5) 


x sin 22.69 84.5 ») = 144 


Case 2: If A © 107.1°, then 
Cx 180° -A-B 
= 180° — 107.1° — 22.6° 
= 50.3° 


and 


5.55 
(sin 50.3°) © 11.1 


Gee sin 22.6° 


c=7> 
sin B 

The two solutions are 
Case 1: A © 72.9°,C ® 84.5°,c ® 14.4 


Case 2: A © 107.1°,C © 50.3°,¢ © 11.1 


24. We need to solve triangle ABC, given B = 52.7°, b = 12.3, 
and c = 16.3. Use the Law of Sines to find the measure of 
angle C. 


b ee 
sin B sin C 
12.3 16.3 


sin 52.7° — sinC 

12.3 sinC = 16.3 sin 52.7° 

16.3 sin 52.7° 
123 

sinC © 1.054164 


sin C = 


Because 1.054164 is not in the range of the sine function, we 
know that there is no C value such that 


sin C = 1.054164 


Thus no triangle can be formed using the given values. 


30. The angle with its vertex at the position of the helicopter 
measures 180° — (59.0° + 77.2°) = 43.8°. Let the distance 
from the helicopter to the carrier be x. Using the Law of 
Sines, we have 


x 7620 
sin 77.2° sin 43.8° 
7620 sin 77.2° 
~ sin 43.8° 
= 10,700 feet (to three significant digits) 


a = 65° 
B = 65° + 8° = 73° 
A = 180° — 50° — 65° = 65° 


C = 180° — 65° — 73° = 42° 


b _ ¢ 
sinB sinC 
bs 20 

sin73° sin 42° 
_ 20 sin 73° 
sin 42° 


b & 29 miles 


Exercise Set 7.2, page 597 


12. 


18. 


30. 


32. 


40. 


=a + b — 2abcosC 
c = 14.2? + 9.30? — 2(14.2)(9.30) cos 9.20° 
c = V14.22 + 9.302 — 2(14.2)(9.30) cos 9.20° 
c= 5.24 

im P+e-a 
oe 2be 

1327 + 1607 — 1087 

A= = 0.7424 
oa 2(132)(160) me 

A ® cos |(0.7424) © 42.1° 

1 

K= Pla sinB 


1 
K= 3 B2)25) sin 127° ~ 320 square units 


A = 180° — 102° — 27° = 51° 
a@ sinB sinC 
 2sinA 
ee 8.5" sin 102° sin 27° oie 
2 sin 51° 
1 
s= a2 +b+c) 
= 310.2 + 13.3 + 15.4) = 19.45 


K = Vs(s — ays — bys — 0) 


= V/19.45(19.45 — 10.2)(19.45 — 13.3)(19.45 — 15.4) 
= 66.9 square units 


60. 


a = 270° — 254° = 16° 

A = 16° + 90° + 32° = 138° 
b 

c 


= 4-16 = 64 miles 

= 3-22 = 66 miles 

= bh? + c? — 2becosA 

a = 64 + 667 — 2(64)(66) cos 138° 
a= V642 + 662 — 2(64)(66) cos 138° 
a ~ 120 miles 


1 
S = 5(324 + 412 + 516) = 626 


K = V626(626 — 324)(626 — 412)(626 — 516) 
= V/4,450,284,080 


Cost = 4.15(V/4,450,284,080 ) ~ $276,848, or $277,000 to 
the nearest $1000 
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Exercise Set 7.3, page 613 


10. 


12. 


24. 


30. 


40. 


AA. 


a=3-3=0 
b=0-(-2)=2 


A vector equivalent to P,P, is v = (0, 2). 


lvl = Ve? + 10? 
= V36 + 100 = V136 = 2/34 
1 
6 = tan! - tant? = 59.0° 


Thus v has a direction of about 59° as measured from the 
positive x-axis. 


A unit vector in the direction of v is 


) Ser) 


— ( 6 10 
2V34 2V34 


34 ° 34 
3 3 
rh 2v 44 2,4) — 2(-3;.-2) 
3 
= 4 
(-2)-0-0 
9 
(20) 
2 
3u + 2v = 3(3i — 2j) + 2(—-2i + 3j) 
= (9i — 6j) + (—4i + 6)j) 
= (9 — 4)ji + (-6 + 6)j 
= 5i + Oj 
= 5i 
8 
a= 2 cos — ~ —1.8 
a) = pin =~ —0.9 
7 
vV=qirt aj ~ —1.8i — 0.9j 
va 
Cc 
B 
60° 
oO. D 
6 7 
Al 327° 


AB = 18 cos 123° + 18 sin123°j  —9.8i + 15.1j 

AD = 4 cos 30% + 4 sin 309 © 3.5i + 2j 

AC = AB + AD & (9.81 + 15.1j) + (.5i + 2j) 
= -6.3i1 + 17.1j 


(continued) 
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JAC] = V(-63" + 7.1? © * 18 
17.1 171 : 
nal oo 
0 = 270° + 70° = 340° 


a = tan! 


The speed of the boat is about 18 miles per hour at an 
approximate heading of 340°. 


48. In the following figure, we need to find |—F,| and ||F,|. 


From the right triangle formed by w, F,, and F,, we see that 


, IF, [FI 
sin 31.8° = -—~ and cos 31.8° = ——.. 
Iw! had 
. F|| 
a. sin31.8° = —— 
|w| 
F|| 
sin 31.8° = —. + |lwi = 811 
811 
|F,|| = 811 sin 31.8° 
~ 427 
Now |-F il = |F il. Thus the magnitude of the force 


needed to keep the motorcycle from rolling down the 
ramp is approximately 427 pounds. 


F 
b. cos 31.8° = ral 
|| 
[Fall 
cos 31.8° = oi + |lwi = 811 
||F,|| = 811 cos 31.8° 
= 689 


The magnitude of the force the motorcycle exerts against 
the ramp is approximately 689 pounds. 


60. v-w = (5i + 3j)° (4i — 2) 
5(4) + 3(-2) = 20-6 = 14 


70. cos @ = Lae 
II wl 
3i — 4j)- (61 — 12j 
cos 9 = eat A De + (-12 
Vara (4p 


72. 


80. 


os 0 


_ 36) + CH HC12) 


V/25 V/180 
cos 8 = - = 0.9839 
5V 180 
6 = 10.3° 
. VvVeWw 
projy V 
lhadl 
(13) 4—ae 1) BS - BaA/17 
proj, Vv = = = = 8.0 


Vi-ap+2? Vii 17 


W = |F\\|\s| cos a 
W = 100: 25+ cos 42° 
W = 1858 foot-pounds 


Exercise Set 7.4, page 621 
12, r= VP + (V3VY =2 


a 


0 


tan”! = tan! V3 = 60° 


7 
1 


a = 60°, z = 2 cis 60° 


1 
30. z= 4(c0s - pa sin) = 4( v3, = 2-23 
V3 
(V3 - i)(1 + #3) = 2 cis(—30°) 2 cis 60° 


56. 


60. 


2 2 
i = 2 cis(—30°); 1 + 1V3 = 2 cis 60° 


= 2+2 cis(—30° + 60°) 


= 4 cis 30° 
= A(cos 30° + isin 30°) 
(2 1) 
= 4 — + i— 
2, 2 
= 2V3 + 2i 
i ae 
VP +P =V2 
-| 1 
tan Fi = 45°; 8, = 45° 


V/2(cos 45° + isin 45°) = V2 cis 45° 


=1-i 


ViP + (-1P = V2 


tan! 


1 
7 - 45°; 8, = 315° 


= V2(cos 315° + isin315°) = V2 cis 315° 


V2 cis 45° 


~ V2 cis 315° 


cis(—270°) 
cos 270° — isin270° = 0 — (-i) =i 


Exercise Set 7.5, page 625 


6. (2 cis 330°)" 


2 cis(4 + 330°) 


= 16 cis 1320° 
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Vertex: (0, 0) 


1 
Focus: (0, —— 
‘ocus (0 i | 


: ; 1 
= 16 cis 240° Directrix: y = 16 
= 16 240° + isin 240° 
(cos isin ) ey ee ee 
= 16 + if v3) + 5x = 4y 4+ 1 
; ° Pa Gee? deep aE hema 
= —-8—- 8iV3 ee a ae r Ly oe ‘omplete the square. 
5\7 29 5 29 
2,,v2\" (<3 ) =a : ) peehtece. 
16. (-2+ i~?) = [1(cos 135° + isin 135°)]” v2 ag 5 16 


1[cos(12 + 135°) + isin (12 - 135°)] 


cos 1620° + isin 1620° 


* Compare to 


(x — AY = 4p(y — bY. 


= —1+ Oi,or-1 
; 5 13 
Focus: (4, k + p) = ( > -1) 
28. —2 + 21/3 = 4(cos 120° + isin 120°) ie 
ia(__.. 120° + 360° , 120° + 360% DEE ES PS 
w,; = 4°°| cos 3 + 7sin 3 ‘ 
30. Vertex: (0, 0); focus: (5, 0); p = 5 because focus is (p, 0). 
k=0,1,2 2 
120° 120° ai 
Wo = 41°( cos 12° + isin ) ~ 1.216 + 1.020: y = 4(5)x 
2 = 20 
aa. 120° + 360°. 120° + 360° ——_ 
w, = 4°"| cos 3 r 7 Sin 3 32. Vertex: (2, —3); focus: (0, — 3) 
= —1.492 + 0.543: (A, k) = (2, —3), soh = 2 andk = —3. 
— 41 cog 120° + 360°+2 |, 120° + 360° +2 Focus is (h + p, k) = (2 + p, —3) = (0, —3). 
w2 = ead 3 — 3 Therefore, 2 + p = Oandp = —2. 
= 0.276 — 1.5631 (vy — ky? = 4p(x — A) 
3° = 4(—2)(u — 2 
30. —1 + iV3 = 2(cos 120° + isin 120°) 7 . . - . ; — ‘ 
in(__. 120° + 360% 120° + 360° 
w, = 2°\cos 5 + isin 5 > 40. x? = Apy 
2 = 
03 40.5 pate 
40.5 
2 6 a 
Wo = 2'?(cos 60° + isin 60°) = v2 + . 64 
2 p & 25.6 feet 
inf... 120° + 360° 120° + 360° 
w, = 2°| cos 5 + isin > 


2!?(cos 240° + isin 240°) 


Exercise Set 8.2, page 654 


V2 V6 22. 25x° + 12y° = 300 
Se Se oI] 2 
2 2 xy 
—+H=5= 8a = 25, be = 10" = 25 = 12 
12 25 4 


@=5,6=2V3,e= VI3 
Center: (0, 0) y 


Vertices: (0, 5) and (0, — 5) 
Foci: (0, V13) and (0, — V.13) 


Exercise Set 8.1, page 641 


1 1 
6. Comparing x* = 4py with x* = — a we have 4p = 2 


1 
rp =e 
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28. 9x? + 16)? + 36x — 16y — 104 = 0 58. The mean distance is a = 67.08 million miles. 
9x° + 36x + 16° — l6y — 104 = 0 Aphelion = a + c = 67.58 million miles. 
(x? + 4x) + 16G7 — y) = 104 Thus c = 67.58 — a = 0.50 million miles. 
1 = 2. 2 a 2 ay 
O(x2 + 4x + 4) 16(? = ) = 104 +36 +4 b= Va" ~ & = V/67.08" ~ 0.507 = 67.078 
4 An equation of the orbit of Venus is 
1\2 
Ox + 2P 4 16(» x) 144 2 fe x =| 
‘ 67.087 67.0787 
5 ( — +) 60. The length of the semimajor axis is 50 feet. Thus 
(x + 2) 2 
i6 + 9 =1 C=a-b 
1 a2 = SY = 
Center -2:4) y B’ = 507 — 32? 
4 
spe S, b = V50? — 32? 
e= Vl—-R =vV7 5 b = 38.4 feet 
1 
Vertices: | 2, i) and € 6, +) 
Exercise Set 8.3, page 666 
1 1 
Foci: (~2 + v7.4) ana (-2 vi.4) ; y Aas 
44. The center (— 4, 1) = (A, k). Therefore, h = —4 andk = 1. "25 36 
The length of minor axis is 8, so 2b = 8, or b = 4. The C2=23 P=36 C=Haat+P=254+ 36=6l 
a the aie is of the form pes c=% een al 
(x — fA) v-h = 4 The transverse axis is on the y-axis because the y* term is 
a2 b’ positive. 
x + 47 =) Center: (0, 0 
6 ar ae =1 +h=-4,k=1,b=4 — ) 
a 16 Foci: (0, V61) and (0, — V61) vA 
o+42 (4-1) 5 eee 
( 5 ) ¢ ) 1 * The point (0,4) isonthe gat. Asymptotes: y = e and 4y 
a 16 graph. Thus x = 0 and y = 4 St 
isfy the equation. 5 T 8 * 
16. 9 yr Ex + 
> - te =1 * Solve for a?. 6 ee 
& ie 4 Vertices: (0, 5) and (0, — 5) 
p16 28. 16x? — 9° — 32x — 54y + 79 = 0 
> 5 16(x7 — 2x + 1) — 90° + 6y + 9) = —79 + 16 — 81 
Oe eee = — 144 
iweieanttodinecn ee 4 ae el eee 
e equation of the ellipse is 356/7 ig : 16 9 
50. Because the foci are (0, — 3) and (0, 3), c = 3 and the center The transverse axis is parallel to the y-axis because the y” 
is (0, 0), the midpoint of the line segment between (0, — 3) term is positive. The center is at (1, —3); a” = 16, soa = 4. 
and (0, 3). Vertices: (A, k + a) = (1, 1) 
ou é (h, k — a) = (1-7) 
1 3 ‘ C=P+P=164+9=25 
tae oS c= VB =5 
a= 12 Foci: (h,k + c) = (1, 2) 
37 = 127 — B *c=a—b? (h, k — c) = (1, -8) 
Bb? = 144 — 9 = 135 * Solve for b?. 
y 
The equation of the ellipse is --- + —— = 1. (continued) 


135 144 


Because 5? = 9 and b = 3, va 
the asymptotes are et ee 
4 SEER 
y+3= Z@— land qt! 
4 Ps ie 
a a a 1). ali 


50. Because the vertices are (2, 3) and (— 2, 3), a = 2 and the 
center is (0, 3). 


@ 

CT a CHa +B 

5 7 c 52 = 2? 7 b 

Ae PBS 4S 91 

C5 

Substituting into the standard equation yields 
a 

4 21 , 


56. a. Because the transmitters are 300 miles apart, 2c = 300 and 
c = 150. 


2a = rate X time 
2a = 0.186 X 800 = 148.8 miles 
Thus a = 74.4 miles. 
b=VEC-a 

= V 150? — 74.4° = 130.25 miles 


The ship is located on the hyperbola given by 


ae ae 
74.42 130.25? 
b. The ship will reach the coastline when x < 0 andy = 0. 
Thus 
x 0? 
74.42 130.25? 
x — 
4.42 
oe 
x= —74.4 


The ship reaches the coastline 74.4 miles to the left of the 
origin, at the point (— 74.4, 0). 
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10. xy = —10 
xy + 10=0 
A=0,B =1,C=0,D=0,£ =0,F = 10 
A- = 
cot 2a = eee a, 
B 1 


Thus 2a = 90° and a = 45°. 


20. 


SOLUTIONS TO THE TRY EXERCISES $39 


A' = Acos?a + Boosasina + Csin?a 


CE) HCE) CE) =3 


C’ = Asin?’ a — Boosasina + Ccos’ a 


422) (22) 2) 


F'=F=10 

Ley Ley + 10 = 0 or cea ae 1 
2 2 20 20 

x + Axy + 47 — 2V5x + V5y = 0 


A=1,B=4,C=4,D=-2V5,E = V5,F=0 
A> @ 1A. 3 

B 4 4 
The following figure shows the second quadrant angle 


cot 2a = 


2a for which cot 2a = — 7 


at 
(-3, 4) 
5 2a 
4 
3 x 
. 3 
From the figure we see that cos 2a = — 5 


Use the half-angle formulas to find sin a and cos a. 


cosa = 


a & 63.4° 
A' = Acos’a + Boosasina + Csin? a 


YA YOP) OY 


(continued) 


$40 SOLUTIONS TO THE TRY EXERCISES 


C' = Asin? a — Bcosasina + Ccos*a 20. Because |a| = |b| = 2, the graph of r = 2 — 2 cos, 
eS) eea es) —7 <6 <7, isa cardioid. 
=1 4 + 4 =0 
5 5 5 5 


D' = Dcosa + Esina 


mS) +20 


E’' = —Dsina + Ecosa 
=~ 25 2V5 V5 V5 =5 24. The equation r? = 25 sin 26 is of the form r? = a’ sin 20 
5 5 with a = 5. Thus the graph is a lemniscate that is symmetric 
5(x'? + 5y' = Oory’ = -(@’y? with respect to the line 6 = 7/4 and to the pole. Start by 


plotting a few points in the interval 0 = 6 S w/4. 


2 2 

rP=25sin26 |0 = 25V3 25 
2 2 

r= =+5Vsin260 |0 y~at3.54 ~+4.65 at 


26. Use y, and y, as in Equation (4) and Equation (5) that 
precede Example 4. Store the following constants. 


A=2,B =-8,C =8,D=20,E = -24,F = -3 


Graph y, and y> on the same screen to produce the following 


figure. 


parabola. 
. an 
MHS 
-5 4 


32. Because The complete graph can now be produced by using symmetry 


B’ — 4AC = (-10V3) — 4(11)(1) with respect to the line @ = 7/4. See the following figure. 
= 300 - 44>0 
the graph is a hyperbola. 
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16. r = 5cos 30 28. r=4-4sin@ ao 
Because 3 is odd, this is a rose with three petals. 6 min = 0 
@ max = 27 94 au 


6 step = 0.1 


9,75 


34. r= —4secd 


@ min = 0 
6 max = 27 
@ step = 0.1 
6.25 
~94 94 
-6.25 
44. x =rcos@é y=rsind 


ry . 7 
Q)feos(- )| = @)|sia( -) | 
1 V3 
-of)-1 0-8) 

The rectangular coordinates of the point are 

(1, =73), 
56. Since x = 12 and y = —5, we see that 

P =x ty = (12) + (-5)? = 169 

Thus r = 13 or —13. 


Now find 6. 

fs 5 
tan@ = — =— = -— 
ee 12 


5 
Use a calculator to approximate 6 = tan <) to the 
12 
nearest tenth of a degree. 
0 = —22.6° 
The point (12, —5) lies in Quadrant IV. Thus we can 
write it in polar coordinates as (13, — 22.6°) or 
(-13, 157.4°). 


VA 
12+ 


ce Pee 6 = 157.4° 

A \ 12 
| | _ 
a ~. Jo ~22.6 x 


13.2>. 
6b 9 Sp c2.-5) 
(13, -22.6°) 
(-13, 157.4°) 


The directions for this exercise require 0° = 8 < 360°. 
The angle in (13, — 22.6°) is less than 0°, so it is not 
one of our answers. The above drawing shows that the 
337.4° angle is coterminal with the —22.6° angle. 
Therefore, the rectangular coordinates (12, —5) can also 
be written in polar coordinates as (13, 337.4°). Hence, 
the answer for this exercise is given by (— 13, 157.4°) 
and (13, 337.4°). 


58. 


66. 


78. 
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r= 2sin0 
r= 2rsin@ + Multiply each side by r. 
x +y =2y *P=x?+y2;y=rsind 


+ (0% - 2y)=0 
P+ -2t+1I=1 
eG ips i 
A rectangular form of r = 2 sin 6 is x’ + (vy — 1) = I’. The 
graph of each of these equations is a circle with center (0, 1) 
and radius 1. 


¢ Subtract 2y from each side. 


* Complete the square. 


r = coté 
p= 2088 - cot g = 208 
sin 6 sin 0 
r sin @ = cos@ 
r(r sin @) = rcos@ — + Multiply each side by r. 
(Vi2 + yy =x *y =rsin@;x = rcosé 
Ge ae yy = * Square each side. 
yitxy—x=0 
2x —- 3y = 6 


2rcos@ — 3rsin@ = 6 
r(2 cos 9 — 3 sin @) = 6 


*x =rcosé;y =rsind 


6 
. 2cos@ — 3 sin@ 


Exercise Set 8.6, page 695 


8 
p= ———, 
2 —4cosé 
4 
r = —__ * Divide numerator and 
1 — 2cos@ 


denominator by 2. 


e = 2, s0 the graph is a hyperbola. The transverse axis is on 
the polar axis because the equation involves cos 6. Let 0 = 0. 


po-—3_-_8 _ 4 
2-—4cos0 2-4 
Let 6 = 7. 
8 8 4 
P 


~2—-Acosaw 2+4 3 


4 
The vertices are (— 4, 0) and ( a) 


$42 


24. 
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6 
r= 
3 + 2cos0é 
2 ins 
ra —, * Divide numerator and 
2 ; 
1 (2) cos 0 denominator by 3. 


2 
e= 3? so the graph is an ellipse. The major axis is on the 


polar axis because the equation involves cos 0. Let 6 = 0. 


6 6 _ 6 
34+2cos0 3+4+2 #5 
Let 0 = 7a. 
6 6 
r= = =6 
3 + 2cos7 BS 2, 


6 
The vertices on the major axis are ($ : 0) and (6, 77). 


Leg =~ 
e 2° 


e= 1,rcos@ = —2 
Thus the directrix is x = —2. The distance from the focus 
(pole) to the directrix is d = 2. 
ed ; 
C= * Use Eq (2) because the vertical 
1 — ecos directrix is to the left of the pole. 
1)\(2 
r= Oe) ies 1g'S 2 
1 — (1) cos @ 
2 
p= 
1 — cos 6 


Exercise Set 8.7, page 702 


6. 


12. 


14. 


24. 


Plotting points for several values of ¢ yields the following 
graph. 


x=3+2costy=—-1-—3snt,0=t< 27 


XSsB Z yril 
,snt= 3 


cost = 
cos?t + sin’t = 1 
Gey Gea) 
) 3 
= 3) . Ger ly ; 
4 9 


x=lt+eyp=2-0,tER 
x=1+f 


P=x-1 
yaR aes] 
y=-x+3 


Because x = 1 + ¢? and ¢? = 0 for all real numbers ¢, x = 1 
for all ¢. Similarly, y = 2 for all ¢. 


Eliminate the parameter to determine an equation in x and y 
that is equivalent to the two parametric equations 
x=t+ ly = V+. First, solve x = t+ 1 fort. 


x=tt+1 
t=x-1 
Substitute x — 1 for ¢ in the equation y = V‘. 
y=vVx-1 


Squaring both sides produces y* = x — 1, with y = 0. 


(Note: y is nonnegative because of the information provided 
by the parametric equation y = V+.) Thus the graph of the 
parametric equations x = t + 1, y = V¢ fort = 0 is the 
upper half of a parabola. When ¢ = 0, P is at (1, 0); when 

t = 4, P is at (5, 2). Thus P starts at (1, 0) and moves along 
the upper portion of the parabola y? = x — 1 until it reaches 
(5, 2) at time ¢ = 4. 


y 
(5, 2) 


Taso : i 


32. 


36. 


The maximum height of the cycloid is 2a = 2(3) = 6. 
The cycloid intersects the x-axis every 
27a = 27(3) = 67 units. 


7 


-l 367 


200 


0 = = 1200 
0 


The maximum height is about 195 feet when t ~ 3.50 seconds. 
The range is 1117 feet when ¢ ~ 6.99 seconds. 
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6. 


18. 


{* + 3y=-7 (1) 
x =3y +15 (2) 


8(3y + 15) + 3y = -7 ¢ Replace x in Eq. (1). 
24y + 120 + 3y = -7 ¢ Simplify. 
2Ty = -127 
__ 127 
27 
127 8 127 
x a( 21) + 15 9 * Substitute - —— for y in 
Eq. (2). 

The solution is @ - ur), 

9° 27 
—4y=8 (1) 

6x — 8y =9 (2) 
8y = 6x — 9 * Solve Eq. (2) for y. 
39 
v4" 8 
3 9 ' 

3x — 4 ae g = 8 * Replace y in Eq. (1). 

9 ere 

3x 3x Fi = 8 ¢ Simplify. 
9 
a 8 


This is a false equation. Therefore, the system of equations is 
inconsistent and has no solution. 


24. 


28. 


42. 


46. 


SOLUTIONS TO THE TRY EXERCISES $43 


5x 4 2( x + 1) =2 ¢ Replace y in Eq. (1). 


5x —- 5x +2=2 
2=2 


+ Simplify. 


This is a true statement; therefore, the system of equations 


5 
is dependent. Let x = c. Then y = — 3° + 1. Thus the 


5 
solutions are ordered triples of the form (« = 7° + 1) 


3x — 8y = -6 (1) 
ee +4y= 10 (2) 
3x — 8y = -6 
—10x + 8y = 20 ¢ 2 times Eq. (2) 
=1x = 14 
x=-2 
3(-—2) — 8y = —6 — * Substitute —2 for x in Eq. (1). 
—8y = 0 * Solve for y. 
y=0 
The solution is (—2, 0). 
4x + y=2 (1) 
. +2y=4 (2) 
8x — 2y = —4 + —2 times Eq. (1) 
& +2v= 4 
0= O 


Because the equation 0 = 0 is an identity, an ordered pair 
that is a solution of Equation (1) is also a solution of 0 = 0. 
Thus the solutions of the original system are the solutions of 
Equation (1). Solving Equation (1) for y yields 
y=-4x +2 
Because x can be replaced with any real number c, the solutions 
of the original system are all the ordered pairs of the form 
(c, —4c + 2) 
x = 25p — 500 
x = —7p + 1100 
by using the substitution method. 
25p — 500 = —7p + 1100 
32p = 1600 
p = 50 
The equilibrium price is $50. 


Solve the system of equations { 


Let r be the rate of the canoeist. 
Let w be the rate of the current. 
Rate of canoeist with the current: r + w 


Rate of canoeist against the current: r — w ; 
(continued) 
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ret=d x+3y-2z=2 (1) 
(r+tw)-2= 12 (1) 2®-—3z2=4 (4) 
(r—w)4= 12 (Q) 0=1 (6) 
r+w=6 * Divide Eq. (1) by 2. This system of equations contains a false equation. The 
r-w= ¢ Divide Eq. (2) by 4. system is inconsistent and has no solution. 
a x+3y-6= 4 (1) 
nas 18. ¢3x — 2y-92=-7 (2) 
45+w=6 ° Substitute r=4.5 in the ek Sy p= 8 1G) 
w= 15 equation r+ w= 6. : 
6x + 9y — 18z = 12 ¢ 3 times Eq. (1) 
Rate of canoeist = 4.5 miles per hour —6x + 4y + 182 = 14 + —2 times Eq. (2) 
Rate of current = 1.5 miles per hour 13y = 6 
y = 2 (4) * Divide by 13. 
Exercise Set 9.2, page 738 tts te a 
3x + 2y-5z= 6 (1) 24 = Sy + 62 = =8 += times Eq, (3) 
12. 4 5x — 4y + 3z=-12 (2) —2y = th 
4x + S5y—2z= 15 (3) y = 2 6) — + Divide by 2. 
15x + l0y — 25z = 30 * 5 times Eq. (1) y= 2 @) 
15x + 12y — 92 = 36 + —3 times Eq. (2) ~y = —2 + —] times Eq. (5) 
22y — 34z = 66 0= 0 (6) 
lly-17z= 33 (4) * Divide by 2. The equations are dependent. Let z = c. 
12x + 8y— 20z= 24 ¢ 4 times Eq. (1) 2x + 3(2) -— 6¢ =4 ¢ Substitute y= 2 andz=c 
12x — 15y 6z = —45 *=3 times Eq, (3) x= 3e> 1 in Eq. (1). 
—Ty — 14z = —21 The solutions are ordered triples of the form (3c — 1, 2, c). 
yt 2z= 3 (5) ¢ Divide by —7. x—3yt+4z2=9 (1) 
Ily—17z= 33 (A) a “ — 8y-2z=4 (2) 
ally — 222 = —33 * —11 times Eq. (5) 3x + 9y — 12z = —27 * —3 times Eq. (1) 
—39z2= 0 3x — By - 2z= 4 (2) 
z= 0 ©) y — 14z = —23 (3) 
lly — 17(0) = 33 ¢ Substitute z = 0 in Eq. (4). y = 142 — 23 * Solve Eq. (3) for y. 
ae x — 3(14z — 23) + 4z =9 * Substitute 14z— 23 
3x + 2(3) — 5(0) = 6 ¢ Substitute z = 0 in Eq. (1). for y in Eq. (1). 
x=0 x = 38z — 60 * Solve for x. 
The solution is (0, 3, 0). Let z = c. The solutions are ordered triples of the form 
xt+3y-22= 2 (1) (38c — 60, 14c — 23, c). 
16. §-2x -4y+ z= 0 (2) Sx + 2y + 3z=0 (1) 
3x — Ty +3z=-1 (3) 32. 93x + y—2z=0 (2) 
Eliminate x from Equation (2) by multiplying Equation (1) by 4x — Ty + 5z = 0 (3) 
2 and adding it to Equation (2). 15x + 6y + 92 =0 ¢ 3 times Eq. (1) 
Eliminate x from Equation (3) by multiplying Equation (1) by 15x — 5y + 10z = 0 ¢ —5 times Eq. (2) 
3 and adding it to Equation (3). y+19z=0 (4) 
x+3y—-2z=2 (1) 20x + 8y + 12z = 0 ¢ 4 times Eq. (1) 
2y—-3z=4 (4) 20x + 35y — 25z = 0 ¢ —5 times Eq. (3) 
2y—-—3z=5 (5) 43y — 13z=0 (5) 


Eliminate y from Equation (5) by multiplying Equation (4) by 
—1 and adding it to Equation (5). 


(continued) 


42. 


—43y — 817z = 0 « —43 times Eq. (4) 
43y — 13z2=0 (5) 
—830z = 0 
z=0 (6) 
Solving by back substitution, the only solution is (0, 0, 0). 
ert+ytaxtbyt+c=0 
0+ 36+ a(0) + b(6)+c=0 eLetx=0,y=6. 
| 1+ 25+ a(1)+b6)+c=0 *Letx=l1,y=5. 
49+ 1+a(-7)+b-l)+c=0 eLetx=—-7,y=-l. 
6b +c = —36 (1) 
| a+5b+c=-—26 (2) 
Ta b+c=-—50 (3) 


Ta + 35b + 7c = —182 
Ta b c= —50 (3) 
34b + 8c = —232 
17b + 4c = —-116 (4) 
—24b-—4c= 144 
17b + 4c = -116 (4) 


* 7 times Eq. (2) 


* Divide by 2. 
¢ —4 times Eq. (1) 


—Tb = 28 
b = —-4 * Divide by —7. 
17(-4) + 4c = —116 ¢ Substitute —4 for b in 
e= =12 Eq. (4). 
Ta — (-4) - 12 50 ¢ Substitute —4 for b and 
a=6 —12 for c in Eq. (3). 


An equation of the circle whose graph passes through the 
three given points is x* + y? + 6x — 4y — 12 = 0. 


Let x), X2, x3, and x4 represent the numbers of cars per hour 
that travel AB, BC, CD, and DA, respectively. Using the prin- 
ciple that the number of cars entering an intersection must 
equal the number of cars leaving the intersection, we can 
write the following equations. 

A: 75 + x4 = x, + 60 

B:x, + 50 = x, + 100 

C: x, + 45 = x3 + 50 

D: x3 + 80 = x4 + 40 

The equations for the traffic intersections result in the follow- 
ing system of equations. 


xX; — X44 > LS (1) 
xX, — X2 = 50 (2) 
x2 — %3 = 5 (3) 
X37 X4 =F —40 (4) 


Subtracting Equation (2) from Equation (1) gives 


xX, ~— X4 = 15 
xX, —% = 50 
X) — x4 = -35 (5) 
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Adding Equation (3) and Equation (4) gives 


xX. — x3 5 
X37 X44 —40 
Xq — X4 = =35 (6) 


Because Equation (5) and Equation (6) are the same, the sys- 
tem of equations is dependent. Because we want to know the 
number of cars per hour between B and C, solve the system 
in terms of x. 

xX, = XT 50 

X3 = X2 — 5 


Xq = Xp 7 35 

Because there cannot be a negative number of cars per hour 
between two intersections, to ensure that x; = 0, we must 
have x, = 5. The minimum number of cars traveling between 
Band Cis 5 cars per hour. 


Exercise Set 9.3, page 745 


8. 


16. 


x-2y= 3 (1) 
{ xy=-l (2) 
x=2y +3 ¢ Solve Eq. (1) for x. 
Qy + 3)jy=—-1 * Replace x with 
2y + 3 in Eq. (2). 
w+ 3yt1=0 ¢ Solve for y. 
Qy + 1)\(v + 1) =0 
y= > or y=-l 
(3) : 
x= 2)=—) = 3 x — 2(-1) =3 _— * Substitute for y 
. in Eq. (1). 
x=2 x= 
' 1 
The solutions are (2. = +) and (1, -1). 
3x? — 2y?7 = 19 (1) 
{ r= y= 3 Q) 
3x7 — 2y?7 = 19 (1) 
—3x? + 3y? = -15 * Multiply Eq. (2) by —3. 
 : 
y= +2 * Solve for y. 
x (-27 = * Substitute —2 for y in Eq. (2). 
r-4= 
vr =9 
x= 43 
rH =5 ¢ Substitute 2 for y in Eq. (2). 
r-45 
r= 9 
x= +3 


The solutions are (3, —2), (—3, —2), (3, 2), and (—3, 2). 


$46 


28. 


36. 
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ll (1) 
19 (2) 


Use the elimination method to eliminate y’. 


ee + 3y? 
3x? + 2y? = 


4x? + 6y7 = 22 +2 times Eq. (1) 
9x? — 6y? = —57  * —3 times Eq. (2) 
— 5x? = —35 
= 7 
27) + 3y? = 11 * Substitute for x? in Eq. (1). 
By? = -3 
yori 
y? = —1 has no real number solutions. The graphs of the 


equations do not intersect. The system is inconsistent and has 


no solution. 


{® + 2° + (y — 3Y = 10 
(x - 3% +(y+1¥ =13 
x + 4y y-b6y+ 9= 10 (1) 
xr 6x t+ 94+ y+ 2y4+ 1= 13 (2) 
10x 8y 8 = -3 ¢ Subtract. 
10x — 8y = -6 
5x + 3 
=> (3) * Solve for y. 
ig = 97 
(x + 27 + ( = ) = 10 * Substitute 
for y. 
25x? — 90x + 81 
x? + 4x + 4 Z a = 10 ° Solve for x. 
16x? + 64x + 64 + 25x? — 90x + 81 = 160 
Alx? — 26x — 15 = 0 
(41x + 15)(x — 1) =0 
ae ener 
x= Al or x= 
5/15 3 5(1) + 3 ; 
= —-—{| -—-— + — = ——_ e 
¥ =( ) 4 y A Please 
or x into 
Eq. (3). 
_2 ag 
y Al y 
15 12 
The solutions are (- A? 2) and (1, 2). 


Let x be the width of the sign. 
Let y be the height of the sign. 
Applying the Pythagorean Theorem yields x7 + y* = 25”. 
The height is 1.6 times the width, so y = 1.6x. We need to 
solve the following system of equations. 
‘a +y? = 257 (1) 
y= 1.6x (2) 


Substitute 1.6x for y in Equation (1) and solve for x. 
x? + (16x)? = 257 


3.56x? = 25° 
3.56 
_ 25 
4 W356 
x © 13.24997 


To find the height, multiply by 1.6. 


y = 16x © 1,6(13.24997) = 21.199952 


The width of the sign is approximately 13.2 feet, and the 


height is approximately 21.2 feet. 
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22. 


24. 


Tx + 44 7 Tx + 44 __A B 
"4 10x +24 @+A4K+6) xt+4 ° xt+6 
Tx + 44 = A(x + 6) + B(x + 4) 
Tx + 44 = (4 + B)x + (64 + 4B) 
7= A+ B 
aed a 
The solution is A = 8, B = —1. 
+44 8 | -1 
x? + 10x + 24 xt+4 x+6 
x-18 A, B C 
x(x — 3)° x x-3) (&—3~ 
x — 18 = A(x — 3)? + Bx(x — 3) + Cx 
x — 18 = Ax — 64x + 9A + Bx? — 3Bx + Cx 
x — 18 = (4 + B)x’ + (-64 — 3B + Cx t+ 9A 
0= A+B 
1=-64-3B+C 
-18= 9A 
The solution is A = —2,B = 2,C = —5. 
e218) 32, 2... = 
xe—-3% x %2x-3 @-3/ 
x? — x7 + 10x — 10 = (x — 1)(x* + 10) 
On = 3s a9 A, Bx+C 
(e—-G2 +10) x-1 x24 10 
9x? — 3x + 49 = A(x? + 10) + (Bx + C)(x — 1) 
9x2 — 3x + 49 = (4 + B)x? + (-B + C)x + (104 
9= A+B 
3 = —B+C 
49 = 104 —C 
The solution is A = 5,B = 4,C = 1. 
Ox? = 3x +49 5. 4xt1 
x3 — x? + 10x — 10 x-1 x24 10 


fe 
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a 23+ 0x+1 Axr+B Cx + D 36. v4 iy 38. Because the solution sets of the 
; | 7 : ie ¢ 
( a: 7 47 ( 52 a. 7 ‘1 yr; ae - ms a the 
2x3 + 9x +1 = (Ax + BG? + 7+ Cxr+D ir J pe ee rer ae ere 
2x3 + Ox + 1 = Ax? + Bx? + (74 + Cx + (7B + D) oh “ 
ak 
= A 4 
0 = B 12.3% 
rs 
9=7A + 
i 7B - LD 46. Substitute the sprinter’s age, 26, in the first inequality to find 
- the minimum value of the targeted exercise heart rate range. 
The solution is A = 2, B = 0,C 5, Di= 1s Substitute 26 in the second inequality to find the maximum 
a i a | 2x —5x + 1 value. 
xt t+ 14x74 49 +7 (+779 y = 0.80(208 — 0.7x) y < 0.85(208 — 0.7x) 
x+1 y = 0.80(208 — 0.7(26)) y = 0.85(208 — 0.7(26)) 
34. 2x? + 3x — 2[2x3 + 5x7 + 3x — 8 y = 0.80(208 — 18.2) y = 0.85(208 — 18.2) 
3 2 
2x7 + 3x¢ = 2x y = 0.80(189.8) y < 0.85(189.8) 
2 esE=s y = 151.84 y = 161.33 
ay? + ae = 2 
—— Rounding to the nearest beat per minute yields a targeted 
2x — 6 exercise heart rate range of 152 to 161 beats per minute. 
2S oe Be 8 6 
aaa”, T 
an ax = 2 oe Se 2 . 
pean A B Exercise Set 9.6, page 768 
(2x —1)\e+2) 2-1 x+2 14. C = 4x + 3y 
2x — 6 = A(x + 2) + BO2x — 1) C 
2x — 6 = Ax + 24 + 2Bx — B oy) 
2x — 6 = (A + 2B)x + (24 — B) (0, 8) 24 ai 
{ 2= A+2B (2, 4) 20 
-6=24- B (5, 2) 26 
The solution is A = —2, B = 2. (11, 0) 44 8 
a al ee ak cece 8 (20, 0) 80 4s 
2 = > 
2x" + 3x — 2 oe ee (20, 20) 140 28 121620 * 
(0, 20) 60 
Exercise Set 9.5, page 761 ‘ie wiiniends 10M O,S), 
6. 12. } : + i 26. x = hours of machine | use 
Vad 
q a i y = hours of machine 2 use 
| Cost = 28x + 25y 
4 2) a) a 
a 4x + 3y = 60 
meal Constraints: 4 5x + 10y = 100 
26. = > 
ay _ x 2 0, y = 0 ‘4 
q (x, y) Cost 
q (0, 20) 500 
(12, 4) 436 ¢ Minimum 
‘5, ee 
(20, 0) 560 G23) A 
5 10 x 


To achieve the minimum cost, use machine | for 12 hours 


and machine 2 for 4 hours. 
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28. Let x be number of standard models. 
Let y be number of deluxe models. 
Profit = 25x + 35y 


x + 3y = 24 
Constraints: aiaee 
+ yp = 16 
x20,y20 
(x, y) Profit oi 
(0, 0) 0 16 
(0, 8) 280 124 
(6, 4) 290 a 
(3, 7) 320 ¢ Maximum a - 
(8, 0) 200 : cu 


To maximize profits, produce three standard models and 
seven deluxe models. 


Exercise Set 10.1, page 788 


0-3 2 3 
2. Augmented matrix:| 2 —-1 0 ~-1 
3-2 3 4 
0 -3 2 
Coefficient matrix:| 2 —1 0 
3-2 3 
3 
Constant matrix: | —1 
4 
f1 2 4 i 2 4 @ 
S|0 29 2/370. : 2-1 1 
[3 6 8 — 0 0 -4 -4 
fi 2 4 1 F ; 2 4 «1 
0=2 =f 1)-3™ )0 4 3 44 
0 0 -4 -4}——~}|10 0 -4 -4 
12 4 1] , 124 1 
O11 bah loe bois 
[0 0 -4 -4}—~* [001 1 
fi -3 8 1-3 1 8 
w.]2 -5 -3|2| “ae [0 1 -5 | -14 
L 4 1]|1)—™7> 7 O| -7 
1-3 1 8 
See |e 1 8.) id 
0 0 35 91 
1-3 1 8 


22. 


24. 


40. 


eS By -Z 8 
y-—5z=-14 
13 
a = 
By back substitution, the solution is (2 sal, 8) 
3, =) 2 4 1 -3 2 4 
i oo S| a) eee poe) 2 
5 —-ll 6] 12 5 —-ll1 6} 12 
er 1 -3 2 4 1 1 -—3 2 4 
—sr+r,|9 4 —4] -8 ee | & =f |= 
0 4 -4]/-8]—?|0 4 -4] -8 


TAR TR | gy -1 | -2 


0 0 0 0 
x—-3y+2z= 4 () 
y- z=-2 Q) 


0= 0 @) 
y-z=-2 or y=z-2 ¢ Solve Eq. (2) for z. 
x — 3(¢-2)+2z=4 ¢ Substitute z — 2 for y in 
x-—3z+6+2z=4 Eq. (1). 
x=z-2 ¢ Solve for x. 


Let z be any real number c. The solutions of the system are 
the ordered triples (¢c — 2,c — 2,c). 


> & 9.) <4 i 2 =) 3 
i 2 =) | =o | 2. )e 5 &) 1 
5 12 11] 10 5 12 1] 10 
2R,+R |! = ; 
See ee S| an 
ie. 2 te] ts 
[1 2 -3 5 
ee ae | St 
[0 0 0 7 
x+2y-3z= 5 
y+ 8=-11 
0= 7 


Because 0 = 7 is a false equation, the system of equations 
has no solution. 


2-3 4 1/7 
3 1-2 -2/ 6 
magn |E E375] 10 
+ 
eg. [0 =P <2 WL) =13 
0 4 -11 13 | -24 


0 4 -ll 13 | —24 (continued) 


48. 


1 -l 3-5 10 
SES @ i 2 -=11| 2B 
0 0 -19 57 | -76 
i 1 -1 3 —-5 10 
“yp? |@ 12 =m 
— >? 10 +O 1 -3 4 
t 3v 5w=10 (1) 
ut+2v—- llw=13 (2) 
v- 3w= 4 (3) 
v=3w+4 
u + 23w + 4) — Ilw = 13 ¢ Substitute 3w + 4 
u=5w+5_ for vin Eq. 2. 
t — (Sw + 5) + 3(3w + 4) — 5w = 10 ¢ Substitute 
t=wt+3 5wt5foru 
and 3w + 4 
for vin 
Eq. (1): 


Let w be any real number c. The solutions of the system of 
equations are the ordered triples (c + 3,5c + 5,3c + 4,c). 


Because there are four given points, the degree of the inter- 
polating polynomial will be at most 3. The form of the poly- 
nomial will be p(x) = a3x? + ayx? + a,x + ao. Use this 


polynomial to create a system of equations. 


P(X) = 43x? + ayx? + ayx + ay 
P(-1) = a;,(-1)° + a(-1)° + a,(-1) + ap 
a3 + ay — a, + ay 5 
P(0) a;(0)° a,(0)” a,(0) + ay = a) = 0 
PU) a;(1)° a,(1)” a,(1) + ao 
= a t a2 t ay t ay = 1 
P(2) = a,(2)° + ay(2)? + ay(2) + ag 
= 8a3 t 4a, t 2a, t ay = 4 


The system of equations and the associated augmented 
matrix are 


a, + ay — ay + ag = —5 1 1 1 1 5 
a= 90 0 0 0 1 0 
a,+a+a,+a= 1 1 1 1 1 1 
8a3 + 4ay + 2a, tay = 4 8 4 2. 4 


The augmented matrix in row echelon form and the resulting 
system of equations are 


1 05 0.25 0.125 | 0.5 
0 1 -0.5 0.75 | -3 
0 0 1 0.5 2 
0 0 0 1 0 
a; + 0.5a, + 0.25a, + 0.125ay = 0.5 
a — 05a, + 0.75a) = —3 
a,+ 05a = 2 
a= 0 
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Solving the system of equations by back substitution yields 


ay = 0, a; = 2, a) = 


polynomial is p(x) = x? — 2x? + 2x. 


Exercise Set 10.2, page 807 


2 -2 -1 8 
6.aA+B=/3 4/+] 2 -2 
L1 0 -4 3 
[2 -2 -1 8 
b.4-B=|3 4|/-|] 2 -2 
L1 0 -4 3 
-1 8 —2 16 
c. 2B=2| 2 -2/=| 4 -4 
-4 3 -8 6 
2 -2 -1 
d.24-3B=2/3 4]-3] 2 
1 0 -4 
[-1 2 o|f2 -1 0 
16. 4B=| 2 -1 I/f1 5 -1 
[-2 2 -1][0 -1 3 
(-DQ) + 2A) + (00) 
=| 22) + (“DG) + (0) 
L(—2)(2) + (2)) + (-1)0) 
(“IND + 26) + O(-D 
(22-1) + (“)G6) + MHD 
(—2y(-1) + (2)65) + (DCD 
(-1O) + 2-1 + (OG) 
(2)(0) + (“I(-D) + (DG) 
(—2)(0) + 2-1) + (DG) 
0 11 -2 
=| 3 -8 4 
—2 13 -5 
/2 -1 o][-1 2 0 
BA=|1 5 -1]/ 2 -1 1 
[0 -1 3][-2 2 -1 
(2-1) + (“DQ@) + OY-2) 
= | MCD + SQ) + (-I-2) 
LO-l) + (“D2) + BY(-2) 
(2)(2) + (“I(-)) + (2) 
(12) + (1) + (DQ) 
(0)(2) + (“I(-D) + GB)Q) 
(2)(0) + (~DQ) + O(-1) 
(10) + (5) + (“1-1 
(0)(0) + (~DQ) + BY-1) 


2, and a; = 1. The interpolating 


(continued) 


$50 SOLUTIONS TO THE TRY EXERCISES 


—4 > =! 2 14 6°55 
=| ll -5 6 102 5 4 
8 7 —A A=|/4 22 4 2 
Fe a Six 9 65.4 2-1 
36./3 -5 lljy}=] 7 5 42 1 0 
[4 =7 6|.2 14 a34 = 4. There are 4 walks of length 3 between vertex 3 and 
[ 2x +32 9 vertex 4. 
3x -—S5y+ z]=] 7 ¢ Multiply the matrices. A B 7 A B 
70. 0.98 0.02 
| 4x — Ty + 6z 14 [0.25 0.75] ~ [0.391 0.609] 
_ 0.05 0.95 
2x +3z= 9 
3x —Sy+ z= 7 * Use equality of matrices After 5 months, store A has approximately 39.1% of the 
4x — Ty + 62 = 14 to write the system of town’s customers. 


equations. 


54. Create a matrix using the vertices of the triangle. One possibility Exercise Set 10.3 page 821 
beat! fl 


-4-2 2 
for the matrix of the vertices is} —1 1 —5 |, where we have 1 3 2/1 0 0 
toro 6.|-1 -5 6/0 1 0 
written the vertices in the order of points 4, B, and C. Any order 2 6 3/0041 
that goes around the figure is a valid matrix of the vertices. 1 3 2 10 0 
Reflect the figure across the y-axis. Ps — 0-2 4 110 
4 =o 2) [4 oot = 2 Sa gs og bil Se Bi 
R, +} -1 1 =5 = 0 1 0 = 1 =5, ; 1 3 <2 1 0 0 
1 1 1 1 1 1 1 == 1 1 
- 0 0 aha 0 tl —2 “7 79 0 
4 2 -2 — 7 10 0 1 | -2 0 1 
=|-1 1 -5 
2R, +R, 1 3 0) -3 : 2 
ec 3R,+R, | 0 1 0] -5 -5 2 
Rotate the resulting figure 180° about the origin. 0 0 14] -2 0 1 
42 -2] [-1 0 0][ 4 2 -2 100|% 2-4 
Rigot| —1 1 -5 |=] 0 -1 Off -1 1 -5 Se et 2) 2 
1 1 1 L 0 oO 1 1 1 1 00 1{-2 #0 1 
[-4 -2 2 a3 4 
=) 1 -1 5 The inverse matrix is} —}  — 2]. 
Lt i232 2 0 1 
The vertices of the transformed triangle are A’(—4, 1), 1 221/11 00 
B'(—2, -1), and C’(2, 5). 10../2 -3 110 10 
62. The adjacency matrix is the 5 X 5 matrix whose aj is a | if 3 -6 6/0 0 1 
there is one edge from vertex i to vertex j and 0 if there is no 1-2 >) 10 0 
edge from vertex i to vertex j. —2R,+R 
3 R, 7 R, 0 1 -3 | -2 1 0 
i —— 10 0 o}|-3 01 


Because there are zeros in a row of the original matrix, the 
matrix does not have an inverse. 


aS 
ll 
eS 
- | Oo SC 
So 
ore eS = 
oO 


0 0 0 


A is the matrix that gives the walks of length 3 between any 
two vertices. 
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1 2 =) ||-x% 5 3 =2 =] 1 2 4 
20./2 3 -l/iy]=] 8 42, /1 2 4) =-/3 -2 -l oR, SR; 
3G. = 2, Iz 14 2: =2 3 2 =2 3 
0 2 -I 1 2 4 
The inverse of the coefficient matrix is} -—1 —1 1 ==/0 = —=13 eS3R he 
3 0 1 0 -6 —5 ‘ORR, 
Multiply each side of the equation by the inverse: 1 2 i 1 
x 0 2 -1/f 5 2 =e he er 
y}=}-1 -1 1] s]=] 1 oo oe 
Zz. =3 0 1 14 -1 12 4 
= 1B : 
The solution is (2, 1, —1). ao . is Hl 
26. Write a system of equations. i | 
40 + 40 + 25 105 + 19 
x, —— 2 - wnn(2) = 38 
4 4 4 
25+ 60+ 40 +x, 1254+ x, 
— 4 7 4 
Exercise Set 10.5, page 836 
Rewrite the system of equations. 
4x, ~—%2 = 105 9 5 
—x, + 4x. = 125 fi 8 71 63-40 23 23 
~ xX] 
Solve the system of equations using an inverse matrix. Zz > 14—25 0 Il a 
4 -1]/ x, | _ | 105 57 
-1 44h 125 os 
~ r 5 8 16-45 —29 29 
A. i r A Xy = 
is: 4 1 at is 13 8] > 5, 4-2 —-ll ll 
1 o4i/-1 4 | 4 
is 15 Lt |i re 57 
- r 23 29 
109 : . 
a | hes The solution is (-2.7), 
121 
L*2 LF 2 3 =3 =3 
The temperatures, to the nearest tenth of a degree, are I 2% 4 -1 
X, = 36.3°F and x2 = 40.3°F. 40 3 1 
3 2 0 0 
24. x3 — ~ 
Exercise Set 10.4, page 831 a ; a as 
1 7 = 
2 9 
ra | j= 2-2 (-6)(9) = 4 + 54 = 58 oe ee 
=> 2 32 -1 0 
1 
14. My; = B 3 = 1(-2) — 6(3) = —2 — 18 = —20 
ae Exercise Set 11.1, page 852 
C3 = (-1) “M3 = 1-M; = 1( 20) = 20 i oe i HA 
20. Expanding by cofactors of row 1 yields 6. a, CD 5a ae) r 
n(n + 1) ld+1) 2 
3 -—2 0 (-1)77! 1 (-1*! ] 
2 3 2) = 3Cy + (—2)Cyn + 0° Ci ay = = 7-7, a3 = aoe 
2(2 + 1) 6 333+ 1) 12 
8-2 5 8+1 
(-1) 1 
=3|73 | +2)2 2| +0 o 7 
2 5 8 5 8(8 + 1) 72 
= 3( 15 4 4) { 2(10 16) an) 28. a, =1,@ = 2 +a, = 4:1 = 4,4, = 3?+a@ = 9-4 = 36 
3(-11) + 2(-6) 33 + (—12) = —45 
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tb _ 121i-1)-9+8! 
" 418! 4!8! 


12-11+10-9 | 
4+3+2+1 


44 495 


6 6 
54. SQi+ DQA-D= H4’?-DY 
i=1 i=l 


= (4-1? — 1) + (4-2? - 1) 
(4°37 — 1) + (4-4 —- 1) 
(4°57 — 1) + (4-6 — 1) 
=3+ 15+ 35 + 63 +99 + 143 
= 358 


Exercise Set 11.2, page 859 
16. ag = —14, ag = —20 


dg = dg + 2d 
ai ; ab = ¢ Solve for d. 
—20 — (-14) 
7 - 
—3=d 


a, = a, + (n— 1)d 

ag = a, + (6 — 1)(—3) 
—14 =a, + (-15) 

a, = 1 


415 =l1¢4 (15 


1)(-3) = 1 + (14)(-3) = -41 
22. So = Fa ale a9) 


a,=1-2(0)=-l 

ay = 1 — 2(20) = —39 

Sy) = 10[—-1 + (—39)] = 10(—40) = —400 
34. a = 7, C1, Cy, C3, C4, C5, b = 19 

a, = a, + (n— Id 

19=7+(7- ld 


¢ There are seven terms, son = 7. 


19=7+ 6d 

d=2 

co =at+d=7+2=9 
OM =a,+2d=7+4=11 
G3=a+3d=7+6= 13 
cy =a, + 4d=7+ 8 = 15 
cs =a, + 5d=7+10=17 


Exercise Set 11.3, page 869 


6 az 6 3 
~ == =P 
ay 8 4 

a, = ar"! 


36. 


40. 


48. 


ni. 
d, = —,- Find the first three terms of the sequence. 
n 


iy 2 2 1 31 6 2 
2 F _2 2 1 7 
ice ae ee ae ee a ee a ee 
1 1 
ay a1 5 1= 2 
21 5 
i se ee ee 


The difference between successive terms is not constant. The 
sequence is not arithmetic. 


1 
ay Z_1 
aq 1 2 
2 
a, 9 4 
am 1 9 
= 


The ratio of successive terms is not constant. The sequence is 
not geometric. 


ny, : : : 
The sequence a, = — is neither arithmetic nor geometric. 
n 


4 4 
oe ttt Cn 14 
= al _ rv) 
my =r 
‘| ; (: 14 +| —263,652,487 
& 3 3) 3L 4,782,969 
14 4 1 
1 — aaa 
3 3 
_ 1,054,609,948 goa 
4,782,969 
: 3.\e 
The general term isa, = |—]. 
‘i 3\! 3 
To find the first term, let n = 1. Then a, = (3) = a 
_ 3 
The common ratio is r = 1 
s=— 
1 =F 
3 3 3 
4 4 4 
S= = =—=3 
1 3 1 3 1 
4 4 
— 95/1000 
0305=— + 2 + 2 + ee t / 
10 1000 = 100,000 10 1-— 1/100 


3 95 392 196 


70. A = a P= 250,r OnE m = 12(4) = 48 
i 12 
0.08 \48 
A 0.08 = 14,087.48 
12 
The future value is $14,087.48. 
76. Stock value = ae) 
bs 
1.87(1 + 0.15) , 
0.20 — 0.15 ° D= 1.87, g= 0.15, i= 0.20 
= 43.01 


The manager should pay $43.01 for each share of stock. 


Exercise Set 11.4, page 877 
n(n + 1)(n + 2) 
3 


fa uageee! gaa ae, 


8. S,=2+6+12+- +nnt+1)= 


1. When n = 1, S; 


Therefore, the statement is true for n = 1. 
2. Assume the statement is true for n = k. 
S,=2+6+ 124 t k(k + 1) 


kk + 1)(k + 2) ; : 
= —— a * Induction hypothesis 


Prove the statement is true form = k + 1. That is, prove 
(k + 1)(k + 2)(k + 3) 

= 3 

Because a, = n(n + 1), age, = (A + 1)(A + 2). 

Ak + Wk + 2) | 


k+1 


See = Se aes 3 (A + 1)(k + 2) 
Ke + Wk + 2) + 3+ DK +2) 
3 
(k + 1)(k + 2)(k + 3) 


¢ Factor out (k + 1) 
and (k + 2) from 
each term. 


3 


By the Principle of Mathematical Induction, the statement 
is true for all positive integers n. 


ie) aero are 


*) 1 1 1 
2) Pit i 2 


The statement is true for n = 1. 


12. P, (: 


1. Let n = 1; then P, (: 


2. Assume the statement is true for n = k. 


a aly ar a 
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Prove the statement is true for nm = k + 1. That is, prove 


1 
n 1 > | k es : 


1 okt] 1 
kp kb eb 2 


Because a,, (: 


Prop = Pee apy 


By the Principle of Mathematical Induction, the statement 
is true for all positive integers n. 


16. Ifa > 1, show that a’*! > a” for all positive integers n. 


1. Because a > 1,a:a > a+lora’ > a. Thus the 
statement is true when n = 1. 
2. Assume the statement is true for n = k. 
a**! > a* + Induction hypothesis 
Prove the statement is true form = k + 1. That is, prove 
gti? s git, 
Because a**! > a‘ anda > 0, 
a(a’*!) > a(a*) 
git? > git! 


By the Principle of Mathematical Induction, the statement 
is true for all positive integers n. 

20. 1. Let n = 1. Because logjy 1 = 0, logig 1 < 1. 
The inequality is true for n = 1. 

2. Assume log) k < k is true for some positive integer k 
(induction hypothesis). Prove the inequality is true for 
n= k + 1. That is, prove logi(k + 1) <k +1. 
Because log), x is an increasing function, 
logio(k + 1) = logio(k + &) 

= logio 2k = logjo 2 te logig & <1l+k 
Thus log;o(k + 1) < k + 1. By the Principle of 


Mathematical Induction, logig 2 < n for all positive 
integers n. 


Exercise Set 11.5, page 882 


4 & 2, TOM. OVOrS 74h 5! 10-8 Teh 
NS 515! 515! 5+4-3-2-1 
= 252 
22. (ax + 2y)' 
= (x) + 43x)'(2y) + 63x) + 43x)(2y)’ + yy" 
81x* + 216x%y + 216x*y? + 96xy> + 16y4 


$54 


38. 


. (2x - = = (}\eo"+ 0 
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- Cjentevs Vy)? + (Jent-viy 
Ganesan () 
+ (Dencevae+ Tew 


= 128x7 — 448x°Vy + 672x°y — 560x4yVy 
+ 280x3y? — 84x27? Vy + 14xy3 -— Vy 


Jorvaporerrqnyet = (TP )artayats = 250 


fee 
6-1 


Exercise Set 11.6, page 887 


12. 


16. 


20. 


22. 


30. 


Because there are four palettes and each palette contains 
four colors, by the Fundamental Counting Principle there are 
4-4-4-4 = 256 possible colors. 
There are three possible finishes (first, second, and third) for 
the 12 contestants. Because the order of finish is important, 
this is a permutation of 12 contestants selected 3 at a time. 

! 12! 
(2-3)! 9! 


There are 1320 possible finishes. 


P(12, 3) = 12-11-10 = 1320 


Player A matched against Player B is the same tennis match 
as Player B matched against Player A. Therefore, this is a 
combination of 26 players selected 2 at a time. 
26! 26! 26-25-24! 
21(26 — 2)! -2!24! 2:1+24! 


There are 325 possible first-round matches. 


C(26, 2) = = 325 


The person who refuses to sit in the back can be placed in 
any one of the three front seats. Similarly, the person who 
refuses to sit in the front can be placed in any of the three 
back seats. The remaining four people can sit in any of the 
remaining seats. The number of seating arrangements is 
3°3°4-°3-2-1 = 216. 
a. The number of ways in which 10 finalists can be selected 
from 15 semifinalists is a combination of 15 students 
selected 10 at a time. 


C(15, 10) = 3003 
There are 3003 ways in which the finalists can be chosen. 


b. The number of ways in which the 10 finalists can include 
3 seniors is the product of a combination of 7 seniors 
selected 3 at a time and a combination of 8 remaining 
students selected 7 at a time. 


C(7, 3)+ C(8, 7) = 35-8 = 280 


There are 280 ways in which the finalists can include 
3 seniors. 


c. “At least 5 seniors” means 5, 6, or 7 seniors are finalists 
(there are only 7 seniors). Because the events are related 
by or, sum the number of ways each event can occur. 

C(7, 5) + C(8, 5) + C(7, 6)* C(8, 4) + C(7, 7) + C(8, 3) 
21-56 + 7°70 + 1°56 = 1176 + 490 + 56 = 1722 


There are 1722 ways in which the finalists can include at 
least 5 seniors. 


Exercise Set 11.7, page 896 


6. 


14. 
22. 


28. 


38. 


40. 


46. 


Let R represent the Republican, D the Democrat, and I the 
Independent. The sample space is {RD, RI, DI}. 


{HHHH, HHHT, HHTH, HTHH, THHH} 


S = {HHHH, HHHT, HHTH, HTHH, THHH, 
HHTT, HTTH, TTHH, HTHT, THTH, 
TTHH, TITH, TTHT, THTT, HTTT, TTTT} 


Therefore, n(S) = 16. 
a. E, = {HHTT, HTTH, TTHH, HTHT, THTH, TTHH} 


n{E\) _ 6 3 
P(E,) = oe 
(E,) = nS) 16. 8 
b. E) = {HHHH, HHHT, HHTH, HTHH, THHH} 
n(E>) 5 
P(E) = == 
(E2) nS) 16 


S = {1,2,3,4,5, 6}. Therefore, n(S) = 6. 

Let E, = {2,4, 6} (the number is even). 

Let Ey = {3,6} (the number is divisible by 3). 

Then £,  £, = {6}, so the events are not mutually exclu- 
sive. The probability of £; U E> (an even number or a number 
divisible by 3) is 


P(E, U Es) = P(E) + P(E2) — P(E, OE) 
n(E\)  n(Ex) (BE, Es) 
n(S) n(S) n(S) 


CB, 2)°CS,2) _ 3*10 _ 3 
C(8, 4) 702 «7 


Yes, because the card was replaced. The probability of an ace 


4 1 
on each draw is — 


53° 13° 
1 1 1 
P cease ae 
cia ame ae 
— ‘ ; : 1 3 
This is a binomial experiment; p = 7 q= ro n = 8, and 


k= 3. 


(5)(4) (3) =S5C ea) sons) = 820 


ANSWERS TO SELECTED EXERCISES 


Exercise Set P.1, page 14 


1 
1. Integers: 0, —44, V81, 53; rational numbers: ~ 3: 0, —44, 3.14, V81, 53; irrational numbers: 77, 5.05005000500005 . . .; prime number: 53; 


real numbers: all the numbers are real numbers. 3. 2,4,6,8 5. 3,5,7,9 7. 0,1,2,3 9. {-3, —2, -1, 0, 1, 2, 3, 4, 6} 
11. {0,1,2,3} 13.@ 15. {1,3} 17. {-2,0,1,2,3,4,6} 19. 4 21. @ 23. Bisa subset of A. 


25. {x|-2 <x< 3}, 4 oo + —_27. {x|—-5 <x<=-]|, ——|__—- 
—-5-4-3-2-10123 45 -5-4-3-2-10123 45 
29. {x|x = 2}, ++-4+——-+-4+- 4+ + > — 31. (3,5), +4 + 4+ 4 + + 1 S283. [ 2, ©), 
-5-4-3-2-1 0123 45 -5-4-3-2-10123 45 -5-4-3-2-10123 45 
35. [0,1], ++++4 fat 8 et OD”, 
-5-4-3-2-10123 4 5 -5-4-3-2-10123 45 -5-4-3-2-10 1 3.4 5 
41, <> = 43. eee «= 245 SS Tt tT tt UY! 
-5-4-3-2-10123 45 -5-4-3-2-1 0123 4 5 -5>-4-3-2-10123 45 
47, tt st «Od, + tt 5], ie) ——+—+> 53, —5 55, 12 
-5-4-3-2-1 0123 4 5 -5-4-3-2-10123 45 -5-4-3-2-10123 45 


57. 7 +10 59.9 61. 3x—1 63. |m—n| 65. |x—3| 67. |x+2|=4 69. Ja—4| <5 71. |x +2) >4 
73. 0< |x —4| <1 75. -2000 77. 29 79.7 81.45 83.8 85.12 87.-72 89.19 91. 13 93. -3 


95. Associative property of multiplication 97. Distributive property 99. Commutative property of multiplication 101. Identity property 
of multiplication 103. Reflexive property of equality 105. Transitive property of equality 107. Inverse property of multiplication 


109. No. (8 + 4) +2=27+2=1,8+ (4+ 2)=8+2=4 111. All but the multiplicative inverse property 113. 6x — 13 


9 
115. —12x + 6y +5 117. 2a 119. 21a +6 121. 42 +4 123. 6 square inches 125. 66 beats per minute 127. 100 feet 


Prepare for This Section (P.2), page 17 


1 
PS1. 32 PS2. 16 PS3. 64 PS4. 314,000 PS5. False PS6. False 


Exercise Set P.2, page 29 


1 2 28x? 3 2 12 
1.-125 3.1 5.— 7.32 9,27 11. -2 13. = 15. 52° 17. xty’ 19. 6076? 21. — 33: 35. 97, 
= xt y sat 3x2 a 
1 p'o 
29. -18m°n® 31. — 33. 35. 2x 37. — 39. 2.011 x 10" 41. 5.62 x 10°'!° 43. 31,400,000 45. —0.0000023 
x 4a*b2 q'? 


1 2 
47. 2.7x 108 49.1.5 x 1071!! 51.7.2 x 10% 53. 8x10! 55.8 57. -16 59. A 61. 3 63. 16 65. 8ab* 


472/5 3q\/12 


67. —12x!/2_ 69, 3x2y3_ 71. 


73. 6x5/5/6 75, 


77. 3V5 79. 2V3 81. -3V/5 83. 2|x|y V6y 85. 2ay?W/2y 


87. -13V2 89. -10W3 91. 17yW4y 93. -l4xe°yWy 95. 174+ 7V5 97. -7 99. 122+ Vz-6 101. x+4Vx +4 


VI v/4 aN = 412 = 
103. x +4Vx—3+1 105. V2 107. 2 109. aA 111. Wa 113. 3Vv3 115, 2¥5=3 
6 2 x 13 4 
45 + 19/5 2x + 7Vx + 6 x? — 3V5x + 10 3V5 — 3 1 
417, 25-4 195 119. 2V3 +5 10, a 8 oe V5 = 35 127. 
20 9 — 4x x2 — 20 =x V4+h+2 


129. ~3.13 X 10’ seeds 131. ~1.38 X 107 133. 8 minutes 135. ~1.66 X 10°*4 grams 


Al 


A2 ANSWERS TO SELECTED EXERCISES 


137. a. 56% b. 24% 139. a.7.5 X10 b. 4.8 x 10'' ©. 0.750628 d. 19.1987 e. 68.0755 f. The percent error is very 
small for everyday speeds. g. As the speed of the object approaches the speed of light, the denominator of the kinetic energy equation 
approaches 0, which implies that the kinetic energy is approaching infinity. Thus it would require an infinite amount of energy to move a par- 
ticle at the speed of light. 


Prepare for This Section (P.3), page 32 
PS1. —6a + 12b PS2. —4x + 19 PS3. 3x2 — 3x —6 PS4. —x? — 5x —1 PSS. False PS6. False 


Exercise Set P.3, page 37 

1.D3.H 5G 72B9J llaxt+2x-7 b2 « 1,2,-7 dl ex7,2x,-7 13.ax2-1 b3 « 1-1 
d.1 ex,-1 15. a. 2x4 + 3x5 + 4x7 +5 b. 4 c. 2,3,4,5 do 2 e. 2x43x°, 4x75 17.3 19.5 21. 2 

23. 5x7 + lIx +3 25. Ow? + 8w* — 2wt+ 6 27. -2° + 3r—12 29. —3u? — 2u +4 31. 8x° + 18x? — 67x + 40 

33. 9x? — 18x? + 23x — 6 35. 10x4 + 18x° — 36x7 + 8x + 24 37. 2x4 — 3x3 — 2x° + 33x — 30 

39. 6xt — 19x93 + 26x — 29x + 10 41. 10x? + 22x +4 43. y? + 3y +2 45. 427 — 192+ 12 47. a? + 3a— 18 

49. 10x? — 57xy + 77y? 51. 18x? + 55xy + 25y? 53. 6p? — llpg — 35q? 55. 9x? — 25 57. 9x4 — 6x*y + * 

59. low? + 8wz + 2 61. x7 + 10x + 25—y* 63. 12d7 + 4d-—8 65. 7°+5° 67. 60c? — 497 +4 69. 29 71. -17 
73. —1 75. 33 77. a. 1.6 pounds b. 3.6 pounds 79. a. 727 cubic inches b. 300m cubic centimeters 81. a. 0.076 second 


b. 0.085 second 83. 11,175 matches 85. 14.8 seconds; 90.4 seconds 87. Yes. The ball is approximately 4.4 feet high when it crosses 
home plate. 


Mid-Chapter P Quiz, page 39 


4y? 6+ 4V5 


1. 120[P1] 2. 14x-27[P1] 3. [P2] 4. —72ab*[P2] 5. 2ab3e?W/2ac? [P2] 6. -————— [P2] 7. 6x? + 7xy — 20) [P3] 


~ 


8. 4a? + 28a + 49 [P3] 9. 8x° — 2x* — 29x + 21 [P3] 


Prepare for This Section (P.4), page 40 
PS1. 3x7 PS2. —36x° PS3. a. (x*? b. Oy? PS4. 35> PSS. 7 PS6. 1 


Exercise Set P.4, page 48 

1. 5(x + 4) 3. —3x(5x + 4) 5. 2xy(Sx +3 -— Ty) 7. (x — 3)2a + 3b) 9 (x + 3x +4) 11. (a — 12)(a + 2) 

13. (x + 5x +1) 15. (6x + Dix + 4) 17. (17x + 4x — 1) 19. (Bx + 8y)\(Qx — Sy) 21. (6x + 5)(x + 3) 

23. Factorable over the integers 25. Not factorable over the integers 27. Not factorable over the integers 29. (x + 3)(x — 3) 
31. (2a + 7)(2a — 7) 33. (1 + 10x)(1 — 10x) 35. (x + 3)(x — 1) 37. 6x + 6)(x — 6) 39. (x + 5)(x — 5)(x? + 25) 
41. x(x + 3) — 3)Q° +9) 43. +52 45. (a-—7P 47. 2x +37 49. (2 + 2w’)? 51. (x — 2)? + 2x + 4) 
53. (2x — 3y)(4x? + Oxy + 9y*) 55. (2 — x°)(4 + 2x? + x4) 57. (x — 3)Q? — 3x + 3) 59. (x7 — 3)(x? + 2) 

61. (xy + 5)Qxy — 1) 63. 4x? — 2)Q7 + 1) 65. (z + 2Y(z — 2 + 5) 67. (Bx + 1)? + 2) 69. (x — 1(ax + 5) 
71. (w + 2)(2w* — 5) 73. 23x — 1x + 1) 75. (2x — 1x + 14x? + 1) 77. ax — 2y)\(4x — Sy) 


79. b(3x + 4x — 1)(x + 1) 81. 2b(6x + vy 83. (w — 3)(W* — 12w + 39) 85. (x + 3y — Ly + 3y + :1) 
87. Not factorable over the integers 89. (2x — 5)°(3x + 5) 91. (2x —y\(2Qx +y+ 1) 93.8 95. 64 


ANSWERS TO SELECTED EXERCISES A3 


Prepare for This Section (P.5), page 49 


XZ 


PS1. PS2. — PS3.x+3 PS4. 2x(2x — 3) PSS. (x — 6)\(x + 1) PS6. (x — 4)(x2 + 4x + 16) 
wy 


Exercise Set P.5, page 57 


+ = 2 I¢@ + + 4 +7 3x +7 + 
(oe Se ee ge ge fine a gg I gg Be 

3 x-2 a-2 xD ytT7 ab 271¢° 2x + 3 2x + 3 

2y + 3)By — 4 3p — 2 3y — 4 8x(x — 4 72(2z — 5 
ig oe . ee ce 

(2y — 3)\(v + 1) a-8 r yta4 (w= 5)@ + 3) (2z — 3)(z — 5) 
3 ~2x2 + 14x — 3 (2x — 1)(x + 5) -q’ + 12q+5 ae = Te = 13 (x + 2)3x — 1) 

“( — 3)x + 3)(x + 4) , x(x — 5) : (q — 3)\(¢q + 5) , (x + 3) + 4)(x — 3) — 4) x2 

4x +1 x—-2 5x + 9x + 3 b+3\(b-1 -—1 —x7 + 5x +1 
ry ea 43. gs, were) gg OSD ag @ How 4 

x-1 yy — x) (x + 2)(4x + 3) (b — 2)(b + 2) x 2 

—x —7 2x — 3 +b b-aybt+a 2viv x +1 

55. = : « ; e ; ( ui ) 63. a. ~136.55 miles per hour b. 2 65. ie 

x + 6x — 3 x + 3 ab(a — b) ab(a® + b’) vp + Vp x(x + 1) 

De 

se .=  _. 

x(x — 2)(x + 2) 
Prepare for This Section (P.6), page 59 

17 + 8Vv2 

PS1. 15x7 — 22x + 8 PS2. 25x? — 20x + 4 PS3. 4V6 PS4. —54+ V5. PSS. w+ sve PS6. b 
Exercise Set P.6, page 65 
1.97 3. 77V2 5.4497 7.54+7 9.8 —3iV2 11.11 —5i 13. -7 +47 15.8—5i 17. -10 19. —2 + 167 


21. -40 23. -10 25. 191 27. 20-10; 29. 22-297 31.41 33. 12-—Si 35. -114+ 42iV2 37. -6i 39. 3 - 6i 


7 2. . 15 29. 5 12. . . . . 
41. —-—i 43. 1+i 45. i 47. + i 49.2+ 5i 51. -—16— 30i 53. —-11—2i 55. —i 57. -1 
53. 33 41 41 13 13 
59. —i 61 1 63. + V3, 65 2 + a, 67 tj 
2 2 2 2 


Chapter P Review Exercises, page 70 


1. Integer, rational, real, prime [P.1] 2. Irrational, real [P.1] 3. Rational, real [P.1] 4. Rational, real [P1] 5. 


0, 1, 4, 9 [P.1] 


6. 3,5,7,9[P1] 7. {1,2,3,5,7, 11} [Pl] 8 {5} [Pl] 9 {x|-385x<2}, +" [P.1] 


-5-4-3-2-10123 4 5 


10. >-l}, 4 ee [P| 11. (+42), - —— tee} [P] 
Ass } -5-4-3-2-10123 45 [ ] ¢ | -5-4-3-2-10123 4 5 [ ] 


12. (—00, -1] UG, ©), <———_——=}-_ ++ [P11] 13. 7[P1] 14. 7-2[P 1] 15.4-7 [Pl 
(—00, -1] UG, 00), eee eee [Pl] 13. 7 [PL] 14. ~ 2 [PI] (PL) 


16. 11[P1] 17. 3[P1] 


18. -—x—-7[P1] 19. 10[P1] 20. 5[P1] 21. —256[P1] 22. -144[P1] 23. -9[P1] 24. O[P1] 25. 23[P1] 26. 104 [P1] 
27. Distributive property [P.1] 28. Commutative property of addition [P.1] 29. Associative property of multiplication [P.1] 


30. Closure property of addition [P.1] 31. Identity property of addition [P.1] 32. Identity property of multiplication [P.1] 
33. Symmetric property of equality [P.1] 34. Transitive property of equality [P1] 35. —6x + 23 [P.1] 36. 50x—63 [P.1] 


A4 ANSWERS TO SELECTED EXERCISES 


3 


1 
37. — 35 [P2] 38. —1[P2] 39. 2z* [P2] 40. ~ [P2] 41. 6.2 X 10°[P2] 42. 1.7 x 10°°[P2] 43. 35,000 [P2] 
x 
1 2a* x° 
44, 0.000000431 [P.2] 45. 5[P2] 46. —9[P2] 47. ([P2] 48. 9[P2] 49. —24x'y> [P2] 50. es 51. =p 
y 
96” 4x? 2y"* V/4 1/2 3/4 3 
52. [P2) 53. — Pa) $4. -— (Ra) 55. x Ra) Se.) 57. ae (RZ) SB. ay [B2] 59, deb 3b [Pa] 
a y x q'l6pil/4 
60. 2aV3ab [P2] 61. —3y?W/5x2y [P2] 62. —Sy?W2x [P2] 63. 8a°b?V2b [P2] 64. 2x?y3W/2x*y [P2] 65. —9 + 5V5 [P2] 
3V2 a 3e 23+ 9V7 
66. —12 + 9V2[P2] 67. 44 - 16V7[P2] 68. 4 — 12Vx + 9x [P2] 69. —;_ [P2] 70. =p) 71: ——;~_ [P2] 
x 
1 +1 
72. tvs +45 pay 73. —x? — 7x? + 4x + 5;3,-1,5[P3] 74. -45[P3] 75. —a* — 2a —1[P3] 76. 2b’ + 8b — 8 [P3] 
= 


77. 6x? + 8x7 — 35x + 18 [P3] 78. 12y* — 23y3 + 10y? — 32y + 40 [P3] 79. 3x2 + 2x — 8[P3] 80. 10x* — 33x — 7 [P3] 
81. 4x? + 20x + 25 [P3] 82. 16x? — 25y7 [P3] 83. 2xy7(6x°y" + Sxy — 17) [P4] 84. 6a7b*(4a? + 2ab — 367) [P4] 

85. (3x — y\(—x + 5) [P4] 86. Ba — 4)(3x + 8) [P4] 87. (x — 2)(x + 9) [P4] 88. (x — 5)(x + 3) [P4] 89. (2x + 3)(x + 4) [P4] 
90. (3x + 5\(x — 3) [P4] 91. 6xy*(x — 6)\(x + 4) [P4] 92. —2a7b3(a — 2)(a + 3) [P4] 93. (3x — 10)(3x + 10) [P4] 

94, (5x — 3y)? [P4] 95. (x? — 6)(x? + 1) [P4] 96. (x — Di + IQ? + 3) [P4] 97. (& — 3)Q? + 3x + 9) [P4] 

98. 3(x + 4)(x* — 4x + 16) [P.4] 99. («+ y)\(x — y)(2x + (2x — 1) [P4] 100. (a — b\(a + b)2a + b) [P4] 


3x22 2x = 5 
101. 2b°(3a + 5b)(4a — 9b) [P4] 102. 3xy?(x — 2)(x + 2)(x? + 1) [P4] 103. P5] 104, ——_——_ |[P5 
( )( ) [P.4] y( ve ue ) [P4] ooa el ees ] 
2x + 3 2x + 1 x(3x + 10) x(5x — 7) x -— 9 
105. P5] 106. P5] 107. P5] 108. P5] 109. PS 
a een" &+3G—-30+4)! @+ 307 40r-0! ] ae = 17 
+4 
110. = g iPS] 111. 5+ 8i[Po] 112, 2 — 3iV/2 [P.6] 113. 6 —i[P6] 114. —2+ 10/[P6] 115. 8 + 6i [PO] 
7 
14 23 
116. 29 + 22i[P6] 117. 8 + 6i[P6] 118. i[P6] 119. —3 — 2i[P6] 120. —>— — >-i[P6] 
Chapter P Test, page 73 
ee 96bc? 
1. Distributive property [P.1] 2. [-3, 4), [ls fare 3. 2x-4[P1] 4. oxty? [P.2] 5. = [P.2] 
5/6 : V 8x 
6. 1.37 X 10% [P2] 7. a P2] 8. Tay V3xy [P.2] 9. 22 — 16V3[P2] 10.x-4Vx+4+ 8[P2] 11. [P2] 
y 
6+ 9V7 9 + 4V/5 
12. — [P2] 13. ee [P2] 14. 3x37 — 4x? — 4x + 2[P3] 15. 6a? — 13ab — 6357 [P3] 
16. 6x? + 3x? — 34x — 10[P3] 17. (7x — I + 5)[P4] 18. (a — 46)(3x — 2) [P4] 19. 2x(2x — y)(4x? + 2xy + y?) [P4] 
x+3 (x — 6) + 1) x+1 x(x + 2) 
20. (x — 4)(x + 4x? + 1) [P4] 21. -——— [P55] 22. P5] 23. P5] 24, ———~|[P5 
(x — 4) + 4)x ) [P4] rer G+ a —- De —- 3! yea ve 
2x - 1 ll 23 
25. 22x = D ips) 26. 7+ 2iV5[P6] 27. 2+ 2i[P6] 28. 22 — 3i[P6] 29. — + —i[P6] 30. i[P6] 
2x +1 26 26 
Exercise Set 1.1, page 81 
9 108 2 22 95 - ; 
1.15 3. -4 5. 2 7.1 9. 33 11. 9 13. 12 15. 16 17.9 19. B 21. 18 23. Identity 25. Conditional equation 


27. Contradiction 29. Identity 31. Conditional equation 33. —4,4 35. 7,3 37. 8,-3 39. 2,-8 41. 20,—-12 


ANSWERS TO SELECTED EXERCISES AS 


at+t+ba-—b 
2° 29. 


43. Nosolution 45. 12,—18 47. 49. 882 cubic centimeters 51. After 3 hours and after 5 hours 24 minutes 


53. 72 square yards 55. 4.6 minutes 57. Maximum 166 beats per minute, minimum 127 beats per minute 


Prepare for This Section (1.2), page 83 


ab 
at+b 


1 4 11 
PS1. 23, PS2. 15 PS3. Distributive property PS4. Associative property of multiplication PS5. 15* PS6. 


Exercise Set 1.2, page 92 


I Fd? dy, — a S-a 
ihe” oe 5. m 7. a 1 Or= : 
ar Pr Gm n—- 1 
length, 57 feet 19. 12 centimeters, 36 centimeters, 36 centimeters 21. 15 feet 23. 17.6 feet 25. 850 pairs 27. $10.05 for book, 
$0.05 for bookmark 29. $937.50 31. $7600 invested at 8%, $6400 invested at 6.5% 33. $3750 35. 240 meters 37. 2 hours 


11. 96.25 13. 9.5 15. 12.0 17. Width, 30 feet; 


2 
39. 1384 feet 41.140 kilometers per hour 43. rr grams 45. 64 liters 47. 10 grams 49. 12 pounds of the $6.50 grade, 


8 pounds of the $4.25 grade 51. Cranberries, 7 pounds; granola, 18 pounds 53. $8 coffee, 18.75 pounds; $4 coffee, 31.25 pounds 


2 
55. 1 hours 57. 6hours 59. 105 hours 


Prepare for This Section (1.3), page 96 
PS1. (x + 6)(x — 7) PS2. (2x + 3)(3x — 5) PS3.3+4i PS4. 1 PSS. 1 PS6. 0 


Exercise Set 1.3, page 106 


1 3 7 
1.:=3,5 3. sl 5. =24, 7. 05 9.2,8 11.-9,9 13.42V6 15.447 17.-1,11 19. -2 + 3V3 21.4 + Si 


2 8 
—§ +3V2 4 + ivV15 3 
23. 0,-6 25.6 +4 3V2 27. -6 + 2iV3 29. ; ae 31. : 33. -3,5 35. =54 37. -3 + 


ag eon 2+ 4+ Vi iy =) = qV2 

39. I gg 22 VO gg BEN Ge phy op 49. iv2 
2 2 3 2 3 

1+ V5 2 + 3V5 3+ VA 1 

55.1 + V3 57. ; v5 59. , v5 61. ‘i 63. -3 + 2i 65. 


3 
1. 533-3 
5 35,2 ri 


+ 5i ; 
67. —1 + 2iV7 


69. ———_———— _ 71. 81; two real solutions 73. —116; no real solutions 75. 0; one real solution 77. 2116; two real solutions 


79. —111;no real solutions 81. 26.8 centimeters 83. Width, 43.2 inches; height, 32.4 inches 85. 48.6 yards 
87. 5800 racquets or 11,000 racquets 89. 12 feet by 48 feet or 32 feet by 18 feet 91. 0.3 mile and 3.9 miles 93. 1.7 seconds 
95. 1.8 seconds and 11.9 seconds 97. No 99. 9 people 101. 2031 103. a. 9700 objects b. 2030 


Mid-Chapter 1 Quiz, page 109 


1. > (11 2. an 3. -1,6[1.3] 4. -2 —- V6,-2 + V6[1.3] 5. 3 — iV3,3 + iV3 [1.3] 6. 2 hours [1.2] 


7. 200 milliliters of 9% solution; 300 milliliters of 4% solution [1.2] 8. 6 hours [1.2] 


AG ANSWERS TO SELECTED EXERCISES 


Prepare for This Section (1.4), page 110 
PS1. x(x + 4)(x — 4) PS2. x?(x + 6)(x — 6) PS3. 4 PS4. 64 PS5.x+2Vx—5 —4 PS6.x-4Vx4+3 +7 


Exercise Set 1.4, page 120 


2 3+ 3iV3 3 - 3iV3 7 
1. -5,0,5 3. -1,1,2 5. -V5,V5,3 7. 3,733 9. 2,-1 + iV3,-1 —iV3 11. -3,2, 7 . 7 13. ; 
7 
15. No solution 17.31 19.4. 21. 5 23. 2,7 25.1 — V21,1 + V21 27.40 29.7 31.7 33. Nosolution 35. 4,5 


4 6 
37. 1,5 39. -2,-1 41. 33 43.8 45. —243,243 47.9 49, -125,125 51. 81 53. +V7,+V2 55. +2, V8 


1 256 1 
57. W2, —-W3 59. 1,16 61. ~ 57°64 63. —1, 1,—3i,37 65. —-1,32 67. “ee 69. 9 miles per hour 71. 13 hours 


73. 10 hours 75. 27.5 seconds 77. 3 inches 79. 10.5 millimeters 81. 131 feet 85. 12.1 kilometers 


Prepare for This Section (1.5), page 123 


| 5 
PSI. {x|x > 5} PS2. 38 PS3. 2 PS4. (2x + 3)(5x— 3) PSS. > PS6. 5,3 


Exercise Set 1.5, page 133 
1. YN tte} jj p> 3, < 6}, tes} tt tt 
ale } -3-2-1012345 67 ad } —11-10-9 -8 -7 -6 -5 -4 -3 -2-1 
13 


13 
5: {sls = -3y “s 7. {x|x < 2}, 
8 tt -5-4-3-2-101234 5 
3 1 11 1 u 
9. ag eS 4 11. §xJz> Sx ; 3 
pt ee} Ht 
—§-4-3-2-1012345 -5-4-3-2-1 0123 45 
3 5 
13. x < —3 orx = —1}, ~——t——}— fom 5 Lx |<) | | eee} pp 17. (-v«, )u 3, 9) 
{| } -5-4-3-2-10123 45 { | } -5-4-3-2-10 123 45 2 2 


19. (—00, —8] U[2, 00) 21. -4. s| 23. (—00, -4] U EB ~) 25. (—00, 00) 27. {4} 29. (—00, -—7)U (0, &) 


-5-4-3-2-1 0123 45 


| 


31. [-4,4] 33. (-5,-2) 35. (-co, -4] U[7, 0%) 37. (-c0, -4)U (1,4) 39. (00, -4] U[—2, 2] U[4, 00] 41. (-4, 1) 


43. -2. -8) 45. |-s,-2) 47. (-00, -1)U(2,4) 49. (—00, 5)U[12, 00) 51. (-Z.0)u(E~) 53. (—00, 5) 


55. If you write more than 57 checks a month 57. Oinches < h = 26inches 59. 54,000 miles 61. 20° = C = 40° 


63. 183.7 pounds < pw < 196.3 pounds 65. 130.0 to 137.5 centimeters 67. ($0, $210) 69. At least 9791 books 71. More than 
1 second but less than 3 seconds 


Prepare for This Section (1.6), page 136 


PS1. 65 PS2. 45 PS3. 27 PS4. 28.125 PS5. The area becomes four times as large. PS6. No. The volume becomes 
nine times as large. 


Exercise Set 1.6, page 141 


k 2 km, m 4 2 
dak 3.y= > S.m=Inp 7. V= kwh 9A= hs? WF =—S~ Bo yakyk= 3 1S. r= kek 
x 


ANSWERS TO SELECTED EXERCISES AZ 


7 
17. T= krs*,k = 25 19. V=klwh,k = 1 21. 1.02 liters 23. 62 semester hours 25. 11.7 fluid ounces 27. a. 3.3 seconds 


b. 3.7 feet 29. 40 revolutions per minute 31. 0.245 watts per square meter 33.a. V is nine times as large. b. V is three times as large. 
c. Vis 27 times as large. 35. Vis six times as large. 37. 2.97 39. 3950 pounds 41. 142 million miles 


Chapter 1 Review Exercises, page 148 


1 1 11 1 
‘ Sa 2. fll) 3. fly 4) S50) 6 2.1 4) 7.3, 27 8. —=,5 ily os ee Sng 
4 4 5 4 3 a: 


A-—P 2A — hb P-2l 4 
10. ¢ = [1.2] 11. 5; = qt) 12. w= 5 [1.2] 13. 2,3 [1.3] 14. -}. vg Ll. 3) 15. 2 — 5V2,2 + 5V2 [1.3] 
Lt 1- v13 14+ V13 
16. —4 — 3i,-4 + 3i [1.3] 17.3 — V10,3 + V10[1.3] 18. ee v2 ——— = [1.3] “19: a 6 [1.3] 
1 3.1 3 5 
20. 5 NB, 5 “3; [1.3] 21. Real number solutions [1.3] 22. Nonreal complex number solutions [1.3] 23. 0, 3 [1.4] 


) 1 1 
24. -2,0,2[1.4] 25. —2, - 52 (1.4) 26. -1, 5,1 [1.4] 27. -= 14] 28. [1.4] 29. 5,3[14] 30. -1 [14] 


7 = 1 
31. 5 [1.4] 32. No solution [1.4] 33. —4,—> [1.4] 34. -7,-7 [14] 35. 4 [14] 36. 7[1.4] 37. 16 [1.4] 38. -27,27[14] 


4 
39. V3 VO ay 40. 5 lal Al, (—00, 2] [1.5] 42. Bo [1.5] 43. (—0o, —3)U (2, 00) [1.5] 44. (-2, 2] [1.5] 


45. [5.35] [1.5] 46. (86, 149) [1.5] 47. (3.2) [1.5] 48. (—00, 1] U[2, 00) [1.5] 49. (1,2) U2, 3) [1.5] 
50. (a — b,a)U(a,a + b)[1.5] 51. (—00, —3) U[2, 00) [1.5] 52. (—00, —4) U (2,4) [1.5] 53. (—00, —3) U (4, 00) [1.5] 


5 5 
54. (—00,-7) U[0, 5] [1.5] 55. (-~.2]ue 00) [1.5] 56. 3.5) [1.5] 57. Width, 12 feet; length, 15 feet [1.2] 


58. Length, 12 inches; width, 8 inches or length, 8 inches; width, 12 inches [1.2] 59. 22.5 feet [1.2] 60. 4 feet [1.2] 61. 13 feet [1.2] 
62. Calculator, $20.50; battery, $0.50 [1.2] 63. $864[1.2] 64. $1750 at 4%, $3750 at 6% [1.2] 65. 24 nautical miles [1.2] 

66. Inez, 6 miles per hour; Olivia, 4 miles per hour [1.4] 67. 5%, 400 milliliters, 11%, 200 milliliters [1.2] 68. 60 milliliters [1.2] 

69. 15 ounces [1.2] 70. Raisins, 12.5 pounds; nuts, 7.5 pounds [1.2] 71. 18 hours [1.4] 72. 10 minutes [1.4] 73. 40 yards [1.3] 

74. 116 by 116 centimeters [1.3] 75. 2.0 seconds [1.3] 76. 41<x< 59, where xis an integer[1.5] 77. 63.1 inches < w < 64.5 inches [1.5] 


78. 38.0 inches < w < 40.0 inches [1.5] 79. 9.39 to 9.55 inches [1.5] 80. More than 0.6 miles but less than 3.6 miles from the 
city center [1.5] 81. 3 feet per second squared [1.6] 82. 23.85 feet [1.6] 83. 6000 players [1.6] 84. 10 pounds [1.6] 


85. 1.64 meters per second squared [1.6] 


Chapter 1 Test, page 151 


15 ~ ed 1 8 4+ Vid 
=f) 2-4 aes echis 4 ay 5 
2 a- 2 3 2 


[0:3] 6. 2>= 35.2 +37 [1.3] 
wt : 14 1 
7. Discriminant: 1; two real solutions [1.3] 8.3 [1.4] 9. 1,5 [1.4] 10. 32 [1.4] 11. 3 [LA 12.2, a [1.4] 


13, 4,-2 — 2iV3,-2 + 27V3 [1.4] 14.a. {x|x < 8} [1.5] b. [—2,5) [1.5] 15. (-~.-i)ue, 00) [1.5] 16. (-1, 6) [1.5] 


17. [—4, -1)U[3, ©) [1.5] 18. 2.25 liters [1.2] 19. 15 hours [1.2] 20. 4.3 feet [1.2] 21. Ground beef, 30 pounds; ground sausage, 
20 pounds [1.2] 22. 0.6 second, 9.4 seconds [1.3] 23. 10 miles per hour [1.4] 24. 30.0<p<77.5 [1.5] 25. 4.4 miles per second [1.6] 


A8 ANSWERS TO SELECTED EXERCISES 


Cumulative Review Exercises, page 152 


<4 2 2x + 17 1/12 
1. -11[P1] 2. 1.7 X 10% [P2] 3. 8x° — 30x + 41 [P3] 4. (8% — 5)(x + 3) [P4] 5. rari [P.5] 6. a (P2] 7. 29 [P6] 
2+ V10 V 10 


8. aia 9. [1.3] 10. 1,5[1.1] 11. 5[1.4] 12. —6,0,6 [1.4] 13. +V3,+—— [14] 


2 


1 3 
: =4-< 3} [1.5] 17. Length, 58 feet; width, 42 feet [1.2] 


18. 9475 to 24,275 printers [1.5] 19. 68 to 100 [1.5] 20. Between 14.3 and 23.1 [1.5] 


14. {x|x = -lorx > 1} [1.5] 15. (—00, 4] U[8, 00) [1.5] 16. {= 


Exercise Set 2.1, page 164 
1. ya 3. a. 2001 and 2002. _b. $23,100 5. 7V5 7. V1261 9. V89 11. V38— 12V6 13. 2Va? + Bb? 
} 4) 15, —xVI0 17. (12, 0),(—4,0) 19. (3,2) 21. (6,4) 23. (—0.875,3.91) 25. y 


27. 


39. 41. (5, 0); (0, V5), (0, -V5) yy 
4t 


BY 


43. (—4, 0); (0, 4), (0, —4) 45. (+2, 0), (0, +2) 


47. (+4, 0), (0, =4) Yh 49. Center (0, 0), radius 6 51. Center (1,3), radius 7 53. Center (—2, —5), radius 5 


1 
55. Center (8, 0), radius ~ 57. (x -4" +0 - 1% = 2? 


ay 


2 2 
59. (: >) (> :) (V5) 61. @- 0% +(y - 0 = 


63. (x — 1) + (vy — 3 = 5° 65. Center (3, 0), radius 2 67. Center (7, —4), radius 2V3 


-4 


ANSWERS TO SELECTED EXERCISES AQ 


1 3 5 3 
69. Center (5-3), radius 3 71. Center (-3.3), ads 73. (x + 1P + (y—-7% =25 75. («-7% +(y—- 11 = 121 


2 
77. (13,5) 79. (7,-6) 81. x7 — 6x +> — 8y =0 


Prepare for This Section (2.2), page 166 
PS1. —4 PS2. D = {—3, —2, -1,0,2};R = {1,2,4,5} PS3. V58 PS4.x=3 PS5. —2,3 PS6. 13 


Exercise Set 2.2, page 180 
1. Yes 3. No 5. No 7. Yes 9. No 11. Yes 13. No 15. Yes 17. a.5 b. —4 c« —-1 dil e. 3k—-1 f. 34 +5 


1 1 5 1 1 
19.a. V5 b.3 63 d. V21 e Vr+2rt+6 f. Ve2+5 Zla- b- ao die. f. 
3 Doe sea |2 +A 


23.a.1 b.1 c4-1 d.-1l e1 f. -1 25. a. -11 b.6 c. 3c¢+1 d. -—k?—2k+ 10 27. Allreal numbers 
29. Allrealnumbers 31. {x|x # —2} 33. {x|x = —7} 35. {x]|-2 x= 2} 37. {x|x > —4} 
39. 


47. ya 49. yh 51. 4 53. —3and1 55. —4and4 57. No real number values for a 
44 é AG 
2 
al ; ee ae 59.2 61.—= 63. —2and2 65. —3and8 
+ o—o oe + ; 
f-+-+$-+-+ + @-+ + 0+ $+ > 4 3 int [10°(2.3458) + 0.5 
6 4e—4 2 4 6* Soe oe BZ [10% = ) _ 435 
o——_O 27 r 10 
T ay a int [10°(34.05622) + 0.5] 
AT T o—e 69. 34.056 
10 
int[10*(0.08951) + 0.5] 
71. i! 0.0895 73. a.$.78 b. C(w) 4 75. a,b, and d. 
all o—e 77. Decreasing on (— 00, 0]; increasing on [0, 00) 
g 0.80 T o—e 79. Increasing on (—0©o, 00) 
S 0.60; o—* 81. Decreasing on (— 00, —3]; increasing on 
& 0.40 9—* [—3, 0]; decreasing on [0, 3]; increasing on [3, 00) 
a0 | 83. Constant on (—©9, 0]; increasing on [0, 0) 


7 85. Decreasing on (—©°, 0]; constant on [0, 1]; 


@ 2 3- a’ S 
increasing on[1,0©O) 87. gandF 


Weight (ounces) 
89. a. w=25-/] b. A= 25/—L 91. v(t) = 80,000 — 65007,0 = 4 = 10 93. a. C(x) = 2000 + 22.80x b. R(x) = 37.00x 


c. P(x) = 14.20x — 2000 95. h = 15 —5r 97. d= V9t7 + 2500 99. d= V(45 — 81) + (61 


1 1 5 
101. a. A(x) (5 | a x +25 b. 25, 17.27, 14.09, 15.46, 21.37, 31.83 c. [0, 20] 
7 


103. a. L(x) 900 + x? + V/400 4 (40 — x)? b. 74.72, 67.68, 64.34, 64.79, 70 c. [0,40] 105. 275, 375, 385, 390, 394 
107. c = —20rc =3_ 109. 1 is not in the range of f 


A10 ANSWERS TO SELECTED EXERCISES 


113. l 115. 2 117. 1, -3 


2 
— -4.7 \ f 47 | 119. c. Thursday 
. 47 . 47 


— Lt a 


111. 


Prepare for This Section (2.3), page 186 


8 3 
PS1. 7 PS2. —1_ PS3. _ PS4. y= -—2x +9 PSS. y= 5% —3 PS6. 2 


Exercise Set 2.3, page 195 


1 9 3+ h) -fB h) — f(0 
Ls oe 3. —~= 5. Undefined 7.6 9. 11. K ) = #0) 13. AH) = FO) 15. m=2 
P p 19 h h 
y-intercept: (0, —4) 
3 
meade 19. m = —2 21. m= 0 23. m= 2 25. m= 1 
y-intercept: (0, 1) y-intercept: (0, 3) y-intercept (0, 3) y-intercept (0, 0) y-intercept (0, 0) 


27. m= —-2 


y-intercept (0, 5) y-intercept (0, 4) 


y, 


35. y=xt+3 ee 39. y= (Ox +4,ory=4 41. y=—4x- 10 43. y = eee ae a 
4 2 4 4 5 5 

47. y = 2x — 8 os ead oe eS ee poe e 57. y= 4x -— 18 59. -2 61 = 
4 5 2 2 3 2 


63. 4 65. —20 67. m = 2.875. The value of the slope indicates that the speed of sound in water increases 2.875 meters per second for a 
1°C increase in temperature. 69. a. H(c)=c+ 8  b. 26 miles per gallon 71. a. M(t) = 2500t¢ — 4,962,000 b. 2008 

73. a. B(d) = 30d — 300 b. The value of the slope means that a 1-inch increase in the diameter of a log 32 feet long results in an increase 
of 30 board-feet of lumber that can be obtained from the log. c. 270 board-feet 75. Line A, Michelle; line B, Amanda; line C, distance 
between Michelle and Amanda 77. a. vy = —0.93x + 79.96 b. 57 years 79. P(x) = 40.50x — 1782, x = 44, the break-even point 


ANSWERS TO SELECTED EXERCISES A11 


81. P(x) = 79x — 10,270; x = 130, the break-even point 83. a. $275 b. $283 c. $355 d. $8 per unit 
85. a. C(t) = 19,500.00 + 6.75¢ b. R(t) = 55.00t cc. P(t) = 48.25t — 19,500.00 d. Approximately 405 days 87. —5 


89. a. O = (3,10), m=5 b. O=(2.1,5.41),m=4.1 c O= (2.01,5.0401),m=4.01 d.4 93. (3.4) 


Mid-Chapter 2 Quiz, page 200 

1. Midpoint (—1, 1), length 2V13 [2.1] 2. Center (3, —2), radius V15 [2.1] 3. 28 [2.2] 4. (—00,2] [2.2] 5. -3 and 4 [2.2] 
1 2 2 

6+ Ba) 792 - jee Bd) Bom ==] 

y-intercept: (0, 1) 

[2:3] 


Prepare for This Section (2.4), page 200 


1 —3 4 VI17 
PS1. (3x — 2)(x + 4) PS2. x7 — 8x + 16 = (x — 4)? PS3. 26 PS4. =a PSS. —F PS6. 1,3 
Exercise Set 2.4, page 209 
. ‘ ay 5 
ld 3.b Sg Ze 9 f~)=a+ 2) - 3 11. f~) =@-4°- 11 13. f(x) = te | 
3 5 
Vertex: (—2, —3) Vertex: (4, —11) Vertex: (-3 5 -2) 
3 
Axis of symmetry: x = —2 Axis of symmetry: x = 4 Axis of symmetry: x = — 
vA va 
jj} }—}-—> 
| x + 1 x 
ie 
4 Ly 31 ‘ 
15. fx) = -(@ - 2) + 6 17. f(x) 3\ x 5 t a 19. Vertex: (5, —25), f(x) = (x — 5° — 25 
1 31 21. Vertex: (0, —10), f(x) = x? — 10 
Vertex: (2 Vertex: | = , — 
lees 2x0) ao ( *) 23. Vertex: (3, 10), f(x) = —(x — 3% + 10 
: 1 2 
Axis of symmetry: x = 2 Axis of symmetry: x = 3 25. Vertex: (3 ; 2) je 2(x >) 47 
4° 8 4 8 
117 ly. 17 
27. Vertex: 4 
Vertex (3. 1). 109 (: +) 16 


29. {y|y = —2}, —1 and 3 


17 3 
31. {rb = wh, 1 and > 


A112 ANSWERS TO SELECTED EXERCISES 


3 3 1 
33. —6 and 4; (—6, 0), (4,0) 35. —4 and > (-4, 0), ( . 0) 37. —16,minimum 39. 11,maximum 41. ae minimum 


5 
43. —11, minimum 45. 35,maximum 47. 18.4 seconds 49. a. 27 feet b. 2256 feet c. ~20.1 feet from the center 


600 — 2/ 
3 
59. a. 41 miles per hour b. 34 miles per gallon 61. 740 units yield a maximum revenue of $109,520. 
63. 85 units yield a maximum profit of $24.25. 65. P(x) = —0.1x? + 50x — 1840, break-even points: x = 40 and x = 460 
67. a. R(x) = —0.25x? + 30.00x b. P(x) 0.25x? + 27.50x — 180 c. $576.25 d. 55 tickets 
69. a. t= 4seconds b. 256 feet c. tf = 8seconds 71. 30 feet 


48 
44+ 7 


2 
51. a. w b. A = 200/ ae c. w = 100 feet, / = 150 feet 53. a. 12:43PM. b. 91°F 55. 6.1 joules 57. Yes 


73.7r= 


= 6.72 feet, h = r > 6.72 feet 


Prepare for This Section (2.5), page 213 
PS1. x = —2 PS4, 3,—1,—3,—3,—-1 PSS. (0,b) PS6. (0, 0) 


Exercise Set 2.5, page 223 


1. y 3. Va 5. Va 7. 
© C5, 3) B(5, 3)e e +e e + e 
; R(-2, 3) { A(2,3) B(-4,5) 7 C45) 
+++++t +++++t < a ] 
| —) 3) 1 = 
AC 5, -3) P(5,-3)0 B(-2, 3) T ce, 3) ee 
T(-4,-5) + 4(4,-5) 
e + e 


13. a. No b. Yes 15. a. No b. No 17. a. Yes b. Yes 19. a. Yes b. Yes 21. a. Yes b. Yes 23. No 25. Yes 
27. Yes 29. Yes 31. 


y 


33. Yh 35. 


x 
(-1, 0) IN (0,-1) 


41. . Even 51. Even 53. Even 55. Neither 


Intercept: 
(a,0),a=0 
59. a b. Ae a 
[ Ax — 3) a+ 


ANSWERS TO SELECTED EXERCISES A173 


61. a. hi b. v4 63. a (5,5) (3 So). be a 
65. a. VA b. 


67. a. (1,3), (—2, —4)_ b. 


73. a 
75. a 
6 = ij 7 
77. yave+3 79. J(x) for 81. = a 
yolk c=2 [—y=x? 
y=tr-1 foot |_— y= 2x? 
= 5 
4 6 
4 s 4 
-4 3 “4 
83. 5 85.a. ya b. y 
6+ ° if 
y= F0e-1- Bp 7 — 2 = =" 
5 2 5 
|  v=pr-1|-b 4 9 . . 
ak eo + t + t a 
by =4 (el - pe) 2 4 6- * 
L a+ eo 
-5 
+ e—o 
e—o + + t t t > 
2 4 6 -% 


A174 ANSWERS TO SELECTED EXERCISES 


12+ e 

eo 
eo 
eo 
eo 
eo 
eo 
eo 
eo 


eo 
eo 


r eo 
-O-+ 


ay 


Prepare for This Section (2.6), page 227 
PS1. x7 + 1 PS2. 6x? — 11x? + 7x — 6 PS3. 18a" — 15a +2 PS4. 2h? + 3h PSS. All real numbers except x = 1 PS6. [4, 00) 


Exercise Set 2.6, page 234 


1. fix) + g(x) = x? — x — 12, Domainis the set of all real numbers. 3. f(x) + g(x) = 3x + 12, Domain is the set of all real numbers. 


f(x) — g(x) = x? — 3x — 18, Domain is the set of all real numbers. f(x) — g(x) = x + 4, Domain is the set of all real numbers. 
flx)+ g(x) = x3 + x? — 21x — 45, Domain is the set of all real f(x) + g(x) = 2x? + 16x + 32, Domain is the set of all real 
numbers. numbers. 
I) f(x) 
——=x-— 5, Domain {x|x 4 —3 = 2, Domain {x|x # —4 
oa {x| } ) {x| } 
5. fix) + g(x) = x3 — 2x7 + 8x, Domain is the set of all real 7. f(x) + g(x) = 2x? + 7x — 12, Domain is the set of all real 
numbers. numbers. 
f(x) — g(x) = x3 — 2x? + 6x, Domain is the set of all real F(x) — g(x) 2x7 + x — 2, Domain is the set of all real 
numbers. numbers. 
flx)+ g(x) = x* — 2x3 + 7x’, Domain is the set of all real flx)+ g(x) = 8x7 — 2x7 — 41x + 35, Domain is the set of 
numbers. all real numbers. 
x x 4x —7 5 
IO) =x?—2x +7, Domain {x|x # 0} Fe) * , Domain {xls A1xF -3} 
g(x) Be) 2 Sy = 5 2 
9. fix) + g(x) = Vx — 3 +x, Domain {x|x = 3} 11. f(x) + g(x) 4—x?+2+x, Domain {x|-2 =x <2} 
I(x) — g(x) = Vx — 3 — x, Domain {x|x = 3} f(x) — g(x) = V4 - x? -2-x, Domain {x|-2 <= x <= 2} 
J(x)* g(x) = xVx — 3, Domain {x|x = 3} f(x) g(x) = (V4 — x°)(2 + x), Domain {x|—2 = x = 2} 
x Nix = 3 x V4 — x? 
#2) -— , Domain {x|x = 3} Je) = ss Domain {x|-—2 <x = 2} 
2(x) x 2(x) 2+x 
9 384 5 1 
13. 18 15. -— 17. 30 19. 12 21. 300 23. 25. 27. 29.2 31. 2x +h 33. 4x + 2h+ 4 
4 125 2 4 
35. -8x — 4h 37. (g ° f(x) = 6x +3 39. (ge fx) Hx? +4e4+1 41. (g 2 f(x) = —5x3 — 10x 
(f° g\(x) = 6x — 16 (f° g(x) =x? + 8x + 11 (f° g(x) = —125x7 — 10x 
1 — 5x V1i-x 2|5 — x| 
43. (g ° f$(@) = 45, (2° = ae) = = 
x+1 |x| 3 
(2° Ne) (F° 90) = — (Fe ye) = 
° x = ° x => — _ ° r 4 S 
2 3x — 4 = x-1 2 [5x + 2| 


ANSWERS TO SELECTED EXERCISES A15 


3848 
49. 66 51.51 53. -4 55.41 57. =e 59.6 +2V3 61. l6c? + 4c-— 6 63. 9k* + 36K? + 45k? + 18k —4 


73. a. A(t) = 7(1.5t)’, A(2) = 9a square feet ~ 28.27 square feet b. V(t) = 2.2507, V(3) = 60.757 cubic feet ~ 190.85 cubic feet 


75. a. d(t) = V(48 — 1)? — 4b. s(35) = 13 feet, d(35) © 12.37 feet 77. (Ye F)(x) converts x inches to yards. 79. a. 99.8 (mg/L)/h; 
this is identical to the slope of the line through [0, C(0)] and [1, C(1)]. b. 156.2 (mg/L)/h_ c. —49.7 (mg/L)/h d. —30.8 (mg/L)/h 
e. —16.4(mg/L)/h_ f. 0 (mg/L)/h 


Prepare for This Section (2.7), page 237 


1 3 2 
PS1. Slope: ig ne LTOEDE (0,4) PS2. Slope: 4: vintercept: (0,—3) PS3. y = -—0.45x + 2.3 PS4. y= ~a = 
PS5. 19 PS6. 3 


Exercise Set 2.7, page 244 


1. Norelationship 3. Linear 5. FigureA 7. y = 2.00862069x + 0.5603448276 9. y = —0.7231182796x + 9.233870968 
11. y = 2.222641509x — 7.364150943 13. y = 1.095779221x? — 2.69642857x + 1.136363636 
15. y = —0.2987274717x" — 3.20998141x + 3.416463667 17. a. y = 23.55706665x — 24.4271215 _b. 1248 centimeters 


19. a. y = 0.1094224924x + 0.7978723404 b. 4.3 meters per second 21. a. y = 0.1628623408x — 0.6875682232 b. 25 23. No, 
because the linear correlation coefficient is close to 0. 25. a. Yes, there is a strong linear correlation. b. y = —0.9082843137x + 79.23480392 
c. 57 years 27. a. positively b. 1098 calories 29. y = —0.6328671329x* + 33.61608392x — 379.4405594 


31. a. y = —0.0165034965x7 + 1.366713287x + 5.685314685 b. 32.8 miles per gallon 


33. a. 5-pound: s = 0.6130952381t? — 0.0714285714t + 0.1071428571 
10-pound: s = 0.60912698412? — 0.0011904762t — 0.3 
15-pound: s = 0.59226190487? + 0.3571428571t — 1.520833333 
b. All the regression equations are approximately the same. Therefore, the equations of motion of the three masses are the same. 


Chapter 2 Review Exercises, page 253 


1. VI8T [2.1] 2. 4V5 [2.1] 3. (-$.10) 21] 4. 2,2) (21) 


5. ya [2.1] 6. [2.1]. 7. [2:1] 
= - 
x 
9. Intercepts: 10. Intercepts: 11. Intercepts: 12. Intercept: 
(1, 0), (0, 1), (0, —1). (—4, 0), (4, 0), (0, 4), (0, —4). (4, 0), (0, 3). (2, 0) 
vA [2.1] [2.1] [2.1] [2.1] 
6+ 
at 


A16 ANSWERS TO SELECTED EXERCISES 


13. Center (3, —4); radius 9 [2.1] 14. Center (—5, —2), radius 3 [2.1] 15. (x — 2° + (vy + 3Y = 5? [2.1] 

16. (x + 5% + ( — 1) = 87, radius = 8 [2.1] 17. Yes [2.2] 18. No [2.2] 19. No [2.2] 20. Yes [2.2] 

21. a.2 b. 10 ¢.307+4¢—5 d. 3x? + 6xh + 30? + 4x + 4h —5 e@. 917 + 12-15 f. 2707 + 12¢ — 5 [2.2] 
22. a. V55 b. V39 6.0 d. V64—-2x? 0. 2V64—7 £.2V16— [22] 23.a.6 b.-4 « 3 [2.2] 
24. a.1 b. 10 ¢. —2[2.2] 25. Domain: {x|x is areal number} [2.2] 26. Domain: {x|x <= 6} [2.2] 

27. Domain: {x|-5 = x = 5} [2.2] 28. Domain: {x|x # —3,x #5} [2.2] 29. -3and1 [2.2] 30. 1 [2.2] 


31. [2.2] 32. ya [2.2] 33. —3[2.2] 34. -2and6[2.2] 35. a. 6b. -2 ©. —4 [2.2] 
64 
+ 36. a. -1 b. 0 c. 4[2.2] 37. —1[2.3] 38. Undefined [2.3] 
ee 
1 1 
- 39. 0(2.3] 40. —> [2.3] 
oa ae 
=5'4 
i 
S 
41. [2.3] [2.3] 


2 7 2 
45. y= =r [2.3] 46. y= —2x —2[23] 47. y=x+5 [2.3] 48 y= 4° +1[23] 49. y= 3% = "7 [2:3] 


a" 3S 3 5 5 65 
50. y= 5x— > [23] 51. y= Gx - 3[23] 52 y= —Fx + 11 [23] 53. fe) = Zx- > [23] 54. flO = 28.51 + 65 [2.3] 


2 
55. f(x) = (x + 3% +1[2.4] 56. f(x) = 2x + 1) + 3 [2.4] 57. fx) = —(x + 4) + 19 [2.4] 58. f(x) = a(s - 2) - = [2.4] 


2 
59. f(x) a(« 2) = [2.4] 60. f(x) = — 3% + 0[2.4] 61. (1, 8) [2.4] 62. (0,-10) [2.4] 63. (5, 161) [2.4] 


3 3 
64. (—4, 30) [2.4] 65. 6[2.4] 66. —5.125 [2.4] 67. 43.0625 feet [2.4] 68. a. R=13x b. P=12.5x— 1050 c. x= 84 [2.3] 
69. 61,250 square feet [2.4] 70. va [2.5] 71. [2.5] 


( 


° ol 
sale 
I 
ie I 
———— 
Feel 
S ae 
“Y 
.~\) 
=. 
be 
& N 
i) 
SS 


72. Symmetric to the y-axis [2.5] 73. Symmetric to the x-axis [2.5] 

74. Symmetric to the origin [2.5] 75. Symmetric to the x-axis, the y-axis, and the origin [2.5] 
76. Symmetric to the x-axis, the y-axis, and the origin [2.5] 

77. Symmetric to the origin [2.5] 78. Symmetric to the x-axis, the y-axis, and the origin [2.5] 


79. Symmetric to the origin [2.5] 


a. Domain is the set of all 
real numbers. 


Range: {y|y = 4} 
b. Even [2.5] 


83. va 


a. Domain: {x|—4 = x = 4} 
Range: {y|0 = y = 4} 
b. Even [2.5] 


86. 


89. 


92. 


96. a. 11 


81. 


. Domain is the set of all real 


numbers. 
Range is the set of all real 
numbers. 


. gis neither even nor odd. [2.5] 


. Domain is the set of all real 


numbers. 
Range is the set of all real 
numbers. 


. Odd [2.5] 


[2.5] 91. 


ANSWERS TO SELECTED EXERCISES 


82. 4 


a. Domain is the set of all 
real numbers. 


Range: {y|y = 4} 
b. Even [2.5] 


85. va eo 


a. Domain: {x|x is a real number} 
Range: {| is an even integer} 
b. gis neither even nor odd. [2.5] 


[2.5] 


[2.5] 


bo 1 «x2 —2x—-3 d. 3x + 4x° — 5x —2[2.6] 97. 8x + 4h — 3[2.6] 98. 3x7 + 3xh +? — 1 [2.6] 


99. a. 18 feet per second b. 15 feet persecond c. 13.5 feet persecond d. 12.03 feet per second e. 12 feet per second [2.6] 


100. a. 5 b. -ll c. x7 — 12x + 32 d. x* + 4x — 8 [2.6] 


102. a. y = 1.171428571x + 5.19047619 b. 19 meters per second [2.7] 
b. No c. The regression equation is a model of the data and is not based on physical principles. 


101. a. 79 b. 56 c. 2x7 -— 4x +9 di 2x + 6 [2.6] 
103. a. A = 0.004795204827 — 1.756843157t + 180.4065934 


A17 


[2.5] 


A18 ANSWERS TO SELECTED EXERCISES 


Chapter 2 Test, page 257 


1. Midpoint (1,1), length 2V/13 [2.1] 2. (—4, 0) (0,— V2), (0, V2) [2.1] 


5 
4. Center (2, —1), radius =3 [2.1] 5. {x|]x = 4}U {x|x = —4} [2.2] 6. —-8and2 [2.2] 7. “| [2.3] 8. y= —2x + 7 [2.3] 


> 3 
9. y= —Fx+F[23] 10. fa) = @ 4 3)? — 11, 3,11), x =—3 [2.4] 11. -12, minimum [2.4] 12. a. Even b. Odd 


c. Neither [2.5] 13. a. x-axis b. Origin c. y-axis [2.5] 
14. [2.5] 15: va [2:5] 


psi. 17: [2.5] 


[2.5] 19. a. x7 -3x+3 b.—40 c. 22 d. 2x? — 2x + 3 [2.6] 
20. 2x + h[2.6] 21. x = 20 feet, y = 40 feet 
22. a. 25 feet per second b. 22.5 feet per second c. 20.05 feet per second [2.6] 
23. a. y = —7.98245614x + 767.122807 b. 57 calories [2.7] 


Cumulative Review Exercises, page 258 
6 4 

1. Commutative property of addition [P.1] 2. —,V2[P1] 3. 8x — 33[P1] 4 128° y'°[P2] 5. ape 6. 6x” — 5x — 21 [P3] 
T 


x9 = 1+ V5 7 = 2 


ANSWERS TO SELECTED EXERCISES A192 


1 
13, V2, +i[14] 14. x > -4 [1.5] 18. VI7 [21] 16. -15 [2.2] 17. y= — Fx - 2 [2.3] 18. 100 ounces [1.1] 


19. Yes [2.4] 20. 0.04°F per minute [2.3] 


Exercise Set 3.1, page 268 


10 1 25 —x+5 
1. 5x7 — 9x + 10 3.07 +27 -x+14 5. x7 + 4x + 104 7. x7 + 3x-24 : 
XE. x SH 2, x—-3 2x —x +1 
—x + 17 1 
9.x3-x? +2x-14 ae 11. 4x7 + 3x + 124 13. 4x7 — 4x +24 
2x? + 2x — 3 x= 2 xt+1 
403 
15. x4 + 4x3 + 6x? + 24x + 101 4 r 7x6 +4txr7 4x41 19. 8° +6 
ee 
344 716 
21. x7 + 2x® + 5x° + 10x4 + 21x? + 42x? + 85x + 170 , 23. x° — 3x4 + 9x3 — 27x* + 81x — 242 4 = 
a i 


25. 25 27. 45 29. —2230 31. —80 33. —187 35. Yes 37. No 39. Yes 41. Yes 43. No 53. (x — 2)(x? + 3x + 7) 
55. (x — 4)(x3 + 3x7 + 3x + 1) 57. a. 336 b. 336; they are the same. 59. a. 100 cards b. 610 cards 

61. a. 11,880 ways b. 255,024 ways 63. a. 304 cubic inches b. 892 cubic inches 

65. x8 + x7 + x8 tx taxtgx tx >4+x4+1 67. 12 69. -12 71. 13 73. Yes 


Prepare for This Section (3.2), page 271 


PS1. 2 ps2. PS3. [—1,00) PS4. [1,00) PSS. (x + I(x — I(x + 2)(x — 2) PSE. (2.0).(-3.0) 
Exercise Set 3.2, page 282 


1. Up to the far left, up to the far right 3. Down to the far left, up to the far right 5. Down to the far left, down to the far right 
7. Down to the far left, up to the far right 9. a <0 


11. Relative maximum y ~ 5.0 at 13. Relative maximum y ~ 31.0 at 15. Relative maximum y ~ 2.0 atx ~ 1.0, 
x = —2.1, relative minimum x = —2.0, relative minimum relative minima y ~ —14.0 atx © —1.0 
y—-169 atx ~ 1.4 vy —77.0 atx ~ 4.0 andy ~ —14.0 atx ~ 3.0 

6 40 20 
4 . 4 
—4 8 
4 . 6 
20 —80 =20 


17. —3,0,5 19. —3,—-2,2,3 21. —2,-1,0,1,2 33. Crosses the x-axis at (—1,0), (1,0), and (3, 0) 

3 
35. Crosses the x-axis at (7, 0); intersects but does not cross at (3,0) 37. Crosses the x-axis at (1, 0); intersects but does not cross at € ; 0) 
39. Crosses the x-axis at (0, 0); intersects but does not cross at (3, 0) 


41. : y 45. vA 47. 
L 4! 


Be 


A20O ANSWERS TO SELECTED EXERCISES 


51. 


57. Shift the graph of P vertically upward 2 units. 59. Shift the graph of P horizontally 1 unit to the right. 61. Shift the graph of 
P horizontally 2 units to the right and reflect this graph about the x-axis. Then shift the resulting graph vertically upward 3 units. 


63. a. 20.69 milligrams b. 118 minutes 65. a. V(x) = x(15 — 2x)(10 — 2x) = 4x7 — 50x? + 150x b. 1.96 inches 


67. a. 2530 watts b. 12.6 meters per second c. The power increases by a factor of 8. d. The power increases by a factor of 27. 


69. a. f(x) = 3.325304325x? — 51.92834943x? + 13.21021571x + 7228.323232, 
f(x) = —0.9423441142x4 + 27.82625129x> — 262.6095692x7 + 681.7360544x + 6640.300505 
b. Answers will vary. 71. a. f(x) = 0.00015385409x? — 0.0297742717x? + 1.674968246x + 2.136506708, 
f(x) = —0.000005619394x* + 0.00099676312x? — 0.0696117578x7 + 2.292098069x + 0.4928341073 
b. 24.4 miles per gallon; 18.5 miles per gallon c. Answers will vary; however, the downward trend for speeds greater than 50 mph suggests 
that 18.5 miles per gallon is the more realistic value. 73. (5,0) 75. Shift the graph of y = x° horizontally 2 units to the right and 
vertically upward | unit. 


Prepare for This Section (3.3), page 287 


PS3. 3x° + 9x? + 6x + 154 PS4. 1,2,3,4,6,12 PSS. £1, +3, +9, +27 
x+2 = 3 


PS6. P(—x) 4x3 — 3x? + 2x + 5 


PSI. =. Pst, =a + 6 = 
"3°79 ees x 


Exercise Set 3.3, page 295 


5 
1. 3 (multiplicity 2), —5 (multiplicity 1) 3. 0 (multiplicity 2), — 5 (multiplicity 2) 5. 2 (multiplicity 1), —2 (multiplicity 1), 


5 7 
—3 (multiplicity 2) 7. 3 (multiplicity 2), 5 (multiplicity 1) 9 +1, 42,+4,+8 11. +1, £2, +3, +4, +6, +12, 2 


1, he ee ee ee) Gg ie ag et oo Be a 
2 3 3 3 6 
19. Upper bound 2, lower bound —5 21. Upper bound 4, lower bound —4 23. Upper bound 1, lower bound —4 25. Upper bound 4, lower 
bound —2 27. Upper bound 2, lower bound —1 29. One positive zero, two or no negative zeros 31. Two or no positive zeros, one negative 
zero 33. One positive zero, three or one negative zeros 35. Three or one positive zeros, one negative zero 37. One positive zero, no nega- 
tive zeros 39. Two or no positive zeros; four, two, or no negative zeros 41. Seven, five, three, or one positive zeros; no negative zeros 
1 1 


1 1 
43. 2,—1,-4 45. 3,-4,5 47. 5. re 2 (multiplicity 2) 49. 34 V3,-V3 51. 6,1 + V5,1 — V5 


1 2 
53. 5.5.2 + V3,2 —- V3 55. 1,-1, -2, 33 + V3,3 — V3 57. 2,-1 (multiplicity 2) 59. 0,-2,1 + V2,1 - V2 


3 
61. —1 (multiplicity 3),2 63. ye 1 (multiplicity 2),8 65. 0,4,-4 67. n = 9inches 69. x = 4 inches 


71. a. 26 pieces b. 7cuts 73. 7rows 75. x = 0.084inch 77. 25 or 29.05 inches 79. 16.9 feet 81. B = 15. The absolute value 
of each of the given zeros is less than B. 83. B = 11. The absolute value of each of the zeros is less than B. 


ANSWERS TO SELECTED EXERCISES A21 


Mid-Chapter 3 Quiz, page 299 


2 
1. 535 [3.1] 2. Yes [3.1] 3. Down to the far left, up to the far right. [3.2] 4. ~3,55 3 [3.3] 


5. P(3) =—52, which is less than 0, and P(4) = 100, which is greater than 0. Therefore, by the Intermediate Value Theorem, 
1 2 4 8 
the continuous polynomial function P has a zero between 3 and 4. [3.2] 6. + 3° ey) ae a ig 3° +4, 4 3° + 8 [3.3] 
1 
7. Relative minimum y ~ 2.94 at x ~ 1.88 [3.2] 8. > 2 (multiplicity 2), 5 [3.3] 


Prepare for This Section (3.4), page 299 


1 1 
PS1. 3 + 2i PS2.2—iV5 PS3. x° — 8x7 + 19x — 12 PS4. x7 -— 4x +5 PSS. —3i,3i PS6. =] iV19,— 4 - iV19 


Exercise Set 3.4, page 305 


1. 2, —3, 21, —27; Px) = (« — 2) + 3) — 21(x + 27) 3. 7 2,1 + i,1 — i; P(x) 2(x x)ea + 2)\(x —-1-—i)«-1+4 i) 


5. 1 (multiplicity 3),3 + 27,3 — 2i; P(x) = (x — 1°@ — 3 — 21 — 3 + 21) 


I= 3; 2+ i2 — 5 PR) AH 264 a(x + AG 2—i\x-2+ i) 


Lo Seek Bis 1 3, Lhd s 
9. 4,2,5 tS 15 5 i; P(x) = 2a - ADO (2 79 i)(x ee: i) 


11. 21 + iV3,1 — iV3; P(x) a(x a t=7V3)G = 1 47V3) 


13. 25.14 iV2,1 iV2; P(x) 2¢e + 2)(x te 1 —iV2\x — 1 + iV2) 


4 4 1 
15. ~1 (multiplicity 2), 5,75, -7V5; PQ) 3(x 4 (2 a iV5)(x + iV5) 17. 1 - i> 19-3 21. 2 + 3i,i,-i 


7,.M3.7 V8 2 552 LW, 1 WT, 
T . T L 


23. 1 — 31,1 + 27,1 — 2i 25. 2i,1 Itiplici 27. 2i 
3 3i, i i 25. 2i, 1 (multiplicity 3) 5 A 5 15 5 i rome 5 1, 5 5 


35 
31. 3545 33. Wi i,2 (multiplicity 2) 35. —3 (multiplicity 2), 1 (multiplicity 2) 37. P(x) = x° — 3x? — 10x + 24 


39. P(x) = x° — 3x? + 4x — 12) 41. P(x) = xt — 10x? + 63x? — 214x + 290 
43. P(x) = x° — 22x4 + 212x7 — 1012x7 + 2251x — 1830 45. P(x) = 4x3 — 19x? + 224% — 159 47. P(x) = x° + 13x + 116 
49. P(x) = x4 — 18x? + 131x? — 458x + 650 51. P(x) = x° — 4x4 + 16x3 — 18x? — 97x + 102 


53. P(x) = 3x3 — 12x? + 3x + 18 55. P(x) 2x4 + 4x3 + 36x? — 140x + 150 57. The Conjugate Pair Theorem does not apply 
because some of the coefficients of the polynomial are not real numbers. 


Prepare for This Section (3.5), page 307 


x= 3 


3 1 5 
PS1. ys? x #—3 PS2. is PS3. 3 PS4. x = 0, =O PS5. The degree of the numerator is 3. The degree of the denominator is 2. 


i= 1 


PS6.x + 4+ 
x — 2x 


A22 ANSWERS TO SELECTED EXERCISES 


Exercise Set 3.5, page 320 


3 
1. All real numbers except 0 3. All real numbers 5. All real numbers except 3 and6 7. All real numbers except 0, —2, and 6 


1 4 1 
9.x =0,x = -3 1 = ky 13.2 = 02 = 2 = 6 15. y=4 17. y=30 19. y= 12 

21. x = —4,y =0 23. x =3,y=0 25.x =0,y =0 27.x = —-4,y=1 29.x=2,y=-1 

yA ; ya, 
4+ Iy= 
yaxisf (0,2) 54 ° 2 

25k 
| 


+++ 
lg 
we § 
p 
4 
a 
4 


33.x%=-3,x=1Ly=0 35. %=-2,y= 1 37. No vertical asymptote; 
horizontal asymptote: y = 0 


1-V2,y=1 43. y=3x-7 45. y=x 47. y= -4x-—5 
49.x=0,y=x 


| los i / 
q y=l I+ y-axis 
1 Y 


yee aa/o | ix=-14+V2 


53. x =4,y = 2x + 13 55. 4 = =2,y =x =—3 
vA 


ANSWERS TO SELECTED EXERCISES A23 


67. a. 1.2 amperes b. 33 ohms. c. y = 0. The current approaches 0 amperes as the resistance of the variable resistor increases without bound. 
69. a. $76.43, $8.03, $1.19 b. y = 0.43. As the number of golf balls produced increases, the average cost per golf ball approaches $0.43. 
71. a. $1333.33 b. $8000 c. Cc | 73. a. 3500 CDs, 5800 CDs, 6500 CDs__b. The seventh month 
c. The sales will approach 0 CDs. 
10,000 | 
ix= 100 
| 
5,000 ! 
| 
75. a. 3.8 centimeters @  oAky Minimum b. No. c. As the radius r increases without bound, the surface area approaches twice 
g 8 is near the area of a circle with radius r. 77. (—2,2) 
a= (3.8, 277) 
3 8 / 2x? 
EE 100 79. Answers will vary; however, one possible function is f(x) = — : 
as x= 9 
& 2 6 j 
iad Radius (in centimeters) 
Chapter 3 Review Exercises, page 328 
1. 4x7 +x 484+ [3.1] 2. x3 + 2x* — 8x — 9 [3.1] 3. 77[3.1] 4. 22 [3.1] 5. 3393.1] 6. 558 [3.1] 


x= 3 


7-10. The verifications in Exercises 7-10 use the concepts from Section 3.1. 


11. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 


29. 


30. 


33 
35 


37. 


Yes [3.1] 12. No [3.1] 13. Up to the far left, down to the far right [3.2] 
Relative maximum y ~ 2.015 at x ~ —0.560, relative minimum y ~ —1.052 at x ~ 0.893 [3.2] 


14. Down to the far left, down to the far right [3.2] 


Relative minimum y ~ —1.056 at x ¥ —1.107, relative maximum y ~ 1.130 at x ~ 0.270, relative minimum y ~ 0.927 at x © 0.838 [3.2] 
P(2) <0 and P(3) > 0. Thus we can conclude by the Intermediate Value Theorem that P has a zero between 2 and 3. [3.2] 

P(—2) > 0 and P(-1) < 0. Thus we can conclude by the Intermediate Value Theorem that P has a zero between —2 and —1. [3.2] 
Crosses the x-axis at (—3, 0), intersects but does not cross the x-axis at (5, 0) [3.2] 

Intersects but does not cross the x-axis at (4, 0), crosses the x-axis at (—1, 0) [3.2] 

[3.2] 22. [3.2] 23. [3.2] 24. 


1 3 15 
27. +1, +2, +3, +6 [3.3] 28. +1, +2, +3, +5, +6, +10, +15, +30, +>, +5, +5, +> Bl 
ee ee ee ee ee ee a4 & La ee 
> ’ > ’ | 9 oF 3° 37 5° > 5° 5° 5” So 15° 15’ 15 ® 
1 1 1 2 
H1, +2, +4, +8, +16, +32, +64 [3.3] 31. +1 (3.3) 32 +1,42,+5,45,45,47 Bl 


. No positive real zeros, three or one negative real zeros [3.3] 34. Three or one positive real zeros, one negative real zero [3.3] 


. One positive real zero, one negative real zero [3.3] 36. Five, three, or one positive real zeros; no negative real zeros [3.3] 


Bie 


1,-2,-5 [3.3] 38. 2,5,3 [3.3] 39. -2 (multiplicity 2), ->,-> [3.3] 


A24 ANSWERS TO SELECTED EXERCISES 


1 1 
40. —>,-3,i,—i[3.4] 41. 1 (multiplicity 4) [3.3] 42. —>,2 + 31,2 — 3/34] 


1 1 
43. 5,2,1 + 21,1 — 2%; P(x) 2(s aa Wx — 1 — 21) — 1 + 21 [3.4] 

44, 1,3,1 + 31,1 - 3% P(x) = la — D@-3e-1- 3)@- 14+ 3) [34] 

45. -1,3,1 + 2i[3.4] 46. —5,2,2 —i[3.4] 47. P(x) = 2x3 — 3x7 — 23x + 12[3.4] 48. P(x) = x4 4+ — 5x? +x -— 6 [3.4] 


49. P(x) = x4 — 3x° + 27x? — 75x + 50 [3.4] 50. P(x) = x4 + 2x° + 6x? + 32x + 40 [3.4] 51. All real numbers [3.4] 


1 
52. All real numbers exEDE and 4 [3.4] 53. x =0,x = —3,x =4[3.5] 54. x = —3,x = 3 [3.5] 


55. y = 6 [3.5] 56. y= 0[3.5] 57. y= 2x—1[3.5] 58. y = 3x + 6 [3.5] 
[3.5] 60. ya [3.5] 61. P 


(2,3) 


LA [3.5] 64. [3.5] 65. J [3.5] 
ya 
ep pp aes +t 
4 x 3 7 =5 


67. a. $12.59, $6.43 b. y = 5.75. As the number of skateboards produced increases, the average cost per skateboard approaches $5.75. [3.5] 
68. a. 15°F b. 0°F [3.5] 69. a. f(x) = —0.3030450372x* + 10.61192716x? — 131.8295333x + 1790.343407 b. 895,000 thefts 
c. Answers will vary; however, cubic and quartic regression functions are often unreliable at predicting future results. [3.2] 


70. a. As the radius of the blood vessel approaches 0, the resistance increases. b. As the radius of the blood vessel gets larger, the 
resistance approaches 0. [3.5] 


Chapter 3 Test, page 331 


13 : 
1. 3x7 -x+6- are, [3.1] 2. 43 [3.1] 3. The verification for Exercise 3 uses concepts from Section 3.1. 
x 


2 
4. Up to the far left, down to the far right [3.2] 5. 0, 3° =3 [3:2] 


6. P(1) < 0, P(2) > 0. Therefore, by the Intermediate Value Theorem, the polynomial function P has a zero between | and 2. [3.2] 
1.3 .1 ,1 
2° 2° 3° 6 

ie . . 5 
9. Four, two, or no positive zeros; no negative zeros [3.3] 10. >? 3,2, [3.3] 11. 2:— 3%, aig, 
12. 0, 1 (multiplicity 2),2 + i,2 — i [3.4] 13. P(x) = x4 — 5x° + 8x? — 6x [3.4] 14. Vertical asymptotes: x = 3,x = 2; horizontal 
asymptote: y = 3 [3.5] 


[3.3] 


3 
7. 2 (multiplicity 2), —2 (multiplicity Ain (multiplicity 1), —1 (multiplicity 3) [3.3] 8. +1, +3, 4 


[3.4] 


ANSWERS TO SELECTED EXERCISES A25 


18. a. f(x) = —0.1022006728x* + 3.494215719x? — 31.90479504x” — 16.68786302x + 2996.908654 b. 1,810,000 burglaries [3.2] 
19. a. 5 words per minute, 16 words per minute, 25 words per minute b. 228 hours c. 70 words per minute [3.5] 
20. 2.42 inches, 487.9 cubic inches [3.3] 


Cumulative Review Exercises, page 332 


1. —1 + 2i[P6] 2. 12M 13) 3. 2,10[14] 4. {x|-8 <x < 14} [1.5] 5. V281 [2.1] 


6. Shift the graph of y = x? to the right 2 units and up 4 units. [2.5] 7. 2x + h — 2 [2.6] 8. 32x? — 92x + 60 [2.6] 


59 
9. x8 — x? + x4 11[2.6] 10. 4x? — 8x? + 14x — 32 4 ie [3.1] 11. 141 [3.1] 12. The graph goes down. [3.2] 
x 
1 2 4 -_ : 
13. 0.3997 [3.2] 14. +1, +2, +4, 4 3° t 3° + — [3.3] 15. No positive real zeros, three or one negative real zeros [3.3] 


16. —2,1 + 2i,1 — 27[3.4] 17. P(x) = x — 4x? — 2x + 20[3.4] 18. (x — 2)(x + 3i)(x — 31) [3.4] 19. Vertical asymptotes: 
x = —3,x = 2; horizontal asymptote: y = 4 [3.5] 20. y= x + 4 [3.5] 


Exercise Set 4.1, page 342 
1.3 3. -3 5.3 7. Range 9. Yes 


15. No vp 17. Yes 19. Yes 21. No 23. Yes 25. Yes 27. {(1,—3),(2,—2), (5, 1),(-7,4)} 
8+ 
Ao 1 1 7 
ne 29. {(1, 0), (2, 1), (4, 2), (8,3), (16,4)} 31. f '@) = oo 2 33. fa) = 3° + . 
5. sneer : , & +1 
‘on 35. f@) = ——x +2 37. ¢@ =x 42 39. fw = x 1 
ae 2 2 x—-2 l-x 


41. f'a)= Vx —Lx=l 43. f'@)=1x17+2,x20 45. fl x+4-2,.x=-4 47. f'(x) x+5-2,x=-5 


9 : ; = 1 
49. f (x) = 5° + 32; f(x) is used to convert x degrees Celsius to an equivalent Fahrenheit temperature. 51. s'(x) = ha — 12 


300 
x= 12 


53. a. c(30) = $22. The company charges $22 per person to cater a dinner for 30 people. b. ¢ '(x) = c. 100 


55. E'(s) = 20s — 50,000. The executive can determine the value of the software that must be sold to achieve a given monthly income. 


A26 ANSWERS TO SELECTED EXERCISES 


57. a. p(10) © 0.12 = 12%; p(30) © 0.71 = 71% _ b. The graph of p, for 1 = n = 60, is an increasing function. Thus p has an inverse 
that is a function. c. p !(0.223) = 14, which is the number of people required to be in the group to achieve a 22.3% probability that at least 
two people share a birthday. 59. a. 25 47 71 67 47 59 53 71 33 47 43 27 63 47 53 39. b. PHONE HOME . Answers will vary. 


61. Because the function is increasing and 4 is between 2 and 5, c must be between 7 and 12. 63. Between2 and5 65. No 67. No 


1 b 
69. slope: —; y-intercept: (0 = 5) 71. The reflection of facross the line given by y = x yields f Thus fis its own inverse. 
m m 


Prepare for This Section (4.2), page 346 


1 1 1 1 
PS1. 8 PS2. PS3. PS4. PSS. ,1,10,and 100 PS6. 2, 1,—, and — 
81 8 9 10 2 4 


Exercise Set 4.2, page 354 


1 
7. j(-2) = 4:44) = Tz 9. 9.19 11. 9.03 


1 9 
1. f) = 15 f(4) = 813. g(-2) = Fpps eB) = 10005. AQ) = 33 A(-3) 


13. 9.74 15. a. k(x) b. g(x) c. A(x) d. f(x) 


27 


17. 


19. va 21. 
207 


y 


25. Shift the graph of f vertically upward 2 units. 27. Shift the graph of f horizontally to the right 2 units. 29. Reflect the graph of f 
across the y-axis. 31. Stretch the graph of f vertically away from the x-axis by a factor of 2. 33. Reflect the graph of f across the y-axis 
and then shift this graph vertically upward 2 units. 35. Shift the graph of f horizontally to the right 4 units and then reflect this graph across 
the x-axis. 37. Reflect the graph of f across the y-axis and then shift this graph vertically upward 3 units. 


39. No horizontal asymptote 41. No horizontal asymptote 6 


-3 = 3 


47 


43. Horizontal asymptote: y = 0 45. Horizontal asymptote: y = 10 2 


12 
U 
-1 
1 
= | 18 
0 
14 


ips 


47. a. 6400 bacteria; 409,600 bacteria b.11.6 hours 49. a. 145 items per month; 34 items per month b. The demand will approach 
OQ items per month. 51. a. 69.2% b.7.6 53. a. 363 beneficiaries; 88,572 beneficiaries b. 13 rounds 55. a. 141°F 

b. After 28.3 minutes 57. a. 261.63 vibrations per second b. No. The function /(v) is not a linear function. Therefore, the graph of f(7) 
does not increase at a constant rate. 61. y,fay=e* 63. (—00, 00) 65. [0, 00) 


| ¢ 


ANSWERS TO SELECTED EXERCISES A2Z 


Prepare for This Section (4.3), page 358 
3 

PS1. 4 PS2.3 PS3.5 PS4. f(x) = = PSS. {x|x = 2} PS6. The set of all positive real numbers 

—x 


Exercise Set 4.3, page 366 


1 
1.6108=10 3.8%=64 5 %=x A7Ae=x 9&8 =1 11. 107 =3x4+1 13. log39 =2 15. logayg = ~2 17. logy y = x 


41;.——> 


19. Iny=x 21. log100=2 23.2 =In@x+5) 25.2 27. -5 29.3 31. -—2 33. -4 35. 12 37.8 39. 3 


43. yh 45. 


49. y4 51. (3,00) 53. (—00,11) 55. (—00,—-2)U(2,00) 57. (4,00) 59. (—1,0)U(I, 0%) 


61. 


71. 73. a. k(x) b. f(x) «. g(x) d. h(x) 75. 5 
Pal Yi=-21n(X) 
0 
-5 
77, 38 79. 05 81. LS 83. 5 
Yi=abs{In(X)) Y1=log(X°(1/3)) Yi=log(X+10) Yi=3log(abs(2X+10)) 


-12 2 14.4 
94 


-05 -0.5 
85. a. 2.0% b. 45 months 87. a. 3298 units; 3418 units; 3490 units b.2750 units 89. 2.05 square meters 
91. a. Answers will vary. b. 96 digits c. 3385 digits d. 12,978,189 digits 93. f and g are inverse functions. 
95. Range of f: {y|—1 < y < 1}; range of g: all real numbers 


A28 ANSWERS TO SELECTED EXERCISES 


Prepare for This Section (4.4), page 369 


PS1. ~0.77815 for each expression PS2. ~0.98083 for each expression PS3. ~1.80618 for each expression 
PS4. ~3.21888 for each expression PS5. ~1.60944 for each expression PS6. ~0.90309 for each expression 


Exercise Set 4.4, page 377 


1 1 1 
1. log,x + log,y + log,z 3. Inx—4Inz 5. 7 082% —3log,y 7. 5 logs + 5 0872 2log;y 9.24 Inz 


1 1 1 1 1 
11. 3 loBaz —2-—3logyz 13. 3 los x + q ez 15. 3 02 + Pa 17. log[x°(x + 5)] 19. In(x + y) 


2 2,4 2 , 
21. log[x?+ Vy(x + 1)] 23. log (2 ) 25. loz ( ais ) 27. in| "| 29. In [oro] 31. In ja] 


Z 


x+2 x(x? — 3) yz? x= 3 
33. 1.5395 35. 0.8672 37. —0.6131 39. 0.6447 41. 8.1749 43. 0.8735 
45. 3 47. 4 49. 4 51. 2 
Yi=(logiX/losN) Viz (log(X-s)log(8)) Yi=(logt(X-3e)/log(3)) Yi=log{abs(x-2)/log(5) 
2 2.7 | . _ 67 
ai | a 8.4 “4 8.4 
3 2 =2 2 


53. False; log 10 + log 10 = 2 but log(10 + 10) = log20 # 2. 55. True 

ao =e 2, but log 100 — log 10 = 1. 
log 10 1 
61. False; (log 10)’ = 1 but 2log10 = 2. 63. 2 65. 500°! 67. 5.0 69. 10°°%, or about 3,162,277.7f) 71. 100 to 1 


73. 10'* to 1 or about 63 tol 75. 5.5 77. 10.4;base 79. 3.16 X 10! mole per liter 81. a. 82.0 decibels b. 40.3 decibels 
c. 115.0 decibels d. 152.0 decibels 83. 10 times as great 85. 1:870,551; 1:757,858; 1:659,754; 1:574,349; 1:500,000 


57. False; log 100 — log 10 = 1 but log(100 — 10) = log90 #4 1. 59. False; 


Mid-Chapter 4 Quiz, page 380 
4x + 5 
— 24 


2. fx) = x # 24[4.1] 3. 0.0907[4.2] 4. & =x[43] 5. ‘yy [4.3] 6. Inx + 3Iny — 2 [4.4] 


x 


x 2 
7. too( =) [4.4] 8. 2.8943 [4.4] 9. 5.9[4.4] 10. 107% ~ 631 times as great [4.4] 
Zz 


Prepare for This Section (4.5), page 380 


PS1. log; 729 = 6 PS2. 54 = 625 PS3. log,b=x+2 PS4.x= PS5.2= = PS6 x= ae 
. log; = é = . log,b =x = ee Oe eae .x= AA 
Exercise Set 4.5, page 386 
3 6 log 70 log 120 log 315 — 3 In2 — In3 3 log 2 — log5 
1.6 3.-~ 5.-— 7.3 9. 11. 13. 15. In10 17. : 
2 5 log 5 log 3 2 " In 6 2log2 + log 5 


199 
21.7 23.4 25.2+2V2 27. 5— 29-1 31.3 33. 10! 35. 2 37. Nosolution 39.5 41. log(20 + V401) 


ANSWERS TO SELECTED EXERCISES A2Q 


l 
43. hioe( 3) 45. In(15 + 4V14) 47. In(1 + V65) — In8 49. 1.61 51. 0.96 53. 2.20 55. -1.93 57. -1.34 


59. a. 8500; 10,285 b. In6 years 61. a. 60°F b. 27 minutes 63. 3.7 years 65. 6.9 months 67. 6.67 seconds and 10.83 seconds 
69. a. 120 b. 48 hours 
c. P= 100 


d. As the number of hours of training increases, the test scores approach 100%. 


Percent score 


0 120 


Hours of training 


71. a. 1200 b. In 27 years, or the year 2026 c.B = 1000 d. As the number of years increases, the bison 
population approaches, but never reaches or 
exceeds, 1000. 


Number of bison 


0 = 100 


Years 


73. a. 250 b. 78 years c. 1.9% 


Years 


0 1 
0 
Percent (written as a decimal) 
increase in consumption 


75. a. 1.72 seconds b. v = 100 c. The object cannot fall faster than 100 feet per second. 77. 138 withdrawals 


79. The second step. Because log 0.5 < 0, the inequality sign must be reversed. 81. x = = 83. 2°36 = 1.4 
y 


Prepare for This Section (4.6), page 390 
PS1. 1220.39 PS2. 824.96 PS3.—0.0495 PS4. 1340 PSS. 0.025 PS6. 12.8 


Exercise Set 4.6, page 400 


1. a. 2200 bacteria b. 17,600 bacteria 3. a. N(t) © 22,600c°°° b. 27,700 5. M(t) © 395,934e%078917730% 748 O00 
7. a. At b. 3.18 micrograms c. ~15.07 hours d. ~30.14 hours 9. ~6601 years ago 


a 11. ~2378 years old 13. a. $9724.05 b. $11,256.80 
23+ 
5 ; 15. a. $48,885.72 b. $49,282.20 c. $49,283.30 17. $24,730.82 19. 8.8 years 
oD 
5 In3 
=! 21. t= ae 23. 14 years 25. a. 1900 b. 0.16 c. 200 27. a. 157,500 b. 0.04 c. 45,000 
r 
| "30 60 90 —~_9500- 
‘Time Gin hours) 29. a. 2400 b. 0.12 c. 300 31. P(t) © | Pose ae 
33. P(t) © — 35. a. $158,000; $163,000 b. $625,000 37. a. P(t) ~ = b. 497 wolves 
La dssenge ee ee — _ 1 + 4.12821¢0.06198 
8500 . 
39. a. P(t) © b. 2016 41. a.0.056 b. 42°F c. After54 minutes 43. a. 211 hours b. 1386 hours 


1 + 4.666672 14761" 


A30 = ANSWERS TO SELECTED EXERCISES 


45. 3.1 years 47. a. b. 0.98 second c. v = 32 d. As time increases, the velocity approaches, but 


never reaches or exceeds, 32 feet per second. 


b. 2.5 seconds c. ~24.56 feet per second d. The average speed of the object was approximately 
24.56 feet per second during the period from ¢ = 1 to 
t = 2 seconds. 


sae & 


51. 45 hours 53. a. 0.71 gram b. 0.96 gram c. 0.52 gram 55. 2.91% 57. a. 1500 b. 1000 


59. a. 3 minutes 39.41 seconds; 3 minutes 34.75 seconds b. 3 minutes 19.13 seconds 


Prepare for This Section (4.7), page 404 
PS1. Decreasing PS2. Decreasing PS3. 36 PS4. 840 PSS. 15.8 PS6. P = 55 


Exercise Set 4.7, page 411 


1. Increasing exponential function 3. Decreasing exponential function; 5. Decreasing logarithmic function 
decreasing logarithmic function 
32 4 3.2 
a 
a 
a 
a 
a a 
4 5 2 aaa 7 
Oo 
a 0 o_o 7 Oy 
o a 
0 47 


7. y © 0.99628(1.20052)"; r © 0.85705 9. y © 1.81505(0.51979)"; r * —0.99978 11. y © 4.89060 — 1.35073 Inx;r * —0,99921 
235.58598 17, y ~ 2098-68307 
1+ 190188 9 7 1 + 1 19794¢-0:06004r 


19. a. f(x) = 9.283629464(1.079805006)" b. $126 21. a. T © 0.06273(1.07078)" b. 5.3 hours 23. a. T © 0.07881(1.07259)" 
b. 7.5 hours; 2.2 hours 25. An increasing logarithmic model provides a better fit because of the concave-downward nature of the graph. 
27. a. p © 7.862(1.026) b. 36 centimeters 29. a. LinReg: pH ~ 0.01353q + 7.02852, r ~ 0.956627; 
LnReg: pH ~ 6.10251 + 0.43369 Ing, r ~ 0.999998. The logarithmic model provides a better fit. b. 126.0 


31. a. p © 3200(0.91894)'; 2012 b. No. The model fits the data perfectly because there are only two data points. 


33. a. ExpReg: y © 7337.932474(0.9733252907)', r ~ —0.9219739145 
LnReg: y © 7524.106468 — 802.5769482 Inx,r ~ —0.9108469173 
b. The exponential model provides a better fit. ¢. Exponential model: 4390; logarithmic model: 5161 d. Answers will vary. 
11.26828 
it + 2.749652 09" 


39. a. ExpReg: y © 1.81120(1.61740)*, r © 0.96793; PwrReg: y © 2.09385(x)!4°"4, + ~ 0.99999 _b. The power regression function 
provides the better fit. 


13. y © 14.05858 + 1.76393 Inx;r © 0.99983 15. y © 


35. a. P(t) © b. 11 billion people 37. A and B have different exponential regression functions. 


ANSWERS TO SELECTED EXERCISES A31 


Chapter 4 Review Exercises, page 421 


1. [4.1] 2 » [4.1] 3. Yes[4.1] 4. Yes[4.1] 5. Yes[4.1] 6. No [4.1] 


44 


+ 


7. f (x) = oacal 8. gw = ~ 5x + 5 (4. 9. h(x) = -2x — 4[4.1] 10. k'(x) = k(x) = ‘(all 
11. f(x) = = pels > 2} [4.1] 12. g'@) = Vx F1- 1,{x|x = -1} [4.1] 13. 2[43] 14. 4[43] 15. 3 [4.3] 


16. 7 [4.3] 17. —2[4.5] 18. 8 [4.5] 19. —3 [4.5] 20. —4[4.5] 21. +1000 [4.5] 22. +10!°[4.5] 23. 7[4.5] 24. +8 [4.5] 
25. [4.2] ys 26. [4.2] y 27. [4.2] 28. [4.2] 


29. [4.2] 30. [4.2] 31. [4.3] 


a 


Ax) = logs x 


Bae 


36. [4.3] 


33. [4.3] 74 34. [43] 94 35. [43] 3 
2 


=3 


37. [4.2] 12 38. 


3 
[4.2] 39. 44 = 64[4.3] 40. (3) = 8 [4.3] 


le 47 


ae eee ee 1 47 


Xscl=1  Ysel=1 Xscl=1  Ysel=1 


A32 ANSWERS TO SELECTED EXERCISES 


41. (V2)* = 4[4.3] 42. ce = 1 [4.3] 43. logs 125 = 3 [4.3] 44. log, 1024 = 10[4.3] 45. logig1 = 0 [4.3] 


1 1 
46. logg2V2 = 3 [4.3] 47. 2 log,x + 3 log,y — log,z [4.4] 48. 3 108s — 2log,yv — log,z [4.4] 49. Inx + 3 Iny [4.4] 


1 1 53 7 V2xy Xz 
50. ~Inx +=Iny— 4Inz[4.4] 51. log(x?Wx +1) [4.4] 52. log 5 [4.4] 53. In—— [4.4] 54. In— [4.4] 55. 2.86754 [4.4] 
2 2 (x + 5) Z y 
In 30 log 41 1 
56. 3.35776 [4.4] 57. —0.117233 [4.4] 58. —0.578989 [4.4] 59. > 7" [4.5] 60. ie = 1[4.5] 61. 4[4.5] 62. Fe [4.5] 
In3 In(8 + 3V7) sat A 
63. 4[4.5] 64. 15[4.5] 65. —— [4.5] ——_—— [4.5] 67. 10! [4.5] 68. e©? [4.5] 69. 1,000,005 [4.5] 


21n4 : In5 
15 + V/265 
p 
78. 2.8[4.4] 79. 4.2 [4.4] 80. ~3.98 X 10° mole per liter [4.4] 81. a. $20,323.79 b. $20,339.99 [4.6] 82. a. $25,646.69 
b. $25,647.32 [4.6] 83. $4,438.10 [4.6] 84. a. 69.9% b. 6days c. 19 days [4.6] 85. M(t) ~ e987 [4.6] 86. N(t) © 2e°°%8 [4.6] 
87. N(t) © 3.783e°>* [4.6] 88. M(t) © e °° 3!"[4.6] 89. a. P(t) © 25,200e°°O!5578"" bh, 38,800 [4.6] 90. 340 years [4.6] 
91. Answers will vary. [4.7] 92. a. ExpReg: R © 163.0844341(0.963625525)", r © —0.9890222722; 


LnReg: R © 165.1522017 — 34.30348409 Inx,r ~ —0.982011144 
b. The exponential model provides a better fit for the data. c. 5.3 per 1000 live births [4.7] 


1400 1 
93. a. P(t) * ——_—_ . 1070 coyotes [4.6] 94, a, 21, b. P(t) 128 [4.6] 


ee IT 0.204881 


70. [4.5] 71. 81 [4.5] 72. +V5[4.5] 73. 4[4.5] 74. 5[4.5] 75. 7.7[4.4] 76. 5.0 [4.4] 77. 3162 to 1 [4.4] 


Chapter 4 Test, page 424 


8x 
4x — 1 


1. f'@) = > + = [4.1] 2. f '@) = 


1 
Domain f': {xls > 1} 


Range f!: {yly > 2} [4.1] 


2x + 3 
2y 


1 
3. a. D° = 5x — 3 [4.3] b. logzy = 5 143] 4. 2 log,z — 3 log, y — 3 lOBsx [4.4] 5. ae [4.4] 6. 1.7925 [4.4] 


x- 


5in4 
9. 1.9206 [4.5] 10. ag 11. 1 [4.5] 12. —3 [4.5] 


13. a. $29,502.36 b. $29,539.62 [4.6] 14. 17.36 years [4.6] 


15. a. 7.6 b. 63to1 [4.4] 16. a. P(t)  34,600e9™007108 
_ b. 55,000 [4.6] 17. 690 years [4.6] 18. a. y © 1.67199(2.47188)" 
b. 1945 [4.7] 


7. [4.2] 8. [4.3] 


72.03782781 
1 + 0.1527878996e 06779213733" 


1100 
b. Logarithmic: 74.06 meters; logistic: 72.04 meters [4.7] 20. a. P(t) © 14 587500200051 b. About 457 raccoons [4.6] 
875e 


19. a. LnReg: d © 67.35500994 + 2.540152486 In ¢; logistic: d ~ 
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Cumulative Review Exercises, page 425 
1. [2,6] [1.5] 2. {x|3 <x <6} [1.5] 3. 7.8[2.1] 4. 38.25 feet [2.4] 5. 4x7 + 4x —4[2.6] 6. f 1x) = 3 + (4.1) 


7. 3500 pounds [1.6] 8. Three or one positive real zeros; one negative real zero [3.3] 9. 1,4, -V3, V3 [3.3] 

10. P(x) = x° — 4x? + 6x — 4[3.4] 11. Vertical asymptote: x = 4; horizontal asymptote: y = 3 [3.5] 12. Domain: all real numbers; 

range: {y|O < y = 4} [3.5] 13. Decreasing function [4.2] 14. 4” = x [4.3] 15. logs 125 = 3 [4.3] 16. 7.1 [4.4] 17. 2.0149 [4.5] 
450 


18. 510 years old [4.6] 19. 3.1798 [4.5] 20. a. P(t) © b. 310 wolves [4.6 
; ve 5 Y 1 + 1.8125¢70-13882" — 


Exercise Set 5.1, page 438 


7 wT 30 T 3m 


1. 75°, 165° 3. : 19°45’, 109°45’ 5. 33°26'45", 123°26'45"” 7, 5 Lear. 9: 4 11. 10° 5 13. 250°, Quadrant III 
15. 105°, Quadrant II 17. 296°, QuadrantIV 19. 24°33'36” 21. 64°9'28.8" 23. 3°24'7.2" 25. 25.42° 27. 183.56° 
7 7 lla lt 137 7 
2A 78? 1. : i 7. 9, 41. 43. 420° 45. 36° 47. 30° 49. 67.5° 1. 660° 
29. 211.78° 3 6 33 5 35 D 3 3 3 4 20 3 0 5. 36 30 67.5 51. 66 


53. —75° 55. 85.94° 57. 2.32 59. 472.69° 61. 4,229.18° 63. 2.38, 136.63° 65. 6.28 inches 67. 18.33 centimeters 


5 5 : . 
69. 37 = 71. a radians or 75° 73. a radian per second © 0.105 radian per second 75. a radians per second ~ 5.24 radians 


10 : 
per second 77. ae radians per second ~ 3.49 radians per second 79. 40 mph _ 81. 1885 feet 83.6.9 mph 85. 840,000 miles 
87. a. 3.9 radians per hour b. 27,300 kilometers per hour 89. a. Bb. Both points have the same linear velocity. 


91. a. 1.15 statute miles b. 10% 93. 13 square inches 95. 4680 square centimeters 97. 1780 miles 


Prepare for This Section (5.2), page 442 


3 
PS1. “ PS2. V2 PS3. 2 ~PS4. — PSS. 3.54 PS6. 10.39 


Exercise Set 5.2, page 449 


12 13 4 7 5V29 29 
. sing = — = . si == Ss 5. si ~ 
1. sind B csc 0 D 3. sind 7 csc 60 ri sin 0 29 csc 0 5 
pa eae jon foe 2 cos @ ees sec 9 = Z 
cos 3 sec 5 cos 7 sec 33 29 
12 5 4V33 33 5 2, 
tan 0 5 cot 6 D tan 0 33 cot 0 4 an 0 5 cot 0 5 
V21 V21 2 1 vV6l 
7. sin@ csc 8 = 9. sin@ v3 csc 0 = ve 11. siné ove csc 9 = 2 
7 3 2 3 61 6 
2V7 V7 1 5V61 V6l 
= = Se =2 = Soe 
cos 0 7 sec 0 5 cos 8 > sec 0 cos 0 61 sec 0 5 
3 2V3 V3 6 5 
age Vo mie tand = V3 cot@ = — tan@ = — cot @ = — 
2 3 3 5 6 
3 4 3 12 13 3 3 5 3V2 + 2V3 3- V3 
: 15. 17. 19. 21: 23. 25. V2 27.-— 29.— 31. 33. ——_—_—__ <=. 
4 5 4 13 5 3 2 5. V2 4 4 v3 6 ae 3 


37. 2V2 — V3 39. 0.6249 41. 0.4488 43. 0.8221 45. 1.0053 47. 0.4816 49. 1.0729 51. 9.5 feet 53. 92.9 inches 


A34 ANSWERS TO SELECTED EXERCISES 


55. 5.1 feet 57. 1.7 miles 59. 74.6 feet 61. 686 million kilometers 65. 612 feet 67. 555.6 feet 69. 338 meters 
71. a. 559 feet b. 193 feet 73. V27 meters ~ 5.2 meters 75. ~8.5 feet 


Prepare for This Section (5.3), page 454 


4 V5 
PSI. — > PS2. —~ PS3. 60 PS4. : PS5. 7 PS6. 34 


Exercise Set 5.3, page 460 


; 3V 13 V13 . 3V13 V13 : 5V89 V89 
1. sin@ csc 8 = 3. sin? = —— csc 0 = ——— 5. sind csc 8 = 
13 3 13 3 89 5 
9 2V 13 9 V13 go aFvS pee fs 9 8V 89 9 V89 
cos B sec 5 cos 3 sec tg cos 89 sec 8 
3 2 3 2 5 8 
t = t= — t: ee t@g=-—— t == t@=— 
an 0 5 cot 0 3 an 0 5 cot 0 3 an 0 8 cot 0 5 


7. sind = 0 csc @isundefined. 9.0 11.0 13.1 £#15.0 £17. Undefined 19. 1 21. Quadrant] 23. Quadrant IV 
cos@9=-—1 sec#@=-—l 


tan@ = 0 cot 9 is undefined. 


2 
25. Quadrant II 27. V3 59-1 31, -¥3 33, 2M3 35, —¥3 a7. 202 39, 9° a ™ 43, ep — 2 45, 34° 
3 3 3 3 5 z 
2 2vV3 2 
47. 65° 49. —_ 5 a anes mies 55. e 57. V2 59. cot 540° is undefined. 61. 0.798636 63. —0.438371 
3 

65. —1.26902 67. —0.587785 69. —1.70130 71. —3.85522 73.0 75.1 77.-5 79.1 81. 30°, 150° 
83. 150°, 210° 85. 225°,315° 87, 27, 2= go 2m lim gy = 2m 

ae ee eer e 6 3° 4 


Prepare for This Section (5.4), page 461 
PS1. Yes PS2. Yes PS3. No PS4. 27 PSS. Even function PS6. Neither 


Exercise Set 5.4, page 470 


31 3 1 1 3 3 1 1 3 3 1 
1. (23) 2: (-X3.-t) 5. (3-8) 7. (3-3) 9. (-1,0) 11. (-3-*2) 13. mee 15..S= 
2°95 Pe oS 2° 9 4 3 2 
2 2 
17, 7 19, =1 - i, 8 23. 0.9391 25. —1.1528 27. —0.2679 29. 0.8090 31. 48.0889 33. a. 0.9 b. —0.4 


35. a. -0.8 b. 0.6 37. 04,2.7 39. 3.4,6.0 41. Odd 43. Neither 45. Even 47. Odd 49.27 51. 7 53.27 61. sint 
63. sect 65. —tan?t¢ 67. —cott 69. cos*t 71.2 csc*t 73. csc?t 75.1 77. V1—cos*t 79. V1+cot?t 81. 750 miles 


sin? t 


83. — 85. csctsect 87. 1—2sint+sin’?¢ 89. 1—2sinfcost 91. cos?t 93. 2csct 95. (cost — sin#) (cost + sin#) 


a 
97. (tant + 2)(tant— 3) 99. (2sin¢ + 1)(sint— 1) 101. ae 103. 3 


cost 


ANSWERS TO SELECTED EXERCISES A35 


Mid-Chapter 5 Quiz, page 472 


Tt 10a : 4vV41 5V41 4 7 a 
1. a. fc b. 108° 2. qi 3. 13 mph 4. sin@ Al cos 0 al tan 0 5 5 D 6. 60 
jl ga goa 
csc or er co A 
1 1 
7. a. = b. “ 8. 137 feet 9. (2-5) 10. sect = V1 + tan’¢ 


Prepare for This Section (5.5), page 473 


PS1. 0.7. PS2. —0.7  PS3. Reflect the graph of y = f(x) across the x-axis. PS4. Compress the position of each point on the graph of 
1 
y = f(x) toward the y-axis by a factor of * PSS. 677 ~=PS6. Sa 
Exercise Set 5.5, page 479 
1 1 
162,27 3.1,q7 5. >! 7.2,47 9. 3m 11. 1,87 13. 2,6 15. 3,37 17. 4.7,2.5 


19. 25. 


39. 


2 1 
59. y = 2sin 3° 61. y=—2cosmx 63. a. V=4sina7t, 0 =¢t = 8 milliseconds b. 3 cycle per millisecond 


69, 4 


A36 ANSWERS TO SELECTED EXERCISES 


20 2 . oa 
71. 75. y = 2 sin a 77. y =25 ow 


1 
Maximum = e, minimum = — ®& 0.3679, period = 27 
e 


4a 
79. y = 3 coe 


Prepare for This Section (5.6), page 481 


PS1. 1.7. PS2. 0.6 PS3. Stretch the position of each point on the graph of y = f(x) away from the x-axis by a factor of 2. 
4 
PS4. Shift the graph of y = f(x) 2 units to the right and 3 units up. PSS. 27  PS6. a7 
Exercise Set 5.6, page 489 
7 . 7 : 27 
1. 2 + ka,kaninteger 3. 5 +ka7,kaninteger 5.27 7.7 9.27 = 112. = 13. — 15. 87 17.1 ~~ «19. 


va 
Vi 


aT 


a i | | "| 1 | iI I Be | ifn Vfl | as 
|| i) | 1 | i) Jl ; oiMA; 
J J U, \J J U i Bhi ot dot 
i || 1 | ( plylli,iyiyiy, 
Bees 50a eee hdiet hate 
-2n | |—n | a [ 
ee i TAN IN 
in | INT Ini || 
{\ [\ (\ (\ [\ (\ 
Il || I I || 
3 2 3 4 
ee ae 53. y = csc 5° 55. y= sec—x 57. 59. 6 


ANSWERS TO SELECTED EXERCISES A37Z 


61.a,h=14tanx b.d=14secx « 7 d. The graph of d is above the graph of /, but the distance 
between the graphs approaches 0 as x approaches . 
8 
; 63. y = tan3x 65. y = sec 3° 
/ h 
0 n/2 T 4a 
67. y=cot—x 69. y = csc —-x 
Xscl = 1/8, Yscl = 1 2 3 


Prepare for This Section (5.7), page 491 


2 
PS1. Amplitude 2, period 7 PS2. Amplitude 3 period 67 = PS3. Amplitude 4, period 1 PS4. 2 PS5. —3  PS6. y-axis 


Exercise Set 5.7, page 497 


TE: vin T 7 
1.25.29 Boe 54-737 7. 9. 11. -37,67 13. —,7 15. —127,47 


43. V 


‘\ : 
y=x+sin 2x 
y=sin 2x 


A38 ANSWERS TO SELECTED EXERCISES 


63. a. 7.5 months, 12 months _ b. yt c. August 65. ~ 20 parts per million 


Sales in hundreds of suits 


Time in months 


67.s=T7cosl07t+5 69. s = 400 tan tinseconds 71. y = 3 cos 1 + 9, 12 feet at 6:00 PM. 


Sh s 73. 2 75. 3 
12 | 
400 3 oe 0 an 
=2 / | | 
0.2 min —400 
a 3 
. Ls : 27 
77. 79, 25 81. 83. y = 2 sin| 2x — 3 
0 4n 0 ere -0.2 4 
-6 ns -15 
x 7 2 
85. y = tan rar 87. cos*x +2 89. 91. 6 
-20 2n 
=0.5 a 


The graph above does not 
show that the function is 
undefined at x = 0. 


Prepare for This Section (5.8), page 500 


PS1. =. PS2. 2 PS3. 4 PS4. 3 PSS. 4 PS6. y = 4cos 7x 


7 


Exercise Set 5.8, page 504 


1 1 1 3 
1.2,7,— 3.3,37;— 5. 4,2,;- 7. — 
7 37 2 4 


Ale 


ANSWERS TO SELECTED EXERCISES A39 


9. y = 4cos3mt 13. y = 2sin2t 15. y = sin at 17. y = 2sin2at 


y 


TT 


il 1 2 1 t 
19. y= Pagel 21. y=2.5cosmt 23. y= ore 25. y= 4cos4t 27. 47, ag 2 ey = nr 


1 
29. a. 196 cycles per Recon Sag b. The amplitude needs to increase. 31. h s7eos( =r) +41 33. a. 3  b. 59.8 seconds 


35. a. 10 b. 71.0seconds 37. a. 10 b. 9.1 seconds 39. a. 10  b. 6.1 seconds 41. The new period is three times the 
original period. 43. Yes 45. Yes 


Chapter 5 Review Exercises, page 510 


1. Complement: 28°, Supplement: 118°[5.1] 2. Nocomplement, Supplement: 5° [5.1] 3. 145°, Quadrant II [5.1] 4. 340°, Quadrant IV [5.1] 
7 
5: 7 [5.1] 6. 114.59° [5.1] 7. 3.93 meters [5.1] 8.0.3 [5.1] 9. 87 radians per second [5.1] 10. 37.7 feet per second [5.1] 


3V34 5V34 3 5 2 V6 + 4V3 
11. 55 radians per second [5.1] 12. siné cos@ tané = —[5.2] 13. V5 p59) 14. —[5.2] 15. ——_—— [5.2] 
34 34 5 2 3 4 
9 34 9 V34 pe 5 
csc 3 sec 5 co 3 
4V3 + V6 1 2V3 4+ 1 3V10 
16. BVA NO ay 17. 2—[5.2] 18. IVS # Nie g 19. sind = ——— [5.3] 
3 4 4 10 
: 4 3 4 7 7 
20. sind = 5 cos@ 5 tané = 3 [5.3] 21. 70° [5.3] 22. 80° [5.3] 23. 4 3] 24. 6 [5.3] 
5 5 3 
t 
csc 6 ri sec 0 3 cot 0 ri 
2V3 1 1 V3 
25. a. a b. 1 c. —-1 d. —7 533] 26. a. —0.5446 b. 0.5365 c. —3.2361 d. 3.0777 [5.3] 27. a. =5 b. 3 (G3) 
2V3 2 1 3 2 2 
28. a. = b. 2[5.3] 29. a. “2 b. —1 [5.3] 30. a. (-1,0) b. (3-2) c. (- 2-3) d. (1, 0) [5.4] 


31. even [5.4] 34. sec’ [5.4] 35. tand [5.4] 36. sind [5.4] 37. tan’b [5.4] 38. esc*b [5.4] 39. 0[5.4] 40. 3, 7, [55] 


2 3 
41. No amplitude, 30 [5.6] 42. 2, hl 43. tm Bl 44. No amplitude, aig el 45. No amplitude, 2m, 7 [5.6] 


[5.5] 47. [5.5] 48. [5.5] 49. 


[5.7] 


50. yA [5.7] 51. ; —s [5.6] 
3 


A400 ANSWERS TO SELECTED EXERCISES 


54. [5.6] 55. [5.6] 56. [5.7] 


+ely 
oa 
y 


t 
BIAS 
Va 


25 
68. 0.089 mile [5.2] 69. 12.3 feet [5.2] 70. 1.7 feet per second [5.1] 71. 46 feet [5.2] 72. 25.50 Bel 73. y = S5sin 2a7t [5.8] 
7 


1 
74. y = 3cos4mt [5.8] 75. Amplitude = 0.5, f re ae 0.5cos2t [5.8] 76. 7.2 seconds [5.8] 


Chapter 5 Test, page 512 


5 
1. a. = b. 72° [5.1] 2. 5 3. 13.1 centimeters [5.1] 4. 122 radians/second [5.1] 5. 80 centimeters/second [5.1] 


6. V3 5.9 7. sin 0 ~“S cos 0 = _ tnd =2[53] 8. — S153] 9. (G-4) [5.4] 10. sin?s [5.4] 


: 
2 
] 


5 
csc 0 Me secO=—-V5 cotd= 


11. 7 56 12. Amplitude 3, period zr, phase shift = [5.7 


ANSWERS TO SELECTED EXERCISES A41 


[5.6] 


1 
13. Period 3, phase shift — 3 [5.7] 14. ya [S53] TS. »¥ 


a+ 


2+ 
—-4+ 


2 
18. ys [5.7] 19. 25.5 meters [5.2] 20. y = 13 sin 1 [5.8] 


Cumulative Review Exercises, page 513 


1. (x + y\(x — y) [P4] 2. V3[P5] 3. 12 square inches [1.2] 4. Odd function [2.5] 5. f(x) = 


a [4.1] 


6. (—©O, 4) U(4, &) [2.2/3.5] 7. [0,2] [2.2] 8. Shift the graph of y = f(x) horizontally 3 units to the right. [2.5] 9. Reflect the 


5 a4 5 
graph of y = f(x) across the y-axis. [2.5] 10. > 6. 11. 225° [5.1] 12. 1 [5.3] 13. Wt his. 14, 3 [5.2] 


15. Negative [5.3] 16. 30°[5.4] 17. 7-4 18. (—00, 00) [5.4] 19. [-1,1] [5.4] 20. = 52] 


Exercise Set 6.1, page 520 


57. Identity 59. Identity 61. Identity 63. Notanidentity 65. Ifx = = the left side is 2 and the right side is 1. 67. Ifx = 0°, the 


3 2+ V3 
left side is ae and the right side is a 69. Ifx = 0, the left side is —1 and the right side is 1. 


Prepare for This Section (6.2), page 522 


1 1 
PS1. Both function values equal 2° PS2. Both function values equal 2° PS3. For each of the given values of 6, the function values are 
3 
equal. PS4. For each of the given values of 0, the function values are equal. PS5. Both function values equal gr PS6. 0 


Exercise Set 6.2, page 529 


6+ V2 6+ V2 —-V6+ V2 6+ V2 1 
1. nd Vv 3: vi Vv. 5.2-V3 7. oe 9. MOGNE 11.2+ V3 13.0 15.= 17. V3 
4 4 4 4 2 
19. cos 48° 21. cot 75° 23. csc65° 25. sin5x 27. cosx 29. sin4x 31. cos2x 33. sinx 35. tan 7x 
77 84 77 63 56 63 63 56 33 77 84 13 
37. a. b. . 39. a. b. P 41. a. b. . 43. a. b. : 
a 85 85 36 a 65 6 «6 a 65 65 56 a 85 85 84 
1 1 
45. a. = b. 2 c. 3 47. a. as b. = c. : 75. —cos@ 77. tan@ 79. sin@ 81. Identity 83. Identity 


65 65 16 65 65 63 


A42_ ANSWERS TO SELECTED EXERCISES 


Prepare for This Section (6.3), page 532 


2 tana 


PS1. 2sinacosa  PS2. cos*a — sin’a _—~PS3. ee PS4. For each of the given values of a, the function values are equal. 
— tan” a 


PS5. Let a = 45°; then the left side of the equation is 1, and the right side of the equation is V2. PS6. Let a = 60°; then the left side of 


ee e er eee 
the equation is oa and the right side of the equation is rt 


Exercise Set 6.3, page 538 


1. sin 4 3 10p 5 6 7. tan 6 9. sin 2 a 2 z tan 2 zi 11. sin 2 miu 2 a 
. sin : i . tan . sin = —-— n = . sin = ——— = — 
sin 4@ cos cos 6a an 6a sin 2a 75 7 008 a 95° an 2a@ 7 sin 2a 789 7008 a 780° 
240 336 527 336 240 161 240 
tan 2a = ~ 161 13. sin2a = ~ 625 , CoS 2a 625° tan 2a = 527 15. sin 2a 289° cos 2a 289° tan 2a = 161 
0 1519 720 1 
17. sin2a = ~T681° cos 2a 1681 tan 2a = 1519 19. 3(1 + cos 2x) 21. ge + 4cos 2x + cos 4x) 
1 24+ V3 2+ V2 2- v2 2- v2 
23. —(1 — cos 2x — cos 4x + cos 2x cos 4x) 25. ——~——__27. V2+1 2. 31. 33. 
16 2 2 2 2, 
35. eee =e 37. sin ave? cos as 2 tan = 5 39. sin ope eas cos = iat tan = 2 
: 2 , 2 26° 2 26° 2 : 2 34° 2: 34° 2 3 
a V5 a 2V5 a 1 a V2 a 71V2 a 1 2 
41. si : jt 43. si ; ait 91. a. === *& 2.61 
ge en gy en 2 to 2 Go? 2 9 a V2 — V2 


1 
b. a= 2 sin") c. adecreases. 93. Identity 95. Identity 


Mid-Chapter 6 Quiz, page 540 


V6 - V2 2V5 3 2-V3 


3 7 [6.2] 4.a. tan 3a b. cos Sa [6.2] 5. 5 [6.2] 6-5 [63] 7. ——>-— [63] 


Prepare for This Section (6.4), page 541 


1 
PS1. sinacosB PS2. cosacosB  PS3. Both function values equal 5 PS4. sinx + cosx  PS5. Answers will vary. PS6. 2 


Exercise Set 6.4, page 546 
V2 1 V3-2 


1 1 1 
1. sin3x — sinx 3. 3 (sin 8x — sin4x) 5. sin8x + sin2x 7. 3 (eos 4x —cos6x) 9. ri 11. ar * 13. 7 15. 4 


17. 2sin30cos@ 19. 2cos20cos@ 21. —2sin4@sin20 23. 2cos4@cos30 25. 2sin7@cos20 27. —2sin > sin 50 
29. 2 sin o sin 31. 2 cos ao sin o! 49. y = V2 sin(x — 135°) 51. y = sin(x — 60°) 53. y= \? sins — 45°) 

55. y = 3V2sin(x + 135°) 57. y = wV2sin(x — 45°) 59. y= V2 sin(x + 22) 61. y= sin( x + =) 

63. y = 20 sin(x + =z) 65. y =5V2 sn( + 2) 


69. 


als 


ANSWERS TO SELECTED EXERCISES A43 


77. a. s(t) = sin(27r+ 1336t) + sin(27+770t) — b. s(t) = 2 sin(210677) cos(S667t)  c. 1053 cycles per second 79. Identity 
81. Identity 83. Identity 


Prepare for This Section (6.5), page 548 


PS1. A one-to-one function is a function for which each range value (y value) is paired with one and only one domain value (x value). 
PS2. If every horizontal line intersects the graph of a function at most once, then the function is a one-to-one function. 

PS3. f[g(x)] =x PS4. f[ f-'(x)] =x PSS. The graph of f~! is the reflection of the graph of facross the line given by y = x. 
PS6. No 


Exercise Set 6.5, page 557 


G2 2! gel 72 of f=] dee” qe! - ae eam BOOs SiwactiieD 
‘3 8 ay ee a, a = Cad op caus 
if * 1 3 1 7 T . T 
b.0.2818 23. @=cos (>) 25.> 27.2 29. 31.1 33.5 35. 37.7 39. Undefined 41. 0.4636 43, — © 
V3 4V/15 24 24 2+ V15 1 12 2- v2 
45. 47. 49. 51.0 53. 55. 57. =<3V7—4V3) 59.— 61.2 63, ——— 
4 15 25 25 6 5 OV7 — 4V3) B 2 
71V2 5 Vi1—- x? 
65. 67, con w 02588 «69. VIT* 
10 12 % 
3960 
75. 77. 81. 4 Yt 83. a. s = 3960 cos !{ ———— 
4 Aa a. s cos (- zi 2) 


b. 17,930 miles 


85. f(x) # g(x) 87. - 89. Li 91. A 
yh 
| fand g have 
LA] the same -12.5 12.5 
_ graph in -2.35 2.35 (— 
&</T\ Quadrant I 
-l1 11 “ a -9.5 = rt] 9.5 
0 —2n 
2+ = 
1 7 
97. y= a oe ay 99. YH 3+ cos( x = =) 
Prepare for This Section (6.6), page 560 
5+ V73 5. 9 13 3 
PS1. x = ————— __ PS2. 1 — cos*x__ PS3. 7M yt and 7m PS4, (x + (x — ¥) ps5, 10 


PS6. 0, 1 


A44 ANSWERS TO SELECTED EXERCISES 


Exercise Set 6.6, page 568 


i qo eo ee 7 On Go ee ee ee i igs 
4° 4 a3 he oar mae a9 6°4° 4’ 6 4° 4 6°2" 6° 6’ 6’ 6 
4 
17. 0m ge I yg, HOt AT OT oon wa 2™ 23. 41.4°,318.6° 25. No solution 27. 68.0°, 292.0° 
4° ara? a ae Gk oe | 


29. No solution 31. 12.8°,167.2° 33. 15.5°, 164.5° 35. 0°, 33.7°, 180°, 213.7° 37. Nosolution 39. No solution 
41. 0°, 120°, 240° = 43. 70.5°, 289.5° 45. 68.2°, 116.6°, 248.2°, 296.6° 47. 19.5°, 90°, 160.5°, 270° 49. 60°, 90°, 300° 


k 
51. 53.1°, 180° 53. 72.4°, 220.2° 55. 50.1°, 129.9°, 205.7°, 334.3° 57. No solution 59. 22.5°,157.5° 61. a + <= where k 


2 
2k 5 
isaninteger 63. a + I where kis aninteger 65. 0 + 2k7, + 2ka, mw + 2k, — + 2k, where k is an integer 


Tw Ww ST Tn 37 lla 


% Aw? >7, 7 5 
6 2 6 6 2 6 


5 
67. = + ka, 7 + ka, where kis aninteger 69. 0 + 2ka7, where kis aninteger 71. 0,7 73. 0, 


2 4 4r 5 3 5a 7 5 
7h. a7 GE gO” og OEE gy et ge BSG 
2° 2 3° 3 3° 3 3° 3 4° 4 4°4 6 6 
87. —3.2957, 3.2957 89. 1.16 91. 14.99° and 75.01° 
The sine regression functions in Exercises 93, 95, and 97 were obtained on a TI-83/TI-83 Plus/TI-84 Plus calculator by using an iteration factor 
of 16. The use of a different iteration factor may produce a sine regression function that varies from the regression functions listed below. 


93. a. vy © 1.358096 sin(0.015952x + 1.877512) + 6.143353 b. 4:55 

95. a. y © 49.486134 sin(0.212889x + 2.920261) + 46.653448  b. 73% 

97. a. y © 32.226740 sin(0.399289x + 2.917528) + 26.974425 b. 40.3° 99. b. 42° and 79° c. 60° 101. 0.93 foot, 1.39 feet 
T WT 3m Sa 3a 77 


TT 405.27 ,0 107. 0 
6°2 ae ae Ge ear ea ae 


103. 


Chapter 6 Review Exercises, page 576 


1, ¥6= ; M6 = V2 69 2 VE 2162] 3. Veo? 62 4. V2 - V6[62] 5. —VE+ VY? 69) 6. Wet NB 62 
7. — [63] 8. <= [6.3] 9. V2+1[63] 10. M24 V2 ig.) 11.a.0 b. V3 €. 5 (6.26.3 
1240 b.-2 c. 5 [6.2163] 1s a “ b=-V3 «. as [6.2/6.3] 14a “ b. -V3 «1 [6.2/6.3] 


3 5 
15. cos 32° [6.2] 16. cot 18°[6.2] 17. sins [6.2] 18. cso (6.2] 19. sin 6x [6.3] 20. tan3x [6.2] 21. sin 3x [6.2] 
22. cos 40 [6.3] 23. tan26[6.1] 24. tan@ [6.3] 29. 2sin36sin@[6.4] 30. —2cos4@sin@ [6.4] 31. 2 sin 46 cos 20 [6.4] 
32. 2 30 sin 20 [6.4] 51 7 tgs 52 * 165] 53 liam 54 es 55 ee 56 * 16.6] 
. 2 cos 36 sin ‘ ag ee ara eg ee gg i LO ee, 
57. 30°, 150°, 240°, 300° [6.6] 58. 0°, 45°, 135° [6.6] 59. = + 2ka, 3.8713 + 2k, 5.5535 + 2ka, where k is an integer [6.6] 


7 aw Sa 130 177 Tm 1997 3a Tar 
60. —— + kar, 1.2490 + k here k i int : 61. cae : 6.6] 62. 2° 4ta 
4 TT, 90 ar, where k is an integer [6.6] D’D’ Db’ D [6.6] Dm’ D4 [6.6] 


Sa . 4a 
63. y=2 sin( x +E =) [6.4] 64. y=2V2 sin( x oe =) [6.4] 65. y=2 sn( x + =) [6.4] 66. y= mi = =) [6.4] 


y va va 


ANSWERS TO SELECTED EXERCISES A45 


67. 0.4 [6.5] 68. © [6.5] 69. 71. ys [6.5] 72. yh [6.5] 


Nias 
1 


1 Xo 
73. a. y © 0.888804(0.015538x + 1.880197) + 6.504205 b. 6:57 
Chapter 6 Test, page 578 
aVe4 47a 2 7 pes 5 
. =V6 + V2 6 94 6. _ 2 6.94 8. sin 9x [6.2] 9. ———[63] 12. 2 = V3 64) 13. y= sin( x " =z) [6.4] 
4 10 25 4 6 
5 i 
14. 0.701 [6.5] 15. [6.5] 16. [6.5] 17. 41.8°, 138.2° [6.6] 18. 0,57, 16.6] 


y= sin” !(x +2) 


2m 4 
19. aga 20. a. y © 2.781047 sin(0.016734x — 1.308844) + 12.121309 b. 14.902 hours 


Cumulative Review Exercises, page 579 


1. (x — ya? + xy + y”) [P4] 2. 2,8[1.1] 3. Shift the graph of y = f(x) to the left 1 unit and up 2 units. [2.5] 4. Reflect the graph of 


y = f(x) across the x-axis. [2.5] 5. x = 2[3.5] 6. Odd function [2.5/5.5] 7. f(x) = a [4.1] 8. logx =5[4.3] 9. 3 [4.3] 


5. 
4 2V5 1 3 
10. = (5) 11. 300° [5.1] 12. 2N5 15.2 13. Positive [5.3] 14. 50°[5.3] 15. 7 53] 16.x=>,y= NB 5.4 
17. 0.43, 7,--[5.7] 18. —[65] 19. [-1,1] [6.5] 20 (-2 =) 6.5 
» U45, 77, 12 . . 6 : . > . . 2 ) 5 [ : ] 


Exercise Set 7.1, page 589 


1.6C=77,b% 16,c2 17 3. B= 38,a~ 18,c%10 5. Ce 15°,BX 33°,Cc2 7.7 7. C= 45.1°,b & 39.4, c © 30.2 

9. C = 32.6°,c = 21.6,a ~ 39.8 11. B= 47.7°,a ~ 574,65 = 76.3 13. A ® 58.5°,B & 7.3°,a = 81.5 15. A & 71.79, 

Be 44.1°,b © 55.3 or A © 108.3°,B © 7.5°5b © 10.4 17. A & 61.79, C © 35.7°,a © 8.21 19. No triangle is formed. 

21. C = 19.8°, B = 145.4°, b = 10.7 or C = 160.2°, B = 5.0°,b © 1.64 23. No triangle is formed. 25. C = 51.21°, A = 11.47°, 
c = 59.00 27. B® 130.9°,C & 28.6°,b © 22.2 or B® 8.1°,C © 151.4°,b © 4.17 29. © 68.8 miles 31. 231 yards 

33. ~ 110 feet 35. 4840 feet 37. ~96fect 39. ~33 feet 41. © 8.1 miles 43. ~1200miles 45. ~ 260 meters 

49. 48 Minimum value of L = 11.19 meters 


| a re Pe 1 
Minimum 
X=49.854625 Y=I1.19U1 
-15 


A46 = ANSWERS TO SELECTED EXERCISES 


Prepare for This Section (7.2), page 592 
e+P-¢ 
2ab 


PS1. 20.7 PS2. 25.5 square inches PS3. C = cos '( ) PS4. 12.5 meters PS5.6 PS6. Cc =a + 5° 


Exercise Set 7.2, page 597 


1.213 3. 2150 5.229 7.795 9. 210 11. © 40.1 13. © 90.7 15. ~39° 17. = 90° 19. = 47.9° 

21. ~ 116.67° 23. ~ 803° 25. a 11.1,B © 62.0°,C © 78.6° 27. A = 34.2°,B = 104.6°,C = 41.3° 29. = 140 square units 
31. ~ 53 square units 33. ~ 81 square units 35. ~ 299 square units 37. ~ 36square units 39. ~ 7.3 square units 41. ~ 710 miles 
43. ~ 74 feet 45. ~60.9° 47. ~350 miles 49. 40 centimeters 51. + 2800 feet 53. 402 miles,S62.6°E 55. ~ 47,500 square 
meters 57. 162 squareinches 59. ~ $41,000 61. ©6.23 acres 63. Triangle DEF has an incorrect dimension. 65. ~ 12.5° 

69. ~ 140 cubic inches 


Prepare for This Section (7.3), page 601 


14V17 
PS1. 1 PS2. —6.691 PS3. 30° PS4. 157.6° PSS. 2 PS6. 17 


Exercise Set 7.3, page 613 


1.a=4,b=2;(4,2) 3.a=—-5,b=4;(-5,4) 5.a=7,b 1,(7,-1) 7a 7,b 51 3= 5 9 


3 4 = 
b = 8; (0,8) 11. 5, © 126.9°, (-2.2) 13. © 44.7, © 296.6°, (%, ) 15. + 4.5, © 296.6°, ( 


Is 

o 
a 
eg 


7V58 —-3V58 ti 7 
17. = 45.7, © 336.8°, (ne 56 ) 19. (—6,12) 21. (-1,10) 23. (-2.2) 25. 2V5_—_-27. 2V/109 
it or 
29, -8i+ 12] 31. 141- 6j +933. —i+—j 35. VII3 37. a, © 45,4) © 23,451 + 2.35 39. a, © 2.8, a) © 2.8, 


ie 2 
2.8i + 2.8) 41. ~ 380 miles perhour 43. ~ 250 miles per hour at a heading of 86° 45. 293 pounds 47. a. 131 pounds 
b. 319 pounds 49. The forces are in equilibrium. 51. The forces are not in equilibrium. Fy = Oi + 10j 53. The forces are in 


46 
equilibrium. 55. -3 57.0 59. 1 61.0 63. ~79.7° 65. 45° 67. 90°, orthogonal 69. 180° 71. 5 


14V29 11Vv5 
73. 29 22.6 75. V5%2.2 77. - “ ~—49 79. ~ 954 foot-pounds 81. ~ 779 foot-pounds 
83. vA (6,9) 85. The vector from P;(3, —1) to P2(5, —4) is equivalent to 2i — 3j. 


(6, 9) 


87. Because v- w = 0, the vectors are perpendicular. 89. (7,2) isone example. 91. No 95. The same amount of work is done. 


Mid-Chapter 7 Quiz, page 615 


1. 22.8 inches [7.1] 2. 109 miles [7.2] 3. 28.2°[7.2] 4.a. (5,29) b. V34 ¢. V17_ d. 29[7.3] 5. 72 square meters [7.2] 
6. 81.2°[7.3] 7. 120 pounds [7.3] 8. 2396 foot-pounds [7.3] 


ANSWERS TO SELECTED EXERCISES A47 


Prepare for This Section (7.4), page 616 


1 1 1 3 
PS1. 1 +37 PS2. a + at PS3. 2—3i PS4.3+5i PSS. = + “4, PS6. —3i, 3i 
Exercise Set 7.4, page 621 
127: im 9. V2 cis315° 11. 2cis330° 13. 3cis90° =: 15. S5cis 180° 17. 16 cis 120° 19. 4 cis 240° 
T is 
4+ +4+4 
Saye bt 
-2i 
[3 Si 
|-2 — 2i] = 2V2 
|V3 - il =2 
|—2i| = 2 
|3 — Si] = V34 
; V2 2. ; ; ; : 
21. V2 + iV2~ 23. 5 a 25. —3V2 + 3iV2 27.8 29.-V3+4+i 31. -3i 33. —4V2 + 4iV2 
9V3 9 16 
35. v3 - a 37. ~ —0.832 + 1.8191 39. 6cis255° 41. 12 cis 335° 43. 10 cis Te 45. 24cis6.5 47. —4 — 4i1V3 
. 1 3 
49. 31 51. a +> 53. ~ —2.081 + 4.546: 55. © 2.7321 — 0.7321i 57.6+0i=6 59. + “3, 


3 3 
61.0- V2i=—-V2i 63. 16-16% 65. =e “3, 67. 59.0 + 43.0i 69. P ora + B? 


Prepare for This Section (7.5), page 622 


PS1. i PS2.2 PS3.3 PS4. 2V2 sa PSS. —V3 +i PS6. 1 


Exercise Set 7.5, page 625 


1. —128 — 128iV3. 3. -16 + 16iV3 5. 162 + «16iV2—s 7. 644+ 01 = 64 9. 0- 32i=-32i 11. -44+0i= -4 
13. 1024 — 10247 15.0-1i=—-i 
17.3 +0;=3 19.24+0i=2 21. 0.809 + 0.5887 23. 14+ 0i=1 25. 1.070 4+ 0.2137 27. —0.276 + 1.5637 


-3+0i=-3 1+iV3 — 0.309 + 0.951i _1 iV3-— -0.213 + 1.070i — 1.216 — 1.020% 
—1+ iV3 -1+0i=-1 2 2 — 1.070 — 0.2137 1.492 — 0.5437 
2+ 0i 2 0.309 — 0.951i 1 iv3 0.213 — 1.0707 
-1-iv3 0.809 — 0.588i “7 9 
1 — iv3 
29. 2V2+2iV6 31. 2cis60° 33. cis67.5° 35. 3cis 0° 37. 3cis45° 39. W2cis 75° 41. W2 cis 80° 
—2V2 — 2iV6 2 cis 180° cis 157.5° 3 cis 120° 3 cis 135° W2 cis 165° W/2 cis 200° 
2 cis 300° cis 247.5° 3 cis 240° 3 cis 225° W2 cis 255° W/2 cis 320° 
cis 337.5° 3 cis 315° W2 cis 345° 


47. For n = 2, the sum of the nth roots of 1 is 0. 


Chapter 7 Review Exercises, page 630 


1. C= 41.4°,a © 227,6 © 131 [7.1] 2. C= 97.996 51.1,¢ © 82.8[7.1] 3. BY 48°,C © 95°, A & 37° [7.2] 
4. A= 47°, B® 75°,C © 58°[7.2] 5. ¢ © 13,4 © 55°,B © 90° [7.2] 6. a = 169, B = 37°,C & 61° [7.2] 


A48 ANSWERS TO SELECTED EXERCISES 


7. No triangle is formed. [7.1] 8. No triangle is formed. [7.1] 9. A ~ 27.9°, B © 30.6°,a © 29.9 [7.1] 

10. B © 55.5°, C © 79.3°,c © 85.2 or B® 124.5°,C & 10.3°,c © 15.5[7.1] 11. © 360 square units [7.2] 

12. ~ 31 square units [7.2] 13. ~ 920 square units [7.2] 14. ~ 46 square units [7.2] 15. ~ 790 square units [7.2] 

16. ~ 210 square units [7.2] 17. ~ 170 square units [7.2] 18. ~ 140 square units [7.2] 19. a, = 5, ay = 3, (5, 3) [7.3] 
20. a, = 1, a) = 6, (1,6) [7.3] 21. © 4.5, 153.4° [7.3] 22. © 6.7, 333.4° [7.3] 23. © 3.6, 123.7° [7.3] 24. © 8.1, 240.3° [7.3] 


8V89 5V89 7V193. 12193 — +s ws ov 
25. (2 2) 3] 26. ( : yaa j [7.3] 28. ——i - ——j[73] 
89 89 193 193 
. IF, a 47 ; 
29. (—7, —3) [7.3] 30. (18,7) [7.3] 31. -6i - 5 il73] 32. =i ile 3] 33. 386 miles [7.1] 34. 464 feet [7.1] 
35. 420 miles per hour [7.3] 36. © 7°[7.3] 37. 18[7.3] 38. —21[7.3] 39. —9[7.3] 40. 20[7.3] 41. 86° [7.3] 
10V41 27V29 
42. 138°[7.3] 43. 125°[7.3] 44. 157°[7.3] 45. a [7.3] 46. , [7.3] 47. ~ 662 foot-pounds [7.3] 
48. Imh [7.4] 49. In [7.4] 50. 2V2 cis 315° [7.4] 51. 2V3 cis 120° [7.4] 
ai -5+iv3 | 
T +++++-++ +—+++++—> 
+ 4 Re -) 2 Re 
T 2-2-3 
V13, ~ 304° ~ 5.29, = 161° 
5V2_ 5V2 
52. —— i[7.4] 53. —3 — 3iV3[7.4] 54 -5V2—5V2i[74] 55. ~—8.918 + 8.030: [7.4] 


2 5 
56. ~—27.046 + 7.2471 [7.4] 57. ¥—6.012 — 13.7427 [7.4] 58. 3 cis(— 100°) or 3 cis 260° [7.4] 59. 3 cis 110° [7.4] 


1 a 
60. 5 cis(—59°) or 5 cis 301° [7.4] 61. V2 cis 285° [7.4] 62. 0 — 729: [7.5] 63. = Val bac bh 641-3 [7.5] 


65. 32,7681 [7.5] 66. 3 cis 30°, 3 cis 150°, 3 cis 270° [7.5] 67. W8 cis 22.5°, W8 cis 112.5°, ve 8 cis 202.5°, W8 cis 292.5° [7.5] 
68. 4 cis 30°, 4 cis 120°, 4 cis 210°, 4 cis 300° [7.5] 69. cis 12°, cis 84°, cis 156°, cis 228°, cis 300° [7.5] 


Chapter 7 Test, page 631 


1. B 
3. b 


103.3°,a © 75.9,b © 81.2 [7.1] 2. B= 72.9°,C © 48.3°,c © 37.1 or B= 107.1°,C © 14.1% ¢ © 12.1 [7.1] 
34.7,A © 55.4°,C © 73.1° [7.2] 4. B® 96.77° [7.2] 5. K © 39 square units [7.2] 6. K © 260 square units [7.2] 


5 5 
7. —9.2i — 7.7)[7.3] 8. —19i — 29j[7.3] 9. —1[7.3] 10. 103°[7.3] 11. 3V3cis 145°[7.4] 12. eV Ve, i[74] 


2 2 
13. —1 + 07[7.5] 14. 2.5 cis(— 95°) or 2.5 cis 265° [7.4] 15. ~— 15.556 — 1.000: [7.5] 
3V3 3 3V3 3 
16. 3 5 i, 3 | 9 i,0 — 3i[7.5] 17. ~27 miles [7.3] 18. ~ 169 miles per hour at a heading of 82.2° [7.3] 
19. cis 9°, cis 81°, cis 153°, cis 225°, cis 297° [7.5] 20. $66,000 [7.2] 


2 
2 


Cumulative Review Exercises, page 632 


3 + 3 
1. (f° g\(x) = cos(x? + 1) [2.6] 2. f(x) = > — 4 [4.1] 3. 270°[5.1] 4. sind 5° cos 8 5° tan 0 Fi [5.2] 
5. ~ 16.7 centimeters [5.2] 6. y [5.5] | 7. Amplitude: 4; period: 7; phase shift: 7 [5.7] 
8. V2 sin( + 7) or V2 sn(x = =) [6.4] 


12 
9. Odd [5.4] 11. - [6.5] 12. sin(—x) or — sin x [6.2] 


Lr ul 
(oe ey ie Oa 
2° 6” 6 6°” 6 


ANSWERS TO SELECTED EXERCISES A49 


15. Magnitude: 5; angle: 126.9° [7.3] 16. 176.8° [7.3] 17. About 439 miles per hour at a heading of 54.6° [7.2] 


V2 «V2 V2 «V2 
18. 26° [7.1] 19. 16[7.5] 20. t i and i[73] 
2 2 2 2 
Exercise Set 8.1, page 641 
loaii bi aiv du 
3. Vertex: (0, 0) 5. Vertex: (0, 0) 7. Vertex: (2, —3) 9. Vertex: (2, —-4) 11. Vertex: (—4, 1) 
1 7 
Focus: (0, —1) Focus: (+ 0) Focus: (2, —1) Focus: (1, —4) Focus: (- > 1) 
: : ; ; 1 : : : : : : 9 
Directrix: y = 1 Directrix: x = — 12 Directrix: y = —5 Directrix: x = 3 Directrix: x = — > 
vA vA va va 
2+ T 2T 
24 
—2 | * 2 x 
-4+ 


7 3 3 13 
13. Vertex: (2, 2) 15. Vertex: (—4,—-10) 17. Vertex: (- me 3) 19: Vertex::(=5;.=3) 21. Vertex: (- a 3) 


2 12 
B) 39 3 9 3 1 
Focus: (2. >) Focus: (-« -») Focus: (-2. >) Focus: (- > -3) Focus: (-2. 1) 
; : 3 : ’ 41 : . 3 . . 11 . . 11 
Directrix: y = = Directrix: y = —— Directrix: x = —= Directrix: x = —— Directrix: y = — 
2 4 2 2 6 
va vA va 
\/ Di 
oh a 
4 - [t 
15 x “4 41 ? 


5 9 1 
23. Vertex: (2.-3) 25. Vertex: (2. -1) 27. Vertex: (.2) 29. x7 = —l6y 31. (x + 1% = 4(y — 2) 


3 35 31 
F ol 22 F al Were a | F Sa ae (rere 
ocus ( : *) ‘ocus (% ) ocus ( 2) 


3 23 
Directrix: y = —— Directrix: x = — Directrix: y = —— 
oa 8 36 
vA Ya 
4 ike 
_ 
+ x 


tH a+ 
A x 4 


1 
33. x -— 3 =4(y + 4) 35. «+4 =40- 1) 37. SF feet = 4 feet 2 inches 39. On axis of symmetry 4 feet above vertex 


3240 
41. 6.0inches 43. a. 5900 square feet b. 56,800 square feet 45. a = 1.5 inches 47. Vertex: (250, 20); focus: ee 20) 


49.4 51. 4|p| 53. 55. Ya 57. x + y — 8x — By — 2xy = 0 


ASO ANSWERS TO SELECTED EXERCISES 


Prepare for This Section (8.2), page 645 
PS1. Midpoint: (2, 3); length: 2V13 PS2. —8,2 PS3. 1 + V3 PS4. x? - 8+ 16=(¢— 4) PSS. y=+V4— (x — 2? 


PS6. 


Exercise Set 8.2, page 654 


loaiv bi «i d. iti 


3. Vertices: (0, 5),(0,—5) 5. Vertices: (3, 0), (—3, 0) 7. Vertices: (3, 0), (—3, 0) 9. Vertices: (0, 4), (0, —4) 
Center: (0, 0) Center: (0, 0) Center: (0, 0) Center: (0, 0) 
V55 V55 
Foci: (0, 3), (0, —3) Foci: (V5, 0), (— V5, 0) Foci: (V2, 0), (— V2, —0) Foci: (0 3) (0 -%) 
va va 
6+ 3+ 
re 3+ 


11. Vertices: (8, —2),(—2,—2) 13. Vertices: (—2,5),(-—2,—5) 15. Vertices: (1 + V21,3),(1 — V21, 3) 


Center: (3, —2) Center: (—2, 0) Center: (1, 3) 
Foci: (6, —2), (0, —2) Foci: (—2, 4), (-2, —4) Foci: (1 + V17, 3), (1 — V17, 3) 
vA vA 
6+ 
—2 | 24 * 
17. Vertices: (1, 2), (1, —4) 19. Vertices: (2,0),(—2,0) 21. Vertices: (0, 5), (0, —5) 
Center: (1, —1) Center: (0, 0) Center: (0, 0) 
V65 V65 
Foci: (. 14 3 , (. 1 3 ) Foci: (1, 0), (-1, 0) Foci: (0, 3), (0, —3) 
vA y y 


6 


ANSWERS TO SELECTED EXERCISES A51 


23. Vertices: (0, 4), (0, —4) 25. Vertices: (3, 6), (3, 2) 27. Vertices: (—1, —3), (5, —3) 
Center: (0, 0) Center: (3, 4) Center: (2, —3) 
V39 V39 
Foci: (o. ) 0.-) Foci: (3,4 + V3), (3,4 — V3) Foci: (0, —3), (4, —3) 


ya va 
a+ 


+++ 


11 1 
29. Vertices: (2, 4), (2, —4) 31. Vertices: (—1, 6),(—1, —4) 33. Vertices: (4 -1), (+ -1) 


Center: (2, 0) Center: (—1, 1) Center: (3, —1) 
V17 V17 
Foci: (2, V7), (2, -V7) Foci: (—1, 4), (-1, —2) Foci: (: era 1},(3 ae 1 
va Ya 
6 
e oe 
ae 4 aes : as — 4? = oy = dy 
2 =i Sp et ee ns a ee BF" 
25° 9 36 «16 3681/8 16 7 25/24 25 
a= 5) =i) 2. ¥ 2 y ea Ty =)" 2 
gg Ak Wg a, et oe a 
16 25 25 21 20 36 25 21 80 144 
x y 
55. On the major axis of the ellipse, 41 centimeters from the emitter 57. a3 5 = 1 59. 40 feet 
884.74 883.35 
( a 
SO 2 
2 y : 
61. 1 63. 24 feet 65. a. V7 feet to the right and left of O. b. 8 feet 
324 81/4 
—36 + V 1296 — 36(16x? — 108 S18 2 V324 — 36(4x7 + 24x + 44 
67. y 18 ce ) 69. y ~ ) 71. 7V15 square units 
6.2 2 
9.4 94 -4 0.7 
-6.2 2 
2 2 a | 2 =9 2 
73.2 +=) 5. 2 


A52 ANSWERS TO SELECTED EXERCISES 


Prepare for This Section (8.3), page 658 


PS1. Midpoint: (1, —1); length: 2V13 
PS6. 


yA 


6h 


Exercise Set 8.3, page 666 
ci d. iv 


5. Center: (0, 0) 


loa. iii b. ii 
3. Center: (0, 0) 
Vertices: (+4, 0) 


Foci: (+V41, 0) 


Asymptotes: y = = 


PS2. —4,2 PS3. V2 


Vertices: (0, +2) 


Foci: (0, +V29) 


x Asymptotes: y = 


PS4, 4(x? 4 


PSS. 


7. Center: (0, 0) 
Vertices: (+ V7, 0) 


Foci: (+4, 0) 


2 
eX 
5 


13. Center: (1, —2) 


Vertices: (1, 0), (1, —4) 
Foci: (1, -2 + 2V5) 


1 
Asymptotes: y + 2 = +3 — 1) 


11. Center: (3, —4) 
Vertices: (7, —4), (—1, —4) 
Foci: (8, —4), (—2, —4) 
3 
Asymptotes: y + 4 = +46 — 3) 
va 
44 
17. Center: (1, —1) 19. 


Vert (Z 1).(-4 1) 
ertices: | =, —1 },| -—=, - 
3 3 


Foci: (12% -1) 


9 
Asymptotes: y + 1 = =" = 1) 


y 


Center: (0, 0) 


Vertices: (+3, 0) 
Foci: (+3V2, 0) 


Asymptotes: y = +x 


YA y 
q 6 


6x 


15. 


21. Center: (0, 0) 


Vertices: (0, +3) 


Foci: (0, +5) 


Asymptotes: y = = 


9) = 4 + 39 poss = 


9. Center: (0, 0) 


3 
Vertices: (<3 0) 


8 
Asymptotes: y = =" 


VA 


Center: (—2, 0) 
Vertices: (1, 0), (—5, 0) 
Foci: (-—2 + V34, 0) 


5 
Asymptotes: y = = + 2) 


23. Center: (0, 0) 


2 
Vertices: (o. +2) 


Foci: (o. + v5) 


3 


x Asymptotes: y = =2x 


|W 


ANSWERS TO SELECTED EXERCISES AS3 


—6 + V36 + 4(4x2 + 32x + 39) 


25. Center: (3, 4) 27. Center: (—2, —1) 29. y = 
Vertices: (3, 6), (3, 2) Vertices: (—2, 2), (—2, —4) ue 
Foci: (3,4 + 2V2) Foci: (—2, -1 + V/13) 
3 
Asymptotes: y — 4 = +(x — 3) Asymptotes: y + 1 = rh + 2) or ; 
vA y 
oon 8 4% 
abe x 
64 + V/4096 + 64(9x2 — 36x + 116) 18 +V324 + 36(4x2 + 8x — 6) x yp # 
31. y= 33. y= 35. =1 37.---—= 
—32 —18 9 7 20 = 5 
6 6 
-3.75 peat 8 ~6.75 5 
=§ -8 
7 : oe x — 4) =a) x — 4) + oy 20) oy 
oe St a St a ee a ee a 
9 36/7 16 64 4 5 144/41 225/41 3 12 
=F i= i r x— 4) =1y -1~ @-4y 
st Bat Se aa Si 
1 3 4 12 36/7 4 36/7 4 
x? y : ; ee a 
55. a. 2162.25 13,462.75 1 b. 221 miles 57. y° — x* = 10,0007, hyperbola 59. a. 9 = = = 1. b. 6.25 inches 
x ¥ y x 
61. Ellipse 63. Parabola 65. Parabola 67. Ellipse 69. i a0 1 71. a a 1 
vA by 
a 10 
C T2 : \ 10 
4 . 
—6 a x 
_ ee € 
73. 75. a. Parabolic: x° = 64y; hyperbolic: 1 
= (2V14)? 


b. D(4, 0.25), PCL, 12.0444) c. 12.6694 inches 


A54 ANSWERS TO SELECTED EXERCISES 


Prepare for This Section (8.4), page 670 


PS1. cosacos B — sinasinB PS2. sinacosB + cosasinB  PS3. Ee PS4. 150° PS5. Hyperbola  PS6. 


Exercise Set 8.4, page 676 


x! 2 1y\2 
1..45° 3:36.9° 5.:73:5° 7.22.5° 9 = = a = 


15. =(@'P +4 17. G")? = 2x’ — 2) 19. 15(x’P 


21. 


-6.5 


2+ V6 2= V6 (EY) (-2& V15 
x and y x 29. and 


5 5 ) 31. Hyperbola 33. Parabola 


35. Parabola 37. Hyperbola 39. Ellipse or circle 43. 9x7 — 4xy + 6 = 100 


Mid-Chapter 8 Quiz, page 678 


@ = 5° + 3y 
i (v5)! 


1. GV — 2¥ = -8(@ — 6) [8.1] 2. =1 [8.2] 


17 19 
3. Vertex: (—3, —1) ; Focus: (- &? -1): Directrix: x = — 7 [8.1] 4. Center: (—4, 3); Vertices: (1, 3), (—9, 3); [8.2] 
Foci: (—4 + V21, 3), (-4 — V2I, 3) 


va 
(-4, 5) 77 


4 T 
(4,1) + 


ANSWERS TO SELECTED EXERCISES ASS 


5. Center: (3, 1); vertices: (6, 1), (0, 1); [8.3] 6. (x + 9y'P =9 or [8.4] 
1y\2 ry\2 
Foci: (3 — V3, 1), + VI3,1) ; ~ - ~ = 


2 2 
Asymptotes: y — 1 3 @=—3)7— 1 3 (~ = 3) 


S 
AHH + 4+ 


Prepare for This Section (8.5), page 678 


2 
PS1. Odd PS2. Even PS3. ane PS4. 240° PSS. 7° ~~ PS6. (4.2, 2.6) 


Exercise Set 8.5, page 690 


Boa 


<] 
aise 


0560527 


27. 29. a 31. 


A56 = ANSWERS TO SELECTED EXERCISES 


41. 10 


Sar 7 
1va82),(-2v2.2) 


53. (7V2, 135°), (-7V2, 315°) 55. (5, 53.1°), (-5, 233.19) 57.2 +y-3x=0 59x =3 61. 2+ 7 = 16 


6a. y= Ox 65.x%°-ytryv=0 67. 4+4x-4=0 69. y=2x +6 71. r=2cscO ta 


75.r=3sec0 77.r=2 79. rcos’?=8sin@ 81. (cos 20) = 25 


83. 2 85. 2 87. 2 89. 2 
-4 4 
=A 4 =) 2 
-4 4 
4 > 2 =4 
93. z 95. 10 97. ; 99, 20 
3 3 =15 . . 15 30 , 
=o 3 
7) =10 20 
=l 
00857 0560527 —-47 = 0547 —30 = 6 = 30 
101. a. 4 b. + 
25 5 -5 5 
-4 4 
050557 00s 207 


Prepare for This Section (8.6), page 691 


PS1. a PS2.x=-1 PS3. y= z PS4. aa PS5.e>1  PS6. — 
5 “ 1 = 2x 2 2 — cosx 


ANSWERS TO SELECTED EXERCISES A5S7 


Exercise Set 8.6, page 695 


5. Parabola 7. Hyperbola 


3. Ellipse 


1. Hyperbola 


9. Ellipse with holes at 


11. Ellipse with holes at (2,0) and (2,77) 13. Parabola 


15. 3x7 — + léx + 16 =0 


17. 16x? + 7y? + 48y — 64 =0 


2 2 8 6 
19. 7° -6y-9=0 21. r=———_ =——— __ 25. r= > => = —_——_ 
. ey ‘ 1 — 2cos@ : 1 + sin@ 3 — 2sin0 2+ 3cos6é 1 — cos@ 
3 6.2 9.2 6.2 
31. r = ————__ 33. 35. a7: 
1 — 2sin0 | 
-9.4 94 -9.4 119.4 
-9.4 oa 9.4 
-6.2 -3.2 -6.2 
Rotate the graph in Exercise | Rotate the graph in Exercise 3 Rotate the graph in Exercise 5 
7. counterclockwise 7 radians. 7. 
counterclockwise rs radian. clockwise Z radian. 
39. = 41. = 43. 4 45. 
-14.4 44 = 4 5 15 


-6.2 


Rotate the graph in Exercise 7 
clockwise 7 radians. 


Prepare for This Section (8.7), page 696 


PS4. 1 PSS. t = e” 


2 
PS1. 7? + 3y + : 7 (> + >) PS2.y=4° + 4t+1  PS3. Ellipse 


PS6. Domain: (—©, 00); 
range: [—3, 3] 


A58 ANSWERS TO SELECTED EXERCISES 


Exercise Set 8.7, page 702 


5. 7 Bi 9 
4 
* tt++4} a + + i * / 7 
13. y= -2x +7 \ 15. P34 8 =1 y 
+ 1 
=2 Pa (2, 3) -lsx<z=l 
y=3 ii SS y= 1 1 x 
ie 2 x 
21. The point traces the top half of the ellipse vA 23. The point traces a line segment, ve 
yy i i i y (5, 4) 
(«-2P (y-3P x as shown in the figure. The point | 
; + - 1 , as shown in if. starts at (—1, 1) and moves along 
3 2 CL 3) 94 (5, 3) the line segment until it reaches 
the figure. The point starts at (5, 3) and T the point (5, 4) at time ¢ = 3. 
moves counterclockwise along the ellipse > [73 yf 
until it reaches the point (—1, 3) at time ¢ = 7. 
25. The point traces a portion of the top ve 27. Ci:y = —2x + 5,x 22; Cy:y = —2x + 5,xER. 
branch of the hyperbola y’ — x? = 1, Hl C) is a line. C; is a ray. 
as shown in the figure. The point te) (1, v2) 
starts at (1, V2) and moves along (0, 1) 
the hyperbola until it reaches | ; i a 


the point (—1, V2) at time ¢ = = 


29. YA YA 31. 2 33. a. x = 6,y = 60t fort = 0  b. The Hummer 
ill 2+ 
4 = ae rere T rae 
[o<tsm2 “h ay n<t<3m/2 - bee 
=1 
35. 37,7 39. 5 
aj iv 
0 1500 0 - 3500 
0 0 a) 


Max height (nearest foot) of 462 feet Max height (nearest foot) of 694 feet 
is attained when ¢t ~ 5.38 seconds. is attained when t ~ 6.59 seconds. 
Range (nearest foot) of 1295 feet is Range (nearest foot) of 3084 feet is 
attained when ¢ © 10.75 seconds. attained when t © 13.17 seconds. 


ANSWERS TO SELECTED EXERCISES ASO 


41. 5 45. x = acos0 + a6 sind 47. x= (b ~ a) 0080 + acos(2—0) 


b- 
5 ls y = asin@ — aécosé y= (= a)sind ~ asin( ~“9) 


5 


Chapter 8 Review Exercises, page 711 


1. Center: (0, 0) 2. Vertex: (0, 0) 3. Center: (3, —1) 4. Center: (—2, —3) 
Vertices: (+2, 0) Focus: (4, 0) Vertices: (—1, —1), (7, —1) Vertices: (0, —3), (—4, —3) 
Foci: (+2V2, 0) Directrix: x = —4 Foci: (3 + 2V3, -1) Foci: (-2 + V7, -3) 
A totes: y= + 3 
sa ha : Asymptotes:y + 3 = + 3 & + 2) 


[8.3] va [8.1] [8.2] 
% 
-8 -4 
-4 “ 
=8 ee 
5. Vertex: (—2, 1) 6. Vertex: (3, 1) 7. Center: (—2, 1) 8. Center: (2, —1) 
29 21 
Focus: (- 16° 1) Focus: (2. 1) Vertices: (—2, —2), (—2, 4) Vertices: (7, —1), (—3, —1) 
; ; 35 : . 27 ; ; 
Directrix: x = 16 Directrix: x = rs Foci: (—2, 1 + V5) Foci: (8, —1), (-4, —1) 
2) 
va [8.1] va [8.1] va [8.2] 
8 ‘hes 
—+++ 
-8 4 8 * 
—44+ 
=8+ 
2 1 7 
9. Center: (. 2) 10. Center: (-2 i) 11. Vertex: (- > -1) 12. Vertex: (3, 2) 
vertices: (8,2), (7,2) vertices: (2,4),(-6.4) Focus: (-2,-3) Focus: (3,12) 
ertices: ahhh ertices: | 2,5 J, 5 ocus: > cous: | 3,7] 
2 1 1 
Foci: (: z= 2 13, 2) Foci: (-2 + V7, > Directrix: y = 1 Directrix: y = er 


) 2 
—-==+°74-1 
a 3 ) 


2 2 
Asymptotes: y — 3 = = & = 1) 


y [8.3] vA [8.2] Va [8.1] 


A60 = ANSWERS TO SELECTED EXERCISES 


3V5 V13 @=2) =a G=1F G=—IP_ 
13. a [8.2] 14. a [8.3] 15. ae 1 [8.2] 16. 5 5 1 [8.3] 
+ 2) —2y 3 2 
17. . ‘ Ne = V3 1 [8.3] 18. (+3)? = -8@ — 4) [8.1] 19. 2 = o 1 et + 2° = 12x [8.1] 
@+2yP. oti  F _ . : 
20. 5 : 1 [8.2] 21. a6 ae 1[8.3] 22. y=(«—- 1) [8.1] 23. 40 inches [8.1] 24. 119.54 inches [8.2] 
25. (x'? + 2y' — 4 = 0, ellipse [8.4] 26. 6(x')? + Mey + ov, 12 = 0, parabola [8.4] 


1 1 
27. (x'? — 4y’ + 8 = 0, parabola [8.4] 28. 5") sus V2x' — 1 = 0, hyperbola [8.4] 29. Hyperbola [8.4] 30. Ellipse or 
circle [8.4] 31. Parabola [8.4] 32. Ellipse or circle [8.4] 33. a. No b. No. c. Yes[8.5] 34. a. No b. Yes c. No [8.5] 


35. [8.5] 36. 


a 
= 
4 
n 
fa 


[8.5] 


Nia 


Le 
AN, 
SEM 


47. rsin’ 6 = 16cos@[8.5] 48. r+ 4cos@+3sin@=0[8.5] 49. 3rcos@— 2rsind =6[8.5] 50. r’sin20 = 8 [8.5] 
51. v = 8x + 16[8.5] 52.07 -3x+y4+4y=0[8.5] 53.044 5)44+ 2° - 2? +y° =0[8.5] 54. y = (tan 1)x [8.5] 


55. 58. y [8.6] 


ANSWERS TO SELECTED EXERCISES A61 


x 
60; f= 2n 4 1, = 187) 81. = +5 = 118.7] = ie 


=1 [8.7] 65. y=27,z = 0[8.7] 


Va ye 
[ 2 + 
7 44. 
ue 2 
66. The point traces the right half of the ellipse given by 67. The point traces a portion of the parabola given by 
x — 1% — 5y 
( i es 2) sy y=2+ve O<x<4 
32 4 
as shown in the following figure. as shown in the following figure. 
OH vA 
{ 9) 7 
of ii es 
ab (4, 4) 
4 44 
a sat t a 
s+ a 
il fa (0,2) 
| t=n | 
L pp 
1) 1 x 
+++ 
4 x 
The point starts at (1, 9) and moves clockwise along The point starts at (0, 2) and moves along the 
the right half of the ellipse until it reaches the point parabola, as shown by the arrowheads, until it 
(1, 1) at time t = 7. [8.7] reaches the point (4, 4) at time t= 3. [8.7] 
68. 7 [8.7] 69. 15 [8.4] 70. 3.1 [8.5] 
ia 
-15 15 —4.7 47 
0 200 


A62 ANSWERS TO SELECTED EXERCISES 


71, 300 [8.7] 


0 2000 
0 


Max. height (nearest foot) of 278 feet 
is attained when t ~ 4.17 seconds. 


Chapter 8 Test, page 713 


; tyes 
1. Vertex: (0, 0) 3. Vertices: (3, 4), (3, —6) 4. rT + 5 = 1 [8.2] 
Focus: (0, 2) Foci: (3, 3), (3, —5) [8.2] 
Directrix: y = —2 [8.1] 
5. linch [8.1] 6. a. V5feet b. 6 feet [8.2] 7. va [8.3] 8. 30° [8.4] 9. Ellipse [8.4] 10. P(2, 300°) [8.5] 
5 5V3 
[8.5] 14. (3 *e) [8.5] 
2. f3) 
ig 4 OF = 1 [8.7] 
"16 f° a 
ya 
6+ 
as So ee 
=3 -3 
=6 -6 


19. 5 [8.7] 20. 443 feet [8.7] 


Xscl = 27 


ANSWERS TO SELECTED EXERCISES A63 


Cumulative Review Exercises, page 714 


oe. = = ee 
1. +2,4n72 [14] 2: = Nee [Ps] 3. -4-h[26] 4. -19[26] 5. 6[34] 6 y=-Fx-5 [23] 


7.x=-3,y=2[3.5] 8 V29[2.1] 9. [4.2] 10. 1[4.5] 11. yh [2.5] 


12. f(x) = x +4 [4.1] 13. —4,-27[3.4] 14. Odd [2.5] 15. “ [5.1] 16. 13 centimeters [5.2] 


5a 37 


. 7 . 7 7 
17. Period: >? amplitude: 3 [5.5] 19. 62° 6? 2 [6.6] 20. 8 [7.3] 


Exercise Set 9.1, page 726 


6 27 62 34 
1. (2,-4) 3. ( £7) 5. (3,4) 7. d,-1l) 9. 3,-4) 11. (2,5) 13. (-1,-1) 15. (2%) 17. No solution 

a 25° 25 

4 3 1 2 . 3 
19. (.-46 + 2) 21. (2,—-4) 23. (0,3) 285. & c) 27. ( +2) 29. No solution 31. (—6,3) 33. (2.-3) 
38 3 : 4 F 
35. (2V3, 3) 37. Wm’ l7 39. (v2, V3) 41. $125 43. Plane: 120 miles per hour; wind: 30 miles per hour 
7 


45. Boat: 25 miles per hour; current: 5 miles per hour 47. $12 per kilogram for iron; $16 per kilogram for lead 
9 
49. 40% gold: 8 grams; 60% gold: 12 grams 51. 5 square units 53. 8 55. 42,56, 70; 42, 40, 58; 42, 144, 150; 42, 440, 442 


57. 90 people 59. Supply pump: 20,000 gallons per hour; each outlet pump: 2500 gallons per hour 


Prepare for This Section (9.2), page 728 


2 18 
PSI. y= =x— 3 PS2.z2=—-c+ 13 PSB. (2.4) PS4. (2,—5) PS5. (-2,-10) PS6. (c,—4c + 9) 


Exercise Set 9.2, page 738 
1. (2,-1,3) 3. (2,0,-3) 5. (2,-3,1) 7. (-5,1,-1) 9. G,—-5,0) 11. (0,2,3) 13. (Se — 25, 48 — 9c, c) 


1 1 1 1 
15. (3,-1,0) 17. No solution 19. (4 (50 — 1c), 7 (llc — 18), c) 21. No solution 23. (+ (25 + 4c), 29 (55-= 266); c) 


5 4 
25. (0,0,0) 27. (5< $cc) 29. (-1lc,—-6c,c) 31. (0,0,0) 33. y=2x7-x-3 35. x72 +5? — 4x + 2v—-20=0 


37. Center (—7, —2), radius 13. 39. 90 to 190 cars perhour 41. CA: 258 to 308 cars per hour; DC: 209 to 259 cars per hour; 
BD: 262 to 312 cars per hour 43. 7 inches from the 9-ounce chime and 6 inches from the 2-ounce chime 45. 3x — Sy — 2z = —2 


1 
47.4 =-> 49.4#4#-3,A#41 


A64 ANSWERS TO SELECTED EXERCISES 


Prepare for This Section (9.3), page 740 
PS1. —1 + V3 PS2. (1,-3) PS3. Parabola PS4. Hyperbola PS5. Two  PS6. Four 


Exercise Set 9.3, page 745 


2 NO 6 EE) (2 ee 
2 7? 3 i 2 = @ 


1. (1,0), (2,2) 3. ( ) 5. (5,18) 7. (4,6), (6,4) 9. (-3.-4).0 3) 


11. (2. -2), d,1) 13. (2,9), @,-3),(-1,D 15. (2,1), (-2,-)D,@,),@;—-D 17. (4, 2), (4,2), 4, —2), (—4, 2) 


12 1 26 «3 397 ees 

19. No soluti 21. (—,=),2,1) 23. {—-—],d,-2) 25. (—,-— 2) 27. 
o solution (22).en 3. (2 2). ) 5. (2. 7)..2) ( 9 ea ; 
(254 5) se (2.2 
2 a 22; “\ 13713 


) (1,4) 31. Nosolution 33. Width: 5 inches; height: 7.5 inches 35. Small carpet: 9 by 9 feet; 


1 V5 
large carpet: 28 by 28 feet 37. Large radius: 16.0 inches; small radius: 8.0 inches 39. 82units 41. r= if a 43. $45 


45. (0,1), (1,2) 47. (0.7035, 0.4949) 49. (1.7549, 1.3247) 51. (1,5) 53. (-1,1),(1,-1) 55. (1, —2), (1, 2) 


Mid-Chapter 9 Quiz, page 747 


1. (3,7) [9.1] 2. Ordered pairs of the form (c,2c + 3) [9.1] 3. Answers will vary. [9.1] 4. y = 2x? — 3x + 1 [9.2] 
5. 3.1), B,—),(3; 1), 33-1) 93] 


Prepare for This Section (9.4), page 748 


6x + 9 x? + 2x +7 2x — 35 
PS1. (x7 + 7) PS2. PS3. PS4. (—1,2) PSS. (2,-2,-1) PS6.x+3+ 
‘ @— De +2) xa = DP ( ¢ 


x? — 7x 


Exercise Set 9.4, page 754 
2 


1 
1.4=-3,B=4 3.4 geag SAR=1B 1C=4 724=1,B=3,C=2 9%A=1,B=0,C=1D=0 
3 5 7 —4 5 3 20 3 1 -1 

11. 13. 15. 17. 19.x+34 
x x+4 K=O HAD 24-3 2x 5 11(3x +5)  I1l@-— 2) KS 2 HED 
1 2 —2 2 -1 2 -1 4 
21. Re oe oF 27.2 2 
x x+7 @+7/P x = 3x41 x+3 @+3P 2x41 x-4 @-4y 
3, Ee 31 — gee = aes 2 
. T “ T 3: ae —, oo BK = 
x>+10 (x? + 10) 2k(k — x) 2kK(k + x) x x71 va-x- 1 
a7 1 4 6 a ay 4 x +7 
"5x +2) S(x — 3) tg ge gh BS 8 "3@-1) 362 +x+41) 


Prepare for This Section (9.5), page 755 


PS1. y PS2. PSS. 


PS3. Ba PS4. 


ANSWERS TO SELECTED EXERCISES 
PS6. J 


A65 


11. 


21. 


31. 


. yA 
F 5 


¢ 
soo4 ¢ 
< ¢ 
ae . 8 
fr N 


a x 
7) = x 
7 oN 
¢ -—_— =~ x 
4 x 
41. y 


y 


45. 101 to 138 beats per minute 47. 


51. 


vA 53. y vA, If x is a negative number, then the inequality 
a4 at al is reversed when both sides of the inequality 
\ \ are divided by a negative number. 
x 
a t—> eit | ti 
2 \ 4 \ 4 > 
1 1 
al. 1 1 
1 xy>1 1 
i] i] 


A66 ANSWERS TO SELECTED EXERCISES 


Prepare for This Section (9.6), page 762 


PS1. PS2. PS3. 20, 18, 22,27 PS4. 95,111,115,105 PS5. (1,3) PS6. (1, 6) 


Exercise Set 9.6, page 768 


1. Minimum at (2,3): 18 3. Maximum at (5, 19): 74.5 5. Minimum at (0,8): 16 7. Maximum at (6,5): 71 9. Maximum at 
(0,12): 72 11. Minimum at (0, 32):32 13. Maximum at (0, 8):56 15. Minimum at (2,6):18 17. Maximum at (3, 4): 25 

19. Minimum at (2,3): 12 21. Maximum at (100, 400): 3400 23. 32 cups of Oat Flakes and 6 cups of Crunchy O’s; the minimum cost 
is $14.08. 25. 20 acres of wheat and 40 acres of barley 27. 60 economy boards and 48 superior boards produce the maximum weekly 
profit of $3576. 29. 24 ounces of food group B and 0 ounces of food group 4 yield a minimum cost of $2.40. 31. Two 4-cylinder 
engines and seven 6-cylinder engines yield a maximum profit of $2050. 


Chapter 9 Review Exercises, page 775 
i, (-= -*) [9.1] 2. (3.-3) 9.1] 3. (-3,-D19.1] 4. (-4,79 19.11 5.3, [9.1] 6 (-1,D 19.1] 


7. (40 = 36)s c) [9.1] 8. No solution [9.1] 9. (4.3. -1) (9.2] 10. (4,0.-2) [9:2] 
1 1 a” i 3 1 21 
i: (Here 3), 77 (ibe — 43), c) [9.2] 12. (4-43) [9.2] 13. (2,42¢ + 2.0) [9.2] 14. (1,-2.4) [9.2] 
14 2 1 1 65 = lle 19 = 
15. (e-2. c) [9.2] 16. (0,0,0) [9.2] 17. (Fe + iy Bem 2), c) [9.2] 18. (SoH : <0) [9.2] 
19. (2, -3) [9.3] 20. (3.0.4.3 [9.3] 21. No solution [9.3] 22. (3.3), (1, -1) [9.3] 23. Z.8).a2 [9.3] 
24. (0, —3), (2, 1) [9.3] 25. (2, 0), (4.-%) [9.3] 26. (0,2), (-2.2) [93] 27. 2,1), (=2,=1) 93) 28. G4, 9),-E1, =3), 
V6 V6 V6 V6 V1I5 VI5 VI5. VI5 
( me ).( i ) pa) 29. (2, 3), (—2, 3) [9.3] 30. ‘ er ).( ae ) (1, —1), (1, 1) 19:3] 
3 4 1 2 6x — 2 -~6 7 3 8 
a gt el. 3 ae: [9.4] 33. wei eo [9.4] 34. 6-0 Go G0 [9.4] 
2 4 x+2 
35. ta te Al 36 1+ SO A] 37. ay [9.5] 38. "+ [9.5] 
i" AA LH 
474 a of 
=4; 
40. y4y pee 9.5] 41. [9.5] 42. 
+ 4 [ 
ol j 
a} I 
\ I 
i 


ANSWERS TO SELECTED EXERCISES A67 


[9.5] 46. [9.5] 


=< 


/ 
/ 
/ 
He 


Nv 


vA 
XN 


ca 


1 
‘ 
ies) 
4 
7 
* 


\ 
H+ 
7 


[9.5] 


59. tf [9.5] 60. * 7 [9.5] 61. The maximum is 18 at (4,5). [9.6] 62. The maximum is 44 at (6, 4). [9.6] 
47 ‘N ¢ 
| ! 63. The minimum is 8 at (0, 8). [9.6] 64. The minimum is 20 at (10, 0). [9.6] 
at 65. The minimum is 27 at (2, 5). [9.6] 
1 an 
‘lf 
al v 
. ll, 5 2 2 > 47 21 10 
66. 0 starter sets and 18 professional sets [9.6] 67. y = Pe = ha + s [9.2] 68. x° +y 7 x Ths + rT 0 [9.2] 


69. z= —2x + 3y +3 [9.2] 70. 15 liters [9.1] 71. Wind: 28 miles per hour; plane: 143 miles per hour [9.1] 72. 4 nickels, 3 dimes, 
3 quarters; 1 nickel, 7 dimes, 2 quarters [9.2] 73. (0,0, 0), (1, 1, 1), 0, -1, -1), (1, -1, 1), (-1, 1, -1) [9.2] 


Chapter 9 Test, page 777 


173 29 4 


1 1 1 
1.@CO.Qpay 2 (Ae +), c) eal 3: (2,2.-4) [9.2] 4. (4« + 3), ¢(7e + 0), c) [9.2] 


5. ( ; (c + 10), = (5c + 11), c) [9.2] 6. (fe-2e c) [9.2] 7. (2,5), (—2, 1) [9.3] 8. (-2, 3), (-1,-1) [9.3] 


13 


9. [9.5] 10. [9.5] 12. No graph; the solution set is the empty set. [9.5] 


A68 ANSWERS TO SELECTED EXERCISES 


7 8 1 -x+2 
[9.5] 14. 74 [9.5] 15. e=8 * se4 i [9.4] 16. ma ae 


[9.4] 


7) x 

17. Length: 120 meters; width: 100 meters [9.1] 18. Fee for first hour: $4.00; fee for each additional half-hour or portion of the half-hour: 
680 400 

$1.75 [9.1] 19. cs acres of oats and a acres of barley [9.6] 20. x7 + y° — 2y — 24 = 0[9.2] 


Cumulative Review Exercises, page 777 
1. fyly S -3} [2.4] 2. logg[8x7(@x — 5)] [4.4] 3. (@@ — 4)? = —25(y — 2) [8.1] 4. even [2.5] 5. as [4.5] 


Ps br ipo 2): 
"16 128 


r=2 


11. O'@ = [4.1] 12. y = 2x + 13.5] 13. 81 [4.2] 14. 


=1[8.3] 7.5 [2.2] 8. 30[2.6] 9 x7 + 0.4x — 0.8 [2.7] 10. x? + 2x? + 9x + 18 [3.4] 


[4.2] 15. “3 is.) 16. B= 44° [7.2] 


V6 = v2 


17 
4 


[6.2] 18. 109.7° [7.3] 19. 0[6.5] 20. (—5V2, —5V2) [8.5] 


Exercise Set 10.1, page 788 


> 31/4 > 34 1 2 .=3. S44 1 |,.2 2 -=3 -=4 1 2 
1./3 -—2 3] 0 3. 2-3 0} 3 oo Pe oe ene An to Exercises 5—12 t uni 
= = ; , swers to Exercises 5-12 are not unique. 
Se el lla ae ila 1-1 29) 4P| 2 <1 @ oa _ 
L3 -3 -2 0/1][.3 -3 -2 0] {1 
Ri R, 
—2R, + Ry 1 =1 2 2 
The following answers list the elementary row operations used to produce the row echelon forms shown. 5. —3R, + R; | 0 1 =—1 =6 
5Rx +R; 10 0 1 2 
— 7k; 
ROR, aot __x. 
et ae 1-1 1 2 —2R +h fl -3 4 2 1 
7. — 8 to 1 2 -F) 9 aR fo 1-2 -B) eB t® fo 1 -1 -2 =1 
22 3, 
—3R,+k 10 0. 1 -13 IR, 0 oO oO 11 +R 0 0 O 1 3 
=1R 2 —S5R, + Ry a 
a3 oe 
xr 


1 
13. (1,3) 152 @y-3) 17. Gs=1 1) 19 = 2,1) 215 (2 = 26; 20 ie) 23. No solution 25. (16c, 6c, c) 


21 82 5 3 
27. (7c + 6,-1le — 8,c) 29. (c + 2,c,c) 31. Nosolution 33. (2,—2,3,4) 35. (F.-22.-3) 37. (3-1-1) 


27 > 12 6 9 1 2 
39. F ct 39,5¢ + 10,—4c — 10,c} 41. [ cy 72 eee] Cc) 4 77 e1 © 43. p(x) = 2x —3 45. p(x) = x° — 2x + 3 


47. p(x) = x8 — 2x7 -—x +2 49. p(x) = 2x +5 51. 2=2x +3y—2 53. x7 +5? + 2v-4y-20=0 55. (1,0,—2, 1,2) 
7 (7 151 —25c — 50 14c + 34 


3 > 3 , 3 ; 7, c) 59. All real values of a excepta = landa=—6 61. a= -—6 


ANSWERS TO SELECTED EXERCISES A69 


Prepare for This Section (10.2), page 791 


1-3 4 
1 
PS1. 0 PS2. —c PS3. 1 PS4.— PS5.3X1 PS6.]0 7 —5 
0 <7 8 
Exercise Set 10.2, page 807 
allt Al pele = a|? =) ¢4) @ 4) | -% 1) ee 2 4 
5 4 1 2 0 3 3.5 -5 -1 =5 1 4 10 -6 
- 3 1 3 #5 -i 


1 
: . : : 1 
2 - -4 4 5 

2 <4 2%. “Vg —4 

4 6 : d : i 67| 9 P" "| ° “| 11 ° 5) '% | 13 : 0 ; P =| 
C. = .| -6 — : , . , : P 

Sei9 a4 if if _ 
6-2 4 ay o@ 4 oe : ve ae ay he 


0 0 
15.| 0 -1 2/4,}2 -—3 4] 17. [0,8] 19. The product is not possible. 21. i | 23. The product is not possible. 


1 _5 
3 3 —1 1 7 -1 1 x—- 3y-2z=6 
1 4 1 -—3 3x — 8y= 11 
25.)-3 31) 27. 3 2] 29. 31. | 1 2 0} 33. 35. 43x + y =2 
1 -2 4x + 3y = 1 
1 4 - =2 5 -1 4 2x — 4y + 5z=1 
L 3 3 
2X; = Xe + 2ky = DS 
4x1 x2 2x3 3x4 : : 7 ‘ . Fi 
37. 39. a. 3 X 4. Three different fish were caught in four different samples. b. Fish A was caught in 
6x) Tr X37 2X4 = 10 
5x1 2x x3 4x4 8 
1.96 1.37 2.94 1.37 26 «8 
sample 4. c. FishB 41. |] 0.78 1.08 1.96 0.88 43. a.| 21 13 |; the matrix represents the total number of wins and losses for 
3.53 1.18 441 1.47 18 16 
2 -2 
each team for the season. b. | 7 —7 |; the matrix represents the difference between performance at home and performance away. 
2 =2 
[50 150 140 
15 170 370 OES 
45.A-B= 85 250 130 ; A — B represents the number of each item sold during the week. 47. | 54 72 =|; T) 
68.5 94.5 
[80 115 25 


49. P'(2,—5),Q'(-3,-6) 51. P’(1,—-3), 0’, —5) 53. 4’(4, 2), B'(—3, 4), C’(3,6) 55. 4'(—1, 10), B’(—1, 6), C’(—6, 6), D'(—6, 10) 


0110 2112 0110 2431 
iv 4 1364 i ot 4 42 4 3 
7. a. b -2-walks 59, a. Ik 
al ea er ae ee ey eae ee ee ee ae 
Le ek e419 010 0 is a ® 
lo 1100 27722 00011 0 0 
ie od: ft 1679774 0020 0 a@ 16 16 
61.a,]}1 10 11/b/7 7 6 7 7|:2walks 63.a.]/0 2 01 11/b. ae 0 0 |; 12 walks 
01100 27722 10100 2 12 
Lo 1: 2 OD 27722 10100 12 12 


AZO = ANSWERS TO SELECTED EXERCISES 


0 1 0 1 2. 7 2 3 
65. a. tes b. mab: 67. a. 45.6% b. 46.7% 69. a. 22.9% b. 27.9% 71. 11 months 
0 2 0 0 2 12 O 2 
1 1 0 0 3 F 2 2 
24 21 -12 32 0 46 -100 36 273 93 76 —-8 -25 30 6 
=] =8 3 21 20 82 —93 19 27 97 14 16 —10 14 2 
73. | 32 10 —32 1 5 75: 73, —-10 —23 109 83 77. | 39 0 -45 22 27 
19 =15. =17 30 20 212 —189 52. 37 156 0 -4 23 83 -16 
29 9 =—28 13° =6 68 —22 54 221 58 56 -—20 -22 7 5 
24° 3 2 2 2 
79. a. y=—-x-2 bo y=-3x-1 ce nr. d.y=x 4x+3 ex=y fi. x= -y + 2y-3 


Prepare for This Section (10.3), page 813 


10 0 1-2 3 
3 . 5 2x + 3y = 9 
PS1. —~ PS2.|0 1 0] PS3. See Section7.1. PS4.]0 3 —2] PSS. X¥=A4'B PS6. 
2 4x —-5y=7 
001 0 -4 #11 
Exercise Set 10.3, page 821 ae 
-16 -2 7 15 -1 —4 2 ee 
We | ce, ley A 7 1 -3| 7 e o si Slee tf 2 
2 = = 
3 Oo 1 3 0 -1 L-a 0 
9 1 3 3 5 2 LE 2 
2 2 2. 2 5 5 5 
7 1 1 3 7 2 4 
q g¢ =a (4 4 =e -R & 7 25 
4 4 4 4 5 5 5 
Wl o5 4 4 a] B ~ Bot 15. (2,1) 17 (7-2 19. (1,-1,2) 21. (23,-12,3) 
2 2 2 2 5 5 3 
oa 3 -8 2 1 
4 4 4 4 5 5 5 


23. (0,4,—-6,—-2) 25. x, :49.7°F, x. :53.7°F 27. x, : 55°F, x2 : S7.5°F, x3: 52.5°F, x4: 55°F 29. On Saturday, 80 adults, 20 children; 
on Sunday, 95 adults, 25 children 31. Sample 1: 500 grams of additive 1, 200 grams of additive 2, 300 grams of additive 3; Sample 2: 


—5.667 —3.667 5 0.333 
—27.667 —18.667 24 2.333 
19,333 13.333 V7 1.667 

15 10 =13 = 


400 grams of additive 1, 400 grams of additive 2, 200 grams of additive 3 33. 


—0.150 —0.217 0.302 


35. 0.248 —0.024 0.013 37. $194.67 million worth of manufacturing, $157.03 million worth of transportation, $121.82 million 
0.217 —0.200 —0.195 
worth of service 39. $39.69 million worth of coal, $14.30 million worth of iron, $32.30 million worth of steel 


Mid-Chapter 10 Quiz, page 823 


6 -2 -2 6 —8 10 -10 
1. (6, 40,14) [10.1] 2. p@) =x? -—x-—4[10.1] 3.]2 3 —-8|[102] 4./6 4] [102] 5.]| -8 26 | [10.2] 
6 4 -5 4 -4 14 10 


=4 =) 12 
6. | —5 —13 14 | [10.3] 
-5 -14 15 


ANSWERS TO SELECTED EXERCISES A771 


Prepare for This Section (10.4), page 824 


1 3 =2 
PS1.2 PS2.1 PS3. 4 PS4. 1 PSS. E a PS6. | 0 2 = 


Exercise Set 10.4, page 831 
1.13 3.-15 5.0 7.0 9. 19,19 11. 1,-1 13. -9,-9 15. -9,-9 17.10 19.53 21.20 23. 46 25.0 


27. Row 2 consists of zeros, so the determinant is zero. 29. 2 was factored from row 2. 31. Row 1| was multiplied by —2 and added 
to row 2. 33. 2 was factored from column 1. 35. The matrix is in triangular form. The value of the determinant is the product of the 
elements on the main diagonal. 37. Row | and row 3 were interchanged, so the sign of the determinant was changed. 39. Each row of 
the determinant was multiplied bya. 41.0 43.0 45.6 47. —90 49. 21 51.3 53. —38.933 


9 1 
55. > Square units 57. or square units 61. 7x + 5y = —1 


Prepare for This Section (10.5), page 833 


2 = 
PS1. —11 PS2. 9 PS3. ? 1 PS4. 10 PSS. -s PS6. No 


Exercise Set 10.5, page 836 


44 29 1 2 21 3 29 32 13 6 
1. ( ) 3. ( ) 5. (2,-7) 7. (0,0) 9. (1.28125, 1.875) 11. (3-3 -2) 13. (2.35) 


3131 a” 3 iv” 1 17 49° 497 
29 «25 «19 50 62 4 35 121 4 
§.(oo oS oe), ay (ee), ae: 1.622) See Shae 
2 ( 64’ 64’ >) (2 53 4) O00) ig Sart 131 me 


27. The determinant of the coefficient matrix is zero, so Cramer’s Rule cannot be used. The system of equations has infinitely many solutions. 


29. all real values of k except k = 0 31. all real values of k except k = 2 


Chapter 10 Review Exercises, page 840 


1 0 -6| 2 1 0 —6 2 
[2 § Sh)2 $1] Sluon 22-4 rfohfe -« 1},o)oon 
5 -6 2] 3 > =-6 2 3 
0 5 
3 2 
1 


= 


72 <3 wD) 4 32 =: Ff 4 =4 2 24. 2 5 
3%) 10 =<4 OG] <2) 10 =4 OO 2 fol « 2 0 V3 2 Di Bey 
1 6 |) a) lst 1 @ = 0 0 -7|-3],1 o -7][-3 


Answers to Exercises 5—12 are not unique. The following answers list the elementary row operations used to produce the row echelon forms shown. 


—1R _ 2 sR 4 
=f 12 8 a = 3 Lt = 
5. —3R, + Ry eon Bo ee a es ec > | [10.1] 
males 2 
3 


0 1 —21 igRo 0 t -< —4R, 0 1 0 
Ri @ R3 
oki =o i aa aa or, : eo oe 
8. Ri +R , | [10.1] 9. lp, ; 1 -¢ 71/[10.1] 10 Ry : —2 4/[10.1] 
= ate 3 
aR 0 1% 8R, + Ry oO @ i <1 -42,+R; |0 0 1 -1 
3R3 
——q“— 
RR, 
3R, + Ro 1R 1 at 
4R, + R3 2 2 : aR, + Rp 13 2 1 
11. —!p, O 1 $ P]lOl] 12 sp 4, | 0 1 -S 4] [101] 13. (2,-1) [10.1] 14. (1-3) [10.1] 
5R; 000 -l1 3Ry + Rs 00 0 0 
—6R, + R3 —_——_> 


A72_ ANSWERS TO SELECTED EXERCISES 


15. 
29 


(3,0) [10.1] 16. (S -2) [10.1] 17. (3, 1,0) [10.1] 18. (2, 1,3) [10.1] 19. (1,0,—2) [10.1] 20. (0, 2, 3) [10.1] 


21. (3,—4, 1) [10.1] 22. (4,-2,—-2) [10.1] 23. No solution [10.1] 24. No solution [10.1] 25. No solution [10.1] 26. (—2,0, 0) [10.1] 
5 64 9 1 
27. (Se+$.404+2,0) 01) 28. (-2.2+ de0) on 29. (—c — 2,-c — 3,c)[10.1] 30. (5,-2,0)[10.1] 31. (1,-2,2,3) [10.1] 
32. (2,3,—1,4) [10.1] 33. (—37¢ + 2,16c,—7e + 1,c) [10.1] 34. (63c + 2,-14c + 1,5¢,c) [10.1] 35. y =x? + 3x — 2 [10.1] 
0 4 
36. y =x? — 2 +3710.1] 37./° > 7 |mo2)38.| -8 -4|p02)39.| > > ~ I po2y40.] 2 4? Ipo2y 
- PPG, ae aa | Men mee] 1 4 6fe | -6 10 17 J 
2 6 
ae = « 6 —4 =8 4 =10 ise <5 
41. 02 42. ['s 9 | 002 43.| 14. 0 10|[10.2] 44] -4 12 18]|[102] 45.| 2 6 0 [102] 
L -7 -7 6 -15 10 -13 6 16 =I 
. 42 108 —11 -12 -36 —4 
46.| 10 24 —4]|[10.2] 47.]} 48 124 4] [10.2] 48. Not possible [10.2] 49. Not possible [10.2] 50. Not possible [10.2] 
[26 64 -9 -9 -32 -6 
7 249 7 24 9 ae 2x — 3 5 
I 3 x— 3y= 
51. 10.2] 52. 10.2] 53.| 4 2 -3/[103] 54. -2[10.4] 55. 10.2 
10° =22 Joo : ee =22 | eo2 noel 2 2 | 1103] 10.4] Geel 
Ye 1 
24> p+ 32 6 2x —- 6y+5z= 1 
—-x + 3y=5 
56.) 4 g{0.2] 57.9 x- Sy + 42 = 10[10.2] 58.9 8+ 4y+ 7 = 13 [10.2] 
ee 2x + 3y+7z= 6 x +3yt+4z2= 5 
01010 a2 2 £1 0001 0 0013 0 
1o111 14010 00110 00240 
59.4=|0 1 0 0 0|;42=|]1 0 1 1 1|:1wak[102] 60.4=|0 1 0 0 0|;4=]1 2 0 0 1 |;4 walks [10.2] 
1100 0 a ie a a tf 16.0 4 i 4 eo. 3 
0100 0 ie 1 £4 0001 0 oo 1 3 oO 
ri a a 24 =F ia Te — ae 
61. | 3 || eo 62. E 4 [10.3] 63.| | ‘| [103] 64] | | {[103] 65.| 0 3 -1 | [10.3] 
L 2 7 7 22.22. -1 -1 1 
=f <7 4 2 
FS -10 20 -3 27 -39 «5 a a 
66.) 4 -2 1 /[103] 67] -S 9 -1/[10.3] 68.) -7 10 -1) [103] 69.| | 5 _| _; | [103] 
-7 3-1 3-6 1 4 -6 1 
L =—7 0 & 4 
116 50 46 51 
7 7 7 7 
45 20 17 19 
70. 7 ‘ ‘| ‘ [10.3] 71. singular matrix [10.3] 72. singular matrix [10.3] 73. singular matrix [10.3] 
® 4 2% zi 
L 7 7 7 7 
14-3 -6 3 
14 -4 ay | 5 18 23 6 
74.) 5 arg 3 | [103] 75. a (18,13) b. (22, 16) [10.3] 76. a (41,17) b, 39,16) [10.3] 77. a (— Fos 
9 4 —3 
2-3 -1 $ 


ANSWERS TO SELECTED EXERCISES AZ73 


31 20 3 4 
b.( 2.7.3) [10.3] 78. a. (-$.-1.2) b. (—9,-11,6) [10.3] 79. 13 [10.4] 80. 0[10.4] 81. -6,-6 [10.4] 82. —2, 2 [10.4] 
83. 11,-11 [10.4] 84. 3,3[10.4] 85. 51[10.4] 86. 40[10.4] 87. -115[10.4] 88. —69 [10.4] 89. 204[10.4] 90. 42 [10.4] 


91. -2[10.4] 92. 1[10.4] 93. —-1[10.4] 94. -1[10.4] 95. 0[10.4] 96. 3[10.4] 97. 0[10.4] 98. 0[10.4] 99. (3 -3) [10.5] 


19’ 19 
1 21 13.1 17 1719 13 18 26 38 21 12 40 
100. (—,——}] [10.5] 101. (—,—,-—) [10.5] 102. (-—,—,-—) fio.s] 103. (—,—-—,— ] os) 104 ( =,—,-— ] ros 
o (= $7) (105 (a5 a a 16 23. =) U0. : & 69 35) 05 ue (= 83 ey ] 
115 289 
105. x3 = 75, [10.5] 106. x =, [10.5] 107. 4'2,—2),B'(—3,7) [10.2] 108. 4'(1, —2), B’(—6,2), C0, 1) [10.2] 


109. City: 357,000; suburbs: 293,000 [10.2] 110. QuikPro: 2.4 million; PhotoPro: 1.1 million [10.2] 111. x, = 52°F, x, = 58°F [10.3] 
112. x, = 52.5°F, x) = 60°F, x; = 50°F, x4 = 57.5°F [10.3] 113. Computer division: $34.47 million; monitor division: 

$14.20 million; disk drive division: $23.64 million [10.3] 114. Lumber division: $30.82 million; paper division: $20.86 million; 
prefabrication division: $11.79 million [10.3] 


Chapter 10 Test, page 844 


[2 3 -3| 4]/[2 3 -3 4 3x —2y+5z- w= 9 
1/3 Oo 2]-1))/3 oO 2 || -1 |fo1] 2 4 2x+3y- z+ 4w= 8[10.1] 3. (2,-1,2)[10.1] 4. (3,-1,-1) [10.1] 
4-4 2| 3]/|4 -4 2 3 x 3z + 2w = -1 


3 =9° =6 
=a, S12 3 


5. No solution [10.1] 6. (c — 5,-7ce + 14,4 — 3c,c) [10.1] 7. Jeo 8. A + Bis not defined. [10.2] 


2 ee 16-1 -2 17 -4 -4 . 
9.| 8 0 -19] [10.2] 10. E i 3 | 02 11. B - 4 [10.2] 12. C4 is not defined. [10.2] 
11 0 10 
—6 -1 -19 9 6 13 18 -5 7 
13. | -15 —25 -27][10.2] 14, A? is not defined. [10.2] 15. | -3 -2 12] [10.2] 16] 4 -1 2] [10.3] 
1 3. 31 20 -3 11 —3 1 -l 


140 
17. My, = ~8, Cy, = 8 [10.4] 18. 49 [10.4] 19. -1 [10.4] 20. — [10.5] 21. (10, 3, 21) [10.3] 22. p(x) = x? — 2x + 1 [10.1] 


0 0 O.1 I 
00111 10 0 0.15 0.23 0.11 ]\ [50 

23. A'(2, 3), B(—3, 1), C(—1,4) [10.2] 24.]0 1 0 1 0] [10.2] 25.]]/0 1 0}/-—]| 0.08 0.10 0.05 32 | [10.3] 
1110 0 001 0.16 0.11 0.07 8 
1100 0 


Cumulative Review Exercises, page 845 
1 y= — 5x +323) 2 2°+% = 1034) 3. 0367942) 4 (DB) 5.659) 6 @|-3S2= 3} 22] 


«- 3%  @+4y 


7.x=-5,x=1[3.5] 8. yy [2.5] 9. (00, -2)U(-1, 00) [1.5] 10. —5 9 = 11821 
i.e FS ae I=" Ba 1" ie 
pee 26] »—3 45] “Tea IGS 


14, 0.3828 [4.5] 15. wo ave [5.2] 16. -5V2 + V2 [6.3] 


5 
17. 20 m2 [7.2] 18. sec 0 [5.4] 19. z= 4(cos 300° + isin 300°) [7.4] 20. 0, a el 


A74_ ANSWERS TO SELECTED EXERCISES 


Exercise Set 11.1, page 852 


< aes ae oe Egy a oe ae 1 24 8 256 

7 = a 7 - a . a 

eeNerns 79737 8B 47g 8 64 re Ue a eee yee 
I V3 2 

11. 0,2,0,a,=2 13. 1.1, 1.21, 1.331, a, = 2.14358881 15. 1, Me x2 17. 1,2, 6, a, = 40,320 


19. 0, 0.3010, 0.4771, ag © 0.9031 21. 1,4,2,ag =4 23. 3,3,3,ag=3 25. 5,10,20 27. 2,4,12 29. 2,4,16 31. 2,8,48 


5.9 25 
$3.9, V3, 93 35, aint 4 37. 4,7, 11 39. 4320 41. 72 43.56 45. 100 47. 15 49. 40 51. D 53. 72 55. 22 


6 1 7 ; ; 4 4 1 
57. 3log2 59. 256 61. >| 63. Y=)? 65. > 7 +35) 67. poe 69. ~2.6457520 
1 i=1 i=0 i=1 


i=1 


71. The sum of the first 7 terms of the Fibonacci sequence equals the (n + 2) term minus 1; 143 73. Fo = 55, Fis = 610 


Prepare for This Section (11.2), page 854 


2 
PS1. —2  PS2. : PS3. = PS4. 21 PS5. —5 PS6. Yes 


Exercise Set 11.2, page 859 


1. dg = 38, dog = 98,a, = 4n +2 3. dy 10, ao4 40,a, = 8 — 2n 5. dg = 16, do4 = 61, a, = 3n - 11 

7. dy = 25, do4 = 70,a, = 3n- 2 9. ag =a + 16,444 = a+ 46,a, =at 2n—- 2 

11. dy = log 7 + 8 log 2, ax4 = log 7 + 23 log 2, a, = log 7 + (n — 1)log 2 

13. dy = 9 log a, ax, = 24loga,a, =nloga 15.45 17. —79 19. 185 21. —555 23. 468 25.525 27. —465 29. 78 + 12x 


ae) 
31. 210x 33. 3,7,11,15,19 35. > 2; > 1 39. 20 in the sixth row; 135 in the six rows 41. $1500; $48,750 43. 784 feet 45. 32 
49. a, = 7—3n 51. asy = 197 


Prepare for This Section (11.3), page 860 


3 3 


15 3 
PS1. 2 PS2. 7 PS3. 33 PS4. S=a(1 +r) PSS. “3°48 PS6. 2, 6, 14 


Exercise Set 11.3, page 869 


n-1 n-1 n-3 n 
1.27771 3, -4(—3y""! 5, (2) 7. -6(- >) 9. (- +) 11. (=x)! 13. 3"! 15. (5) 17. 5(0.1)" 
3 6 3 100 


19. 45(0.01)” 21. 18 23. —2 25. Neither 27. Arithmetic 29. Geometric 31. Neither 33. Arithmetic 35. Geometric 


37. 363 39 es 41 ee. 3. —341 45. 147,620 47 : 49 z 51 7 53 ! 55 : 57 ; 59 3 
‘ "729 * 390,625" , , “2 "5 “91 “9 “7 cass “11 
41 422 229 997 
61. 333 63. 999 65. 900 67. 825 69. $2271.93 71. $1562.50 73. 0.52 milligrams per liter 75. 17.68% 77. $19.60 
79. If g = 1, the common ratio of the geometric series is greater than or equal to 1 and the sum of the infinite geometric series is 


not defined. 81. $100 million 83. 2044 


Mid-Chapter 11 Quiz, page 871 


1 3019 Q\r-1 
dg = 55 [ILA] 2. ay = 12,45 = —48 [11.1] 3. Ge [LL] 4. 58 [11.2] 5. -200 [11.2] 6. a, = -o( 2) [11.3] 


13 
3) 857 [013 
} 8 U3] 


1 
i. a4, = 2 
7. 4920 [11 


ANSWERS TO SELECTED EXERCISES AZ75S 


Prepare for This Section (11.4), page 871 


k+1 (n + 1)(n + 2) 
PS2. (k + 1)(k + 2)(2k + 3) PS3. a PS4. 3. PSS. ———_ 


Exercise Set 11.4, page 877 


No answers are provided because each exercise is a verification. 


Prepare for This Section (11.5), page 878 
PS1. a> + 3a°b + 3ab7 +b? ~PS2. 120 PS3. 1 PS4. 15 PSS. 35 PS6. | 


Exercise Set 11.5, page 882 

1.35 3.36 5.220 7.1 9. x9 + Sx4y + 10x7y? + 10x72y? + Sxyt + 11. at — 4a3b + 6a7b? — 4ab> + 5 

13. x4 + 20x? + 150x? + 500x + 625 15. a> — 15a* + 90a — 270a7 + 405a — 243 

17. 128x’ — 448x° + 672x> — 560x* + 280x3 — 84x? + 14x - 1 

19. x© + 18x°p + 135x4y? + 540x393 + 1215x2p4 + 1458xy>° + 729y° 21. 16x4* — 160x3y + 600x2y? — 1000xy? + 625y4 

23. x!4 — 28x? + 336x!° — 2240x8 + 8960x° — 21504x* + 28672x7 — 16384 25. 32x! + 80x83 + 80x? + 40x4y? + 10x2y!? + yb 


4 
16 16 5 6 1 
27. x5 + Sx4y/? + 10x3y + 10x2y}/? + Sxy? + yp? 29. —- 2 +6 eg she Soe be $204 ee 
16 x x S Ss S 
1655° 


33. —3240x3)7 35. 1056x!y? 37. 126x7y°Vx 39. 41. 180a7b® 43. 60x2y8 45. —61,236a°b> 47. 126s !, 126s 


a 
49. —7 — 241 51. 41 — 38% 53. 1 


Prepare for This Section (11.6), page 883 
PS1. 5040 PS2. 24 PS3.7 PS4. 56 PS5. 90 PS6. 720 


Exercise Set 11.6, page 887 


1.30 3.70 5.1 7. 1 9. 210 11. 12 13. 16 15. 720 17. 125 19. 53,130 21. There are 676 ways to arrange 26 letters 
taken 2 at a time. If there are more than 676 employees, then at least 2 employees will have the same first and last initials. 23. 1120 

25. 1024 27. 3,838,380 29. a. 21 b. 105 c. 21 31. 1.8 x 10° 33. 112 35. 120 37. 21 39. 112 41. 184,756 

43. 62,355,150 45. 5456 47. 19! 49. a. 3,991,680 b. 31,840,128 51. 120 53. 252 


Prepare for This Section (11.7), page 890 


189 
PS1. See page 638. PS2. 12 PS3. 42 PS4. 21 PSS. 8192 PS6. 16 


Exercise Set 11.7, page 896 


1. {S,Ry, S,Ro, S,R3, S2Ry, S2Ro, S2R3, Ry Ro, Ry R3, RoR3, S,S,} 3. {H1, H2, H3, H4, T1, T2, T3, T4} 
5. {(A, A), (A, B) (A, C), (B, B), (B, C), (B, A), (C, C), (C, A), (C, B)} 7. {HSC,HSD, HCD, SCD} 9. {ae, ai, ao, au, ei, eo, eu, io, iu, ou} 
11. {HHHH} 13. {TITT, HTTT, THTT, TTHT, TTTH, TTHH, THTH, HTHT, THHT, HTTH, HHTT} 15. @ 


17. {(, 1, (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)} 19. {(1, 4), (2, 4), G. 4), (4. 4), (5,4), (6,4)} 21. a. “= b. : 23. a. = b. a2 


4 16 16 


A76_ ANSWERS TO SELECTED EXERCISES 


8 8 3 
25. a. Yes b. 45 27. a. No b. 25 29. 0.97 31. 5 33. 0.59 35. 0.25 37. 0.1 39. 0.1 41. 0.025 43. 0.9999 


1 49 
45. — 47. 0.2262 49. 0.21 T= 532-0. 
5 16 0.226 0.2137 5 6A 53. 0.599 


Chapter 11 Review Exercises, page 902 
1. a3 = 10, a7 = 22 [11.1] 2. a3 =5, a, = 13 [11.1] 3. a3 =9, a7 = 49 [11.1] 4. a3 = 21, ay = 329 [11.1] 
3 


1 7 
5. ay = 3,47 =F [111] 6. ay =F, a7 = [111] 7. ay = 8, ay = 128 [11.1] 8. ay = 27, ay = 2187 [11.1] 
8 128 1 1 
9. a3 = 325 a7 = eo [IL] 10. ay = 5 ay = [ILA] V1. ay = 18, ay = 1458 [11.1] 12. a3 = —4, ay = —64 [11] 


13. a3 = 6, a7 = 5040 [11.1] 14. a; = 48, a7 = 645,120 [11.1] 15. a; = 2, a, = 256[11.1] 16. a; = 2,a,=1 [11.1] 
17. a, = 0, a7 = —20 [11.1] 18. a3 = 8, a7 = 128 [11.1] 19. 126 [11.1] 20. 600 [11.1] 21. 5040 [11.1] 22. 144[11.1] 


12 
23. 220[11.5] 24. 6435 [11.5] 25. 55[11.1] 26. HA 27. 99 [11.2] 28. —56 [11.2] 29. 40 [11.2] 30. 49 [11.2] 


31. 550 [11.2] 32. —5050 [11.2] 33. 10,500 [11.2] 34. —5625 [11.2] 35. 16,19, 22,25 [11.2] 36. 23, 27, 31, 35, 39 [11.2] 
n-1 n-1 n-l 
3 
37. dy = 4(-) [11.3] 38. a, = 3(2)""! [11.3] 39. a, = (3) [11.3] 40. a, = of 2) [11.3] 41. 255 [11.3] 


1,328,600 e 2 1562 6 7 
42. [11.3] 43. = [11.3] 44. =[11.3] 45. [11.3] 46. -1225[11.2] 47. —[11.3] 48. 8[11.3] 49. —[11.3] 
177,147 3 3 625 11 30 


8 
50. 55 [11.3] 51. Neither [11.3] 52. Neither [11.3] 53. Geometric [11.3] 54. Geometric [11.3] 55. Arithmetic [11.3] 


56. Arithmetic [11.3] 57. Neither [11.3] 58. Geometric [11.3] 59-66. No answers are provided because each exercise is a verification. [11.4] 


67. 1024a° — 1280a‘b + 640a°b? — 160a7b? + 20ab* — b° [11.5] 68. x° + 18x°y + 135x4y? + 540077 + 1215x2y4 + 1458xy? + 729y° [11.5] 
69. a’ — Ta°b + 21a°b? — 35a4b® + 35a°b* — 21a*b> + Tab® — b’ [11.5] 

70. 81a* — 216a°b + 216a7b* — 96ab> + 16b* [11.5] 71. 241,920x3)4 [11.5] 72. —78,732x7 [11.5] 73. 96 [11.6] 74. 120 [11.6] 
75. 26° [11.6] 76. 10°26 [11.6] 77. 2730[11.6] 78. 60[11.6] 79. 880[11.6] 80. 672 [11.6] 81. 6,497,400 [11.6] 

82. {SH, SD, SC, HD, HC, DC} [11.7] 83. a. Yes b. Yes [11.7] 84. {HHHHT, HHHTH, HHTHH, HTHHH, THHHH} [11.7] 

13 
20 
[11.7] 91. 0.19 [11.7] 92. 0.30 [11.7] 93. = (11.7) 94. $14.53 [11.3] 95. $75 million [11.3] 


85. {(4,6),(5,5),(6,4)} [11.7] 86. sti 87. a. No b. 
13 
8° 8 


10 
[11.7] 88. 1 [11.7] 89. Drawing an ace and a ten-card from one deck [11.7] 


90. 


Chapter 11 Test, page 905 


4 4 49 
1. a= gets = 5 [11.1] 2. a; = 12,a; = 48 [11.1] 3. Arithmetic [11.3] 4. Neither [11.3] 5. Geometric [11.3] 6. 20 [11.1] 
1023 3 5 
7. To04 HI 3] 8. 590 [11.2] 9. 58 [11.2] 10. 5 13] 11. 33 13] 14, x° — 10x4y + 40x7y? — 80x7y3 + 80xy4 — 32 [11.5] 
4 j ‘5 16 6 1 4 5 
15. x° + 6x" + 15x? + 20 +> +] + [ILS] 16. 48,384x'y° [11.5] 17. 132,600 [11.6] 18. 568,339,200 [11.6] 19. 75 [11.7] 
x x x 


20. 0.28 [11.7] 


ANSWERS TO SELECTED EXERCISES AZZ 


Cumulative Review Exercises, page 906 


1. y = 17x + 3.6 [2.7] 2. —24 [2.3] 3 Mi A. log, x + 2 logyy — 3 log,z [4.4] s. > 18.2] 6.x = ly = -2[9.1] 
-17 12 

7. & 1) pee 8. - 126) 9. y = 0[3.5] 10. -6 [4.3] 11. -2.1 [4.5] 
—2 13 
1¢4¢-VB -14+-VB\ /1-VvB -1-viB . 

ral a De 5 ) 3) 13.| -6 -6 2 -5|[10.3] 14. 105 ft/sec [4.5] 


10 3 =15 13 


Vi0 
15. —V3 [5.3] 16. 2cscx [6.1] 17. C= 75°,a = 13.cm,b = 190m [7.1] 18. 27°[8.4] 19. [6.5] 20. —Si + 28) [7.3] 


This page intentionally left blank 


Abscissa, 154 
Absolute maximum and minimum, 273 
Absolute value 
of complex number, 616 
of cosine function, 478 
description of, 7-8 
equations, 79-80 
inequalities with, 126-127, 756-757 
of trigonometric functions, 458 
Acid, 377 
Acidity, 376-377 
Actual velocity, 607 
Acute angle 
definition of, 429 
illustration of, 583 
trigonometric functions of, 443 
Addition 
of complex numbers, 61 
of functions, 227 
of matrices, 791-794 
of ordinates, 495496 
of polynomials, 33 
of rational expressions, 51, 53 
of real numbers, 11-12, 123 
Addition Rule for Probabilities, 893 
Additive identity 
of matrix, 794 
of real number, 12 
Additive inverse 
of a vector, 604 
of matrix, 793-794 
of polynomial, 33-34 
of real number, 11 
Adjacency matrices, 805-806 
Agnesi, Maria, 158 
Air resistance, 384-385, 399 
Airspeed, 607 
Algorithms, 37, 783 
Alignment charts. See Nomograms 
Alkalinity, 376-377 
a + B identities, 523-524 
Alternating sequences, 849 
Altitude, 570 
Ambiguous case, 583-587 
Amperage, 499 
Amplitude, 474, 477 
of the motion, 501 
Amplitude—Time—Difference Formula, 375 
Analytic geometry, 154—155 
See also Conic sections 
Angle(s) 
acute. See Acute angle 
central, 433-434 
complementary, 429 
coterminal, 430-431 
definition of, 428 
degree measure of, 428-432 
initial side of, 428 
measure of, 428, 432 


INDEX 


negative, 428 
obtuse, 429 
positive, 428 
quadrantal, 430, 456-457 
radian measure of, 432-435 
reference, 457-459 
right, 429 
60°, 445 
in standard position, 429 
straight, 429 
supplementary, 429 
terminal side of, 428 
30°, 445 
trigonometric functions of, 454-460 
vertex of, 428 
Angle measurements, 463 
Angle of depression, 447-448 
Angle of elevation, 447-449 
Angle of rotation, 440, 670 
Angular rotation, 439 
Angular speed, 437-440 
Annuities, ordinary, 866-867 
Aphelion, 652 
Apollonius, 634 
Apparent magnitude, 368 


Application problems, strategies for solving, 86 


Arc(s), 433, 435-436 
Arc length, 435-436 
Archimedes, 2, 300 
Area of triangle, 453, 595-596 
Argument, 617 
Arithmetic means, 858-859 
Arithmetic sequences, 854-859 
Arithmetic series, 855-859 
Associative property, 12-13 
Astronomy, 45 1—452 
Asymptotes 

horizontal, 307-312, 314 

hyperbola, 660, 662-663 

parabolic, 323 

slant, 316-318 

vertical, 307-311, 314 
Augmented matrices, 780 
Average velocity, 229-230 
Axis 

conjugate, 659 

coordinate. See Coordinate axis 

imaginary, 616 

major, 646, 649 

minor, 646, 649 

polar, 678 

semimajor, 646 

semiminor, 646 

of symmetry, 634-635, 637-638 

transverse, 659, 662 

x-, 647, 649, 659, 662 

y-, 647, 649, 659, 662 
Axis of symmetry, 213-214, 217 

of parabola, 201 


Back substitution, 730 
Base 

of exponential expression, 9 

of exponential function, 346-347 

of logarithmic function, 359, 372-373 
Base (pH), 377 
Bearing, 588 
Bernoulli, Johann, 700-701 
Bertalanffy’s equation, 387-388 
Binet form, 853 
Binomial(s) 

definition of, 33 

expanding, 878-882 

factoring, 43-46 

product of, 34 
Binomial coefficients, 879-880 
Binomial Probability Formula, 895—896 
Binomial Theorem, 878-882 
Birthday problem, 344 
Blood pressure, 494-495 
Boyle’s Law, 138-139 
Brachistochrone problem, 700-701 
Break-even point, 194 


Calculators. See Graphing calculators 
Carbon dating, 393 
Cardioid, 682 
Carrying capacity, 397 
Cartesian coordinates, 154—155 
Cauchy, Augustin Louis, 298 
Cauchy’s Bound Theorem, 298 
Center, of circle, 161 
Central angle, 433-434 
Change-of-base formula, 372-373 
Charles’s Law, 142 
Circle, 84, 161-163 

description of, 441 

involute of, 704 

polar equations of, 681-682 

radius of, 453 

unit, 462, 467, 469 
Circular functions, 427, 463 
Closed intervals, 6 
Closure property, 12 
Coefficient, 11, 32 

of determination, 242-243, 281, 

407-409 

leading, 33, 272 
Coefficient matrices, 780 
Cofactors of a matrix, 825-827 
Cofunctions, 524-525 
Column matrices, 796 
Column operations, 828 
Combinations, 886-887 
Combined variation, 141 
Common denominator, 52—54 
Common difference, 854 
Common logarithms, 364-365 
Common ratio, 861, 863 


ih 
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Commutative property, 12—13 
Complementary angles, 429 
Completing the square, 99-100, 163 
Complex conjugates, 63 
Complex fractions, 55—56 
Complex numbers, 59-64 
argument of, 617 
fifth roots of, 624-625 
modulus of, 617 
polar form of, 617 
power of, 623 
product property of, 618-620 
quotient property of, 618-620 
in standard form, 618 
trigonometric form of, 616-622 
Complex plane, 616 


Complex solutions, of quadratic equation, 103 


Complex zeros, of polynomial, 299-305 
Composite numbers, 3 
Composition of functions, 230-234 
with inverse function, 336-338 
logarithmic and exponential, 359 
Compound inequalities, 125—126 
Compound interest, 394-397, 866-867 
Compressing graphs, 221—223 
Computational complexity, 37 
Computer algebra systems, 323-324 
Concavity, 405-406 
Conditional equations, 78 
Conic(s) 
focus—directrix definitions of, 692 


general equation of a nondegenerate, 670 


identification theorem, 674 
polar equations of, 691-695 
rotation theorem for, 670-673 
Conic sections 
degenerate, 634 
description of, 633 
ellipses. See Ellipse 
hyperbolas. See Hyperbola 
parabolas. See Parabola 
Conjugate 
of complex number, 63 
of radical expression, 28 
Conjugate axis, 659 
Conjugate Pair Theorem, 302-304 
Consistent systems of equations, 718, 
729, 732 
Constant functions, 175 
Constant matrices, 780 
Constant of proportionality, 137 
Constant polynomials, 33 
Constant sequences, 852 
Constant terms, 11, 33 
Constraints, 762—764 
Continuous curves, 175, 271 
Contradictions, 78 
Conversion factor, 432 
Coordinate(s) 
description of, 7, 154-155 
polar. See Polar coordinate system 
rectangular, 154-155, 686-688 
Coordinate axis 
real number line, 7 


symmetry with respect to, 213-214, 217 
in the plane, 154 
in three dimensions, 728 
Correlation coefficient, 240-242, 
407-409 
cos”! x, 550 
Cosecant, 443 
Cosecant function 
graph of, 486-487, 495 
inverse, 552 
period of, 467 
Cosine 
definition of, 443, 446 
double-angle identity for, 532 
identity verification using, 517-519 
See also Law of Cosines 
Cosine function 
absolute value of, 478 
as cofunctions, 525 
graph of, 476-479 
harmonic motion. See Harmonic motion 
period of, 467 
Cost, 88, 132-133, 194, 199 
Cotangent, 443 
Cotangent function 
graph of, 484-486 
inverse, 552 
period of, 468 
Coterminal angles, 430-431 
Counting Principle, 883-884, 887 
Counting problems, 887 
Cramer’s Rule, 833-836 
Critical value method, 127-130 
Cube roots, 45, 624 
Cubes, sum or difference of, 45 
Cubic equations, 110, 294-295 
Cubic regression model, 280-282 
Curve, 697-698 
Curve fitting, 736-737 
See also Interpolating polynomials 
Cycloid, 701 


Damped harmonic motion, 503—504 
Damping factor, 496 
De Moivre’s Theorem, 622-625, 705 
Decibels (dB), 379 
Decimal(s) 

definition of, 2 

repeating, 2, 866 

in scientific notation, 20 
Decimal degree method, 431 
Decreasing functions, 175, 335 
Degenerate conic section, 634 
Degenerate form, 658 
Degree 

of angles, 428-432 

definition of, 428 

fractional part of, 431-432 

of a monomial, 32 

of a polynomial, 32 

radians conversions, 434-435 
Demand-supply problems, 724-725 
Denominator, 12 

rationalizing, 27—28 


Dependent systems of equations 
in three variables, 729, 732-734, 786 
in two variables, 718, 720, 724 
Dependent variable, 167 
Depreciation, straight-line, 178 
Depressed polynomials. See Reduced 
polynomials 
Descartes, René, 60, 154 
Descartes’ Rule of Signs, 290-292 
Determinants, 824-830 
of 2 X 2 matrix, 824-825 
conditions for zero determinant, 829 
of matrix in triangular form, 828 
product property of, 830 
solving linear systems with, 
833-836 
Diagonal of a matrix, 780 
Difference 
of cubes, 45 
of real numbers, 11 
of two functions, 496 
See also Subtraction 
Difference identities, 523-524, 526-528 
Difference quotient, 229-230 
Direct variation, 137-138 
Direction angle of vector, 603 
Directrix of parabola, 636, 638-639 
Discontinuities, 175 
Discriminant, 102-103 
Disjoint sets, 5 
Displacement, 501 
Distance 
between points in plane, 155—156 
between points on real number 
line, 7-8 
of falling object, 138, 856 
in uniform motion, 89 
Distributive property, 12—13 
Dividend, 261 
Division 
of complex numbers, 63-64 
of exponential expressions, 18 
of functions, 227 
of inequality by real number, 123-124 
of polynomials, 260-264 
of radical expressions, 25, 27—28 
of rational expressions, 51-52 
of real numbers, 12 
Divisor, 261 
DMS method, 431-432 
Domain, 167-168, 170 
composition of functions and, 231, 233 
of inverse function, 334, 340 
of logarithmic function, 363-364 
operations on functions and, 227-228 
of rational expression, 50 
of rational function, 307 
of trigonometric functions of real 
numbers, 465 
Dominant term, of polynomial, 272 
Dot product, 609-610, 612 
Double root, 97 
Double solution, 97, 103 
Double-angle identities, 532-534 


e (base of natural exponential function), 351 
Earth 
orbit of, 652-653 
radius of, 441 
Earthquakes, 373-376, 379 
Eccentricity 
of ellipse, 651-652 
of hyperbola, 663-664 
Edges, 805 
Eiffel Tower, 451, 453 
Einstein, Albert, 1, 23 
Elementary row operations, 78 1—783 
determinant and, 828-830 
Elements 
of a matrix, 780 
of a set, 3 


Eliminating the parameter of a pair of parametric 


equations, 698-699 
Elimination methods 
for linear systems, 721—724, 730-734, 
784-787 
for nonlinear systems, 743 
Ellipse 
applications of, 652-653 
with center at (0, 0), 646-648 
with center at (h, k), 648-650 
definition of, 645, 692 
eccentricity of, 651-652 
equation of, 650 
foci of, 645, 647-649 
graph of, 646, 650, 677 
parametric equations for, 704 
in polar form, 694 
reflective property of, 653 
vertices of, 646-649 
Empty set, 4 
Endpoint, 428 
Epicycloid, 704 
Equality 
of matrices, 792 
of ordered pairs, 155 
of polynomials, 750 
properties of, 14 
of rational expressions, 50 
Equality of Exponents Theorem, 381 
Equations 
absolute value, 79-80 
classifying, 79 
conditional, 78 
contradiction as, 78 
cubic, 110, 294-295 
definition of, 14, 76-77 
of ellipse, 650 
equivalent, 76 
exponential, 380-383 
formulas, 84-85 
general equation of a nondegenerate 
conic, 670 
general second-degree equation in two 
variables, 670 
of a graph, 479 
identity as, 78 
inverse trigonometric, 555 
of a line, 190-191 


linear in one variable, 77—78, 80-81, 
84-85 
logarithmic, 384-386 
of parabolas, 636, 639 
parametric. See Parametric equations 
polar. See Polar equations 
polynomial, 110, 294-295, 304 
quadratic. See Quadratic equations 
quadratic in form, 116-117 
radical, 112-114 
rational, 110-112 
with rational exponents, 114-115 
rectangular, 688-689 
transformation, 637 
trigonometric. See Trigonometric equations 
in two variables, 157-163 
variations, 136-141 
See also Linear systems of equations; 
Nonlinear systems, of equations; 
Solutions 
Equilibrium, 501 
Equilibrium price, 724—725 
Equivalent equations, 76 
Equivalent expression, 525 
Equivalent inequalities, 123 
Equivalent rational expressions, 50 
Equivalent systems of equations, 
721-722, 730 
Equivalent vectors, 602 
Eratosthenes, 441 
Euler, Leonhard, 2, 167, 351, 849 
Even and Odd Powers of (x — c) Theorem, 
278-280 
Even functions, 216-217, 466-467 
Events, 891-895 
Existence theorems, 300 
Expanding the logarithmic expression, 
370-371 
Expectation, 899-900 
Experiment, 890 
Exponent(s) 
equality of, 381 
integer, 17-20 
natural number, 9 
negative, 17 
properties of, 18-19 
rational, 21-23, 114-115 
restriction agreement for, 18 
in scientific notation, 20 
simplest form of expressions with, 19-20 
zero and, 17-18 
Exponential decay, 391-393, 416-418 
Exponential equations, 380-383 
Exponential functions, 346-354 
definition of, 346-347 
evaluating, 347 
graphs of, 347-351 
logarithmic functions and, 358-361 
models based on, 333, 353-354 
natural, 354 
properties of, 349 
Exponential growth, 391-393 
Exponential notation, 9 
Exponential regression, 408-409 


INDEX 


Exponential time algorithm, 37 
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Extended Principle of Mathematical Induction, 


876-877 
Extraneous solutions, 113 


Factor Theorem, 266-267 
Factorable over the integers, 40, 42 
Factorials, 849-850 
Factoring polynomials, 40-48 
difference of squares, 44 
general strategy for, 47-48 
greatest common factor in, 40-41 
by grouping, 46-47 
solving equations with, 96-97, 110 
sum or difference of cubes, 45 
trinomials, 41-45 


zeros and, 266-267, 276, 278, 280, 287-288, 


300-301 
Factoring trigonometric equations, 561 
Factorization Theorem, 43 
Factors of a real number, 3 
Fair game, 899 
Falling objects 
air resistance, 384-385, 399 
distance fallen, 138, 856 
height of, 105-106 
Family of curves, 218 
Feasible solutions, 763 
Feedback, 66 
Fermat, Pierre de, 154, 890 
Fibonacci, Leonardo, 849 
Fibonacci sequence, 849, 853 
Final demand, 819 
Finite sets, 4 
Floor function, 175-178 
Focus/foci 
of ellipses, 645, 647-649 
of hyperbolas, 658, 661-663 
of parabola, 636, 638-639 
of paraboloid, 640 
FOIL method, 34-35, 41 
Force, 614 
Formulas, 84—85, 178-179 
Fraction(s) 
complex, 55-56 
equations containing, 78, 110-112 
rationalizing the denominator, 27—28 
See also Rational expressions 
Fractional form, of synthetic division, 263 
Frustum of a cone, 84 
Functions 
algebraic operations on, 227—228 
applications of, 178-179 
composition of, 230-234 
constant, 175 
decreasing, 175 
definition of, 166-167 
difference quotient of, 229-230 
domain of, 167—168, 170 
evaluating, 168-169, 228 
even, 216-217 
families of, 218 


of the form f(x) = a sin x + b cos x, 544-545 


graphs of, 170-172 
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Functions (Continued) 
greatest integer, 175-178 
identifying, 168 
increasing, 175 
inverse, 334-342 
maximum or minimum of, 274-275 
notation for, 168-170 
odd, 216-217 
one-to-one, 175 
piecewise-defined, 169, 248-249 
range of, 167-168 
trigonometric. See Trigonometric functions 
vertical line test for, 174-175 
Fundamental Counting Principle, 883-884, 887 
Fundamental Linear Programming Theorem, 764 
Fundamental Theorem of Algebra, 299 
Future value of annuity, 867 
Fuzzy sets, 4 


Galileo, 248, 856 
Galois, Evariste, 101 
Gauss, Carl Friedrich, 299-300 
Gaussian elimination, 784-787 
GCF (greatest common factor), 40-41 
General equation of a nondegenerate 
conic, 670 
General second-degree equation in two 
variables, 670 
Geometric formulas, 84-85 
Geometric sequences, 847, 861-862 
Geometric series, 862-869 
Germain, Sophie, 3 
Germain prime number, 3 
Golden mean, 75 
Googol, 9 
Gordon model of stock valuation, 867 
Graph(s) 
amplitude of, 474 
of circles, 161-163 
compressing, 221—223 
of conic in polar form, 693-694 
of cosecant function, 486-487, 495 
of cosine function, 476-479 
of cotangent function, 484-486 
of curve, 698-699 
cycle of, 474 
of cycloid, 701 
definition of, 805 
difference of two functions, 496 
of ellipses, 646, 650, 677 
equation of, 479 
of equations in three variables, 728-730 
of equations in two variables, 157-163 
of even functions, 217 
of exponential functions, 347-351 
function of the form f(x) = a sin x + b cos x, 
545 
of functions, 170-172 
of hyperbola, 663, 677 
of inequalities, 755-760 
of inverse functions, 335-336, 338, 556-557 
of lemniscate, 686 
of limagon, 682-683 
of linear functions, 186-195 


of linear systems, 718 

of logarithmic functions, 361-363 

of nonlinear systems, 740-741 

of odd functions, 217 

of parabolas, 201—203, 637, 677 

of piecewise-defined functions, 248-249 

of polar equation, 679, 681 

of polynomial functions, 271—282 

product of two functions, 496 

of r = a, 680 

of rational functions, 307-320 

reflections of, 220-221 

of rose curve, 684 

scatter plots, 154 

of secant function, 488-489 

of second-degree equations in two variables, 
674-676 

semilog, 416-418 

of sine function, 473-476 

stretching, 221—223 

sum of two functions, 495-496 

symmetries of, 201, 213-217 

of tangent function, 481-484 

translations of, 217-220, 492-493 

vectors added using, 602 

walks through, 806 

Graphing calculators 

absolute value functions, graphing, 159 

adjusting settings of, 178 

combinations, 886 

complex numbers, 63, 303 

connected vs. dot mode, 176-177, 248 

CUTOUT program, 276 

decimal degree measure conversion to DMS 
measure, 432 

degree measure conversion to radian 
measure, 435 

determinants, evaluating, 827 

equations in two variables, graphing, 
158-159, 161 

exponential equations, solving, 381—382 

exponential expressions, evaluating, 19, 352 

exponential functions, graphing, 352, 354 

families of curves, graphing, 218 

functions, graphing, 172, 174, 178 

greatest integer function, 176 

inverse functions, graphing, 336-338 

inverse of a matrix, 816 

iterations, 66 

linear systems, solving, 723, 772 

LIST feature, 218 

logarithmic functions, graphing, 364-365, 373 

logarithms, evaluating, 364-365 

logistic models, 411 

matrix operations, 798 

maximum and minimum, 274-276 

modeling guidelines, 408 

nonlinear systems, solving, 742 

nth roots of z, 705 

parabolas, 159, 669 

permutations, 885 

piecewise functions, graphing, 248-249 

polar equation, 683 

polynomial equations, solving, 294-295, 304 


polynomial functions, graphing, 274-275, 
290, 293 
projectile path, 702 
quadratic equations, solving, 105 
reference angles, 458 
regression analysis, 239-240, 243, 407-408 
regression models, 28 1—282 
rose curve, 684-685 
row echelon form, 783, 790 
scientific notation, 20 
second-degree equations in two variables, 
674-676 
sinusoidal data, 566-567 
sinusoidal families, 505 
SOLVE feature, 144-145 
special angles, 447 
SQUARE viewing window, 338 
synthetic division, 264 
TABLE feature, 158 
translations of figures, 812-813 
ZERO feature, 161 
zeros of polynomial functions, 290, 293 
Greatest common factor (GCF), 40-41 
Greatest integer function, 175-178 
Ground speed, 607 
Growth models 
exponential, 391-393 
logistic, 397-399, 410-411 
Gunning-Fog Index, 93 


Hale Telescope, 643 
Half-angle identities, 535-537 
Half-life, 392 
Half-line, 428 
Half-open intervals, 6 
Halley’s comet, 656, 664 
Harmonic motion 
damped, 503-504 
definition of, 501 
simple, 501-504 
Heading, 588 
Heron’s formula, 596-597 
Herschel, Caroline, 664 
Holes in graphs, 271 
Homogeneous systems of equations, 
735-736 
Hooke’s Law, 142 
Hooper, Grace Murray, 849 
Horizontal asymptotes, 307-312, 314-315 
Horizontal axis of symmetry, 638 
Horizontal compressing and stretching, 
222-223 
Horizontal line test, 175 
Horizontal lines, 188, 191 
Horizontal translations, 218-220, 491 
Hubble Space Telescope, 441 
Hydronium-ion concentration, 377 
Hyperbola 
applications of, 664-665 
asymptotes of, 660, 662-663 
with center at (0, 0), 659-661 
with center at (A, k), 661-663 
definition of, 658, 692 
degenerate form of, 658 


eccentricity of, 663-664 
foci of, 658, 661-663 
graphing of, 663, 677 
navigational uses of, 664-665 
in polar form, 693-694 
reflective property of, 665 
transverse axis of, 659, 662 
vertices of, 659, 661 
Hypocycloid, 704 
Hypotenuse, 103-104 


i (imaginary unit), 60, 64 
Ideal Gas Law, 143 
Identities, 78 
a + B, 523-524 
cofunction, 525 
definition of, 515 
description of, 468-470 
difference, 523-524, 526-528 
double-angle, 532-534 
fundamental, 516 
half-angle, 535-537 
inverses, 555-556 
odd—even, 516 
power-reducing, 534-535 
product-to-sum, 541-542 
Pythagorean, 468-469, 516-517 
ratio, 468-469, 516 
reciprocal, 469, 516 
sines used to verify, 517-519 
sum-to-product, 542-543 
verification of, 516-520, 528, 534, 537 
Identity matrix, 800 
Identity properties 
of matrices, 794, 800 
of real numbers, 12-13 
Ill-conditioned systems of equations, 772 
Imaginary axis, 616 
Imaginary numbers, 60 
Imaginary part, 60 
Imaginary unit, 60, 64 
Inconsistent systems of equations 
linear, 718-720, 729, 734, 786-787 
nonlinear, 743 
Increasing functions, 175, 335 
Independent events, 895 
Independent systems of equations, 718, 720, 
731-732 
Independent variable, 167 
Index 
of radical, 23 
of summation, 851 
Index property of radicals, 25 
Induction, mathematical, 871-877 
Induction axiom, 873 
Induction hypothesis, 873 
Inequalities, 123-133 
with absolute values, 126-127, 756-757 
applications of, 131—133 
compound, 125-126 
critical values of, 127 
equivalent, 123 
graphs of, 755-760 
linear, 124-125, 756-759, 762-768 


nonlinear, 756, 759-760 
polynomial, 127-129 
proof of, by mathematical induction, 
876-877 
properties of, 123-124 
rational, 130-131 
in two variables, 755-760 
Infinite geometric series, 864-866 
Infinite sequences, 848-849 
See also Sequences 
Infinite sets, 4 
Infinity symbol, 6, 308-309 
Initial point, 602 
Initial side, 428 
Inner product, 609 
Input-output analysis, 819-821 
Input-output matrix, 819 
Integers, 2-4 
Intercepted arc, 441 
Intercepts, 160 
See also x-intercepts; y-intercepts 
Interest 
compound, 394-397, 866-867 
simple, 88-89, 394 
Intermediate Value Theorem, 276-277 
Interpolating polynomials, 788 
Intersection 
of events, 893 
of lines, 718, 720, 722—723 
of sets, 4-5 
of solution sets of inequalities, 125 
Interval notation, 6-8 
Inverse functions, 334-342 
logarithmic and exponential, 359 
Inverse of a matrix, 813-818 
condition for existence of, 830 
solving linear systems with, 816-818 
Inverse properties of real numbers, 12 
Inverse relations, 335 
Inverse trigonometric equation, 555 
Inverse trigonometric functions 
composition of, 553-556 
cosecant function, 552 
description of, 549-552 
evaluation of, 551-552 
graphs of, 556-557 
polynomials used to approximate, 572 
secant function, 552 
Inverse variation, 138-140 
Involute of a circle, 704 
Irrational numbers, 2—3, 351 
Isosceles triangle, 452 
Iteration, 66 


Joint variation, 140-141 
Kepler’s Laws, 144 


Latus rectum 
of a parabola, 644 
of an ellipse, 657 
Law of Cosines 
applications of, 593-594 
dot product formula from, 610 
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law of sines vs., 594 
triangles solved using, 592 
uses of, 593 
Law of Sines 
ambiguous case of, 583-587 
applications of, 587-588 
description of, 582-583 
law of cosines vs., 594 
triangles solved using, 582-587 
Leading coefficient of polynomial, 33, 272 
Leading term of polynomial, 272 
Least common denominator (LCD), 53-54 
Least-squares regression line, 238-239 
Lemniscate, 682, 685-686 
Leontief, Wassily, 819 
Libby, Willard Frank, 393 
Lick Telescope, 643 
Like radicals, 26 
Like terms, 13, 32 
Limagon, 682-683 
Line(s) 
equations of, 190-191 
parallel, 191-192, 718 
perpendicular, 191-192 
polar equations of a, 679 
slopes of, 186-190 
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symmetry with respect to, 201, 213-214, 217 


Line of best fit. See Linear regression 
Linear correlation coefficient, 241 
Linear equations 
in one variable, 77-78, 80-81, 84-85 
in three variables, 728-730 
in two variables, 189-190 
Linear Factor Theorem, 300-301 
Linear functions, 186, 190-195 
Linear inequalities, 124-125, 756 
systems of, 757-759, 762-768 
Linear motion, 498 
Linear programming, 762—768 
Linear regression, 237—243 
Linear speed, 437-438, 440 
Linear systems of equations 
applications of, 724-726, 736-738 
condition for unique solution, 836 
Cramer’s Rule used in solving, 833-836 
dependent, 718, 720, 724, 729, 
732-734, 786 
elimination for solving of, 721-724, 
730-734, 784-787 


graphing calculator for solving of, 723, 772 


homogeneous, 735-736 
ill-conditioned, 772 


inconsistent, 718-720, 729, 734, 786-787 


inverses of matrices for solving of, 816-818 
matrix representations of, 780-781, 801-802 


in n variables, 835 
nonsquare, 734-735, 787 
solutions of, 718, 720, 735, 787 


substitution for solving of, 719-721, 729-730 


in three variables, 728-730 

triangular form of, 730-734 

in two variables, 718-726 
Lissajous figures, 704 
Lithotripter, 655 
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Local minimum, 274 
Logarithm(s) 
change-of-base formula for, 372-373 
changing to exponential form, 359-360 
common, 364-365 
definition of, 359 
natural, 364-365 
properties of, 360-361, 369-371 
Logarithmic equations, 384-386 
Logarithmic functions, 358-366 
applications of, 365-366, 373-377, 379 
common, 364-365 
definition of, 359 
domains of, 363-364 
exponential functions and, 358-360 
graphs of, 361-364, 373 
natural, 364-365 
properties of, 362-363 
Logarithmic scales, 373-377, 379 
Logarithm-of-each-side property, 370 
Logistic models, 397-399, 410-411 
Long division, 262 
LORAN, 667 
Lovell Telescope, 643 
Lucas sequence, 853 


Magnitude of the vector, 601 
Main diagonal of matrix, 780 
Major axis, 646, 649 
Marginal cost or revenue, 199 
Marginal propensity to consume, 868 
Mars, 657 
Mathematica, 323-324 
Mathematical induction, 871-877 
Matrices 
addition of, 791-794 
additive inverse of, 793-794 
adjacency, 805-806 
applications of, 779, 788, 806-807, 819-821 
cofactors of, 825-827 
definition of, 779-780 
determinants of, 824-830, 833-836 
elementary row operations on, 78 1—783 
elements of, 780 
equality of, 792 
identity, 800 
input-output, 819 
inverse of, 813-818, 830 
linear systems represented with, 780-781, 
801-802 


linear systems solved with, 784-787, 816-818 


main diagonal of, 780 

minors of, 825-827 

multiplication of, 794-800 

notation for, 792 

order (dimension) of, 780 

real number used in multiplication of, 
794-796 

row echelon form of, 781 

stochastic, 837-838 

subtraction of, 793-794 

transformation, 779, 802-805 

triangular form of, 828 

zero matrix, 794 


Maximum and minimum 

in linear programming, 763—768 
of polynomial function, 273-276 
of quadratic function, 204—206 
Means, arithmetic, 858-859 
Midpoint formula, 155—157 
Millennium Wheel, 464 

Minor axis, 646, 649 

Minors of a matrix, 825-827 
Minute, 432 

Mixture problems, 90-91 
Modeling data, 237-244, 407-410 
Modulus, 617 

Mollweide’s formulas, 600 
Monomials, 32 


Motion 
harmonic. See Harmonic motion 
uniform, 89 


See also Falling objects; Speed 
Motion of a point, 700 
Multiple zeros of a polynomial function, 
287-288 
Multiplication 
of binomials, 35 
of complex numbers, 62-63 
of exponential expressions, 19 
of functions, 227 
of inequality by real number, 123-124 
of matrices, 796-800 
of matrix by real number, 794-796 
of polynomials, 34 
of radical expressions, 25, 28 
of rational expressions, 51-52 
of real numbers, 11, 13 
Multiplicative identity 
for matrices, 800 
for real numbers, 12 
Multiplicative inverse 
of matrix, 814-816, 830 
of real number, 12 
Multiplier effect, 868-869 
Mutually exclusive events, 893-894 


n! (n factorial), 850 
Napier, John, 358 
Natural exponential function, 354 
Natural logarithms, 364-365 
Natural numbers, 3-4 
Nautical mile, 441 
Negative angles, 428 
Negative exponents, 17 
Negative infinity symbol, 6 
Negative integers, 3-4 
Newton’s Method, 853 
Nomograms, 379 
Nonfactorable over the integers, 42-43 
Nonlinear inequalities, 756 
Nonlinear systems 

of equations, 740-745 

of inequalities, 759-760 
Nonsingular matrices, 816 
Nonsquare systems of equations, 734-735, 787 
nth roots, 623-625, 705 
Null set, 4 


Numbers 
complex. See Complex numbers 
sets of, 2-4 

Numerator, 12 

Numerical coefficients, 11, 32 
leading, 33, 272 


Objective function, 762 
Oblique triangle, 582, 594 
Observation angle, 571 
Obtuse angles, 429 
Odd functions, 216-217, 466-467, 526 
Odd-—even identities, 516 
One-to-one functions, 175, 335, 338 
One-to-one property, 370 
Open intervals, 6 
Optimization problems, 762-768 
Orbits 

of comets, 664 

of planets, 652-653, 656-657 
Order of Operations Agreement, 9-11, 54 
Ordered pairs 

as coordinates, 154 

equality of, 155 

of function, 167, 170 

of relation, 166 

as solutions of equations, 157 

as solutions of inequalities, 755 

as solutions of systems, 718, 720-721, 735 
Ordered triples, 728, 733-734 
Ordinate, 154 
Orientation, 700 
Origin, 7, 154 

symmetry with respect to, 215-217 
Orthogonal vectors, 611 


Parabolas 
applications of, 639-641 
axis of symmetry of, 634-635, 637-638 
definition of, 201, 634, 692 
directrix of, 636, 638-639 
equation in standard form of, 639 
equation of, 636 
focus of, 636, 638-639 
graphing of, 677 
reflective property of, 640 
with vertex at (0, 0), 634-637 
with vertex at (h, k), 637-639 
vertex of, 201-203, 634 
See also Quadratic functions 
Parabolic asymptotes, 323 
Paraboloid, 640 
Parallel lines, 191-192, 718 
Parallel vectors, 611-612 
Parallelogram, 84, 602 
Parameter 
of family of functions, 218 
time as, 700 
Parametric equations 
brachistochrone problem, 700-701 
curve and, 697-698 
definition of, 697 
eliminating the parameter of a pair of, 
698-699 


for ellipse, 704 
projectile motion and, 702 
time as parameter, 700 
Partial fractions, 748-753 
Partial sums, 850-851, 856-857, 863-864 
Pascal’s Triangle, 881—882 
Percent mixture problems, 90-91 
Perfect cubes, 45 
Perfect squares, 43 
Perfect-square trinomials, 44-45, 99 
Perihelion, 652 
Periodic function, 467 
Permutations, 884-886 
Perpendicular lines, 191-192 
Perpendicular vectors, 611-612 
Petronas Towers, 453 
pH of a solution, 376-377 
pi (7), 2 
Piecewise-defined functions, 169, 248-249 
Plane 
coordinates in, 154-155 
as graph of equation, 728-729 
Point(s) 
plotting, in coordinate plane, 154, 158-159, 
170-171 
of real number line, 7 
symmetry with respect to, 215, 217 
Point-slope form, 190 
Polar axis, 678 
Polar coordinate system 
definition of, 678 
graph of equations in, 679-686 
polar axis, 678 
rectangular coordinates and, 686-688 
Polar equations 
of circle, 681-682 
of conics, 691-695 
definition of, 679 
graph of, 681 
of lemniscates, 685-686 
rectangular equations and, 688-689 
Polar form of complex number, 617 
Pole, 678 
Polynomial(s), 32-37 
addition of, 33 
applications of, 36-37, 275-276, 293-295 
approximating inverse trigonometric 
functions, 572 
basic terminology about, 32-33 
with complex coefficients, 298-299 
definition of, 32 
division of, 260-264 
dominant term of, 272 
equality of, 750 
evaluating, 36 
Even and Odd Powers of (x — c) Theorem, 
278-280 
factoring. See Factoring polynomials 
far-left and far-right behavior, 272—273, 279 
finding, with given zeros, 304-305 
graphing procedure, 279-280 
graphs of, 271-282 
Intermediate Value Theorem for, 276-277 
interpolating, 788 


maxima and minima of, 273-276 
multiplication of, 34 

nonfactorable over the integers, 42-43 
reduced, 267—268, 292-293, 300 

sign property of, 127 

standard form of, 33 

subtraction of, 34 


See also Linear functions; Quadratic functions; 


Zeros of a polynomial 
Polynomial equations, 110, 294-295, 304 
Polynomial inequalities, 127—129 
Polynomial time algorithm, 37 
Population growth, 391-392, 397-399 
Position equation, 105 
Positive angles, 428 
Positive integers, 3-4 
Power(s) 

direct variation as, 137 
of exponential expressions, 18-19 
of i, 64 
inverse variation as, 139 
of radical expressions, 24 
restrictions on zero, 18 
See also Exponents 
Power functions, 416 
Power principle, 112-113 
Power property, of logarithm, 370 
Power-reducing identities, 534-535 
Price, equilibrium, 724-725 
Prime numbers, 3 
Principal, 394 
Principal square root, 23 
Principle of Mathematical Induction, 873 
extended, 876-877 
Probability, 890-896 
expectation and, 899-900 
guidelines for, 896 
Product 
definition of, 11 
of two functions, 496 
See also Multiplication 
Product property 
of complex numbers, 618-620 
of logarithm, 370 
Product-to-sum identities, 541-542 
Profit, 88, 132-133, 194 
Projectile, 565-566, 702, 713-714 
Proportionality constant, 137 
Protractor, 429 
p-waves, 375 
Pyramid, 452 
Pythagorean identities, 468-469, 516-517 
Pythagorean Theorem, 103-104, 444, 616 


Quadrantal angle 
description of, 430 
trigonometric functions of, 456 

Quadrants, 154 

Quadratic equations, 96—106 
applications of, 103—106 
classifying the solutions of, 103 


completing the square used in solving of, 


99-100 
definition of, 96 
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discriminant of, 102—103 

factoring used in solving of, 96-97 

quadratic formula used in solving of, 101-102 
square roots used in solving of, 97-98 
standard form of, 96 


Quadratic formula, 101—102 


trigonometric equation solved using, 562-563 


Quadratic functions 


applications of, 206-209 

definition of, 201 

maximum or minimum of, 204-206 
range of, 204 

standard form of, 202-203 

See also Parabolas 


Quadratic in form, 45-46, 116-117 
Quadratic regression, 242—244 
Quartic regression model, 280-282 
Quotient 


definition of, 12, 261 
difference, 229-230 
See also Division 


Quotient property 


of complex numbers, 620 
of logarithm, 370 


Radian 


angle measurements using, 432-435 
definition of, 433 
degree conversions, 434-435 


Radical equations, 112-114 
Radical expressions, 23—28 
Radicand, 23 

Radius, of circle, 161, 453 
Random walk, 890 

Range 


of function, 167-168 

of inverse function, 334 

of quadratic function, 204 

of trigonometric functions of real numbers, 465 


Ratio identities, 468-469, 516 
Rational equations, 110—112 
Rational exponents, 21—23 


equations with, 114-115 


Rational expressions, 49-57 


application of, 56-57 

arithmetic operations on, 51—54 
complex fractions and, 55—56 

critical values of, 130 

definition of, 50 

domains of, 50 

least common denominators of, 53-54 
order of operations agreement with, 54 
partial fraction decomposition of, 748-753 
properties of, 50 

simplifying, 51—53 


Rational functions 


applications of, 318-320 

asymptotes of graphs of, 307-313, 
316-318, 323 

with common factor, 318 

definition of, 307 

domains of, 307 

graphing procedure for, 313-316 

sign property of, 313 
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Rational inequalities, 130-131 
Rational numbers, 2—3 
Rational Zero Theorem, 288-289, 292-293 
Rationalizing the denominator, 27—28 
Ray, 428 
Real number line, 7-8 
Real numbers, 2-4, 11-13 
trigonometric functions of, 461-472 
Real part, of complex number, 60 
Reciprocal, 12 
Reciprocal functions, 446 
Reciprocal identities, 469, 516 
Rectangle, 84 
Rectangular coordinates, 154-155, 
686-688 
Rectangular equations, 688-689 
Rectangular form, 616 
Rectangular solid, 84 
Recursion. See Iteration 
Recursively defined sequence, 849 
Reduced polynomials, 267-268, 292-293, 300 
Reduction formulas, 528-529 
Reference angle, 457-459 
Reflection matrices, 802-803 
Reflections of graphs, 220-221 
of exponential functions, 351 
Reflective property 
of ellipse, 653 
of hyperbola, 665 
of parabola, 640 
Reflexive property of equality, 14 
Regression analysis, 237—244, 566 
Regression models, 280-282 
Relations, 166, 168 
inverse, 335 
Relative maximum and minimum, 274 
Relativity theory, 1, 23, 31 
Remainder, in polynomial division, 261, 
264-267 
Remainder Theorem, 264-266 
Repeating decimals, 2, 866 
Resolving a vector, 607 
Restriction Agreement, 18 
Resultant vector, 602 
Revenue, 88, 132—133, 194 
marginal, 199 
Richter, Charles F., 373 
Richter scale, 373-376 
Right angles, 429 
Right circular cone, 84 
Right circular cylinder, 84 
Right triangles, 103-104 
applications involving, 447-449 
trigonometric functions, 442-444 
Roots, 623-624 
cube, 45, 624 
double, 97 
of an equation, 76, 287 
fifth, 624-625 
nth, 623-625, 705 
in radical expressions, 23—28 
rational exponents and, 21 
See also Solution(s); Square roots; Zeros of a 
polynomial 


Rose curves, 682, 684 
Rotation matrices, 779, 804-805 
Rotation of axes 
definition of, 670 
formulas for, 671 
Rounding numbers, 177, 448 
Row echelon form, 781 
Row matrices, 796 
Row operations, 781—783, 828-830 
Rule of Signs, Descartes’, 290-292 


Sample spaces, 890, 892 
Satellite, 471 
Satellite dish, 640-642 
Satisfying an equation, 76 
Saturn, 656 
Scalar, 601 
Scalar multiplication 
description of, 602, 605 
of matrix, 794-796 
Scalar product, 609 
Scalar projection, 611 
Scalar quantities, 601 
Scatter diagram, 281 
Scatter plots, 154, 405-406, 567 
See also Regression analysis 
Scientific notation, 20-21 
Secant, 443, 446 
Secant function 
graph of, 488-489 
inverse, 552 
period of, 467 
Second, 432 
Second-degree equations in two variables 
general, 670 
graphing of, 674-676 
Sector, 441 
Seismograms, 375-376, 379 
Semilog graphs, 416-418 
Semimajor axis, 646 
Semiminor axis, 646 
Semiperimeter, 592 
Sequences, 851 
alternating, 849 
arithmetic, 854-859 
constant, 852 
Fibonacci, 849, 853 
geometric, 847, 861-862 
infinite, 848-849 
Lucas, 853 
recursively defined, 849 
Series, 851 
arithmetic, 855-859 
geometric, 862-869 
Set(s), 2-5 
disjoint, 5 
elements of, 3 
empty (null), 4 
fuzzy, 4 
infinite, 4 
intersection of, 4-5 
interval notation for, 6-8 
of numbers, 2-4 
union of, 4-5 


Set-builder notation, 4 
Sign diagrams, 128 
Sign property of rational functions, 313 
Significant digits, 448 
Signs of rational expressions, 50 
Similar triangles, 87-88 
Simple harmonic motion, 501—504 
Simple interest, 88-89, 394 
Simple zero, 287 
Simplifying 
complex fractions, 55—56 
exponential expressions, 19-20, 23 
radical expressions, 23-28 
rational expressions, 51—53 
trigonometric expressions, 469 
variable expressions, | 1—14 
sin~! x, 549 
Sine 
definition of, 443 
identity verification using, 517 
See also Law of Sines 
Sine function 
as cofunctions, 525 
graph of, 473-476 
harmonic motion. See Harmonic motion 
inverse, 550 
period of, 467 
Sine regression, 566-567 
Singular matrices, 816 
Sinusoidal data, 566-567 
Slant asymptotes, 316-318 
Slope-intercept form, 188-190 
Slopes, 186-190 
SMOG readability formula, 92—93 
Smooth continuous curves, 271 
Solution(s) 
definition of, 76 
double, 97 
of equation in two variables, 157 
extraneous, 113 
feasible, in linear programming, 763 
polar equation, 679 
of quadratic equation, 97, 103 
of system of equations, 718, 720-721, 
735, 787 
x-intercepts and, 190 
See also Zeros of a polynomial 
Solution set 
of inequality in one variable, 123, 125-126 
of inequality in two variables, 755 
of system of inequalities, 757 
Sonic boom, 668 
Sound wave, 480 
Special product formulas, 35 
Speed 
average for a round trip, 56—57 
average over a time interval, 230 
in uniform motion, 89 
Sphere, 84 
Spring constant, 502 
Square(s) 
difference of, 44 
formula, 84 
Square matrices, 780 


Square roots 
of negative numbers, 60 
of perfect squares, 43-44 
of real numbers, 23-24 
solving quadratic equations with, 97-98 
Serenson, Seren, 376 
Standard form of the equation of a circle, 
162-163 
Standard position, 429 
Statute mile, 441 
Step, 805 
Step functions, 176 
Stochastic matrices, 837-838 
Stock valuation, 867-868 
Straight angles, 429 
Stretching graphs, 221-223 
of exponential functions, 351 
Subsets, 4 
Substitution methods 
for equations quadratic in form, 116-117 
for linear systems, 719-721, 729-730 
for nonlinear systems, 741, 744 
Substitution property of equality, 14 
Subtraction 
of complex numbers, 61 
of functions, 227 
of matrices, 793-794 
of polynomials, 34 
of rational expressions, 51, 53-54 
of real number from inequality, 123 
of real numbers, 11 
Sum. See Addition 
Sum identities, 523-524, 526-528 
Sum of first 7 positive integers, 858 
Sum of two functions, 495-496 
Summation notation, 851-852 
Sum-to-product identities, 542-543 
Supplementary angles, 429 
Supply—demand problems, 724-725 
s-waves, 375 
Sylvester, James, 780 
Symmetric property of equality, 14 
Symmetries of graphs 
of function and its inverse, 336 
of polynomial functions, 280 
of rational functions, 314-315 
with respect to a line, 201, 213-214, 217 
with respect to a point, 215, 217 
See also Axis of symmetry 
Synthetic division, 262—264 
bounds for real zeros and, 289-290 
with complex numbers, 303 
Systems 
of linear equations. See Linear systems 
of equations 
of linear inequalities, 757-759 
of nonlinear equations, 740—745 
of nonlinear inequalities, 759-760 


Tangent, 443 

Tangent function 
double-angle identity for, 532 
graph of, 481-484 
period of, 468 


Tangent lines, concavity and, 405 
Telescope, 712 
Terminal point, 602 
Terminal side, 428 
Terms 
of polynomial, 32 
of sequence, 848 
of sum, 11 
of variable expression, 11 
Test value, 128 
Third-degree equations. See Cubic equations 
Tides, 499 
Time 
as parameter, 700 
in uniform motion, 89 
Touch-tone phones, 515 
Tower, 452 
Transformation equations, 637 
Transformation matrix, 779, 802—805 
Transitive property 
of equality, 14 
of inequalities, 123 
Translation matrices, 802 
Translations 
graphing uses of, 492-493 
horizontal, 491 
of trigonometric functions, 491—495 
vertical, 491 
Translations of graphs, 217—220 
of exponential functions, 350-351 
of logarithmic functions, 364-365 
Transverse axis, 659, 662 
Triangle(s), 84, 87-88, 103-104 
area of, 453, 595-596 
Isosceles, 452 
Law of Cosines used to solve, 592 
Law of Sines used to solve, 582-587 
oblique, 582, 594 
Pascal’s, 881-882 
right. See Right triangles 
similar, 87-88 
Triangular form 
of matrix, 828 
of system of equations, 730-734 
Trigonometric equations 
factoring used to solve, 561 
inverse, 555 
quadratic formula used to solve, 562-563 
solving, 560-566 
squaring each side of, 561-562 
Trigonometric expression 
difference of, 543 
evaluation of, 524, 554 
simplifying, 527, 533 
Trigonometric form of complex numbers, 
616-622 
Trigonometric functions 
absolute value of, 458 
acute angle, 443 
of angles. See Angle(s) 
angular speed, 437-438 
applications of, 427 
arcs, 435-436 
complex number written in form of, 617 
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composition of, 553-556 

definition of, 442 

evaluation of, 527, 533, 535-537 

even, 466-467 

inverse. See Inverse trigonometric functions 

linear speed, 437-438 

list of, 442-444 

odd, 466-467 

of quadrantal angles, 456 

of real numbers, 427, 461-472 

signs of, 456-457 

of special angles, 444-447 

translations of, 491-495 
Trigonometric identities. See Identities 
Trinomials 

definition of, 33 

factoring, 41-43, 45 

perfect-square, 44-45, 99 

quadratic in form, 45—46 
Trivial solution of linear system, 735 
Turning points, 272-273 


Uniform motion, 89 
See also Speed 
Union 
of events, 893 
of sets, 4-5 
of solution sets of inequalities, 125 
Unit circle, 462, 467, 469 
Unit fraction, 432 
Unit vectors, 604-606 
Upper- and Lower-Bound Theorem, 289-290 


Variable, 167-168 

Variable expressions, 11—14 

Variable part, 11 

Variable terms, 11 

Variation, 136-141 

Vector 
additive inverse of a, 604 
angle between, 610 
applications of, 607-608 
components of, 603-604, 608 
definition of, 601 
direction angle of, 603 
dot product of, 609-610, 612 
equivalent, 602 
fundamental operations, 604 
horizontal component of, 606 
magnitude of, 601, 609-610 
orthogonal, 611 
parallel, 611-612 
perpendicular, 611-612 
resolving the, 607 
resultant, 602 
scalar multiplication of, 602 
triangle method for adding, 602 
unit, 604-606 
vertical component of, 606 
zero, 604 

Vector quantities, 601 

Velocity. See Speed 

Venus, 656 

Verhulst population models, 66, 397 
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Vertex 

at (0, 0), 634-637 

of angle, 428 

at (A, k), 637-639 

in linear programming, 764 

of parabola, 201-203, 634 

of paraboloid, 640 
Vertical asymptotes, 307-311, 314-316 
Vertical axis of symmetry, 637 
Vertical line test, 174-175 
Vertical lines, 188 
Vertical stretching and compressing, 22 1—222 
Vertical translations, 217—220, 491 
Vertices 

description of, 805 

of ellipse, 646-649 

of hyperbola, 659, 661 
Voltage, 499 


Walk 

definition of, 805 

in graphs, 806 

length of, 805 

random, 890 
Washington Monument, 452 
Whispering gallery, 653, 656 


Work, 612 
Work problems, 91—92 
Wrapping function, 462-463 


x-axis, 154, 647, 649, 659, 662 
reflection across, 220 
symmetry with respect to, 213-214 
x-coordinate, 154 
x-intercepts, 160 
of rational functions, 314-315 
real solutions and, 190 
zeros of a polynomial and, 278 
xy-plane, 154 
xyz-coordinate system, 728 


y-axis, 154, 647, 649, 659, 662 

reflection across, 220 

symmetry with respect to, 213-214, 217 
y-coordinate, 154 
y-intercepts, 160 

of lines, 188-189 

of polynomial functions, 279 

of rational functions, 314-315 


z-axis, 728 
Zeller’s Congruence, 185 


Zero, in exponential expressions, 17-18 
Zero determinant, 829 
Zero factorial, 850 
Zero matrix, 794 
Zero product principle, 96—97 
Zero vector, 604 
Zeros of a polynomial 
applications of, 293-295 
complex, 299-305 
complex coefficients and, 298-299 
definition of, 127, 260 
Descartes’ Rule of Signs and, 290-292 
factors and, 266-267, 276, 278, 280, 287, 
300-301 
finding polynomial, given zeros, 304-305 
finding with Mathematica, 323-324 
guidelines for finding, 292-293 
Intermediate Value Theorem and, 276-277 
multiple, 287-288 
number of, 288 
rational, 288-289 
sign of polynomial between, 127 
simple, 287 
upper and lower bounds for, 289-290, 298 
x-intercepts and, 278 
Zeros of a rational function, 313 
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A Library of Functions 


2.3 Identity function 


4.2 Exponential function 


yA 


f(x) =b*,b>1 


(0, 1) 


4.6 Logistic function 
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2.3 Linear function 


YA 


(0, b) ms 


f(x) =mx +b 


3.2 Cubing function 


RY 


4.2 Exponential function 


yA 


4.6 Logistic function 


P(t) A 


f(x) =b*,0<b<1 


oY 


2.3 Constant function 


Square root function 


4.3 Logarithmic function 


YA 


f(x) = log, x,b>1 


(b, 1) 


3.5 Reciprocal function 


(1,0) = 


2.2 Absolute value function 
yA 


T f= 


4.3 Logarithmic function 


RY 


f(x) =log,x,0<b<1 


3.5 A rational function 


A Library of Functions (cont’a) 


5.5 Sine function 


5.5 Cosine function 


YA 


5.6 Tangent function 


f(x) =cos x 
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f(x) =cse x f(x) =sec x f(x) =cot x 
Conic Sections 
8.1 Parabolas 
Ya Ys 
Directrix Directrix _— Directrix 
gor x=h-p™ x=h-p 
Vertex (h, k) Nettex (tik) 


(x-h) =4ply-h; p>0 


8.2 Ellipses 


YA 


Vertex 


(h=a,k) 
Center 
(h,k) 
+ e 
SN Focus 


[ (h—c,k) 


RY 


e 
Focus 
(h,k + p) 


(x-h) = 4ply-h); p<0 


Vertex 
(h,k+a) 


Focus 
(h,k+c) 


Vertex 
(h,k—a) 


2 2 
(= nY = oy asp 


b a 


e 
Focus (h + p, k) 


(y—ky =4p(x-h); p>0 


8.3 Hyperbolas 


wa 


Asymptote 4 
—ko—(x— Y/, 
y-k= a (x i, 


Vertex \ 
(h-a,k) \ Center 7 vee 
i \ (i, b),7 (h+a,k) 
See rg 
Focus x e Focus 
(h—-c,k) (h+c,k) 


BY 


| Asymptote 
y-k=-2(x-h) 


v 


(x-hy? _(y-k? _, 
2 pb 


a 


BY 
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(y—ky = 4p(x-h); p<0 


Focus 
(h,k+c) 
e 
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Focus 
(h,k-c) 


(x-hy _ 


ky 
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P.2 Properties of bi 


m+n — ,m-n 


aa" =a =a (a’")" — ae” 


MBP = gPHnP (ey. a”? br= 3 
rE by BP bP 


P.2 Properties of Radicals 


Va la 

"Tym _ ~"/7m — pmi/n YS 

(Wb)" = Wb" = b Nb 
Wan’b = ab Wh 


P.4 Factoring 


a’ + 2ab + b? = (a + bY 


en aden 


— Bb? = (a+ bya — db) 
a+b = (a+ bya — ab + b’) 
a — b= (a— bia’ + ab + b’) 


1.5 Properties of Absolute Value 
Inequalities 
|x| <c(c=0)ifand only if -c<x<e. 


|x| > c(c = 0) if and only if either x > corx <~c. 


2.2 Properties of Functions 


A function 1s a set of ordered pairs in which no two ordered 
pairs that have the same first coordinate have different 
second coordinates. 
If a and bare elements of an interval / that is a subset of the 
domain of a function f| then 
@ f is an increasing function on J if f(a) < f(b) whenever 
a<b. 
@ f is a decreasing function on / if f(a) > f(b) whenever 
a<b. 
@ f is aconstant function on / if f(a) = f(b) for all a 
and b. 
A one-to-one function satisfies the additional condition that 
given any y, there is one and only one x that can be paired 
with that given y. 


2.5 Graphing Concepts 


Odd Functions 

A function f is an odd function if f(—x) = — f(x) for all x in 
the domain of f: The graph of an odd function is symmetric 
with respect to the origin. 


Even Functions 

A function is an even function if f(—x) = f(x) for all x in 
the domain of f: The graph of an even function is symmetric 
with respect to the y-axis. 


Vertical and Horizontal Translations 

If f is a function and c is a positive constant, then the graph 

of 

@ y = f(x) + cis the graph of y = f(x) shifted up 
vertically c units. 

@ y= f(x) — cis the graph of y = f(x) shifted down 
vertically c units. 

@ y = f(x + c) is the graph of y = f(x) shifted left 
horizontally c units. 

@ y = f(x — c) is the graph of y = f(x) shifted right 
horizontally c units. 

Reflections 

If fis a function then the graph of 

@ y = —f(x) is the graph of y = f(x) reflected across the 
X-axis. 

@ y = f(—x) Is the graph of y = f(x) reflected across the 
y-axis. 

Vertical Shrinking and Stretching 

@ Ifc > O and the graph of y = f(x) contains the point 
(x, v), then the graph of y = c+/(x) contains the point 
(x, cy). 

@ Ifc > 1, the graph of y = c+ f(x) is obtained by stretching 
the graph of y = f(x) away from the x-axis by a factor of c. 

@ If0 <c < 1, the graph of y = c+/f(x) is obtained by 
shrinking the graph of y = f(x) toward the x-axis by a 
factor of c. 

Horizontal Shrinking and Stretching 


@ Ifa > 0 and the graph of y = f(x) contains the 
point (x, y), then the graph of y = f(ax) contains the 


1 
point (4 y). 
a 


@ Ifa > 1, the graph of y = f(ax) is a horizontal shrinking 
of the graph of y = f(x). 

@ If0 <a < 1, the graph of y = f(ax) is a horizontal 
stretching of the graph of y = f(x). 


Important Formulas 
The distance between P,(x,, y;) and P(x, y2) is 
a(P), Pr) = V(x, — my + (2 — Wy 
The slope m of a line through P,(x;, y,) and P(x, y2) is 


y2— Vi 
= ——, x FX 
X% ~ X1 


The slope-intercept form of a line with slope m and 
y-intercept b is y = mx + b 


The point-slope formula for a line with slope m passing 
through P(x, y;) is 


Y~Y = mx — x) 


Quadratic Formula 
If a # 0, the solutions of ax* + bx + c = Oare 


—b + VB? — 4ac 
ee 


2a 


Important Theorems 


Pythagorean Theorem Lega 
C=aae+h 


Hypotenuse c 


s Leg b 
Remainder Theorem 


If a polynomial P(x) is divided by x — c, then the remainder 
is P(c). 


Factor Theorem 
A polynomial P(x) has a factor (x — c) if and only if 
P(c) = 0. 


Fundamental Theorem of Algebra 
If P is a polynomial of degree n = 1 with complex 
coefficients, then P has at least one complex zero. 


Binomial Theorem 


(at by" =a" + ("Jas # (7 )ar-202 


bet (athe oe ta 


4.4 Properties of Logarithms 
y = log,x if and only if b” = x 
log, (6)” = p 


Inx = log.x 


log, b = 1 log, 1 = 0 
plosoPe = p 
log, (MN) = log, M + log, N 
log, (M/N) = log, M — log, N 


log, M? = p log, M 


log x = logiox 


4.6 Compound Interest Formulas 
P = principal invested, ¢ = time in years, 
r = annual interest rate, A = balance: 


nt 
A= (1 + ") (compounded n time per year) 


A = Pe" (compounded continuously) 


5.3 Definitions of Trigonometric 
Functions 


. b r , 

sin 9 = — csc 9 = — All 
r b 
a i P(ab 

cos 8 = — sec 9 = — me 
r a 
b a a ) 

tan 0 = — cot 0 = — | 
da b i a 

a x 


where r = Va? + Bb? 


5.4 Definitions of Circular Functions 


yA 


1 
sin t = csc t = — 
* y P(x) : 

_ _ 1 
cost=x sect = < AA, 0) 
x x 

tant = = cott = — 

x ¥ 


6.1 Fundamental Trigonometric Identities 


sin 0 cos 0 
tan @ = cot @ = — 
cos 6 sin 0 


sin’ @ + cos? 6 = 1 1 + tan? 6 = sec? 0 
1 + cot? 6 = csc? 6 
sin (—0) = —sin 6 cos (—8) = cos 6 


tan (— 6) = —tan 6 


1 
6= t@ = —— 
sin 0 7 cos 8 ae tan 0 


esc 9 = 


6.2 Sum and Difference Identities 
sin(a + B) = sinacos B + cosa sin B 
cos (a + B) = cosacos B — sina sin B 

tana + tan B 

1 — tana tan B 


tan(a + B) = 


sin(a — B) = sinacos B — cosa sin B 
cos (a — 8) = cosacos B + sina sin B 


tana — tan B 
1 + tana tan B 


tan (a — B) = 


6.2 Cofunction Identities 


n(Z—0) = 0 79) = sing 
sin ) = COS cos 2 = sin 


t 79) = t0 
an 2 = co 


6.3 Double-Angle Identities 


sin 2a = 2sina cosa 


2 2 


cos 2a = cos*a — sin?a = 1 — 2sin?a 


= 2cos?a — 1 
2 tan a 


tan 2a = ao 
1 — tan’ a 


6.3 Power-Reducing Identities 


9 1 — cos 2a 

sin’ a = ———— 
2 

> 1 + cos 2a 

cos’ a = —————_ 
2 

2 1 — cos 2a 

tan* a = ———_ 

1 + cos 2a 


6.3 Half-Angle Identities 


. a /1 — cosa 
sm- = 

2 2 

a = 1+ cosa 
Gos ae | 5 


a sin a 1 — cosa 
tan - = = : 
2, 1 + cosa sin a 


6.4 Product-to-Sum Identities 
2 sina cos B = sin(a + B) + sin(a — B) 


2cosasin B = sin(a + B) — sin(a — B) 


2 cosa cos B = cos(a + B) + cos(a — B) 


2 sina sin B = cos (a — B) — cos(a + B) 


6.4 Sum-to-Product Identities 


x + x= 
sinx + siny = 2 sin ~ cos as 
2 2 
: : 2 xXTy . x7 y 
sinx — siny = 2 cos sin 
= @ 2 
Xx. F x= 
cosx + cosy = 2 cos . cos - 
2 2 
_xtry i. x-y 
cosx — cosy = — 2 sin sin 


7.1-7.2 Formulas for Triangles 


For any triangle ABC, the following formula can be used. 


Law of Sines Cc 
a b c 
sin A snB  sinC b a 


Law of Cosines 4 
c? = a’ + b* — 2abcosC 


Area of a Triangle 
a’ sin B sin C 


1 
= 4 _ 
K zap sinC K 2 si 


at+tbt+e 


K= V s(s — ays — b\(s — c), where s = 5 


11.2 Arithmetic Sequences and Series 


Common difference 4j41 —~ G=d 

nth-term a, = a, + (n — I)d 
n 

Sum of n terms S, = (a1 + d,) 


= 5 ay +(n — 1)d] 


11.3 Geometric Sequences and Series 


: Gi+1 
Common ratio =i ¢ 
aj 
nth-term a, = ar"! 
a\(1 — r") 
Sum of 7 terms S, = 
l-r 
stint : ay 
Sum of an infinite series S= i=. |r| <1 
=F 


